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SUMMARIES

The Yang equation of the excess—path—length distribution of
fast charged particles due to multiple Coulomb scattering under
general conditions is completely solved. The solution is an
improvement of the Fermi solution, giving the joint distribution
of only the angular and the lateral spreads, to include the
excess—path—length distribution. The distributions are indicated
in figures, and the mean values and the variances of them are
tabulated. Effect of a single scattering on the excess—path-—
length distribution is also investigated using the Moliére
theory. Influence of the distribution upon the width of other
related distributions is found important; e.g. the distribution
gives correction about four times more on the width of the
energy—loss distribution than on the most probable energy loss.

The effect is confirmed in many experimental data.



I. INTRODUCTION

Many detailed investigations have been accumulated on the
angular and the lateral distribution of fast charged particles
due to multiple Coulomb scattering.! But the excess—path—length
distribution in the process has not been clearly understood.

Yang proposed a diffusion equation for the excess—path—length
distribution of charged particles under the small—angle and the
Gaussian approximations. 2 The Yang equation was an advance on the
Fermi formulation of the multjple—scattering theory?® which is a
simple and clear diffusion equation to give the joiht
distribution of the angular and the lateral spreads of the
Williams type. 4 Yang derived the excess—path—length distributions
of normally incident electrons irrespective of the deflection
angle @ and the lateral displacement T at emergence (defined as
case I by Yang), and with 7 fixed at zero and T integrated (case
11>, Scott also dealt with a similar equation. He obtained the
solution for the projected excess—path—length distribution
corresponding to case II (Ref. 5). But no other work with
general solutions followed after Scott and Yang. |

Some previous workers discussed and evaluated effects of the
average excess path length by using Yang’s result on various
problems, such as the most probable energy loss®-°® or the average
range!®?® of fast charged particles travelling through matter. And
another worker limited the step lengths of track in his Monte
Carlo calculation of electron—photon showers, using Yang’'s
result,'! so that the approximations used in the calculation

should not provide serious errors. But the corrections by



including the excess of path length on those problems were small,
within a few percent, because the ratio of the average excess
path length to the'thickness of the material was so small, as can
be evaluated by one-half the average square deflection angle,
$[f<62>dtl/t, according to the method of Yéng.2

The excess—path—-length distribution, however, makes its
effects on the width in various distributions of those charged
particles having passed through a common thickness. An example
of such problems is the shape and the width of the energy—-loss
distribution of fast charged particles in matter. Although i1t 1is
mainly determined by the statistical fluctuation of collision
losses predicted essentially by Landau,!'2-'% it receives an
additive correction from the excess—path—length
distribution. 8-17-22 A correction factor due to the excess—path-—
length distribution is about four times greater for the width of
the energy—loss distribution than for the most probable energy
loss, as discussed in the chapter 1IV. Many experimental results
of the energy—loss distribution were compared with the Landau
distribution. '8:21-32 Among them, some results having a wider
width of energy—loss distribution than the Landau theory could be
attributed to the effect of the multiple scattering, ®-2% but a
thorough investigation of the effect could not be done because of
the insufficiency of applicable theories for experiments of
limited geometries. 29 The range distribution23 of charged
particles has a similar problem, having fhg biggest influence
from the residual energy distribution, but requiring corrections
for the multiple—scattering detours. 9-34

Another important example is the arrival time distribution of



electron—-photon showers developing in the atmosphere, although
single particle problems are mainly discussed and shower problems
are not much discussed in this paper. As all the shower
particles run almost with the velocity of light, the excess—path-
length distribution folded over many successive paths is observed
as the arrival time distribution of shower particles. The
magnitude of the time spread is a few nanoseconds near the shower
core, and a few microseconds far from the core. ®5 The arrival
time distribution is one of the representative observables of an
extensive air—shower experiment and the mechanism mentioned above
was pointed out in an early report by the MIT group. 3¢ The
accurate calculation, however, has not been done yet due to the
difficulty of the scattering theory. 37 If we obtain the excess—
path—length distribution function with boundary conditions
general enough to pursue electrons in the shower, we can derive
the arrival time distribution of the shower particles by the
Monte Carlo method. 38.8°9

Analytical solutions of the excess—path—length distribution
derived by Yang so far were also used to check and evaluate
results obtained by a numerical method*? or a Monte Carlo method?®
for more complicated problems.

Thus, the excess—path—lengfh distribution is very important
in a total understanding of the behavior of charged particles in
matter, So we searched for the solution of the Yang equation for
various conditions, one by one, following the Yang method and
obtained the solution of the most general condition. The

obtained distributions of excess path length are with ¥



TABLE 1. The conditions
distributions.

for various cases

of excess—path—length

case correlation

Fo [} T

I 0 integrated integrated

11 0 0] integrated
IT11 0 integrated 0

v 0 g integrated
\Y 0 integrated T
gen Fo g T




integrated and ¥ fixed at zero (case III), with @ fixed and T
integratedb(case IV), with @ integrated and T fixed (case V), and
with @, T, and the incident angle Fde fixed (case gen), as
indicated in Table I.

Although solutions under the Gaussian approximation are
complete in the mathematical sense, they have defects, and have
limits in their applications because they only take account of
the pure multiple—scattering process. So many authors improved
the theory by adding both the single and the plural scattering
processes to the multiple—scattering process and examined the
effect of including these processes on the angular
distributions. ! We included the single and the plural scattering
effects in the equation of the excess—path—length distribution by
taking account of the representative Moliére theory, 2'-42 and
obtained the solutions up to the second term in case I and case
I1. The effects of single scattering and limits of the Gaussian
approximation in the path length problem are also discussed in
the chapter III.

Effect of the excess—path—length distribution on the
energy—loss distribution of fast charged particles is

investigated in many experimental data in the chapter 1IV.



II. THE YANG EQUATION OF THE EXCESS—-PATH-LENGTH DISTRIBUTION

OF FAST CHARGED PARTICLES

1. Solutions of the Yang Equation

Charged particles traversing through a material of thickness
t undergo multiple Coulomb scatterings and change their
directions of motion 4 successively, so that they receive lateral

displacement T and the excess of path length A:
dT = ddt and dA = (secs-1)dt = }92dt . »
in the small—angle approximation, where we take the t axis along
the thickness of the material and the y and the z axes orthogonal
to the t axis, all in units of the radiation length® and we
define the deflection angle @ by the projected vector of
direction in the y—-z plane, (8y,82) in elements. Then the excess
path lengths of the projected track in the t—y and the t-z
rlanes, Ay and A:, respectively (defined as the projected excess
path lengths), are related to the spatial excess path length A
by
day+tdA: = 3 (8y2+6:2)dt = da. (1h2)
The problem is to obtain the correlated probability density
of charged particles, having passed te with Be, Te, and Ze, and
having reached t with @, ¥, and Z (Ref.43), in the most general
condition, PC(t,d,T,&,te,de,Te, A0)dB8dTdA, in the form of a Green’s
function. We obtain the distributions according to Yang’s
method. 44
Under the Gaussian approximation, scattering is independent
in vy and z components, so P can be represented as the product of

distributions for projected components in the t—y and the t—z



planes:
P=FQ&,0y,y,Ay,te,0ve,v¥e,Ave)FC(t,0:,2,A2z,t0,80z20,20,4z2z8). (1.3
The diffusion equation proposed by Yang for the projected

components is

_aF 8F _ 1 a2F 1 ,aF _ _ _ _ -
2t + eay w2882 + 20 2A §(t—te)s8Co—0e)8(y—ya)s(A—4Ap), (1.4
where

w = 2pv/Es 1. 5
and Es is the scattering energy defined by Rossi and Greisen. 3
Because of the translational invariance of Eq. (1.4) with respect
to t, y, and A, we see they will appear in the solution in the
form of t—te, y—-ye, and A—Ae, so we can put zeroes into te, Vve,
and Ae, temporarily.

Applyihg the Fourier transforms with y and the Laplace
transforms with A
1

F= opjdze el ce, 0,0, 0, 00040, (1. 6
4n?i

we can obtain the solution v in a form of orthogonal expansion by
the eigenfunctions, as Yang did,

— 2 — 3 J— 3 -—
v = wiaexp (- Zt=0t) £ ove /ot va wle 0+ DT L

where
o (x) = (J;Znn!)_%Hn(x)exp(——%xe) and A = 2w2e2, (1.8

and Hn(x) and He.(x), appearing later, are both Hermite
polynomials. 45

The series (1.7) must be summed before we apply the inverse
Laplace transforms. Yang deriveﬂ the sums only for the case that
s are both zero, when the series is reduced

the variables in ¥,

to the binomial one (cases I and II). To get the solutions for



other conditions, the series of greater generality must be
summed. By using the generalized generating function of the

eigenfunctions,

_(x2+y?2) (1+z2) —4xyz
2(1-z2)

Err GOV zn = A —expl ] (1. 9

as proved in Appendix A. The sum corresponding to the most

]

general condition is

-y o= (Zﬂshlg)_%wJZexp[——%gt

2 — i 2 —
-—§§F§§{(ee+o@2)chJs—2oez+[—g%1<e+aa>— ZZZJ(ChJs—l)}], (1. 10>

where we have abbreviated sinh, cosh, and tanh with sh,” ch, and
th, respectively, and have introduced a new complex variable
s = 4t2w2 = 2t24A/w?2, (1.11)

Applying the inverse Fourier transforms against » we obtain

¢dgdp = dédp 5 exp [— s? —
% J3(2-2ch/s+/ssh/s) P "3(2-2ch/s+/ssh/s)

x| Sgéspe— 2§3<chJ§—1>p<¢+¢e)+35’%</§ch/§—shJ§>(¢2+¢52)

- 65—%(J§—sh/§)¢¢a}], (1.12)

where we used nondimensional variables for the deflection angle
and the lateral displacement of the track by dividing by their
spatial root mean squares at a thickness t predicted under the

Gaussian approximation:

§ = a/<92>av%, B = ?/<r2>av%, (1. 13>

and
<p2>,, = 4t/w2, <r2>,, = $t3/w2, (1. 140
The probability density for the projected components are

obtained by the inverse Laplace transforms against A. If we



change the integral variable from A to s and introduce the new
nondimensional variable

u = (w2A/te (1. 15
as defined by Yang (a factor of 4 is multiplied into the Yang
definition for‘a slight simplification of expressions), then we
have

_ d¢dpduj
Fdadyda = T oxi

setio us
sp—iw® £(d,p,s, padds, (1.16)

where the path of integration is taken parallel to the imaginary
axis, in the half-plane of convergence of &¢. It should be noted
that t does not appear explicitly after we used the
nondimensional variables, ¢, o, and u.

The joint distribution for the spatial excess path length,
Agen(t,d,7,A,8e)dFdTdA, can be obtained using the folding

property of the Laplace transforms. Then

ACt,d,7,4,d0)ddd7TdA B($,8,u, $e)dddodu

_ d4dBduf _us,+ =
= SE5EC Je 2(3, 8,5, Fadds, (1. 17
where
B($,8,s,%0) = £¢(by,0y,5,080)8Cdz,02,5,682). (1.18)

The distributions corresponding to other situations, from
cases 1-V, can be obtainedvby integrating the joint distribution
with respect to @ and/or T or substituting zero into them. The
Laplace transformed solutions for the spatial excess path length
so obtained are tabulated in Table II together with their

abscissas of convergence, where we introduced new variables

3 = $-Fe and 3’ = 3-/3%.. (1.1

10



TABLE IT1. Laplace—transformed distributions of the spatial

excess path length and their abscissas of convergence. The
results of Yang and Scott (case I and II) are listed together.
£ is the smallest positive solution satisfying g = tangu.
ABSCISSA OF
CASE LAPLACE TRANSFORMED DISTRIBUTION CONVERGENCE
1 - 2
I ch/s in
d4¢ s —_ 2
I % sh'/s T
ds s3/® —pe
11 37 Jsch/s—sh/s #
ﬂ /s —Sad? < —_ 2
v - Shjgexp[ Jsp2coth/s] 7
dazg g3/2 _ p? s¥2chds s
v 37 /Ech/g—shlgexp[ 3 /Ech/g—shJEJ v K
o1 d4ds s2/3 e xp [— s2/3 _
gen 72 2-2ch/s+/ssh/s P " 2-2ch/s+/ssh/s
X{SJSChJS;thS¢’2—2J§-£h£§:l($3’+353)+ SB{SpZ)] —dg?
s s s

11



2. Calculation of the Distributions and the Moments

The distributions for the spatial excess path length and
their moments will be derived in this section. The results for
cases I and Il are already given in Yang’s original paper,

For case III only those particles with an arbitrary angle and

r=0 at an emergence are detected. Then

Biri1(s)dp

_d_B g3/2
~ 3% Ysch/s-sh/s
_ 2dp 1 % -/s_ 1 2 3 -3/s
= £3r i =rysTe TeT T e + ], 2. D
hence
Bi11 (u)dddu
2dgdu 1 1 1 1 u—1 1 —
= el - -y + S
o [/nu(8u3 2u2+1)exp( 4u) e erfc(zju Ju)
Ju 27 ., 9 .6 T _9,_ u-3 _3__ /=
7 8u4+ 2u3+ u2+ " +4)exp ( 4u) 4utIe erfc(2ja Ju)
+ ... 1. 2. 25

By taking the asymptotic approximation derived from the first

term of the alternating series, good to within 1 %,
Biirr ()

2, 1 1 L +1)exp<——l>+eu_1erfc(é}ﬁ—JG>} for us0. 2,

37 J7u ‘8u® 2u? 4u

2.3
—y? —py?
= _2 £ e ku for uz20. 2,
3% cosu

where u=4.493... is defined by the smallest positive solution of

the transcendental equation
g = tanu, (2. 4>

and —u2?2 is the abscissa of convergence for case III.

In cases IV, V, and gen, the inverse Laplace transforms

12



conducted in the preceding cases are difficult to apply due to
the existence of essential singularities, so we will apply the
saddle—point method, which is less accurate but yields a fairly
good result for the image functions with rapidly increasing
values along the real axis.

Generally, in this method, we can approximate the complex
integral at the saddle point s, appearing on the real axis at the

right—hand side of the abscissa of convergence; thus

2 — =
B@) = -—lTJeuSE(s)ds = 2x-1nE) %E(§)eus, (2. 5).
271 8s?
with
B4
u = -“21n8. (2. 6)
28

It should be noted that v/s, sh/s, and ch/s are replaced by iJ—s,
isiang, and cos/—s when s takes negative values. The accuracy
of the method in the general case is discussed by Nishimura. 4°%
The difference of the result obtained by this method for case I
from the accurate one is shown in Fig. 1. The discrepancy between
them is within a few percent.

The logarithmic derivatives are used in this methodl As an
example, the explicit calculation for case V is shown in Appendix
B.

The Fermi solution should be derived by integrating our
solution B(u) over the excess path length (zeroth moment), or by

taking the limiting value of E(s) at s-0:
lig 2 = 4 oxpl-4{s’2-/33" 3" +p’ 2} 1 2.7
S$B Sgen 7 2 1Y% , .

which agree with the Fermi solution indicated by Scott47 where

the nondimensional incident angle ¢2 is not fixed at zero.

13
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0.5 | 1.0 u
EXCESS PATH‘LENGTH

o

Fig. 1. Comparison of the solution for case I obtained by the
saddle—-point method (dashed curve) and the exact results (solid

curve). Gamma distribution of the same mean value and variance

is also compared (dot—dashed curve). Abscissa u is

nondimensional spatial excess path length defined by (1.15> in

the text.
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Mean values and variances are easily calculated from the
limit of s0 of the first and the second logarithmic derivatives

of

(1

= —1im —21n%=
<u>av = %58 as1nu(s) 2. 8
and
2
<ut>.y-<u>a2 = lig 225 1nE(s), 2. 9

and are shown in Table III (Ref. 48>. The table contains the
Bichsel and Uehling results of mean excess path length for case
I11 and d=Y¥=0 (Ref.10) as special cases. One characteristic
feature is that the mean excess path length of cases IV, V, and
gen at a deflection angle and a lateral displacement of covariant
values, <¢2>,,=<p2>,,=1 and <¥8>.+=/3/2, agree with that of case

I.

3. Characteristic Features of the Excess—Path-Length Distribution
We will discuss characteristic features of the excess—path-
length distributions in this section.
The peak position u, of case I can be evaluated from the
first term of Yang’s expansion, Eq. (13) of Ref.2; thus,
up, = % and B: (u=4) = 1. 85, ‘ 3. D
within an accuracy of 0.015 %. The positions at the half-peak
value are determined numerically as uw = 0.0727 and 0.4854; thus
the full width at the half-height is
rv = 0.423. 3.2
Bi(u) is compared in Fig.1 with the gamma distribution?s of
the same mean and variance:

+ -3u

G = (Bu) “e . (3.3

«
Ko

15



TABLE III. Mean and variance of the excess—path—length
distributions. -

CASE MEAN VARIANCE
1 1
I ) 6
1 .1, 2.,
11, 1V 5 + 3¢ 30 + 45¢
1, 2 1 2
I, v 10 T 5°° 350 ' 525°°
1, 2¢ 2-/3 (38’ +$eB) +602 11 |, 11¢’2-3/3(F8’ +3a8) +3p2
gen 71g 15 12600 3150

16



The latter has the peak value 1.45 at u = 3, and the full width
at the half—height of 0.598. So, B: starts more slowly near u=0
but increases more rapidly, and reaches the peak at almost the
same position with a greater peak value, and decreases more
slowly as exp(—%w2u) after the peak. B: has the narrower full
width at the half-height than the gamma distribution.

According to Symon, '3 the relative width of the range

fluctuation of electrons is

<(r—;)2>av% / r =~ several ten percent. 3. 4

On the other hand, the relative width of the path length
distribution to the thickness evaluated from Table III for case 1
is

<R-RY2>..F /R ~ JTZR. (3. 5

w2
Thus for an electron with kinetic energy E of the order of Es2/¢
or less, (3.4) and (3.5) become comparable if we assume its
mean energy to be E/2 and the mean range to be E/¢, although in
this problem the loss of the energy of the traversing particle
should not be neglected in the theory.

The excess—path—length distributions at a fixed deflection
angle integrated over the lateral displacement (cases II and IV)
are shown in Fig.2. The area under the curve, which gives the
probability density against d¢, is x-texp(—¢2). As the
deflection angle increases, the peak position and the mean value
of excess path length increases (Table IIID, In this case, the
distribution starts from u=0 and the width of the distribution

increases rapidly with the angle.

17
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Fig. 2. Pafh—length distributions of a fast charged particle with
its deflection angle fixed and lateral displacement integrated
(cases II and IV). The parameter in the figure represents the
deflection angle in the unit of the spatial root mean square,

defined by (1.13) in the text.
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The distribution at a fixed lateral displacement integrated
over the deflection angle (cases III and V) is shown in Fig. 3.
The area under the distribution curve is wn-lexp(—p?2). As the
lateral displacement increases, the mean and the width of the
excess—path—length distribution also increase. But in this case
the smallest excess path length ue (denoted as the geometrical
excess) exists due to a difference between the chord lengthS of
track and the thickness of the material. In the small—-angle
approximation, it is estimated as

- 2 2
(Jte+re-t)y = ¥ L = %pe, (3. 6)

_ w2
- 4¢3

2t 2

usa

which agrees with the limiting value of our solution of (2.6) at

§ow:

gg B =20 as %&g u = %pe = ugs. 3.7

Ul

Thus the mean excess path length of case V is composed of two
parts; the geometrical excess ue and the pure multiple—scattering
excess us defined as

us = <uu>av—ue = -T%—+-T%p2. ' (3. 8

At a lateral displacement of p=1, the pure multiple—scattering
excess is a half of the geometrical excess. At a smaller
distance the fraction of the pure multiple—scattering excess
becomes dominant and at a larger distance that of the geometrical
excess becomes dominant in the actual excess.

The Monte Carlo calculation of the time structure of
electron—photon showers by Locci, Picchi and Verri4®
underestimated the electron detours becaﬁse it took account of

only the geometrical excess using the Moliére distribution, 4! and

19
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Fig.3. Path-length distributions of a fast charged particle with
its deflection angle integrated and lateral displacement fixed
(cases III and VD). The parameter in the figure represents the
lateral displacement in the unit of the spatial root mean square,

defined by (1.13) in the text.
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the calculation by Baxter®? gave the narrow width of the
distribution because it only took account of the average excess
path length.

The distribution at a fixed deflection angle and a fixed
lateral displacement (case geﬁ) is shown in Fig. 4. The area
under the distribution curve is 4ﬂ‘2exp[—4(¢f2-J§$’B’+p’2)], as
shown in (2.7). Thus with ¢=1, for example as in the figure, it
becomes maximum at o0=/3/2. As angle between ¢ and 3 in the y-z
plane increases, the area decreases and the mean excess and the
width of the distribution increases, reflecting a longer detour
of the path. The smallest excess path length, uwe=p2/3, is also

determined by the geometrical excess.

21
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Fig.4. Path—-length distributions of a fast charged particle with

ijts deflection angle and lateral displacement, which are both in

the y—z plane, fixed (case gen). In the figure the angles of

jncidence are all zero, ¢8=0, the deflection angles at at
emergence are all taken as 1 (|#|=1), the lateral displacements »

and the éngles

7

are distinguished by the parameter in the figure,
between the vectors ¢ and B are taken as 0O (solid curve),

(dashed curve) and #x (dot—dashed curve), respectively.
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III. THE EXCESS-PATH-LENGTH DISTRIBUTION
OF FAST CHARGED PARTICLES

CONSIDERING THE SINGLE SCATTERING

4. Excess—-Path—-Length Distribution under the Moliére theory

The Gaussian approximation assumes the lower and the higher
cuts, 8win and 8s:x, on the Rutherford cross section and requires
vanishing of the fourth and the higher moments with respect to

the nondimensional angle ¢, or
Puax = W9ma></(2‘/?) << 1. . 1

Equation (4.1) however corresponds to a long path length, say
t>>25 as indicated in Appendix C, so at an ordinary thickness the
tail of cross section at large angles strongly influences the
angular distribution. Thus the single and the plural scatterings
should be taken into account in the theory. Moliére included the
single and plural scattering probabilities in his multiple-—
scattering theory by regarding 4.ax infinite. So he assumed only
the lower cut of the cross section corresponding to the screening
potential of the Thomas—Fermi potential, and evaluated it as JEXa
by the WKB method. 42.51

The excess—path—length distribution under the Moliére theory
can be solved for cases I and Il using the Kamata and Nishimura
formulation?®®-5%2 indicated in Appendix D.

Let ACt,?,A)dFds denote the correlated probability density
between the spatial excess path length and the direction of
motion, with the lateral displacement integrated. The diffusion
equation is

i_ Ay — id) s __]-_ 28_15}- —
o ”[A(??) A 0@ dd + 20228 = 0, 4.2
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The Laplace transforms with A and the Fourier transforms with @

are

ACt, 8,0 = Ige—MA(t,?, A)dA 4. 3)
and

ACt, 8, 0 = ”e"iwﬂ(t,a,nd?. 4. 4

Then the transformed diffusion equation for (4.2) becomes

2K 2 2
2R , %%A . A, 8% . 8% o _ S S I 4

1
at w’ 2 28242 8Z:° QL w'? w’ 2

4. 5

where the additive term characteristic to the Kamata and
Nishimura formulation appears at the right—hand side, and w’ is
defined by
w' = 2pv/K, 4. 6)
and K is a constant defined by Kamata and Nishimura. 46.52
If we expand the solution in a power series as

AC¢t, 2,4 = 'A"“’(t,2,1)+%ﬁ“’(t,2’,1)+ e, .

N

the recurrence equations are obtained (hereafter we abbreviate w’
with w):

_ A, 22 3z
at w2 2 °8CZ4y2 3C:2

)]K(n)

2 2
-ézﬁ‘““’lnﬁa for n>0,

4. 8
5 (1) for n=0.

This is a linear differential equation equivalent to the Yang
equation of case IV, with a known inhomogenious term in the
right—hand side. As we see in (4.8), the first term of series
(4.7 gives the solutions of the Yang equation.

We can solve this equation using the Green’s function definéd

by
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2 2 2
I L PO 2

A ’ ’ — 4 s
ot + w2 2 acv2+ aczg)36(t’2vt , ) = s(t—-t )32(8 Z‘; ). 4. 9

The explicit form of the Green’s function is obtained by the same

ma%hematical method indicated in the Sec. 1:

G, %,t7,3

_ 1
= Gawlesh Qe(ti-17))
2 ’ ’
« expl-—t8 % th(QoCt—t'))+ 144 1. (4.10)

2wl wewsh Qe (t—-t*)) °
The incident angle of zero corresponds to the uniform.
distribution with 2’ at t’=0, so the first term At®> (t, T, 1)

becomes

K(B)(t,?,l) =J"[d'8yg(t,-8‘o’-8,)
— 1 ke
= Th e EXP T g th (o) ], 4. 11

and the subsequent terms can be obtained from

Aend) (1,2, 0
= Jtdt’IJdc’C(t I L D Y (R L L § g po i 4.12)
0 ’ ? b b ] ) we wg' .
_A. Case 1

The Laplace transformed distribution is obtained by
substituting =0 in (4.11) and (4.12). Using the complex
variable s, the first term becomes

A = —-_-———1_:':?6
Ace) (t,¥=0,1) = h/s - =1 ¢ (s), “4.13

which agrees with the Yang solution, and the second term becomes

A (t,2=0, 0

— t ’ ’ 1 - C’2 —_
= Jodt dez Sawlwsh (2o (t—t7)) EXP ™ Suzcoth Celt=t )]
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1 __te N AL i
X ch(2wt’)exp[ 2w2wth(2wt )] w2ln

w2
In(ch/s), Jssh's s 1(/s. shxchx
==+ = (11— S 4 Lf: shxchx
2ch/s 2ch2Js{1 Y+lntchJs +J§JO In X dx}
= By (t, s, 4. 14
where v=0.5772... is Euler’s constant. Inverse Laplace transforms

from Z(s) to B(u) will be obtained in the next section.
B. Case II

Applying the inverse Fourier transforms with ¥ for (4.11) and
(4.12) and setting =0, the Laplace transformed distribution for
case I1 is obtained. The first term agrees with the Yang

solution

K‘e’(t,?=0,1)43 = -% S§j§d$ = Hi1 %) (s)d3, 4. 15
and the second term becomes
A1y (t,d=0, 24T
dg Jtdt'”dz’ 1 exp [~ =2 th (20 (t—t')) 1]
472J0 ch e (t—-t*)> 2wl o
1 e L4272 22
x a3 8XP [~ g th 2wt )15 S int
_ /ssh/s+sch/s ,_ Js sch/s 1(/s
= 2nsh2J/s ¢ Y+1ntsh/§)+ wsh2J§{1+/§I0 Inchx)dx}1d¢
= By 1) (t, s)dY. , 4. 16>

5. The correction Term of the Distribution by the Moliére Theory
Applying the inverse Laplace transforms against i, the
excess—path—length distributions are obtained. The first terms
B¢2)’s are the solutions of the Yang equation themselves. So we
will obtain in this section the second terms B¢!’’s and their

asymptotic forms for large excess path length, in cases I and TII.
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A. Case 1

From (4. 14>

—_ —_— = 2 — '
Ei (1) (t,s) = (In/s+1-y=1n(2t))/se /S+<1n2——gz)e /s
— . ot 2 —_a /s
- 3Un/s+2-y-1n(2t)) /se 3JS-(1+1n2—-%—)e 3/s
L , (5. 1

Using the formulae with the inverse Laplace transforms, 45

_ _ - - — 1 2
Ll ~kSsy L pmn ontly—dg K e < K5 (5. 2
oJ/u 4u
and
Ll ok s e
_ __{2 -+ (n+l1) o _ X _ x?
= - 2w Ik{y+1n(x KD} He o (75=) exp (- %) dx, (5. 3

we obtain the series of rapid convergence in the small u région:

Bt (t,uw
ol =Ss o= 1 =2 1 -1
=L " [/se 1n/sl+ 4{(1 Y 1n(2t))(u 2)+21n2 12 J;G?exp( 4u)
P ik M SR ISR 9 _ _m2 1 __9S
3L " [/se 1nv/sl 4{(2 Y 1n(2t))(u 2)+2+21n2 1 }J;E3exp( 4u)
+ ... . (b. 4)

The terms relevant to (5.3) can be calculated by numerical
integrals.

In the large—u region, the contributions from the singularity
of s with largest real components give rapid convergence.
Equation (4. 14> has logarithmic branches at s=0, - ®x/2)2, =-xn2,

., and poles at s=—@®@/2)2, =@n/2>2, =(x/2)2, .....
Logarithmic branches can be paired as ln(s/(s+%ﬂ2)),_

In((s+4x2)/(s+x2)), ...., then we see they contribute analogously

27



as poles. A counterclockwise complex integral around the cut
connecting the pair of branches is reduced to a curvilinear

integral on the cut:

1 s—a
2"iJCf(s)1ns_ ds

= Ji(f(s)—Z(principal part at pole on cutd}ds (5. 5

as proved in Appendix E, which corresponds to the residue in case
of pole.

Thus we can develop (4.14) as

2 (1, 8D
- 1 _1nch/§
2¢ch/s  s+ixn?
LB s i s A e
+ éﬁ;?j§1n3+§”2+ sori7= (/5= 155 sn/s-ch /5y 1n2EE2S

+ OQln(s+n2)), ‘ (5. 6)
The first and the second terms only have a pole at s=—3x2 in the

region of R(s) > —n?, where R indicates the real part, so

B¢t (t,w
—dr2
= ——%[—5+47+41nt+n2u(2—Y—1n(2t))]e LR
w2 Jssh/s us, x%exp (—}x2u) 4 1
* o7 Gene e T G s (1 T ) (¥ re 1
+ [T 1 ((/s- L) sh/s~ch/s) e Sds+0ce Y
—fx? 2ch2J§{( s 27t)s s—chvs}e s e
-47m2u
n 2 J
[5 4Y+41n8t a2u (1— Y+1n16t)]
(w2 i s2) gUS 1-ish/s
Jo 2/ Ye Iniienss ¢S
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_ =2 , i ,,3 _2/s % _Isy , us, 1-ish/s
J_%ﬂ2{4/§+(4n ——i——)u+(2 i)u s}e 1“T¢T§E7?Fds

7 2u

+ 0C =%, 5.7

where we applied partial integrals in order not to drop
significant digits in the subtractions.

Series (5.4) for small u and (5.7) for large u agree well
within 2 % in the vicinity of u=0.7.

Asymptotic features at u >> 1 are derived from the first term

of (5.7. Near s=0,

Sssh/s us 1 5_, us
— = (Zg———s2+ ... , .
20h2Jse (23 125 . de (5. 8)
)
B¢t (t,u) =~ I—%ﬂetls———552+ )eusds
: ’ 0 2 12 T ’
1 5
~ ot Rt e (5. 9
B. Case I1
From (4.16)
- O S N T 2/5. —~ -J5
Bt (t,s) = n(l Y+1n2t)se + 1(12 Y+1n—?—)Jse
3 Js. -3J/s, 1 ,x? 2/s. — —3/s
+ 7((2 7+1n§¥)se + 1(4 Y+1ln T YJ/se
. | (5. 10)
So in the small—u region
Bir ¢t (t,uw
= -%L_l[(s+/§)e—Jsan§]
B UPS APR 1 w2 _ 2y 1 _ -3 -1
+ 4 EU-y=1n20) G =+ Gpv+1InD G~ -2 Grwd  Fexp (- 50
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+ —%L—l[(35+/§)e—3Jsan;]
1.9 . 9 72 2. .8 -3 9
+__ -y - T — —_— - _— —_— T
4{u(2 Y 1n(2t))(2u 3)+(4 Y+1nt)(u 2)} () exp ( 4u)
+ ... . G 1D)
We can develop (4.16). as
S ) Ct, 8D
Jssh/s+schJs{ +1 Js (s+x2)
2xsh2J/s YT AT Sh s
sch/s 1 /s chx
2s—inJ§ch/§1 s+3x2 (s—lwls)ch/s /sshJs1n s+x?
2nshe/s N s+x 2t 2nsh2/s s+¥n?
+ O0(ln(s+$x2)), (5.12)
so in the large—-u region we have
Brot1r (t,w
= —2xe " U ((r2u-2) (1- v+ingh ) -21n2)
Af—=2 __ix _ 5inx _ reoy JUS, 1- —ch/s
[3,: B 575+ - 275 ust 2= B ues ) e Ing 507245
_lr-%xn2,,_  ix _ 5inx _dmy ,_ ., . us. l-ch/s
) =y 2 {1 5/< +(3 5/< - 7=)ust+ (1 7s DHuzs2ye 1“T:ZE7§dS
+ 0ce inluy (5. 13)

Series (5.11) for small u and (5.13) for large u agree well,
within 1 %, in the vicinity of u=0. 4.

The asymptotic expansion at u>>1 is

1 sch/s
(1) —_
Biotv (,w ~ [T e a5 e s
~ (L uT34 2227675, ye 37%U (5. 14)
73 2nt »
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6. Effect of the Moliére Cross Section on the Excess—Path—-Length
Distribution

The first terms B!‘®’’s are Yang’s solutions themselves, only
w being replaced by w’ or Es by K. There is no explicit
dependence on t in B'®'’s after we used the nondimensional
variable u. In the second terms Bf!'’’'s the dependence on t
appears through Int, reflecting the Kamata and Nishimura
formulation. Bf'®’(u)’s and B¢1?(t,ud’s at t=1 as well as the
coefficient of Int in B¢!?’s are indicated in Figs. 5 and 6 for
cases I and II, respectively.

The corrections by the second term characteristic to the
Moliére theory are a long tail appearing in the distribution for
case I and a slight additional contribution appearing at a small
excess path length. They qualitatively agree with the
corrections indicated by Moliére in the angular distribution
(Fig. 7>, i.e., the long tail of the distribution at large angles
and the slight additional contribution at small angles.

B¢1)(t,u) must be weighted by 1/Q. Comparison of the first
term and the weighted second term for air (Q=15.2) at t=1 is
indicated in Fig.8. The distinctive long tail tends to fall as
17(2Qu?) as predicted in (5.9>. This tail can be interpreted as
the geometrical excess from the single scattering. |

In fact, the single scattering at ;’ yvields the geometrical
excess of

A= $62(t=t’)D (6. 1D
at t in the small—angle approximation. Its probability is given

by the Rutherford cross section:
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Correction of the angular distribution of fast charged
particles by the Moliere theory.

The figures are cited from
Refs. 41 and 46.
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pevz

o
>

o(8d>2nededx’

dt’

D
[N

K2

o
>

(t—t*>dt’, (6. 2>

s ol

B

A2
where we used the constants introduced by Kamata and Nishimura
Integrating (6.2) with t° from 0 to t, we obtain

_ 1 K2tz _
Bwdu = 4 -5 e7,244

1 du
Q 2u?’

(6. 3

This interpretation, attributing to the geometrical excess is
reinforced by the fact that we see no distinctive tail other than

the exponential fall in case II.
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IV. EFFECT OF THE EXCESS—-PATH-LENGTH DISTRIBUTION

ON THE STRAGGLING PROBLEM

7. The Landau Distribution of Energy Loss for the Fast Charged
Particles

Charged particles traversing through materials lose their
energy due to collisions with atomic electrons. The mean
dissipating rate of energy is about 2.5 MeV:-g-'cm? for fast
charged articles. 53 But the actual value of energy loss against a
certain length of passage is not constant but receives
statistical fluctuation. This problem is called straggling.
Landau predicted the form of the fluctuation.

Let f(x,Ae)dAe be the differential probability for fast
charged particles to lose their energy of Aeg after the passage of
length x. The diffusion equation proposed by Landau ist!?

% = r:w (e) [f(x, he—e)—f(x, Aed1de, 7. 1D

where W(E) denotes the probability density to lose energy of E in
a single scattering;s#4

2naNe 4p2Z 1
mv 2ZTA E?2’

WE 7.2

where £Z and ¥A are the sums of the atomic number and the atomic
weight of the substance, respectively.
According to Landau, the solution of Eq. (7.1) is

f(x,AeddAe = %Mx), 7.

where

p (1) =

1 JG+1w eulnufludu, (7.

27n1 Jo-iw
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and

1=-%IM%Un%ﬁkﬂL T

¢ in Egqs. (7.3) and (7.5) is a measure of the thickness!?

proportional to x, with the dimension of energy, expressed as

_ 2nNe 4 pZZ
'3 T avEISA 1.6
€’ is defined as
—sy 2 2 2 2
lne’ = ln—2v2/e®I? v 7.
2mv? c?
where I is an ionization energy of the atom, and Y denotes
Euler’s constant. $ (A1) becomes maximum at A=-0.05, or the
corresponding energy loss of
Ae = £(ln—5+0.37). (7.8

'
Ae is called the most probable energy loss.

Although a detailed result of the inverse Laplace transforms
of (7.4) indicated by Landau exists, '!'2 a simple result derived
approximately by the saddle point method as shown in Fig.9 will
be also useful, explicitly represented by the variable 2a:

¢ (ADda = j%%?exp[—-é—*exp(—l—l)]. 7. D

8. Energy lLoss Distribution Translated from the Excess—Path-
Length Distribution

If we assume continucus ionization losses, the excess—path—
length distribution is regarded as the energy—loss distribution.
We compare it with the Landau distribution which is based on the
statistical fluctuation of the collision energy loss. Although
the latter is the domﬁnant factor of the process the additional

correction due to the excess—path—length distribution becomes
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serious with an increase of path length, because the width of
collision—loss fluctuation increases proportional to the traversed
thickness of material while that of the excess path length
increases proportional to the‘square of the traversed thickness.

If we take € as the constant energy loss per unit radiation
length, then the width of the energy—loss distribution due to the

multiple scattering evaluated from (3.2) is

2t2
w2’

ey = 0.423¢ 8. D

€ is called the critical energy and usually used in the shower
theory. ® On the other hand, the width due to the collision loss
fluctuation is®

r. = 3.98¢, (8. 25
where ¢ is a measure of the thickness defined in Eq. (7.86),
rewritten as

_ 0.154XeMeVcm?
¢ = B25A/57

t, (8. 3

and X2 and B denote the radiation length?® and v/c, respectively.
If we measure the thickness of material in units of p2c2/Es?
and introduce a nondimensional thickness q,
q = t/(c/Es 2, (8. 4>
then the ratio of the former width to the latter becomes
proportional to q:

_ eXA/ZZ
eMa/To = 2. 90XeMeVemz T (8.5

The cogfficient of q at the right—hand side is nearly 1, as
indicated in Table IV, so we could use q as a parameter to
approximately represent the correction ratio due to the excess-—
path—length distributioh on the width of energy—-loss distribution

due to the collision—loss fluctuation.
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TABLE IV. The coefficient against t/(pc/Es)2 in Eq. (8. 5).
The values of A and ¢ were taken from Ref. 44, and the
compound rate of Nuclear Emulsion was taken from Ref. 55.

Material Z A 2.98§?g§€cm2
H 1 1. 008 1.94
He 2 4.003 1.85
Li 3 6. 940 1. 32
C 6 12. 010 1. 26
N 7 14. 008 1. 52
0 8 16. 000 1. 50
Al 13 26. 980 1.18
Si 14 28. 090 1.17
Fe " 26 55. 85 1.10
Cu 29 63. 54 1. 08
Br 35 79. 916 1.08
Ag 47  107.868 1. 05
I 53  126.910 1.04
W 74  183.92 1. 02
Pb 82  207.21 1. 01

Compound Materials

Air 1. 51
Si02 1.19
H20 ' 1.25
LiH 1. 35
Nuclear Emulsion 1. 09
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Fig. 9. An energy—loss distribution translated from the excess-—
path—length distribution with an assumption of continuous energy
loss at a thickness of t/(pc/Es)2=1 in N (dashed curve), Al
(dot—-dashed curve), and Pb (double—dot—dashed curve), compared
with that evaluated by the statistical fluctuation of collision
loss predicted by Landau (solid curve). The width of the former
increases proportional to the square of the thickness, while the
width of the latter increases proportional to the thickness.

Abscissa is energy loss in the unit of ¢ defined by Landau.
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The ratio of the mean excess path length to the thickness can

be evaluated as
<A1>av/t = q/(482), (8. 6

so that we see the correction factor due to the excess—path-
length distribution for the width of‘energy-loss distribution is
about four times greater than that for the most probable energy
loss. 5%

The excess—path—length distributions of case I translated to
the energy—loss distribution assuming the continuous energy loss
are plotted in Fig.9 against the variable of

A= e (A-80)/¢ = TapErNA e (umd), 8. 7

for N, Al, and Pb at gq=1, and are compared with the approximated
expression, Eq. (7.9), of the Léndau distribution. Toward a
smaller energy—loss region of the peak, the Landau distribution
rapidly decreases, but it has a meaningless long tail reaching to
- of 4. On the other hand, the former decreases more rapidly
and falls to zero corresponding to the fact that there is no
excess of the path, irrespective of using the saddle—-point
method. Toward the large energy—loss region both distributions
decrease exponentially, but the former decreases twice as slowly
as the latter distribution. Thus multiple scattering gives a
large contribution than the Landau distribution in the high-

energy—loss region.

8. Experimental Survey
We see the typical elongation caused by the multiple
scattering in the data of Hungerford and Birkhoff22 [passage of

624 keV electrons through 54.5 mg/cm?2 Al (q=0.86), Fig. 10], and
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McDonell, Hanson, and Wilson2® [1 MeV electrons through 156
mg/cm? Al (gq=1.4>, Fig.111, although in those experiments through
the thinner material, we see good agreement with the Landau
distribution; through 15.1 mg/cm? Al (gq=0.27) in the former and
through thickness less than the critical thickness, 50 mg/cm? Al
(@qg=0.45), in the latter.

In experiments through gaseous matter with q less than 0.1
(Ref. 23, Fig.12), we see good agreement with the Landau
distribution at the tail of the distribution. In the experiments
of high—energy electrons with q less than 0.3, the results agree
well with the Landau distribution after taking account of
polarization effects, ®-29 as indicated in Fig. 13. For heavier
particles, by cosmic—ray muons with g of order of 10-4 (Refs. 30
and 31, Figs. 14 and 15) and by proton with q of order of 10-5
and 10-% (Ref. 32, Fig. 16) the results agree well with the Landau

distribution.
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Fig. 10 The data of Hungerford and Birkhoff, cited from Ref.22.
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Fig.11 The data of McDonell,

Ref. 28.
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V. CONCLUSIONS AND REMARKS

The excess—path—length distribution of fast charged particles
dge to multiple Coulomb scattering is completely solved in the
Laplace transformed form under the small—angle and the Gaussian
approximations following Yang’s method (Table IID. And the
inverse Laplace transforms can be obtained to sufficient accuracy
by the rapidly converging series, up to case 1II in Table I, and
t; good accuracy by the saddle—-point method for general cases (in
Table I and in Figs. 1-4).

Effect of the single scattering on the path length problem is
investigated following the Moliére theory (in Figs. 5—8). It is
reconfirmed that the solutions under the Gaussian approximation
are still a good first approximation under the more advanced
Moliére theory. But a distinctive long tail appears
corresponding to the geometrical excess by the single scattering,
and the distribution increases slightly in the small excess
region, egpecially in the case of small thickness, which
qualitatively agrees well with Moliére’s results for the angular
distribution.

The energy—loss distribution translated from the excess—path-—
length distribution with an assumption of continuous energy loss
is compared with that due to the collision—loss fluctuation. It
is found that the ratio of correction due to the excess of path
length on the width of the distribution, approximately
represented by a new nondimensional thickness q of traversed

material defined by (8.4), is about four times greater than that
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on the most probable energy loss [Egs. (8.5) and (8.6), and
Fig. 9].

In spite of the known defects mentioned above, the solutions
of the excess—path~length distribution under the Gaussian
approximation are important because of their completeness in
mathematics and their relative convenience in handling, if enough

care is taken for their limits.
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APPENDIX A: GENERALIZED GENERATING FUNCTION OF THE EIGENFUNCTION

The summation is obtained by using various levels of the

generating functions with hermite polynomials, written as

1 K
- (- —4x?
Hew GO = -DTEm ! B —os gy (t4x
— (_q M \ 1 auank
Heaso1 GO = DT @m+D 2%, 80 —Sraprams 1 4%
We use the following generating functions:
A ,m - -4 4x2t
8 tMHea GO = (D  Texe G,
B LM 0 = 2x (4 TRexp AX25)
20 m! " 1+4t
1 m—k _ ~k-3% x 4x2t
ot Hea GO = (144D THe (D) exp (Thg)
1 m—k _ -k-1 4x2t
& ot Hewe1 GO = (44D H2k+1(/1+4t)exp(1+4t)
or to be summarized as
1 _ -+ (k+1D X 4%x2t
Byt Haa e GO = (1441 Hi G exp (i)

Equations (A3) and (A4) can be derived by binomial series.

Equations (AB) and (AB) are derivatives of (A3) and (A4,

respectively, and can be proved by the mathematical induction

(A1

(A2)

(A3

(Ad)

(A5)

(ABD

(AT

method, or directly proved using the Laplace transforms and the

formula
m 2 — -_— —
T [irexp (- =01 = L7 5™ fexp (/)1
_ m.m,—— —1 k _ k2
= Ut Jntd Hen G /o =) exp ( 4t).
Then
£ GayiHee GOHew () )27
- 1 z,2m 1 A2y K
= & o ),Hzm(x)( MM em Y 8 s sy Gy

- 1 _ k 1 _z?%. m
= 2o o T B o1 g ) Hen 00
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— 1 _ z?2x? e Koz k.., "k %
= Fresrexp (0 1) 1 8, (2k)'( 4y®) (=) 1=z Hew GpE=p
24y 2
= /11 sexp (- x_zy z2)¢ h(f"vz). (AD)
Similarly
1 z, 2m+1
e COHz et () (D
24y
= rigexp (- 2L 20y sn BXYL A1
Thus we obtain
& 1 z,n 1 _(x2+y?2)z2-2xyz
B He COH D D" = m—sexpl — 1, (A1)

known as Mehler’s formula. 7 Hence

(x2+y2) (1+z2)—-4dxyz
2(1-2z2)

1. (A12)

RS U

i n (D, ydzn = _\/_;1'7‘:

0¥

APPENDIX B: AN EXAMPLE OF CALCUILATING
LOGARITHMIC DERIVATIVES OF LAPLACE TRANSFORMED SOLUTION
We indicate a sample method to obtain the logarithmic

derivatives of E(s), for case V:

Buls) = Bi /schJZ”thsexP[ gzjsz:jzhiij (B1)
Putting
f (x) = xchx—shx where x = /s, (B
then
f’ (x) = xshx, f"(x) = xchx+tshx (B3
and so on. And if we put
. Inf (x) = g(x> and 1nE2(s) = Lx), (B4
then
L{x> = *1n(3ﬂ)+31nx—g—-§fx9(1+g”+g’2), (B5O
L' (x) = -g——g’—-gf[x2(g‘9’+2g’g”)+2x(1+g“+g’?)], (B&>



L"x) = —é‘—' “——‘—)—2[x2(g(4)+2g’g(3)+2gu2)
x2 6

+4x (g +2g" g7)+2 (1+g”+g’ 2)1. BT
Thus.we obtain
_d = - 1 4,
L inze) = Howo, (B8)
4% EGs) = =L co-—1L o (B9)
dse ™ 4x? 4%3 ’

The logarithmic derivatives for other cases can also be obtained

by the same method.

APPENDIX C: PHYSICAL RESTRICTION CORRESPONDING TO
THE GAUSSIAN APPROXIMATION IN MULTIPLE-SCATTERING THEORY
The angular distribution of fast charged particles due to
multiple scattering is determined from stochastic superposition
of Rutherford single scattering:5?

1 Es?2 d¢
21n(183Z /) p2ve g3ot: Cc»

g(8)2n0dadx =

After passing through material of thickness x, the angular

distribution represented by the nondimensional angle ¢ becomes

f(x,8d%

'

= %ngCdCJa(Ca)exp[—szmax{I—Ja(ce’))a(e’)2x9’do’]

min

1 Pmax
21n(183Z-73) Jdnin

= %%JgadaJa(a¢)exp[— {l—Ja(a¢’)}%?3], €2

where we assumed the upper limit 6nax ~ 2/d ~ 100 MeV/pc and the
lower limit 6nin ~ A/2a ~ 0.01 MeV/pc on the cross section
corresponding to the radii of the nucleus and atom. 3

If we develop 1-Je(x¢’) in power series, we get

f(x,6)4d7%
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= %%JgadaJe(a¢)exp[——iMza2+—§%M4a4—-§§%ZMeas+ AN R ()

where Mz, is the 2nth moment of the single scattering with ¢ at

the depth x, and, as #nax/8nin ~ 18327Z-2/3 holds, 33
M =1, . (C4)

1 1 2n=2 . _ 6nin, 2n—2
gn-2 2Inc18az ey Prax UG ) n>15. €5

Mzn =

If we can neglect the 4th moment and higher of Mz2., Eq.. (C3)
becomes the form derived from the Fokker—Planck approximation4®

and we get the simple Gaussian distribution

f(x,9)dd = s>

dg -—¢2
— e .
7
This situation corresponds to the physical restriction of

traversing a very large thickness, as

bnax = emax/(E3J¥> << 1, or t >> 925. eXp)

p
It should also be noted that with an increase of t, integral
range from $nin t0 dnax in (C2) becomes narrow and the value of
the integrand increases; at the limit of to» we reach the
mathematical restriction against the Gaussian approximation shown

by Nishimura [((A.3.11) in Ref. 4631,

_ . 8Cg=ed . _ .. Es2t 8(6—8)
xo (o) 2nods = Jig——ez - dé = Jig 3o g7 - de. (€8

APPENDIX D: THE KAMATA AND NISHIMURA FORMULATION
OF THE MOLIERE THEORY AND ITS RELATION
TO THE MOLIERE AND BETHE FORMULATION
Under the Moliére theory we neglect the upper limit in the
single scattering cross section (8nax?® and take the lower limit

at nga. Then the diffusion equation for the transformed angular
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distribution becomes
-d1n? = dej-— (1-JoCo2)) 0(8)2n0ds. D1
eYa

Kamata and Nishimura represented the Moliére theory in

differential form

_ . _Kege ., 1, Kege
dln?-4p2v2(1 Slngpzest 4t (D2)

by introducing a new scattefing energy K, almost identical with
Es, and a weight 1/Q indicating the magnitude of correction by
the logarithmic term. K aﬁd fl both are specific to the traversed
material and independent of thickness t and momentum p.

Introducing a new nondimensional variable and a complex variable,

v = _PY .

¢ = x5l and o pvt' (D3
then

Int = -2 (-2 an® L -1Int)y, (D4

where the prime is attached to indicate that the value is defined
from K instead of Es.

In the Kamata and Nishimura formulation we can easily convert
a diffusion equation from the Gaussian approximation to the
Moliére theory by only altering the term

Es;2z°? Keg2 ., _ 1. K2z2 .
ey dpavz (1T Qlngpaye) (D5

but the explicit t in logarithm appears generally in the solution
by this method due to an existence of 1nt in (D4).

In the case of the angular distribution, Moliére and Bethe
originally introduced their weight and integration variables, 1/B
and u (Ref. 59> which are slightly distinguished from 1/Q and o’

by

B-1nB = Q-1nQ+1lnt and u = 7=a’. (D6

58



Then we get the Moliére and Bethe formulation

- _uzr . 1, u?
Int = L {1-glng ), [©Y))
instead of (D4). Thus we can represent the angular distribution

in a single nondimensional variable complementary to u:
_Ja.,
Q4 = 7B (D8
But in the path length problem under the Moliére theory, the

author could not find such a variable removing the explicit t

APPENDIX E: CONTOUR INTEGRAL COMPRISING LOGARITHMIC PAIR

Let C be a contour on which f(& 1is an analytic function of ¢
and inside which f(¢) has a finite number of poles. Then for all
z inside the contour and on poles, we have®?®

£, = - .
2%1JC -2 dez iz pgle(prlnc1pa1 part). (ED

Thus, integrating with z from « to B along any path inside the

contour we get

1 t=a, . _ (8 _ .
jcfcc)ln Xy = Ja<f<;> Il (principal partd)de. (E2)

ole
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