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SUMMARIES

TheYang equation of the excess-path-length distribution of

fast charged particles due to multiple Coulomb scattering under

general conditions is completely solved. The solution is an

improvement of the Fermi solution,giving the joint distribution

of only the angular and the lateral spreads, to include the

excess-path-length distribution. The distributions are indicated

in figures, and themean values and the variances of them are

tabulated. Effect of a single scattering on the excess-path-

length distribution is also investigated using the Moli占re

theory. Influence of the distribution upon the width of otller

related distributions is found important;e.g. the distribution

gives correction about four timesmore on the width of the

energy-loss distribution than on the most probable energy loss.

The effect is confirmed in many experimental data.



I. INTRODUCTION

Many detailed investigations have been accumulated on the

angular and the lateral distribution of fast charged particles

due to multipleCoulomb scattering.IBut the excess-path-length

distribution in the process has not been clearly understood.

Yang proposed a diffusion equation for the excess-path-length

distribution of charged particlesunder the srnal1-angle and the

Gaussian approximations･2 The Yang equation was an advance ôn the

Fermi formulation of the multiple-scattering theory3 which is a

simple and clear diffusion equation to give the joint

distribution of the angular and the lateral spreads of the

Williams type.4 Yang derived the excess-path-length distributions

of normally incident electrons irrespective of the deflection

angle 有 and the lateraldisplacernent7 at emergence (defined as

case lby Yang), and with す fixed at zero and 7 integrated (case

II). Scott also dealtwith a simH ar equation. He obtained the

solution for the projected excess-path-length distribution

corresponding to case II (Ref. 5). But no otherwork with

general solutions followed after Scott and Yang.

Some previousworkers discussed and evaluated effects of the

average excess path length by using Yang's result on various

problems, such as the most probaもle energy loss6~9 0r t†ュe average

range18 0f fast charged particles travelling through matter. And

anotherworker limited the step lengths of track in hisMonte

Carlo calculation of electron-photon showers,using Yang's

result,H so tllat the approximationsused in the calculation

should not provide serious errors. But the corrections by
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including the excess of path lengtllOn those problems were small,

within a few percent,because the ratio of the average excess

path length to the thickness of the materialwas so small,as can

be evaluated by one-half the average square deflection angle,

を[J<C2>dt]/t,according to the method ofYang.2

The excess-path-length distribution,however,makes its

effects on the widtIlin various distributions of those charged

particleshaving passed through a common thickness. An example

of such problems is the shape and the width of the energy-loss

distribution of fast charged particles in matter. Although it is

mainly determined by the statistical fluctuation of collision

lossespredicted essentially by Landau,12-16 it receives an

additive correction from the excess-path-length

distribution.8･17128A correction factor due to the excess-path-

length distribution is about four times greater for the width of

the energy-loss distribution than for the most probable energy

loss,as discussed in the chapter IV. Many experimental results

of the energy-loss distribution were compared with the Landau

distribution.18･21-32 Among them, some results having a wider

width of energy-loss distribution than the Landau theory could be

attributed to the effect of the multiple scattering,8･26 but a

thorough investigation of the effect could not be done because of

the insufficiency of applicable theories for experiments of

lirnited geometries.28The range distribution33 0f charged

particleshas a similarproblem,baying the biggest influence

from the residual energy distribution,but requiring corrections

for themultiple-scattering detours.9･34

Another important example is the arrival time distribution of
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electron-photon showers developing in the atmospllere, although

single particle problems are mainly discussed and shower problems

are notmuclldiscussed in this paper. As all the shower

particles run almostwith the velocity of light,the excess-path-

length distribution folded overmany successive paths is observed

as the arrival time distribution of shower particles. The

magnitude of the time spread is a few nanoseconds near the shower

core,and a few microseconds far from the core.35 The arrival

time distribution is one of the representative observables of an

extensive air-Shower experiment and the mechanism mentioned above

waspointed out in an early report by tI】e MIT group.36 The

accurate calculation,however,has not been done yet due to the

difficulty of tlle･scattering theory.37 日 we obtain the excess-

path-length distribution function with boundary conditions

generalenough to pursue elect∫ons in the shower,We can derive

the arrival time distribution of the shower particles by the

MonteCarlomethod.3S･39

Analytical solutions of the excess-path-length distribution

derived by Yang so farwere also used to check and evaluate

results obtained by a nurnericalmethod48 0r a Monte Carlo methodg

formore complicated problems.

Thus,the excess-pathllength distribution isvery important

in a totalunderstanding of the behavior of charged particles in

matter. So we searched for the solution of the Yang equation for

various conditions,one by one,following the Yang method and

obtained the solution of the most general condition. The

obtained distributions of excess path length are withす

4



TABLE I. Theconditions forvariouscasesofexcess-path-length
distributions.

correlation
首8 首 7

I 0 integrated integrated

II 0 0 integrated

III 0 integrated 0
IV O 首 integrated

V 0 integrated 7

gen すら す 7
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integratedand7 fixedatzero (case IH),withす fixed and 7

integrated (case IV),with す integratedandデ fixed (caseV),and

with す, 7, and the incidentangle 有色fixed (case gen), as

indicated inTable I.

Although solutionsundertheGaussian approximation are

complete in themathematicalsense,they have defects,andhave

limits in theirapplicationsbecause they only take accountof

thepuremultiple-scatteringprocess. Somany authors improved

the theoryby addingboth the single and thepluralscattering

processesto themultiple-scatteringprocessand examined the

effectof including theseprocesseson the angular

distributions.IWe included the single●and thepluralscattering

effects in theequation oftheexcess-path-length distribution by

takingaccountof the representativeMoli占re theory,41･42 and

obtained the solutionsup to the second term in case iand case

H. Theeりectsofsingle scattering and limitsof theGaussian

approximation in thepath length problem are also discussed in

thechapter III.

Effectof the excess-path-1engtlldistribution on the

energy-lossdistribution of fastchargedparticles is

investigated inmany experimentaldata in the chapter IV.
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ⅠⅠ. THE YANG EQUATION OF THE EXCESS-PATH-LENGTH DISTRIBUTION

OF FAST CHARGED PARTICLES

1. Solutions of the Yang Equation

Charged particles traversing through a material of thickness

tundergo multiple Coulomb scatterings and change their

directions ofmotion 首 successively,so that they receive lateral

displacement7 and the excess of path length A:

dデ=すdt and dA=(sece-1)dt= 如 2dt (1.1)

in the small-angle approximation,where we take the t axis along

the thickness of the material and the y and the z axes orthogonal

to the t axis, all in units of the radiation length3 and we

define the deflection angle 首 by the projected vector of

direction in the y-z plane, (eリ,Cz) in elements. Then the excess

path lengths of the projected track in the t-y and the I-z

planes,Ayand Az,respectively (defined as the projected excess

path lengths),are related to the spatial excess path length A

by

dAリ+dAz= 与(eリ2+ez2)dt=dA. (1.2)

The problem is to obtain the correlated probability density

of charged particles, having passed t8With す8, 78, and 云匂, and

having reached twith す, 7, and Z(Ref.43), in the most general

condition,P(t,育,7,言,t8,才0,78,言切)dすd7d言, in the form of a Green's

function. We obtain the distributions according to Yang's

method.44

Under theGaussian approximation, scattering is independent

in y and z components,so P can be represented as the product of

distributions for projected components in the t-y and the t-Z
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planes:

P=F(t,eリ,y,ムツ,t8,0リ匂,yB,Aリ8)F(t,oz,Z,Az,t8,ez匂,Za,Az8). (1.3)

Thediffusion equationproposedbyYang for theprojected

components is

旦 ･ e諾 -i T2誓 ･ 喜C2票∂t

where

=S(t-t8)8(O-08)8(y-yO)S(A-Aa), (1.4)

W= 2pv/Es (1.5)

andEsisthe scattering energy definedbyRossiandGreisen.3

Becauseofthe translational invarianceofEq. (1.4)with respect

to t, Y, and A, We see theywillappear in the solution in the

form oft-tg, y-yB, and A-Aa, sowecan putzeroes into t匂, yB,

and Aa, temporarily.

Applying theFourier transformswith y and theLaplace

transformswith A

F-嘉 JdAeA ^I e iyっ- ･e･つ ･ , ･ C O)的 ･
(1.6)

wecanobtain the solution y･in a form oforthogonalexpansionby

theeigenfunctions,asYangdid,

や-Wノ忘exp(一宏 t-wt)n=eopn(Wノ忘(88十等 )やn(Wノ忘(o･11))e~2nwt･ (1･7,

where

やn(x,- (ノ妄2nn!)-iHn(x,exp(-ix2) and A- 2W2W2, (1･8,

andH｡(x) andHen(x),appearing later,areもothHermite

polynomials.45

Tbe series (1.7) mustbe summedbeforewe apply the inverse

Laplacetransforms. Yang derived the sumsonly for the case that

thevariables in や｡'sareboth zero,when the series is reduced

to thebinornialone (cases land II). To get the solutions for
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other conditions, the series of greater generality must be

summed. By using the generalized generating function of the

eigenfunctions,

n=eoyn(x)やn(y)zn=JkJTP exp卜 x̀2+y2≧‡三二;≡;~4xyz] (1･9)

as proved inAppendix A. The sum corresponding to the most
∫

generalcondition is

-p-(2才Shノ言)弓 Wノ云expl一宏 t

一志 {(C2.982)chノS-2909･[雪 空(e･oa)∴ 誓 ](chふ 1)}]･ (1･10)

where we have abbreviated sinh,cosh,and tanh with sh了 ch,and

th, respectively,and have introduced a new complex variable

S= 4t2W2= 2t2̂/W2. (1.ll)

Applying the inverse Fourier transforms against っフWe Obtain

ミd4･dp =
d4'dp
7r J3(2-2ch S)exp[- 3(2-2chノ言+J-S-shノ言)

･ {登 p2一旦些(chふ 1)p(- )･3S一書(ノ言chふ shノ言)(¢2+如 2,S

- 6S一書(ノ言-shノ言)帆 )], (1.12)

where we used nondimensionalvariables for the deflection angle

and the lateral displacement of the track by dividing by their

spatial root mean squares at a thickness I predicted under the

Gaussian approximation:

盲 = す/<02>av与, 方 = 7/<r2>avを,

and

<∂2>av= 4t/W2, <r2>｡V= 告t3/W2.

(1.13)

(1.14)

The probability density for the projected components are

obtained by the inverse Laplace transforms against ,1. Ifwe

9



Change the integralvariable from A to s and introduce the new

nondimensionalvariable

u = iw2A/t2 (1.15)

as defined by Yang (a factor o王寺 ismultiplied into the Yang

definition for a slight simplification of expressions),then we

have

Fd odydA- 旦豊 J… ≡Ii:eu s ミ (¢･p･S･ ¢ 8)d s ･ (1･16)

where the path of integration is taken parallel to the imaginary

axis, in the half-plane of convergence of i. It should be noted

that t does not appear explicitly afterwe used the

nondimensionalvariables, 4., p, and u.

The joint distribution for the spatial excess path length,

Agen(t,育,7,A,す8)d首d7dA, Can be obtained using the folding

property of the Laplace transforms. Then

A(t,育,7,A,す8)dすd7dA=B(i,方,u,盲8)d盲d石du

= d7didu
27riJeusE(盲,万･S･79)ds･ (1117)

where

E(7,万,S,盲8)=ミ(中ソ,Pリ,S,如 リ)ミ(中之,pz,S,如 Z). (1.18)

The distributions corresponding to other situations,from

cases I-V,can I)e obtained by integrating the joint distribution

with respect to す and/or 7 0r substituting zero into them. The

Laplace transformed solutions for the spatial excess path length

so obtained are tabulated in Table II together with their

abscissas of convergence,where we introduced new variables

盲･≡ 冒-すら and 方･=万一ノ吉事 O. (1.19)

10



TABLE H. Laplace-transformed distributions of the spatial
excesspath length and their abscissas of convergence, The
results ofYang and Scott (Case Iand II) are listed together
〟 is the smallestpositive solution satisfying 〝 = tan〝.

CASE LAPLACE TRANSFOfiMED DISTRIBUTION
ABSCISSA OF
CONVERGENCE

Ⅰ

ⅠI

Hlii

IV

V

gerl

1
chノ言

旦亘i
7rShノ言

d方 S3/2
37Tノ言chJ言-shノ言

d盲 ノ言
TE一言云フ言exp[-ノS¢2cothノS]

d石 S3/2
37rノ言chJ言-shノ言

d盲d石 S2/3

xpl-%2ノicS3h'岩 霊 ノ言]

7r2 2-2chノ言+ノ言
S2/3

2-2chJ言+ノ言shJ言

x{3辿 hi董 卓･2-2ノラ 一旦 互生± (7万･十76- 登 p2}]S3/2 S

一寸7r2

-7r2

-〃 2

-7r2

-〃 2

-4712

it!



2.CalculationoftheDistributionsand theMoments

Thedistributionsfor tlle Spatialexcesspath length and

theirrnomehtswillbederived in this section. The resultsfor

casesIand IIarealready given inYang'soriginalpaper.

Forcase IIIonly thoseparticleswith an arbitrary angleand

r=Oatanemergencearedetected. Then

E Ill(S)d方

d石 S3/2
37(ノ言chノ言-shノ言

-呈霊 [孟 S享e~ノ言-(去 一･% )S享el3ノ言十 ･- ], (2･1)

hence

B111(u)d石du

-欝 [去 (誌 -忘 +1)exp(一志 H eul1erfc(嘉 一-ノu)

-烹 (誌 十% ,･% 2･i-･4)exp (-43)-4u ･3)eu~3erfc(読 -ノ古)

+.‥.]. (2.2)

By takingtheasymptotic approximation derived from the first

termofthealternating series,good towithin 1%,

Bl[Z(u)

諾{去 (嘉 一21㌔ 1)exp(-41)･eu-1erfc(読 -ノu)} foru≦0･2･
(2.3)

2 -〃2-〝2u
37rCOSFL

foru≧o.2,

where〝=4.493‥. isdefinedby the smallestpositive solution of

thetranscendentalequation

〟= tan〃,

and-〃2istheabscissaofconvergence forcase III.

IncasesIV,V.andgen,the inverseLaplace transforms

12

(2.4)



conducted in the preceding cases are difficult to apply due to

tlle existence of essential singularities, so we will apply the

saddle-pointmethod,which is less accurate but yields a fairly

good result for the image functionswith rapidly increasing

values along the real axis.

Generally, in thismethod,we can approximate the complex

integral at the saddle point 雪, appearing on the real axis at the

right-hand side of the abscissa of convergence; thus

B(u) - 去 Jeu sE (S )ds- (2才憲 lnE(香))~与E(ラ)eu 百 ･ (2･5)

with

u- -ailnE(-S)･ (2.6)

It should be noted thatノS, shノS,and chノs are replaced by iノーS,

isinノーS,and cosノーS When s takes negative values. The accuracy

of themethod in the general case is discussed by Nishimura.48

The difference of the result obtained by thismethod for case l

from the accurate one is shown in Fig.1. The discrepancy between

them is within a few percent.

The logarithmic derivatives are used in thismethod. As an

example,the explicit calculation for case V is shown in Appendix

B.

TheFermi solution should be derived by integrating our

solutionB(u) over the excess path length (zeroth moment).Or by

taking the limiting value of ≡(S) at s->0:

摘 E g｡n- i,expl-4{¢･2一ノ宮計 石･･p･2,]･ (2･7)

which agreewith the Fermi solution indicated by Scott47where

the nondirnensional incident angle ¢B is not fixed at zero.

13
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Fig.1. Comparison of the solution for case l obtained by the

saddle-pointmethod くdashed curve) and the exact results (Solid

curve). Gamma distribution of the same mean value and variance

is also compared (dot-dashed curve)･ Abscissa u is

nondimensional spatial excess path length defined by (1･15) in

the text.
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Mean values and variances are easily cal′culated from the

limit of sうOof the first and the second logarithmic derivatives

of≡:,

･u>av ニー摘霊ln:(S)

･u2,av-<u,av2- 摘 霊 1nE(S),

and

(2.8)

(2.9)

and are shown in Table III (Ref. 48). The table contains the

Bichsel andUehling results ofmean excess path length for case

H I and す=7=o (Ref.10) as special cases. One characteristic

feature is that the mean excess path length of cases IV,V,and

gen at a deflection angle and a lateral displacement of covariant

values,<¢2>av=<p2>ay=1 and <盲3>｡V=J吉/2,agree with that of case

I.

3.Characteristic Features of the Excess-Path-Length Distribution

Wewilldiscuss characteristic features of the excess-path-

length distributions in this sectio_n･

The peak position u p of case i can be evaluated from the

first term ofYang'S expansion,Eq. (13) ofRef.2; thus,

u,= i and Bt(u=i)= 1.85, (3.1)

within an accuracy of 0.015 %. The positions at the half-peak

value are determined numerically as u H = 0.0727 and 0.4954; thus

tlle fullwidth at the half-height is

ru = 0.423. (3.2)

Bl(u) is compared in Fig.1with the gamma distribution45of

the same mean and variance:

G(u) - J3 (3u)をe~3u

15
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TABLE III. Meanandvarianceoftheexcess-path-length
distributions.

CASE MEAN VAIiIANCE

÷

÷ 弓 ¢2

--⊥ ･ip210

gen 誌 ･24'2~ノ31'言い 78か+6p215

÷

一誌 ･意 中2

志 卜 志 p2

1li,2-3ノ百(盲か+首8万)+3p2
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The latterhasthepeakvalue 1.45 atu = i,and the fullwidth

atthehalf-heightof0.598. So,BIStartsmore Slowly nearu=O

butincreasesmore rapidly,and reachesthepeak atalmost the

samepositionwith agreaterpeakvalue,and decreasesmore

slowly asexp(一号7r2u) afterthepeak. Bthas thenarrowerfull

width atthehalf-heightthan the gammadistribution.

AccordingtoSymon,13 the relativewidth of the range

fluctuationofelectrons is

<(,一言)2,av与 / I ～ seve,alten,ercent. (3.4)

On theotherhand,the relativewidth ofthepath length

distribution to the thicknessevaluated from Table Illforcase I

is

･(R一岳,2,- を /戻 ～ ノ言 f 2R-･ (3･5)

Thusforan electronwithkinetic energyE ofthe orderofEs2/e

or less, (3.4) and (3.5) become comparable ifwe assume its

meanenergy tobeE/2 and themean range tobeE/E,although in

thisproblem the lossof theenergy of the traversingparticle

sllOuldnotbeneglected in the theory.

Theexcess-path-length distributionsata fixeddeflection

angle integratedoverthe lateraldisplacement (cases IIand IV)

areshown inFig.2. Theareaunderthecurve,which givesthe

probabilitydensity againstdす,is7r-1exp(-¢2). As the

deflectionangle increases, thepeakposition and themeanvalue

ofexcesspath length increases (Taもle III). Ⅰn thiscase, the

distribution startsfromu=O and thewidth of the distribution

increasesrapidlywith tlle angle.

17
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Fig.2. Path-length distributionsof a fast charged particle with

its deflection angle fixed and lateraldisplacement integrated

(cases H and IV). The parameter in the figure represents the

deflection angle in the unitof the spatial rootmean square･

definedby (1.13) in the text･
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The distribution at a fixed lateral displacement integrated

over the deflection､angle (cases H I and V) is shown in Fig.3.

The area under the distribution curve is 7｢ 1exp(-p2). As the

lateral displacement increases, the mean and the width of the

excess-path-length distribution also increase. But in this case

the smallest excess path length u 8 (denoted as the geometrical

excess) exists due to a difference between the chord length5 0f

track and the thickness of the material. In the small-angle

approximation,it is estimated as

uB -諾 (Jて有 声Lt, -
W 2r2
4t3 - ip2･

(3.6)

which agreeswith the limiting value of our solution of (2.6) at

-a-)cD:

摘 B - 0 as 摘 u - 喜p2- u8･ (3.7)

Thus the mean excess path lengtI10f case V is composed of two

parts; the geometrical excess u8 and the pure multiple-scattering

excessusdefined as

us ≡ <uu,av-u8- 一誌 +玉 p2･ (3･8)

At a lateral displacement of p=1,the pure multiple-scattering

excess is a half of the geometrical excess. At a smaller

distance the fraction of the pure multiple-scattering excess

becomes dominant and at a larger distance that of the geometrical

excessbecomes dominant in the actual excess.

TheMonte Carlo calculation of the time structure of

electron-photon showers by Locci,Picchi and Verri49

underestimated the electron detours because it took account of

only the geornetrical excess using the Moli占re distribution,41 and
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thecalculationbyBaxter58gave thenarrowwidth of the

distributionbecause itonly took accountof theaverage excess

path length.

Thedistrit)ution ata fixed deflection angleand a fixed

lateraldisplacement (case gen) is shown inFig.4. The area

underthedistribution curve is47｢ 2exp卜4(¢'2-ノ百石'石'+p'2)],as

shown in (2.7). Thuswith ¢=1, forexample as in the figure, it

becomesmaximum atp=ノ亨/2. Asanglebetween盲 and方 in they-z

plane increases,theareadecreasesand themean excessand the

width of thedistribution increases, reflectinga longerdetour

ofthepath. The smallestexcesspath length,uB=p2/3,isalso

determinedby the geometricalexcess.
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ⅠⅠⅠ. THE EXCESS-PATH-LENGTH DISTRIBUTION

OF FAST CHARGED PARTICLES

CONSIDERING THE SINGLE SCATTEf三ING

4.Excess-Path-Length Distribution under the Moliさre theory

The Gaussian approximation assumes the lower and the higher

cuts, 8｢,I.nand e r.3 X, On the Rutherford cross section and requires

vanishing of the fourth and the highermomentswith respect to

the nondimensional angle 少, or

め,.".く=WOmax/(2ノt) くく 1. (4.1)

Equation (4.1) however corresponds to a 1()rlg path length,say

t>>25 as indicated in Appendix C, So at an ordinary thickness the

tail of cross section at large angles strongly influences the

angular distribution. Thus the single and the plural scatterings

should be taken into account in the theory. Moli占re included the

single and plural scattering probabilities in hismultiple-

scattering theory by regarding eM x infinite. So he assumed only

the lower Cut Of the cross section corresponding to the screening

potentialof the Thomas-Fermipotential, and evaluated itasノexa

by theWKB method.42･51

The excess-path-1engtIldistribution under the Moli占re theory

can be solved for cases I and IIusing the Kamata and Nishimura

formulationd6 ･52 indicated in Appendix D.

LetA(t.育,A)dすdA denote the correlated probability density

between the spatialexcess path length and the direction of

motion,With the lateral displacement integrated. The diffusion

equation is

意 ｣[[A(すけ )-A(育 ) ]J ( 13･)d才,弓 e霊 -0

23
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The Laplace transforms with A and the Fourier transforms with す

are

n ･い ,- J岩 e ~AAA (t･首 ･A,dA

茶(t･ぞ･̂ ,-∫re-iす号的 首,A)dす･

and

(4.3)

(4.4)

Then the transformed diffusion equation for (4.2) もecomes

意 .諜 ⊥i (盲t 2･x 2)貰- ま i 22m n諾 ･ (4･5)

wherle the additive teTrncharacteristic to the Kamata and

Nishimura formulation appears at the right-hand side,andw' is

defined by

W'= 2pv/K, く4.6)

andK is a constant defined by Kamata and Nishimura.46･52

日 We expand the solution in a power series as

- ･ぞ･ス) - 貰 (" (t･亨,か 五 言(I,(t･号,幻 . - - , (4･7,
ヽ

the recurrence equations are obtained (hereafter we abbreviatew'

with w):

･謹 ･憲 一i (苦 十% 2)]貫くn,- 事 (n-.,ln三三

= S(t)

forn>0,

forn=0.

(4.8)

This is a linear differential equation equivalent to the Yang

equation of caseIV,With a known inhomogenious term in the

rigllt-hand side. Aswe see in (4.8), the first term of series

(4.7)gives the solutions of the Yang equation.

We can solve this equation using the Green's function defined

by
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･謹 +霊 -i (震 I2･x 2)]∈(t･ぞ･t･･ぞ･)- 6(t-t･)62(汁 ,･ (4･9)

The explicit form of the Green's function is obtained by tlle Same

mathematicalmethod indicated in the Sec. 1:

百(t,号,t',ぞ')

1
27rW2wsh(2くけ(t-t'))

･ exp卜 憲 三∵ coth(2W(t-t･))+
ぞぞ'

W2wsh(2a)(t-t'))
] . (4.10)

The incident angle of zero corresponds to theuniform

distributionwithぞ'at t'=0,so the first term 茶 (a )(t,号.A)

becomes

貰 川 ,(t･ぞ･ス)- JJdぞ･古くt･ぞ･0･号,)

ch(2αlt)exp卜 震 th(2wt)], (4･ll)

and the subsequent terms can be obtained from

貫(n)くt,ぞ,A)

- IBdt･lJdと･百(t･号,t･･ぞリ貫 ( n-.,(t･･ぞ･･,)霊 ln霊 ･ (4･12)

A.Case I

TIleLaplace transformed distrit)ution is obtained by

substitutingぞ=O in (4.ll) and (4.12). Using the complex

variable s,the first term becomes

貫(8,(t･ぞ-0.A, -孟 ≡ -GT (= (S)I
(4.13)

which agreeswith theYang solution,and the second term becomes

貫目 )(t,ぞ=0,A)

- J昌dt･J恒 27rW2wsh(2W(t-t'))

25
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)く
ch(2wt')exp[一志 th(2wt･,]主崇 ln霊

- -｣辞 ･窓 吾会 ･1-Y.ln志 ･Jy吉sln旦旦祭 dx,

≡ElH )(t,S). (4.14)

where y=0.5772‥ . isEuler'S constant. InverseLaplace transforms

from ≡(S) toB(u) willbe obtained in the next section.

ち.Case II

Applying the inverseFourier transformswith ぞ for (4.ll) and

(4.12) and setting す=O, theLaplace transformed distribution for

case II is obtained. The first term agreeswith tI】e Yang

solution

有 川 ,(I,3-0,A)d才 - 1 嘉 d盲 ≡ ≡ l l ( 匂 , (S)d盲, (4･15)

and the second term becomes

元日〉(t,す=O,A)dす

d首
47r2昆 dtJ Jdぞ･

X

ch(24)(七一t'))
亡'2

exp卜-百折T th(20(t-t'))]

1 , と'2
expl-

ch(2のt')V'lY- 2W2W th(2wt,,]霊 ln霊

- [ノ言霊 鵠 hノ言(-Y･ln嘉 )十憲 治 {1+部 首ln(chx)dx,]d7

≡rEIlH)(t,S)d盲. (4.16)

5.The correction Term of theDistribution by theMoli占re Theory

Applying the inverseLaplace transforms against ス,the

excess-path-length distributions are obtained, The first terms

B(8)'Sare the solutions of theYang equation themselves. So we

willobtain in this section the second termsBH )'s and their

asymptotic forms for large excesspath length, in cases I and II.
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A.Case I

From (4.14)

E.- (t,S) -(1nJs.1-7-1m(2t))J言e~ノS･(ln2-番 e~ノS

- 3(1mノS･2-7-1n(2t))ノ言e~3ノS-(1.1n2-憲 )e~3ノS

+‥.. (5.1)

Using the formulaewith the inverseLaplace transforms,45

L~1[S与(n-1)e-kノS, - 2~n(牙un'1)弓Hn(姦 )exp(一意 (5･2)

and

L-1lsin-1e-kJslnJf]

- -ま (2u)弓 (n'1)J… {Y.ln(x-k,,Hen(義 )exp (一意 dx, (5･3)

We obtain the series of rapid convergence in the smallu rdgion:

BI(I )(t,u)

-L~1[ノ言e~ノslnノ言]+i {(1-7-1n(2t,)(L 2,.21n2-霊 }フ宗芦exp(一志 )
1

u

-3L-1[ノ言el3ノslnノ言い ま く(21 -1n(2t,)(9--2,+2.21n21争 扇 〒exp(一意 ,
1

u

+.日 . (5.4)

The terms relevant to (5.3) can be calculated by numerical

integrals.

In the large-u region,the contributions from the singularity

of swith largest real components give rapid convergence.

Equation (4.14) has logarithmic branches at s=0, -(7r/2)2, -7(2,

.‥ ., and poles at s=-(7r/2)2, -(37r/2)2, -(57r/2)2,

Logarithmic branches can be paired as ln(S/(S+寸7r2)),

ln((S+寸7(2)/(S+7r2)),..‥,then we see they contribute analogously
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aspoles. A counterclockwise complex integral around the cut

connecting the pairofbranches is reduced to a curvilinear

integralon the cut:

よ Tc f(S ) ln三宝 d s

- I:･f(S,-∑(principalpart atpole on cut),ds (5･5)

asproved in AppendixE,which corresponds to the residue in case

ofpole.

Thuswe can develop (4.14) as

EI(17(t,S)

- 一志 ln# 2

･妻 語 宝 {-1-7+ln霊 宝 ･か (チ ･J等 ,･部 首1n# ,dx}

･窓 鵠 ln毒 -至言石一環{(ふ Ii)shノ言-chノ言,1n望 雲
1

+0(ln(S+7r2)). (5.6)

The firstand the second terms only have a pole at s=-わr2 in the

region ofR(S) > ｢r2,whereR indicates the realpart, S0

B l(1)(t,u)

- -号[-5.4Y+41nt･升2u{2-7-1n(2t),]e一才オ2u

日石頼 [盃 洛 us. が 言霊 三言,2号){1･(u一室 )(S･1- ,1ds

･J完 2五 百玩 {(ノ言一幸 )shふ chJ言,euSds･0(e~升2u)

竃[614Y+41n謹 -オ2u (1-7.1nf訂 ]e一如 2u

us. 1-ishノS

- †言わ 2去 {1･5us･2u2S2}euSln

28
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ds



｣ 二言三2{去 十率 一書 も u.(チ -J-i,u2S,euSln琵 藷 ds

+ o(e- x2u),

wherewe applied partial integrals in ordernot to drop

significant digits in the subtractions.

Series (5.4) for smallu and (5.7) for largeu agree well

witbin 2 % in thevicinity ofu=0.7.

Asymptotic features atu >> 1 are derived from the first term

of (5.7). Near s=0,

妄言霧 書eu s - (圭S｢ is2㌧ - ,euS･

SO

BI(1)(t･u) ～長子隼 喜S一霊 S2･ - - )euSds･

- 忘 卜 志 + - -

ち.Case II

From (4.16)

E.I(.,(t,S) - i (1-7･1n妄言)se~ノS ･i 震 一丁.ln苧 )ノ;e-J言

･霊(2-Y.ln妄言)se~3ノS+i (T2-Y.ln旦き )ノ言e-3ノS

+ ..‥

(5.8)

(5.9)

(5.10)

So in the small-u region

BII(tI(t,u)

= lL-1[(S.Jf)e-JslnJf]
7(

･1 .i(1-7-1n(2t,)戻 -3)十(雲 -rn n号)(i -2),(- ,-享exp(一意 ,
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. lL - 1 [ (3 S.J f) e -3JslnJ f]
7r

弓 だ (2-7-1n(2t))(式 -3)･(T2-7･ln号)(㌃ -2)}(ォu)一書exp (-73,

+ ..‥

We can develop (4.16) as

= l((1)(t,s)

- ノss…霊 …詰 ノS{-Y･ln当 ま 諾 ,

･憲 治 {-1･意 n(㌻ ヰ .都 言ln滋 dx,

･霊 謹 書chノ言 1n旦言霊 +(S-iォJs三悪 ;isshJslnX ,227rSh2J言

+ o(1m(S+i7r2)),

so in the large-u region we have

BII(I)(t,u)

--2井 e ~ 升 2u{ ( 升 2u -2)( i-Y+ln 諾 )-21･n2 ,

1
7r

1
7r

(5.ll)

(5.12)

I:完 2{3一意 ･(7-景 登,use(2-妾 u2S2,euSln子吉三治 ds

∫: 崇 2{1一意 .(3-競 )use ( 1-妾 u2S2,euSln崇 冨 書ds

' o(e1 7{2u). (5.13)

Series (5.ll) for smallu and (5.13) for large u agreewell,

within 1%, in thevicinity ofu=0.4.

The asymptotic expansion atu>>1 is

B- - (t･u) - まJ: ;三2意 蛮 (1-で藷 eusds

～ (t,u~3･j雲 票 u~5･-- ,e-士井2u (5･14)
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6･EffectoftheMoli占reCrossSection on theExcess-Path-Length

Distribution

The firsttermsB(e)'sareYang'ssolutionsthemselves,only

wbeingreplacedbyw'orEsbyIく. There isnoexplicit

dependenceon t inB(い 'safterweused thenondimensional

variableu. In the second termsB日 )'S thedependence on t

appearsthrough lnt,reflecting theIくamataandNishimura

formulation. B(97(u)'sandB日 )(t,u)'satt=1aswellas the

coefficientoflntin B 日 日 s are indicated inFigs. 5and6 for

cases iand II.respectively.

Thecorrectionsby the second term characteristic to the

Moli占re theoryarea long tailappearing in the distribution for

case landaslightadditionalcontribution appearing ata small

excesspath length. They qualitatively agreewitIlthe

corrections indicatedbyMoliさre in the angulardistribution

(Fig.7),i.e.,the longtailof thedistribution at large angles

andtheslightadditionalcontribution atsmallangles.

B日 )(t,u)mustbeweightedby 1/a. Comparison of the first

term and theweighted second term forair (n=15.2) att=l is

indicated inFig.8. Thedistinctive long tailtends to fallas

1/(2nu2) aspredicted in (5.9). This tailcan be interpretedas

thegeometricalexcessfrom the single scattering.

In fact,the single scatteringat t'yields the geometrical

excessof

A= iC2(t-t') (6.1)

att in thesmall-angleapproximation. Itsprobability isgiven

by theRutherfordcrosssection:
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cr(e)27redcdx'=
芸濃 X dt,

霊 叢 話 (t-t･)dt･･
(6.2)

whereweused theconstants introducedbyKarnataandNishimura.

Integrating (6,2)with t'from 0 to t,weobtain

B(u)du- 去葦 憲 dA- 去 豊≡2･ (6･3)

This interpretation,attributing to the geometricalexcessis

reinforcedby the factthatwe seeno distinctive tailotherthan

theexponentialfallin case II.
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IV.EFFECT OF THE EXCESS-PATH-LENGTH DISTRIBUTION

ON THE STfiAGGLING PROBLEM

7. TheLandau Distribution OfEnergy Loss for the Fast Charged

Particles

Charged particles traversing through materials lose their

energy due to colli′sionswith atomic elect∫ons. The mean

dissipating rate of energy is about2.5 MeV･g~1cm2 for fast

charged articles,53But the actualvalue of energy loss against a

certain length ofpassage is not constant but receives

statistical fluctuation. This problem is called straggling.

Landau predicted the form of the fluctuation.

Let i(x,AE)dA〔be the differentialprobability for fast

charged particles to lose their energy of AEafter tlle passage of

length x. The diffusion equation proposed by Landau isl2

EZj
∂x - I?

W(e)[f(x,AE-E)-f(x,AE)]dE, (7.1)

whereW(E) denotes the probability density to lose energy ofE in

a single scattering;54

W(E) = 27rNe4p∑Z 1
mv2∑A E2'

(7.2)

where ∑Z and ∑A are the sums of the atomic number and the atomic

weight of the substance,respectively.

According toLandau,the solution ofEq.(7,1) is

i(x,AE)dAE= 響 -パス)I

パ ス) - 去 r J崇 ; eulnu†Audu ･
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and

ス-÷[AE一川 n与 +卜Y)]･
i in Eqs. (7.3) and (7.5) is a measure of the thickness12

(7.5)

proportional to x,with the dimension of energy,expressed as

ミ = x

lnE' = ln

27rNe4p∑Z
mv2∑A '

(1-v2/C2)Ⅰ2
2mv2 ･f i,

(7.6)

(7.7)

E'is defined as

where i is an ionization energy of the atom,and y denotes

Euler'S constant. ¢(A) becomesmaximurnat ス=-0.05, 0r the

corresponding energy loss of

A8 - ち(1n÷ +0･37)･

A匂 is called the mostprobable energy loss.

(7.8)

Although a detailed result of the inverse Laplace transforms

of (7.4) indicated by Landau exists.12 a simple result derived

approximately by the saddle pointmethod as shown in Fig.9 will

be also useful,explicitly represented by the variable A'.

d̂
- )dA -扇 expl- i -exP(- 1,]･

(7.9)

8.Energy LossDistriもution Translated from the Excess-Path-

Length Distribution

lfwe assume continuous ionization losses, the excess-path-

length distribution is regarded as the energy-loss distribution.

We compare itwith the Landau distribution which is based on the

statistical fluctuation of the collision energy loss. Although

the latter is the don_inant factor of the process the additional

correction due to the excess-path-length distribution becomes
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seriouswith an increase of path length,because the width of

collision-loss fluctuation increases proportional to the traversed

thickness ofmaterialwhile that of the excess path length

increasesproportional to the square of the traversed thickness.

H we take E aS the constant energy loss perunit radiation

length,then thewidth of the energy-loss distribution due to the

multiple scattering evaluated from (3.2) is

crA - o･423E慧 ･ (8･1)

E is called the critical energy and usually used in the shower

theory.30n the other hand,the width due to the collision loss

fluctuation isろ

rL=3.986,

where i is a measure of the thickness defined in Eq. (7.6),

rewritten as

(=
0.154X8MeVcm2
82∑A/∑Z t,

(8.2)

(8.3)

and X8and B denote the radiation length3and v/C,respectively.

Ifwe measure the thickness of material in units of p2C2/Es2

and introduce a nondimensional thickness q,

q ≡ t/(pc/ES)2,

then the ratio of the formerwidth to the latter becomes

proportional to q:

srI./｢し=
E∑A/∑Z

2.90Ⅹ 8MeVcm2q.

(8.4)

(8.5)

The coefficient of q at the right-hand side is nearly 1,as

indicated in Table IV,so we could use q as a parameter to

approximately represent the correction ratio due to the excess-

path-length distribution on the widtllOf energy-loss distribution

due to the collision-loss fluctuation.
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TABLE IV. The coefficient against t/(pc/Es)2 in Eq.(8.5).
Thevalues ofA and g Were taken from Ref.44, and the
compound rate ofNuclearEmulsion was taken from Ref.55.

Material Z A
古∑A/∑Z

2.90Ⅹ匂MeVcm2

H

He

Li

C

N

0

AI

Si

Fe

Cu

Br

Ag

I

W

Pb

1 1.008

2 4.003

3 6.940

6 12.010

7 14.008

8 16.000

13 26.980

14 28.090

26 55.85

29 63.54

35 79.916

47 107.868

53 126.910

74 183.92

82 207.21

CompoundMaterials
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path-length distribution with an assumption of continuous energy

loss at a thickness of t/(pc/E,)2=1 in N (dashed curve),Al

(dot-dashed curve),and Pb (double-dot-dashed curve),Compared

with that evaluated by the statistical fluctuation of collision

losspredicted by Landau (Solid curve). The width of the former

increasesproportional to the square of the thickness,while the

widtllOf the latter increases proportional to the thickness.

Abscissa is energy loss in the unit of ミ defined by Landau.
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The ratio of the mean excess patlllength to the thickness can

be evaluated as

<Al>a,/t=q/(482), (8.6)

So thatwe see the correction factor due to the excess-path-

length distribution for the width of energy-loss distribution is

about four times greater than that for tI1emost probable energy

loss.56

The excess-path-length distributions of case i translated to

the energy-loss distribution assuming the continuous energy loss

are plotted in Fig.9 against the variable of

E∑A/∑Z
A= E(A~A p)/ ミ= 0.30 8 妄 詣 'e vL言 ,n2q(u-i)I (8.7)

forN,Al, and Pb at q=1,and are compared with the approximated

expression,Eq. (7.9),of the Landau distribution. Toward a

smaller energy-loss region of the peak, the Landau distribution

rapidly decreases,but it has a meaningless long tail reaching tO

-cDOf A. On the other hand,the former decreasesmore rapidly

and falls to zero corresponding to the fact that there is no

excess of the path,irrespective ofusing the saddle-point

method･ Toward the large en.ergy-loss region both distributions

decrease exponentially,but the former decreases twice as slowly

as the latter distribution. Thusmultiple scattering gives a

large contribution than the Landau distribution in the high-

energy-loss region.

9.ExperimentalSurvey

We see the typical elongation caused by the multiple

scattering in the data ofHungerford and Birkhoff22 [passage of

624keV electrons through 54.5mg/cm2Al (q=0.96),Fig.10],and
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McDonell,Hansom,andWilson28 [1MeV elect∫ons through 156

mg/cm2 Al (q=1.4),Fig.11],although in those experiments through

the thinnermaterial,we see good agreementwith theLandau

distribution;through 15.1mg/cm2 Al (q=0.27) in the formerand

through thicknesslessthan the criticalthickness,50mg/cm2､Al

(q=0.45),in the latter.

Inexperimentsthrough gaseousmatterwith q less than 0.1

(Ref.23,Fig.12),we seegood agreementwith theLandau

distribution atthe tailof the distribution. In the experiments

ofhigh-energyelectronswith q lessthan 0.3,the re'sultsagree

wellwitlltheLandau distribution aftertakingaccountof

polarizationeffects,6,29 as indicated inFig.13. Forheavier

particles,by cosmic-raymuonswith q oforderof 10-4 くRefs. 30

and31,Figs. 14 and 15) andbyprotonwith qoforderof lO~5

and lO~6 (Ref.32,Fig.16) the resultsagreewellwith theLaTldau

distribution.
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V.CONCLUSIONS AND IiEMAfiKS

The excess-path-length distribution of fast charged particles

due to multipleCoulomb scattering is completely solved in the

Laplace transformed form under the small-angle and the Gaussian

approximations following Yang'smethod (Table II). And the

inverseLaplace transforms can be obtained to sufficient accuracy

by the rapidly converging series,up to case IH in Table I,and

to good accuracy by the saddle-pointmethod for general cases (in

Table i and in Figs.1-4).

Effect of the single scattering on the path length problem is

investigated following the Moli占re theory (in Figs. 5-8). It is

reconfirmed that the solutionsunder the Gaussian approximation

are still a good first approximation under the more advanced

Moli占re theory. But a distinctive long tail appears

corresponding to the geometrical excess by the single scattering,

and tlle distribution increases slightly in the small excess

region,especially in the case of small thickness,which

qualitatively agreeswellwith Moli占re's results for the angular

distribution.

The energy-loss distribution translated from the excess-path-

length distribution with an assumption of continuous energy loss

is compared with that due to the collision-loss fluctuation. It

is found that the ratio of correction due to the excess of path

length on the width of the distribution,approximately

represented by a new nondimensional thickness q of traversed

material defined by (8.4), is about four times greater tllan that
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on themostprobable energy loss [Eqs. (8.5) and (8.6).and

Fig.9].

In spite of the known defectsmentioned above, the solutions

of the excess-path-length distribution under theGaussian

approximation are importantbecause of their completeness in

mathematics and their relative convenience in handling,if enough

care is taken for their limits.
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APPENDIX A:GENERALIZED GENERATING FUNCTION OF THE EIGENFUNCTION

The summation is obtained by usingvarious levels of the

generating functionswith hermite polynomials,written as

H2m(x) - (-1)m(2m)'k!. (2k)!(m-k) !

H2m･l(x)-- (-1)m(2m'1)!2xk望o

(-4x2)k,

1
(2k+1)!(m-k)!

Weuse the following generating functions:

m=eo忘 tmH2m(x) - (1･4t,弓 exp(豊 ),

m塁.忘 tmH2m･l(x) - 2x(1+4t,-書exp(号‡詩 ,

(Al)

(-4x2)k. (A2)

m塁kて忘 tm~kH2m(x) - (1+4t)-k一書H2k(毒 表 ,exp(豊 ,, (A5,

m=ek石 主か tm~kH2m･-(x) - (1+4t)-k-1H2k･l(岩 云 )exp(票詰 ･ (A6)

or tobe summarized as

m=弘志 tmH2n･k(x) - (1+4t,-古くk+1)Hk(毒 蓑,exp(豊詩 ･ (A7)

Equations (A3) and (A4) can be derived by binomial series.

Equations (A5) and (A6) are derivatives of (A3) and (A4),

respectively,and can be proved by the mathematical induction

method,or directly provedusing theLaplace transforms and the

formula

諾 [去 exp(一意 ] - L~1[sm-与exp(-kノ言)]

- (4mtmノ訪 ,~1H2m(宗 ,exp(一室 ,･ (A8,

Then

m塁Dて豆忘 H2m(x)Hem(y)(量,2m

- m堅｡て亘忘 H2m(x)(量)2m(-1)m(2m),k=弘 (2k)!(m-k)!

- k堅｡て豆f51(-4y2)km≡kて蒜石 1(一% 2)mH2m(x)
1 ′ . へ､k R 1
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1 . z2x2､ s? 1
-肩 〒exp(-宝 器 )k塁oて百E51(-4y2)k(-%2)k(i-Z2, -k-う2k(J-TB )

-扉 exp(一豊 Z 2)ch(警 誓 ) ･

l

Similarly

m=eo (2m +1) H2m.i(x)H2に･.(y)(喜,2m+1

1

- J〒≡言 exP(一豊 Z2)sh(盟 )I

ThusWe Obtain

1
n塁｡忘 Hn(x,i-n(y)(言)n - J-i; exp卜

known asMehler's formula,F,7 Hence

∞ 1
n=Eo7Pn(x)V'n(y)zn= フ宗7〒岩戸exP[-

(x2+y2)Z2-2xy
1-Z2

(x2十y2)(1+Z2)-4xyz
2(1-Z2)

(A9)

(AIO)

(All)

]. (A12)

APPENDl-X B:AN EXAMPLE OF CALCULATING

LOGARITHMIC DERIVATIVES OF LAPLACE TRANSFORMED SOLUTION

We indicate a sample method to obtain tlle logarithmic

deriva日ves ofE(S), for case V..

E U(S) - よ jTcijf=后信exPl--S1フ憲 法 ].

Putting

frx) = つくCllX-Sわx wllere X = ノS,

then

f'(x) = xsilX, f''(x) = xchx+Sわx

and so on. And ifwe put

lnf(x) = g(x) and lnE:(S) = L(x),

then

･･(x)--1n(3")+31nx-g一%2x2(1.g･･十g,2)I

L･(x) ニ ュ ーg･一 % 2[x2(ど(3,+2g,ど,,)+2x(1十g,I.g,2)],X
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3
L,,(x, - -lF g"一% 2[x2(g(4,.2g,蛋(3,十2g,,2)

+4x(g(3)+2g'g'')+2(1十g''+g'2)].

Thuswe obtain

よ lnE(S)-去 -L･(x),

諾 lnE(S)-i 2L,,(x)- i ,L･(x)･

(B7)

The logarithmic derivatives for other casbs can also be obtained

by the samemethod.

APPENDIX C:PHYSICAL RESTRICTION CORRESPONDING TO

THE GAUSSIAN APPROXIMATION IN MULTIPLE-SCATTERING THEORY

The angular distribution of fast charged particles due to

multiple scattering is determined from stochastic superposition

ofRutherford single scattering:58

J(e)27tededx=
1 Es2

21m(183Z~l/3)p2v2票 dt･
(C1)

Afterpassing through materialof thickness x,the angular

distribution represented by the nondimensional angle ¢becomes

f(x,育)dす

旦旦

27t

旦亘
27r

I;edとJ8( 亡∂) exp卜xI :::: { 卜 J O(亡 C ･,}q " ,,2ォ e･d e ･ ･

J轟 αJO(如 )exp 卜 21n(183Z~1/3)I::冒 :{1-JB(α- }詳 ]･ (C2)

wherewe assumed the upper limit omax ～ /̂d ～ 100MeV/pc and the

lower limit emi｡ ～ &/a ～ 0.01MeV/pc on the cross section

corresponding to the radiiof the nucleus and atom.3

H we develop 1-JB(α¢') in power series,we get

f(x,e)dす
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: 旦亘
27(J岩αdαJ8(如 )exp l-iM2α2+忘 M4α4-劫 6α6･ ････ ]･ (C3)

whereM2nis the 2nth moment of the single scattering with ¢ at

the depth x,and,as cnax/enin～ 1832Z~2/3holds,33

M2 =1,

M2n = 1 1
2n-2 21n(183Z-I/3)

(C4)

謹 告 2{卜 (巴 ,2nl2, (n,1)･ (C5,

Ⅰfwe can neglect the 4th moment and higherofM2｡,Eq. (C3)

becomes the form derived from theFokker-Planck approximation46

andwe get the simple Gaussian distribution

f(x,o)dす=旦互 e-¢2
7r

This situation corresponds to the physical restriction of

traversing avery large thickness,as

¢max= C."x/(旦旦ノて) << 1, 0, t >> 25.
pV

It should also be noted thatwith an increase of t, integral

(C6)

(C7)

range from ¢爪,nto ¢max in (C2) becomesnarrow and the value of

the integrand increases;at the limit of t⇒m we reach the

mathematical restriction against theGaussian approximation shown

by Nishimura l((A.3.ll) in Ref.46)].

xJ(♂)2升edo- 摘 IT '叫 - 摘 言 誤 一望 詳 d e･ (C8)

APPENDIX D:THE KAMATA AND NISHIMURA FORMULATION

OF THE MOLI亘RE THEORY AND ITS RELATION

TO THE MOLI巨RE AND BETHE FORMULATION

Under the Moli占re theorywe neglect the upper limit in the

single scattering cross section (C,"x-)co) and take the lower lirnit

atノexa. Then the diffusion equation for the transformed angular
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distribution becomes

-dln甘- dxI;言x a {1-J 8(Cと)}q(e)27rCdo･

Kamata andNishimura represented theMoli占re theory in

differential form

-dlnT - # 22{1-iln認 諾 }dt,

(Dl)

(D2)

by introducing a new scattering energy K,almost identicalwith

E,,and aweight 1/a indicating the magnitude of correction by

the logarithmic term. K and a both are specific to the traversed

material and independent of thickness t and momentum p.

Introducing a new nondimensionalvariable and a complex variable,

･, - 諾 e and α･- 豊 と･

･n7 - -等 {1-i (lnBf2-1nt,}･

then

(D3)

(D4)

where t†ュeprime is attached to indicate that thevalue is defined

from K instead ofEs.

In theKamata andNishimura formulation we can easily convert

a diffusion equation from theGaussian approximation to the

Moli占re theory by only altering the term

誓言…ve22 to 器 { 1-iln器 }･､ (D5,

but the explicit I in logarithm appears generally in the solution

by thismethod due to an existence of l九t in (D4).

In the case of the angular distribution,Moliさre andBethe

originally introduced theirweight and integration variables,1/B

andu (Ref. 59) which are slightly distinguished from 1/a and α'

by

B-1nB =n-1nn+1nt and
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ThenwegettheMoliさreandBethe formulation

ln7 - -% 2･1-ilnT2}, (D7)

insteadof (D4). Thuswecan represent the angulardistribution

in asinglenondimensionalvariable complementary tou:

･ - 卦 ･ (D8)

Butin thepath lengthproblem under theMoli占re theory,the

authorcouldnotfind such avariable removing the explicit t.

APPENDIX E:CONTOUR INTEGRAL COMPfiISING LOGARITHMIC PAIR

LetC beacontouronwhich ∫(亡) isan analytic functionof と

and insidewhich f(亡) hasa finitenumberofpoles. Then forall

z inside thecontourandon poles,wehave68

よ J｡ 誓 d亡- ∫ (Z,-,吾 le(p r incipal part)･ (El)

Thus,integratingwith z from α to βalong any path inside the

contourweget

豆忘 J｡ f (亡) ln賃 d亡- I: .f (ら,-pを 1e(pr incipal par t ), d 亡 ･ (E2)
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