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Preface 

A locally flat n-sphere embedded in the Euclidean (n + 2)-space 
is called an n-knot. If n ~ 2, it is called a high dimensional 
knot. There is the so-called "mot.ion pict.ure met.hod" t.o describe 
an n-manifold in t.he (n + 2)-space. In t.his dissertation, by this 
method we will study an important class of n-knots which are 
called ribbon n-knots (n ~ 2), which has been studied by T. 
Yajima, T. Yanagawa and others since 1960's. 

In Chapter 1, we will give a simple method to calculate Alexan­
der polynomials of ribbon n-knots and an estimation of the ribbon 
genus for ribbon n-knot.s. 

A ribbon n-knot J(n are constructed by attaching m bands to 
m + 1 n-spheres in the Euclidean (n + 2)-space. There are many 
ways of attaching them; as a result, J(n has many present.ations 
which are called ribbon presentations. From this point of view, 
we will study ribbon n-knots in Chapters 2 and 3. 

I would like to express my sincere appreciation to Professor 
Fujitsugu Hosokawa and Professor Takaaki Yanagawa, who have 
been encouraging and taking care of me. 

I also wish to express my hearty thanks to Professor Yasutaka 
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Chapter 0 

INTRODUCTION 

0.1. Contents of the Dissertation 

In Chapter 1, we will consider presentations and the genus for 
ribbon n-knots. Concerning n-knots Kn in the oriented Euclidean 
(n + 2)-space R n+2, there is a quention "what type of (n + 1)­
manifolds can be bounded by Kn?,'. T. Yanagawa gave a partial 
answer that any ribbon n-knot bounds an (n + I)-manifold W n +1 

homeomorphic to an (n + I)-disk Dn+1 or #";=1 (sn X Sl)i _ 0 ~n+1 

with a trivial system in [YI] and [Y2]. Furthermore, in [Y 4] he 
defined the ribbon genus, g(Kn), of a ribbon n-knot Kn by the 
lower bound of such integers r. 

Until now, we have not known a method to compute g(Kn)(n 2: 
2). In Chapter 1, we will give an estimation of the ribbon genus by 
the degree of the Alexander polynomial, deg~K,,(t), and the width 
index wid(Kn) of Kn, which will be introduced in Section 1.2. We 
will also show how to construct an (n + 1 )-manifold bounded by 
Kn which is homeomorphic to #wid(KH) (sn X Sl). _ 0 ~ n+1. The , t=l t 

main theorem in Chapter 1 is the following. 

Theorem A. For a ribbon n-knot Kn(n 2: 2), we have 
deg~KH(t) :::; g(Kn) :::; wid(Kn). 

Moreover, for the case that g(I(n) is greater than 1, we will give 
examples of inequivalent ribbon n-knots with the same Alexander 
polynomial and the same ribbon genus. 

To give the above Theorem A, we will introduce a new presenta­
tion of a ribbon n-knot, which is called the (±I)-distribution pre­
sentation. It has the following ut.ilities: 

(1) We can restore Kn (see 1.2.5). 
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(2) We can easily calculate the Alexander polynomial of ](n (see 
1.2.6). 

(3) We can estimate the ribbon genus of ](n (see the above The­
orem A). 

In Chapter 2, we will consider ribbon types of ribbon knots. Rib­
bon types are kinds of geometrical equivalence classes for ribbon 
presentations of ribbon knots. It has been a fundamental problem 
to study whether a ribbon knot has a unique ribbon type or not. 
For the trivial n-knot, it is known that it has the unique ribbon type 
as a ribbon knot of I-fusion because we can interpret Scharlemann's 
theorem in [Sc] and Marumoto's theorem in [MI] as solutions in the 
cases of n = I and n ~ 2, respectively. For the case of non-trivial 
ribbon n-knots, Y. Nakanishi and Y. Nakagawa [NN] constructed 
ribbon I-knots with distinct ribbon types in the case of n = 1. But 
the technique in [NN] cannot be applied in the case of n ~ 2. For an 
arbitrary integer n ~ 2, the above problem has been remained open. 
In Chapter 2, we will solve this problem for an arbitrary integer n 
> 2. 

Theorem B. For an arbitrary integer n ~ 2, there are infinitely 
many ribbon n-knots of I-fusion, each of which has two ribbon 
types. 

We will spin two arcs which are obtained by removing different 
segments of a 2-bridge knot to construct ribbon n-knots of I-fusion, 
which have distinct ribbon type. We will show that these two rib­
bon n-knots have distinct ribbon types by pointing out that group 
presentations of their knot guoups are not Nielsen equivalent. 

In Chapter 3, we will consider a classification for ribbon presen­
tations of ribbon knots. In the first place, we will induce a notion to 
classify ribbon presentations for ribbon n-knots of 2-fusions, which 
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is applicable in general. In the second place, we will show that such 
classes form a totally ordered set by natural inclusion relation as 
follows: 

Theorem c. Let K~ be the set of all ribbon presentations for 
ribbon n-knots of m-fusions. There are four classes in K 2, denoted 
by K 2,k (n 2:: 2; k = 1, 2, 3, 4), such that 

(.) Kn K n c Kn C Kn C Kn Kn· d 
1 1 = 2,1 # 2,2 # 2,.3 # 2,4 = 2' an 
(ii) for any k = 2,3,4, there exists a ribbon presentation (Kn, 

{bdr-1) in K2 k such that every ribbon presentation in K2 k-1 is 
of di;i;inct ribb'on type to the given one. ' 

In the same way, we can also give a partially order in general 
cases. (see the corollary (3.3.2) ). Moreover, we can give a nega­
tive answer to the following question which is a higher dimensional 
version of Gordon's conjecture [Go] ( see the corollary (3.3.3) ): 
Can a ribbon concordance be decomposed into a finite sequence of 
ribbon concordances with only one suddle-point and one minimal­
point? 

0.2. Notations and Preliminaries 

Definition 0.2.1. An n-link with J.L components is the image of 
locally flat embedding e: Uj=l Sj --+ Rn+2 of a disjoint union of 
J.L copies of an oriented n-sphere into the oriented Euclidean (n + 2)­
space. In particular, an n-link with one component is called an 
n-knot. An n-link, which is the image of e: Uj=1 Sj --+ Rn+2 
with J.L components, is called trivial if and only if there exists a 
locally flat embedding e*' U Jl D,,!-+1 --+ Rn+2 with e*(8Dn +1

) = . J=1 J J 

e(Sj) (j = 1,2, ... , J.L), where Dj+1 is the (n + I)-disk and 8Dj+l 
is the boundary of Dj+l. Two n-links Kf U K!j U··· U K~ in Rn+2 
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and J{;n U Jqn U ... U J{;n in R n+2 are said to be equivalent (or 
of the same type) if and only if there is an orientation preserving 
homeomorphism f of Rn+2 onto itself with f(J{j) = J{;nU = 

1,2,·.· ,/1). 

Definition 0.2.2. We say J{n a ribbon n-knot of m-fusions if and 
only if the following condition Cn,m is satisfied: 

Cn,m : (1) there exists a trivial link So U S1 U··· U S~ in Rn+2, 
(2) there exists an embedding of the direct product of Dn 
and the unit interval J = [0,1]' Ii : Dn x J -+ R n+2 , for 
each i (i = 1, 2, ... , m), such that 

{ 

fi(Dn x {O}) if j = 0, 

(a) Ii(Dn x 1) nSf = Ii(Dn x {I}) if j = i, 

¢J otherwise, 
(b) fi(Dn x 1) n fj(Dn x 1) = ¢J for i#j, and 

(3) J{n = So U S1 U ... U S~ U T* - °T, 
where T* = U~lfj(8Dn x 1) and 
°T is the interior of T = Uj=:lfj (Dn x (1). 

We call1i(Dn x I) (= bi) an ith band of J{n. A ribbon n-knot 
of m-fusions (m ~ 1) is sometimes called a ribbon n-knot shortly. 
We say (J{n, {b;}~l) a ribbon presentation with m-bands of J{n. 
Two ribbon presentations with m-bands of J{n, (J{n, {b;}~l) and 
(J{n, {bi} ~1) are said to be equivalent (or of the same ribbon type) if 
and only if there exists an orientation preserving homeomorphism of 
Rn+2 onto itself which maps J{n onto J{n and {b;}~1 onto {bn~l. 

The fundamental group 1fl (R n+2 - J{n) is called the knot group of 
J{n. For an arbitrary ribbon n-knot of m-fusions, J{n, we construct 
a group presentation of the knot group for a ribbon presentation 
with m-bands of J{n as follows (d. [Va)). Let J{n be a ribbon n-knot 
of m-fusions and (Kn, {fi(Dn x I)}~d a ribbon presentation with 
m-bands of J{n. We denote li = fi( {O} x I) (i = 1,2,·.· ,m), where 
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{OJ is the central point of Dn. li has its initial point Ii( {OJ x {O}) 
in So, and its terminal point Ii ( {O} x {I}) in Sf. For S7 in the 

definition (0.2.2), there are disjoint (n + I)-balls Dj+l such that 

8Dj+1 = S7 (j = 0,1,2"" ,m). 
We can assume that li intersects U;':oDj+1 transversely at finite 

points and we denote these points by ail, ai2, ... , ais i according to 
the direction of li, we obtain the word Wi, consisting of Si letters as 
follows. If li intersects Dj+l at aik from its positive side (or negative 

side), we denote the kth letter of Wi is Xj (or xjl, respectively). 
Here, x j is corresponding to the meridian generator of S7, and 

XOWiX;lw;l (i= 1,2"" ,m) are the defining relators of the knot 
group of Kn. Then we obtain a group presentation of the knot 
group with (m + 1 )-generators and m-relators as follows: 

(*) [Xj;j = 0,1,2,···,m I XOWiX;lW;l;i = 1,2"" ,m ]. 

Definition 0.2.3. We call the group presentation obtained from 
a ribbon presentation (Kn, {bd~d, by the above construction, 
a group presentations associated with (Kn, {bd~l)' denoted by 
G(Kn, {bd~l)' On the other hand, we can construct a ribbon 
presentation (Kn, {bd~l) in the inverse procedure, from the group 
presentation G(Kn, {bdi:!:l)' We call this ribbon presentation (Kn, 
{bd~l)' a ribbon presentation associated with G(Kn, {bd~l)' 

For a ribbon presentation (Kn, {bd ~l)' we cannot have the 
unique group presentation. But this fact does not affect the fol­
lowing argument. 
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Chapter 1 

RIBBON GENUS 

Section 1.1 gives a notion ofthe ribbon genus. Section 1.2 includes 
notions and results on the (±1 )-distribution presentation and the 
width index, and in addition utilities of (± 1 )-distribution presenta­
tion. Section 1.3 is devoted to a proof of the following theorem. 

Theorem A. For a ribbon n-knot Kn(n ~2), we have 
deg~K .. (t) ::; g(Kn) ::; wid(Kn), 

where deg~Kn (t) is the degree of the Alexander polynomial of Kn, 
g( Kn) is the ribbon genus of Kn, and wid( Kn) is the width idex of 
Kn. 

Section 1.3 gives an application of the Theorem A. 

1.1. Ribbon Genus 

The following theorem is known. By "A ~ B", we denote that A 
is homeomorphic to B. 

Theorem 1.1.1([Yl],[Y2]). Let K n be a ribbon n-knot in Rn+2. 
Then, Kn bounds an (n + I)-manifold W n+1 for Kn such that 
wn+1 is homeomorphic to an (n + I)-disk Dn+1 or a connected­
sum of some copies of sn X Sl with an open (n + I)-disk missing, 
#";=1 (sn X Sl)i - 0 ~ n+1. Moreover, when wn+1 '" #";=1 (sn X Sl)i 
- o~n+t, wn+1 has a trivial system ofn-spheres which is defined 
as below. 

A collection Sf ,S2 , ... ,S2r-l,S2r of mutually disjoint n-spheres 
in an (n+ I)-manifold wn+1 '" #";=l(sn x Sl)i - o~n+1 is called 
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a trivial system of n-spheres in W n+l if and only if it satisfies the 
following; 

(1) Sf U 52 U ... U S2r-I U S2r is a trivial n-link in Rn+2, 
(2) Si U Si+r bounds a spherical-shell Ni ~ sn x W n+I where 

Ni n N j = 0 for 1 ::; i ::; j ::; r, 
(3) the closure Cl(W n +l - Nl - N2 - ... - N r ) is homeomorphic 

to 
an (n + I)-sphere sn+l with 2r + 1 open (n + I)-disks missing. 

(The converse of this theorem is valid, too. See, [YI] and [Y2].) 

Definition 1.1.2. For an (n + 1) -manifold W n +l in Theorem 
(1.1.1), we define g(wn+l) by g(wn+l) = 0 if W n+1 ~ Dn+l and 
g(wn+1) = r if W n+1 rv #i=l(sn x Sl)i - o~n+l. For a ribbon 
n-knot Kn, we define the ribbon genus g(Kn) of Kn by the lower 
bound of integers g(Wn+1 ) for W n+1 bounded by Kn in Rn+2. 

1.2. (±I)-distribution presentation 

In this section, we will introduce a new presentation for a ribbon 
n-knot Kn which will be called (±l)-distribution presentation. By 
making use of it, we will introduce the width index and utilities of 
(± 1 )-distribution presentation. 

Definition 1.2.1. By making use of words in (*) in Section 0.2, 
We construct a set of words W = (WI, W2, ... ,Wm)' We call it a 
word presentation of a ribbon n-knot Kn, where Wi (i = 1, 2"", m) 
is the word corresponding to the i-th band of Kn. For the i-th word 
Wi, ifit includes xsx;l or x;lxs (s = 0, 1, 2, ... ,m), we can reduce 
it because it has no sense geometrically. And because of the same 
reason, if the first letter of the word is Xo or XOI, we can reduce 
it, and if the last letter of the word is Xi or xiI, we can reduce it. 
If the above reductions make a word empty, we redefine this word 
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an one-letter word Xi, for the sake of convinience. If a word w is 
equal to w* by the above reductions, we say that w = w* modulo 
reductions of words. 

We define a (±1)-distribution presentation of a ribbon n-knot by 
using a word presentation of J(n as follows. Let Kn be any ribbon 
n-knot of m-fusions. 

Definition 1.2.2. We make correspondences between XOl, Xo, 

x,;-\ and Xs (s = 1,2, ... , m) and four (2 x 2) -lattices with 
directions Zl and Z2 as shown in Fig. 1, Fig. 2, Fig. 3, and Fig. 4, 
respecti vely. 

A (±1)-distribution presentation of the i-th component Wi for a 
word presentation of J(n is composed by putting these four sorts 
of (2 x 2)-lattices on the infinite lattice with directions Zl and Z2 

according to the given word of Kn under the following rule. Now, 
we may assume that the i-th word Wi has u letters. 

Putting rule is the following; 
(1) we choose a (2 x 2)-lattice on the infinite lattice, 
(2) on it, we put the (2 x 2)-lattice corresponding to the first letter 
of 'Wi such as the directions of the Zl- and z2-axises coinside with 
those of the infinite lattice, 
(3) we p,-\t the (2 x 2)-lattice corresponding to the k-th letter of 
the given word Wi as the directions of Zl- and z2-axises coincide 
with those of the infinite lattice, and the initial point of its direct 
graph coincides with the terminal point of the direct graph in the 
(2 x 2)-lattice corresponding to the (k - 1 )-th letter of the given 
word wi(2 :::; k :::; u), and 
(4) lastly, we write '-1' in the square with the terminal point of 
the direct graph corresponding to the u-th letter. 
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!'ta z'tij 
--~) z, z, 

Fig. 1 Fig. 2 

L.-.....-_~ Z, 

Fig. 3 Fig. 4 
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In this way, we get a direct graph and a distribution of ±1 on the 
infinite lattice, which is called the (±l)-distribution presentation 
D(Wi) corresponding to Wi (i = 1,2, ... ,rn). And we call (D(Wl), 
D(W2), "', D(wm )) a (±1)-distribution presentation of [(n. We 
denote D(I(n) = (D(wt), D(W2), ''', D(wm)). And the graph in 
D(Wi) is denoted by G(Wi). 

Example 1.2.3. Let a set of words for f(n be 
( ) ( 

-1 -1 3 -1 -1 -1 ) W = Wl,W2 = XIX2 Xo X 2X 1 Xo , X2Xo XI X O 

where 1(n is a ribbon n-knot of 2-fusions. Fig. 5 shows sketch of 
1(n. And Fig. 6 shows the (± 1) -distribution presentation of 1(n. 

~ili~h 

IG _l~ 
-- ,£J0

2 
'------'-' 

Fig. 5 



D(w.) 
XiI 

_& 
~ 
Xi.l -1---t--'-
X21 

11 

O(w) 

Fig. 6 
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Definition 1.2.4. The column in the infinite lattice is called the 
the base column of D(Wi) if the initial point of G(Wi) is in the 
column (i = 1,2"" , m). If the terminal point of the graph G(Wi) 
is in the cth column of the infinite lattice counting from the base 
column in the direction of zl-axis, take the word wi = wixic. Then, 
G(wi) has the terminal point in the base column and wi = Wi 
modulo reductions of words. For a fixed integer j(j = 1,2,' " , m), 
let Vijl,Vij2,'" ,VijYij'''' ,Vijq<j be the vertices in (2 x 2)-lattices 
which are the initial and terminal points of edges corresponding to 
letters Xj and xjl in D( Wi)' Now, for each VijYij' we define the 
integer Z(VijYij)(Yij = 1,2,,,, ,qijij = 1,2,,,, ,m) as (VijYiJ is in 
the z( VijYij )th column of the infinite lattice counting from the base 
column in the direction of zl-axis. For D( J(n), we define: 

wid( x j , x j I ) 

= max{ ZI (Vijy;J I zi (VijYiJ 2: 0, 1 :s; Yij :s; qij, 1 :s; i :s; m} 
+max{ IZI (VijYij) I 1 Zl (VijYiJ :s; 0, 1 :s; Yij :s; qij, 1 :s; i :s; m } 

and the width number wid(D(Kn)) = 2:;:1 wid(xj,X;l). 
The minimum number of width numbers for all (±1)- distribution 

presentations of J(n is called width index of J(n, and denoted by 
wid(Kn). 

For example, J(n in the example(1.2.3) has the width number 5 
because 
wid(XI, xII )=2+101=2 and wid(X2, xiI )=2+1- 11=3. In fact, this 
n-knot J(n has the width index 5, which will be shown by the corol­
lary(1.3.4). 

Fact 1.2.5 From a (±l)-distribution presentation D(J(n), we can 
restore a ribbon n-knot equivalent to Kn. 

A method restoring Kn is clear according to the method of con­
structing (*) in Section 0.2 and the inverse procedure. 
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Theorem 1.2.6. Let J(n be a ribbon n-knot of m-fusions and 
D(J(n) its (±1)- distribution presentation where D(Kn) = 
( (D( wI), D( W2), ... , D( w'm) ). Get the sum of the numbers lining 
up in the columun where tllere are the initial and terminal points of 
edges corresponding to letters Xj and xjl of D(Wi) (i, j = 1,2, ... , 
m). Let n(vijYiJ (Yij = 1,2, ... , qij) be the sum of numbers corre-

d· t ( ) th 1 d "",qij ( )tZ1 (Vijy .. ) spon mg 0 ZI VijYij co umn an aij = L.JYij=1 n VijYij >J 

where Vij1, Vij2, ... , VijYij' ... , Vijqij are the vertices which are the 
initial and terminal points of edges corresponding to letters Xj and 
xjl in D(Wi). Then, A = (aij)(i,j = 1,2,,,, ,m) is an Alexander 
matrix and IAI is the Alexander polynomial of Kn. 

Proof. Let Kn be a ribbon n-knot of m-fusions. Then, by (*) in 
Section 0.2 the fundamental group 7rl (R n+2 - Kn) has a group 
presentation [ . ° 1 -1 -1· 1 2 ] Xj; J = , ,"', m XOWiXi Wi ; Z = , , ... , m , 
where x j is the same generator as in (*) of Section 0.2, Wi = 
rr~=1 x~(%)X~ik-8ik (1 S; s(k) S; m) and (Eik,8ik ) =(1,0), (-1,0), 
(1, 1), or (-1, -1) according as the kth letter in the word Wi of the 
ith band is Xo, x~\ Xs(k), or x.:(~)' respectively (i = 1,2,,,, ,m) 
(cf.[Ki], [Ml], [Y3]). Let Ti be xo(wdx;l(w;l) (i = 1,2"" ,m). 
By making use of Fox's free differential calculus([Fl]' [F2], [KiD, we 
have 
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{
o (ii=j) 

where Vij = .. ,and where <I> and \II are the following ho-
I (z=J) 

momorphisms: Let F be the free group on generators Xl, X2,'" ,Xm 

and <p the natural homomorphism of F onto G = 1f1 (Rn+2 - ](tI). 
Let If be the abelianization of G and 'IjJ the natural homomorphism 
of G onto If. Let JF, JG, and J H be the group-rings of F, G, and 
If with integral coefficients, respectively. Then these homomor­
phisms <p and 'IjJ can be linearly extended to homomorphisms of J F 
to J G and of J G to J If, respectively. We denote these extended 
homomorphisms by <I> and \II, respectively. 

Therefore, we can obtain an Alexander matrix, (Jij(t))l<""< of 
t,l m 

](n, where - -

(1.2.7) Jij(t) = tOil - 1 

+ t Eil 
( tO

i2 - 1 ) 

+ t Eil +Ei2 ( tO i3 - 1 ) 

+ ... 
+ t€il +Ei2+"""+Eiu-l ( tOiu - 1 ) 

+ t Eil +€i2+"+€iu-l +€iu (-1 )Vij. 

Consequently, the coefficients of lij ( t) is calculated by entering 1 
and/ or -1 in the infinite lattice as in Fig. 7. 
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. . . ("2 r' 1 t t2 . 
t l1e 1-5t row, --I-

1--'---
- - i- - --

Fig. 7 

We entry the coefficients -1 and/or 1 corresponding to the poly­
nomial of the kth term in the formula(1.2.7) in the kth row (k = 
1"2",, ,u,u + 1). When all the coefficients of a term in the for­
mula(1.2.7) are 0, we do not entry any number. Hence, the coef­
ficients of the term in the formula( 1.2.7) corresponding to the kth 
letter of the word Wi is entried in the kth row (k = 1,2"" , u). 
Then, the dist.ribution of ±1 on the infinite lattice coincides with 
that of± 1 corresponding to ollly x;t and Xj in D(Wi). The proof 
is complete. ' 

Example 1.2.8. J(n in the example(1.2.3) has the Alexander poly­
nomial 

_1-2+2t-t2 _t- 1 +1_t+ t2 1 
6.K,,(t)- -l+t -1+t-t2 

=_1+4t_6t2 +7t3 -4t4 +t5 (mod±tr ). 

See Figs. 6 and 8. 
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"\;' 1 t ("I 1 t t2 

~1 J- £ f- - Xi' 

- - - - - ~t - 1 -1 X2 -

- h - - ~-
- -'-f- - l-n . 1 1 X;' 

x·1 

- ~ - f- - !2l. 

- - - - - Xi' 
- 1 1 LM' -

-1 1 X~ - -
1 - 1 ~ - - - .& 

- - - - - ~ - X.o 
- 1 - 1 -
-2 2 -1 - 1 0 - 1 1 

1 t f 1 t. t 2 
-

- 1 1 ~ - - -
x·' -:--

. :2· 

Xo Xo 

- I- - - Xi' 
XO' 

- 1 1 -X" 
- 1--1 

XO' -
- 1 -1 - -I 

- 1 1 - 1 - 1 1 -1 

Fig. 8 
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1.3. Proof of Theorem A 

Definition 1.3.1. We define that x? ( or xih ) is consisted of h 
"xi" (xiI resp.) (h'2 O;i = 1,2,··· ,m). The following words are 
called the basic words; 

X;,X.;-1 hi-1 -1 -(hi-I) 
W hi = Xi XiXo Xo , 

X(I,x:-
1 

h'-l -1 -(hi-I) 
W hi ' = Xo' XOXi Xi , 

x;,x:-
1 

h;-1 -1 -(hi-I) 
W hi ' = Xi XiXo Xi , 

xn,x.;-1 hi-1 -1 -(hi-I) 
W hi = Xo XOXi Xo , 

xi
1

,xo -(hi-I) -1 -(hi-I) 
W-hi = Xi XiXO Xo , 

x.;-1,Xi -(hi-1) -1 -(hi-I) 
W-hi = Xo XOXi Xi , 

xi
1
,xi -(hi-I) -1 -(hi-1) d 

W-hi = Xi XiXO Xi , an 

X.;-1,XO _ -(hi-I) -1 -(hi-I) (h > 0 . - 1 2 ) 
W -hi - Xo XOXi Xo i _ , ~ - , , ... , m . 

The above hi and -hi are called the width of each basic word and 
the graph corresponding to basic words is called basic graphs. 

Lemma 1.3.2. Let Kn be a ribbon n-knot of m-fusions and D( Kn) 
= (D(W1), D(W2), ... ,D(wrn)) a (±l)-distribution presentation of 
Kn where each Wi is a word consisting of 2m + 2 letters Xo, xC; 1, 

Xl, XII, ... , X rn , x;;/. And let the graph in D(Kn) be G(Kn) = 
(G(wt), G(W2), ... ,G(wrn )). Then, there exists a (±l)-distribution 
presentation D*(Kn) = (D*(wi), D*(wi), ... , D*(w:n)) of Kn 
such that 

(i) the graph G*(wt) in D*(wt) is the union of basic graphs, 
(ii) Wi = wi modulo reductions of words (i = 1,2, ... ,m) and 
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(iii) wid(D*(Kn)) = wid(D(Kn)). 

Proof. We assume that the terminal point of G(Wi) is the base 
column by replacing Wi by WiX? for an appropriate integer h if it is 
necessary (i= 1,2"" ,m). For W =(Wl,W2,'" ,wrn), we can write 

Wi = X~lOX~l1 ... x~mx~211x~21 ... x~m ... x~'OX~'l ... x~m 

(rki = -1,0,1). 

I I rkj rkj+1 I rkj Rkj -Rkj rkj+1 b t n Wi, we rep ace Xi xi+l )y xi . Xo Xo x i +1 y urns 

from the first and second letters where Rki = 2:~:: (2:i":1)rp l + 
Ei=l rkl (i,j =0,1"" ,m; k =1,2, ... ,s). The resulting words sat­
isfy (i), (ii), and (iii) (i =1,2"" ,m). The proof is complete. 

Lemma 1.3.3. Let Kn be a ribbon n-knot of m-fusions. If Kn has 
a (±l)-distribution presentation D(Kn) whose graphs are a union 
of basic graphs and its width number wid(D(Krn)) is r, then Kn 
bounds an (n + I)-manifold W n+1 

f'J #': (sn X Sl). _ o~n+l (r) - t=l t , 

where Si is a j-sphere (j = 1, n), # means the connected sum, and 
o ~ n+l is the interior of an (n + 1 )-simplex ~ n+l. 

Proof. (Step 1) Let Kn be a ribbon n-knot of I-fusion and Wi its 
word where Wi = Wll W12 ... WI S1 , each wli is a basic word, and 
its width is h1i (j = 1,2"", Sl)' We assume that 

PI = max{ hli I h 1j 2: ° (j = 1,2"" ,st)} 
ql = max{ Ihlil I hli ~ ° (j = 1,2"" ,Sl)}' 

By the definition(1.3.1), wid(Kn) ~wid(xl,Xl1) = PI + ql' If 
-1 -1 -1 -1 

X1,X o XO'X 1 X1,X 1 d XO'X o th 'bb k t 
W = WI , WI , WI , an WI , e fl on n- no 
of I-fusion with the word W bounds an (n + I)-manifold W;+l c:= 
(sn X SI) - 0 ~ n+I, where W 1

n+I is constructed by attaching a tube 
homeomorphic to sn x I to n-disk as shown in Fig. 9(i). For the 

-1 -1 -1 -1 
X1,X U XO'X 1 Xl 'Xl d Xo,Xo (k > 2) th 'b case W = W k , W k , W k , an W k _, e fl -

bon n-knot of I-fusion with the word W bounds an (n + 1 )-manifold 
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W;+l ~ #7=1 (sn X Sl)i - 0 L1 n+\ where W;+l is constructed by 
carrying out a connected-sum of sn X Sl for W;~; as shown in Fig. 
9. Here, the heavy lines means the band for cases (i)-(a), (ii)-(a), 
and (iii)-(a), and we omit the bands corresponding to those heavy 
lines in (ii)-(b) and (iii)-(b). Moreover, (i)-(a), (ii)-(a), and (iii)-(a) 
are cross sections for (i)-(b), (ii)-(b), and (iii)-(b), respectively. 



(a) 

Ii) The case Ihal 

. (ii) The case Ihal 

(iii) The case Ihal 

fir';. 9 
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On the other hand, in the similar way we can show that if w = 
-\ -\ -\ -1 

Xl ,XO Xo ,Xl X\ ,:"1 Xn ,x" tl ·bb k t f 1 f . w_k ·,w_k ,w_k ,orw_k ) len onn- no 0 -llSlOn 

with the word w bounds an (n+ l)-manifold vV:t 1 ~ #f=:l (sn X Sl)i 
- o~n+l as shown in Fig. 10. We show the band by heavy line in 
(a) and omit it in (b). 

The case thaI 

Fig. 10 
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Seeing the above form of IV~' + I (k~ = 1, 2, ... ), we find. that J(n 

bounds W;';~ql1 c:= #f~tql (S" X 5 J) i -- 0 ~ n+ 1 (1S shown in Fig. II. 
Hence, if D(I(n) has \;hp width number wid(D([(It)) = Pl-t ql = r: 
J(n bounds an (n+l)-manifold rV(':,~l c:= #':=1(8" x Sl)i _ o~n+l. 

Fig. 11 

The case that p:: 3 (Il1d q '" 2. 
1 1 
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(Step 2) We assume that D{J(n) = (D(Wl)' D(W2)' ... , D(wm )), 

Wi = Wil Wi2 ... Wis; is a basic word consisting of 2m + 2 letters 
Xo, XOl, Xl, XII, ... , Xm , x;:;/, and its width number is hij (j =1,2, 
... , Si). In the similar way t.o (St.ep 1), if wid(xj,x:t) = Pj + qj 
where 

Pj = max{ hij I hij 2: 0; j = 1,2"" ,si;i = 1,2"" ,m} and 
qj=max{ Ihijll hij~0;j=I,2"",si;i=I,2,.··,m}. 

Kn bounds W n+l ~ #~~:;'l (Pi+qi) (sn X Sl)i - 0 ~ n+l. Therefore, if 

D(Kn) has t.he widt.h number wid(D(Kn)) = 2::;:1 {wid(Xj, xj l)} 

= r, Kn bounds an (n + I)-manifold W(~jl~ #i=l(sn x Sl)i -
o ~ n+l. The proof is complet.e. 

Proof of Theorem A. Let. D be a (±]) -dist.ribution present.ation 
attaining the width index r of Kn. We may assume that its graph 
is an union of basic graphs by the lemma(1.3.2). And then, by the 
lemma(1.3.3), if wid(D) = r, J(n bounds W(~t. Hence, g(J(n) ~ 
wid(D) = wid(I(n). 

On the other hand, we shall prove t.he other inequality in the 
Theorem 1. The following has been suggested by T. Yanagawa and 
Y. Nakanishi t.o the aut.hor. 

Let X be the infinit.e cyclic covering of X = sn+2 - Kn and W;+1 
an (n + I)-manifold homeomorphic to #i=l(sn x Sl)i - o~n+l 
which is bounded by Kn. We have 

HdSn+2 - 1V;+\ Z) ~ H(n+I)-I(W;+l; Z) ~ 'ZJ 
by the Alexander duality and HI (W;+I; Z) ~ 'ZJ. Therefore, 
HI (X) has r generators and r relat.ions by t.he method of the con­
struction for X, and then we have an (r x r )-matrix as an Alexander 
matrix where every entry is a polynomial with the degree of at most 
one. Hence, for any ribbon n-knot Kn and the degree of ~Kn(t), 
deg~Kn(t), we have deg~K,,(t)~g(Kn). The proof of Theorem 1 
is complet.e. 
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By a (±1 )-distribution presentation of Kn, we can easily obtain 
degD.Kn(t) and wid(Kn). 

Corollary 1.3.4. Let Kn be a ribbon n-knot of m-fusions. 
If degD.Kn(t) = wid(I{n) = g, then g(Kn) = g. 

Example 1.3.5. The knot in the example(1.2.3) is a ribbon n-knot 
with the ribbon genus 5. 
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1.4. Application 

The following theorem is known. 

Theorem 1.4.1([Y4]). Suppose that Kl and K!j are ribbon n­
knots with g(Kl) = g(K!j) = 1. If their Alexander polynomials 
are identical with together, Kl belong to the same knot type as 
either K!j or - K!j, where - K!j denotes an n-knot with the reversed 
orientation of K!j. 

We obtain the following theorem. 

Theorem 1.4.2. There exist ribbon n-knots Kl and K!j such that 
(i) g(K1) = g(K!j) = 9 (g ~ 2), 
(ii) ~Ki' = ~K;' and 
(iii) Kl and K!j are inequivalent and is not the inverse of the 

other. 

Proof. (Case 1) 9 = 2k + l(k ~ 1). 
Let K!jk+1,1 and K!jk+1,2 be ribbon n-knots of I-fusion such that 

their words are 

respectively. By their (± 1 )-distribution presentations 
~K" .(t) = 2 - 3t- 1 - t- 2k + t- 2k - 1 and 

2k+l,. 

wid(D(W2k+1 ,i)) = 2k + 1 (i = 1,2). 
Hence, g(K!jk+1,i) = 2k + 1 by the corollary(1.3.4) (i = 1,2). 

The knot group of K!jk+l,i has a group presentation: 
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K n [ I -2k -12k -1 -1 -1 -2k 2k -1] 
2k+l,l : XO, Xl XOXIXO Xl Xo XlX O Xl XOXI Xo XIX O Xl , 

K n [ I -1 -2k -12k -1 -2k 2k -1 -1] 
2k+l,2 : XO, Xl XOXlXO XlX O Xl Xo Xl Xo XlX O Xl XOXI • 

Let (M:;k~2I,i' L~k+l,J be the 3-fold irregular branched covering 

space of (sn+2, K;k+l,J (i = 1,2). Then L~k+l,i in M:;k-+:l,i has the 

distinct reduced Alexander polynomial V2k+1,i(t) (which is called 
the V-polynomial of the knot K;k+l,i by K. Murasugi([Mu]) such 
that 

V2k+1,1(-1)=3k+3 and 

V2k+ l ,2(-1) = -6k -1 (i = 1,2). 

This fact shows that K;k+l,1 and K;k+l,2 are inequivalent and 
one is not the inverse of the other. 

(Case 2) g = 2k (k 2 1). 
Let K;k 1 and K;k 2 be ribbon n-knots of I-fusion such that their , , 

words are 

respectively. By their (± 1 )-distribution presentations 
D.K" .(t) = 3 - 4t- 1 - t- 2k+1 + t-2k and 

2J..~, 1. 

wid(D(W2k ,i)) = 2k (i = 1,2). 
Hence, g(K;k i) = 2k by the corollary(1.3.4) (i = 1,2). 

The knot g~oup of K;k,i has a group presentation: 
Kn [ I -1 -2k+1 -1 2k-1 -1 -1 -1 -2k+1 

2k,l : Xo, Xl XOX1XO X1XO Xl Xo XIX O Xl XOXI Xo 
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Let (M:;k~i2, L~k,i) be the 3-fold irregular branched covering space 

of (sn+2, K!l'k,i) (i = 1,2). Then L~k,i in M:;:} has the dis­

tinct reduced Alexander polynomial V2k,i(t) (which is called the 
V-polynomial of the knot K!l'k+l,i by K. Murasugi([Mu]) such that 

V 2k,1(-1)=-9k+9 and 

V 2k ,2(-1)=-7k+7 (i=1,2). 

This fact shows that K!l'k,l and K!l'k,2 are inequivalent and one is 
not the inverse of the other. The proof is complete. 
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Chapter 2 

RIBBON KNOTS WITH TWO RIBBON TYPES 

Section 2.1 gives a notion of the Nielsen equivalence, which plays 
an important part in discriminating whether two ribbon presenta­
tions are same ribbon type. Section 2.2 is devoted to a proof of the 
following theorem. 

Theorem B. For an arbitrary integer n ~ 2, there are infinitely 
many ribbon n-knots of I-fusion, each of which has two ribbon 
types. 

2.1. Nielsen Equivalence 

There is the following equivalence relation for group presentations 
with two generators and one defining relator ([LM),[MKS]). 

Definition 2.1.1. Let [ x, y I R] and [ x*, y* I R*] be group 
presentations of a given group with two generators and one rela­
tor. These two group presentations are said to be Nielsen equiv­
alent if and only if there exists an isomorphism for free groups, 
<p: [x, y I ] --* [x*, y* I ], such that <p(R) is conjugate to 
R*±l. 

We call the group presentation obtained from (f{n, b) by con­
struction of the group presentation (*) in Section 0.2, the group 
presentation associated with (f{n, b). By the definition(2.1.1) and 
the construction of (*), we can obtain the following lemma. 

Lemma 2.1.2. Let (f{n, b) and (f{n, b*) be ribbon presentations of 
a ribbon n-knot of I-fusion, f{n. And let G(I(n,b) and G(f{n,b*) 
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the group presentations associated with (J(n, b) and (I(n, b*), re­
spectively. If (J(n, b) and (J(n, b*) are of the same ribbon type, 
then G(I(n, b) and G(J(n,b*) are Nielsen equivalent. 
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2.2. Proof of Theorem B. 

Concerning arbitrary two group presentations with two genera­
tors and one relator for the knot group of a 2-bridge knot, Funcke 
[Fu] gave a necessary and sufficient condition to determine whether 
these group presentations are Nielsen equivalent or not. After Schu­
bert's notation ([S]), let S(a,j3) be a 2-bridge knot, where a and j3 
are coprime integers such that a > 0, -a < j3 < a, and j3 is odd. 

Lemma 2.2.1([S]). S(a,j3) and S(a*,j3*) are of the same knot 
type, if and only if (i) a = a* , and (ii) j3 = j3* or j3j3* = 1 mod 2a. 

Let G(S(a,j3)) and G(S(a,j3*)) be the group presentations for 
the knot groups of S(a,j3) and S(a,j3*), respectively, each of which 
is a group presentation with two generators and one relator, where 
the elements corresponding to two over bridges of the knot diagram. 

Lemma 2.2.2([Fu]). If j3j3* = 1 mod 2a and j3* =I- ±j3, then 
G{S(a,j3)) and G(S(a,j3*)) are Nielsen equivalent. 

In the following, we construct an n-knot by spinning an arbitrary 
I-knot (cf. [A], [C), [Su)). S(a,j3) has two underbridges, ,uI and 
lu2, and two overbridges, 101 and 102. Let R; be the plane defined 
by {(ZI,Z2"",Zn+2) E R

n
+

2 I Z3 = t, Z4 = ... = Zn+2 = o}. 
We can put luI and ,u2 on Ri, and put 101 and 102 in Hi (see 
Fig. 1), where Hr is the half space difined by { (ZI, Z2, •.. , Zn+2) E 
Rn+2 I Z3 ~ t, Z4 = ... = Zn+2 = 0 }. We obtain the arc, denoted 
by I, by removing o,u2 from S(a,j3). Pull the boundary of I down 
R5 parallel to the Z3-axis in H5, then we have the proper arc in 
H~, denoted by I(S(a,j3)), with its boundary in R5. Both 101 

and 102 have one endpoint in R5 and the other endpoint in Ri. 
We spin I(S(a,j3)) about R5. Then, I(S(a,j3)) sweep out an n­
sphere. We call this n-sphere the spun n-knot of S(a,j3), denoted 
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by K~(8(O',,8)). It is a ribbon n-knot of 1-fusion because the loca of 
101 U,02 and ,uI correspond to 80 U8r- °T and T* in the definition 
(0.2.2), respectively. Therefore, we can obtain the following lemma. 

Lemma 2.2.3. For an arbitrary 2-bridge knot, 8(0',,8), its spun n­
knot, denoted by K;-(8(O',,8)), is a ribbon n-knot, and has a ribbon 
presentation with 1-band. 

For the spun n-knot of the lemma (2.2.3), we denote its ribbon 
presentation by K;-(8(O',,8), bs ), and the group presentation asso­
ciated with G(K;-(O',,8),bs ))' By the construction of K;-(8(O',,8)) 
we can obtain the following lemma. 

Lemma 2.2.4. G(8(O',,8)) = G(K;-(8(O',,8),bs )). 

Two 2-bridge knots, denoted by k1 = 8(0',,8) and k*l = 8(0',,8*), 
satisfying the condition in the lemma (2.2.2) are of the same knot 
type by the lemma (2.2.1). Therefore, their spun n-knots, K;-(k1) 
and K;-(k*l) are also of the same knot type. By the lemma (2.2.3), 
they are ribbon n-knots of 1-fusion, and by the lemma (2.2.2), 
G(K;-(k1), bs ) and G(K;-(k*l), b;) are Nielsen inequivalent. Then, 
by the lemma (2.1.2), these two ribbon presentations with 1-band 
are distinct ribbon types. 

Therefore, we have infinitely ribbon n-knots with two ribbon 
types because there are infinitely many pairs of 2-bridge knots sat­
isfying the condition in the lemma (2.2.2). The proof of Theorem 
is complete. 

Example 2.5. The 52-knot ([AB), [R)) has two knot diagrams as 
shown in Figs. 12 and 14, the spun 2-knot of 52 -knot has two rib­
bon types, which are K;(8(7, -3), bs ) and K;(8(7, -5), b;). Their 
equatorial sections are indicated in Figs. 13 and 15, respectively, 
and their group presentations are the following: 
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G(K;(S(7, -3), bs )) 

[ I -1 -1 -1 -1 -1 -1 -1 ] 
= XO, Xl XOXI Xo X1 X OX 1 Xo Xl XOXIXO Xl XOXI , 

G(K;(S(7, -5), b:)) 
[ * I * -1 * -1 *-1 *-1 -1 * -1 * *-1 ] = XO,Xl xOxl xOxl Xo XlXO Xl XOX1 XOXlXO Xl • 

These two group presentations are not Nielsen equivalent by the 
lemma (2.2.2), but there exists an isomorphism 
<p : G(K;(S(7, -5), b:)) -t G(K;(S(7, -3), bs )) such that <p(xo) = 

-1 
Xo XlXO· 
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5(7. -3) 

Fig. 12 Fig. 13 

Fig. 14 Fig. 15 
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Chapter 3 

RIBBON PRESENTATIONS 

Section 3.1 gives a notion on classification of ribbon presentations, 
and Section 3.2 is devoted to a proof of the following theorem. 

Theorem C. Let K~t be the set of all ribbon presentations for 
ribbon n-knots of m-fusions. There are four classes in K2', denoted 
by K2' k (n 2: 2; k = 1, 2, 3, 4), such tl1at , 

(i) Kl = K2',l ~ K2',2 ~ K 2t,3 ~ K2',4 = K2\ and 
(ii) for any k = 2,3,4, there exists a ribbon presentation (J{n, 

{bi}t=l) in K;t,k such that every ribbon presentation in K2',k-l is 
of distinct ribbon type to the given one. 

Section 3.3 includes an extension of t.he above Theorem C and 
answers t.o problems on t.he ribbon concordance. 

3.1. Classes on Ribbon Presentations 
A useful set. of invariants of knot types is the chain of elementary 

ideals and the equivalence classes on Alexander matrices ([CF]) , 
which also include informations of the ribbon types if we calculate 
them from a group presentation associated with a ribbon presenta­
t.ion. From such a viewpoint, we calculate the chain of elementary 
ideals and Alexander matrices, and classify ribbon presentations. 

Definition 3.1.1. Let (I(n, {bi}~l) be a ribbon presentation with 
m-bands of a ribbon n-knot J{n, G a group presentation associated 
with (J{n, {bd~l)' and 
Ti (i = 1,2,··· ,m) defining relators of G. By Fox's free differential 
calculus ([Fl],[F2],[Ki]), we have 'l1<I> (~:j )l<i,j<m where 'l1 and <I> 
are the homomorphisms in 'Proof' of the the-orem(1.2.6). 



We define the Alexander matrix associated with G by 

A(G) = (aij) = W<I>( ~ )1<' '< . 
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,1 t,l m 
For two matrices with entries in J H,- A and A *, A is said to 

be equivalent to A *, if there exists a finite sequence of matrices, 
A = A1,A2 ,··· ,An = A*, such that Ai+1 is obtained from Ai, or 
vice-versa, by one of the following operations: 

(i) Permuting rows or permuting columns. 

(ii) Adjoining a row of zeros; A -+ ( ~ ). 

(iii) Adding to a row a linear combination of other rows. 
(iv) Adding to a column a linear combination of other columns. 
(v) Adjoining a new row and column such t.hat the entry in the 

intersection of the new row and column is 1, and the remaining 

entries in the new row and column are all 0; A -+ (~ ~). 

The following lemma is known. 

Lemma 3.1.2 ([CF]). Let Kn be an n-knot, and G and G* group 
presentations of Kn. Then, A( G) and A( G*) are equivalent. 

Definition 3.1.3. For an arbitrary non-negative integer d, we de­
fine the dth elementary ideal of A(G), denoted by Ed(A(G)), by the 
ideal of J H generated by the (m - d) x (m - d) minors of A( G), 
with the conventions: (i) m - d ~ 0 then Ed(A(G)) = JH. (ii) 
m - d 2: m + 1 then Ed(A(G)) = o. 

The following lemmas are known. 

Lemma 3.1.4([CF]). The elementary ideals of A(G) form an as­
cending chain, 

Eo(A(G)) C E1(A(G)) C ... C Em(A(G)) = ... = JH. 
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Lemma 3.1.5([CF]). Equivalent matrices define the same chain 
of elementary ideals. 

Definition 3.1.6. Let (I(n, {bd:=I) be an arbitrary ribbon pre­
sentation of a ribbon n-knot of 2-fusions Kn. We apply the con­
struction of (*) in Section 1 to (Kn,{bd:=I). Then (Kn,{bd:=I) 

is said to belong to (* *) -class, (: *) -class, and 

(: :) -class, if and only if (Kn, {bd:=I) is a ribbon presentation 

such that II and 12 satisfy the following conditions (i),(ii), and (iii), 
respectively; 

(i) II does not intersect D;+I. 
And 12 does not intersect D~l+l. 

(ii) h does not intersect D;+I. 
(iii) No restriction. 

By the definitions(3.1.3) and (3.1.6), we obtain the following 
propositions. 

Proposition 3.1.7. Let Kn be a ribbon knot of I-fusion and 
(Kn,b) its ribbon presentation. Then, El(A(G(Kn,b))) is a prin­
cipal ideal and E2(A(G(Kn,b))) 
is JH. 

Proposition 3.1.8. Let Kn be a ribbon n-knot of 2-fusions, (Kn, 
{bd:=I) its ribbon presentation, and G a group presentation asso­
ciated with (Kn, {bd:=I). 
Then, A( G) is a 2 x 2 matrix sllch that 

(i) the (1,2)- and (2, I)-components are 0, if(J(n, {b i H=I) belongs 
to 

(* *) -class, 
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(ii) the (1, 2)-component is 0, if (J{n, {bd:=d belongs to (: *) 
-class. 

3.2. Proof of Theorem C 

By making use of the chain of elementary ideals obtained from 
the group presentation of a ribbon n-knot, we can find a differ­
ence between ribbon n-knots of I-fusion and ribbon n-knots of 2-
fusions, and also among three classes on ribbon types in n-knots of 
2-fusions. Let K~ be the set of all ribbon presentations for ribbon 
n-knots of m-fusions (m = 1,2), and K 2,2, K 2,3, and K 2,4 the set 

of all ribbon presentat.ions belonging t.o (* *) -class (: *) 
-class, and (: :) -class, respectively. By using the condit.ions 

(i),(ii), and (iii) in the definition (3.1.6), we have concluded that 
K 2,2 C K 2,3 C K~,4 = K~. On the other hand, for any element 
(I(n, b) belonging to Kjt, we can interpret (Kn, b) as an element 
in K~ 2 by the following procedure: We can consider that (Kn, b) , 
is constructed by using D~+I, D?+l, and il in the construction of 
(*) in Section 0.2. There is an n-disk D~+1 which does not in­
tersect D~+l U D?+1 U it. There is also a I-disk i2 which has its 
initial point Po in 8D~+1 and its terminal point P2 in 8D~+1, and 
intersects Dg+l u D;l+l u [1 only at Po U P2. By applying the con­
struction of (*) in Section 0.2 to the above D;+l U D?+l U D~+l 
and it U l2' we obtain a ribbon presentation of J{n as an element 
in K 2,2. Therefore, we can identify Kl with K 2,1, and obtain the 
following lemma. Moreover, we can obtain the following lemmas 
(3.2.2), (3.2.3), and (3.2.1). 
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L 3 2 2 K n CKn emma . .. 2,1 i' 2,2' 

Proof. Let G2 ,2 be the following group presentation: 
[ I -1 -1 -1 -1 -1 -1 ] 

XO,X1,X2 XOX1 XOX1 Xo Xl, XOX2 XOX2 Xo X2 . 

Let (KZ,2' {bdr=l) be a ribbon presentation associated with G2 ,2' 

Then, E 1 (A(G2 ,2)) = ( (1- 2t)2 ) and E2 (A(G2 ,2)) = ( 1 - 2t ). 

Therefore, by the proposition (2,7), (Kn, {bi H=l) does not belong 
to Kl = K21 . , 

Lemma 3.2.3. Ki,2 ~ Ki,3' 

Proof. Let G2 ,3 be the following group presentation: 
[ I -1 -1 -1 -1 -1] 

XO,X1,X2 XOX1 XOX1 Xo Xl, XOWX2 W , 

h -1 -1 -1 -1 L t (Kn {b*}2 ) b 'b were W = Xl XOX1 XOX1 XOX2 Xo· e 2,3' i i=l e an -
bon presentation associated with G2,3' 

( 1 -2t 0) 
Then A(G2 ,3) = 3(1 _ t) 1 - 2t . 

E2 (A( G2 ,3)) = ( 3 , 1 + t ) is not a principal ideal. On the other 
hand, if (KZ,3' {biH=l) belongs to K2,2' the diagonal components 
are 1 and (1-2t)2, or both of them are 1-2t, because E1 (A(G2 ,3)) = 
( (1 - 2t)2 ). In both cases, E(A(G2 ,3)) is a principal ideal. This is 
a contradiction. Therefore, (K2,3' {bi H=l) does not belong to K Z,2' 

Lemma 3.2.4. K2,3 ~ K 2,4' 

Proof. Let G2,4 be the following group presentation: 
[ I -1 -1 -1 -1 ] 

XO,X1,X2 XOW1 X 1 WI , XOW2 X 2 W 2 , 

h -1 -1 -1 -1 d were WI = Xl XOX2 XOX2 XOX2 Xo an 
-1 -1 -1 -1 -1 -1 -1 

W2 = X 2 XOXI XOX1 XOX1 XOX1 XOXI XOX1 XO· 
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h . -1 -1 -1 -1 d were WI = Xl XOX2 XOX2 XOX2 Xo an 
-1 -1 -1 -1 -1 -1 -1 W2 = X2 XOX! XOXl XOX! XOX! XOXl XOXl Xo· 

Let (K2,3' {bi* }T=l) be a ribbon presentation associated with 

( 
1-2t 3(1-t)) 

G2,4. Then, A(G2,4) = 6(1 _ t) 1 _ 2t and El(A(G2,4)) = 

( -14t2 + 32t - 17 ). Here, the generator of E l (A(G2,4)) is an ir­
reducible element in J H. On the other hand, by the condition (ii) 
in the proposition(3.1.8), an arbitrary ribbon presentation belong­
ing to K~,3 has the first elementary ideal generated by a reducible 
element in J H, or there is 1 in the orthogonal components of the 
Alexander matrix. In the latter case, the second elemetary ideal is 
JR. Therefore, if (K2,4' {bi*}7=1) does not belong to K~,3' then 
E2(A(G2,4)) must be JH. But by the substitution oft = -1, there 
exists an onto homomorphism 

h: E 2(A(G2,4)) = (1- 2t,3(1- t)) -7 (3). 
Then E2(A(G2,4)) =1= JR. This is a contradiction. 

Therefore, (K2,4' {bi*}T=l) does not belong to K~,3. 

3.3. Concluding Remarks 

We can generalize the definition (3.1.6) as follows. 

Definition 3.3.1. Let (Kn, {bi}~l) be a ribbon presentation of a 
ribbon n-knot of mAusions Kn constructed by U:11i and 

Ui:oDj+1 as in the construction of (*) in Section 1. We define 
the following m x m matrix R from (I{n, {bd ~1) by the rules as 
in the definition (3.1.6): For a pair of integers i and j such that Ii 
intersects Dj+1, the (i,j)-component of R is entried by " * ". And 
the other components of R are blank. Then, (Kn, {bd~l) is said 
to belong to R-class. 
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We can obtain a partially ordered relation in K~ in the same way 
as in Section 3.2. That is, for a pair of classes in K~, say Rl-class 
and R 2-class, R2-class is said to include Rl-class if R2 is entried by 
" * " in the same components as R1's. Furthermore, let R-class be 
an arbitrary class in K~, where R is an m x m matrix. R-class 
can be identified with some class in K~+l' R*-class, where R* is 
an (m + 1) x (m + 1) matrix entried by " * " in the same component 
as R's (m = 1,2, ... ). Therefore, as a corollary of the theorem in 
§O, we can obtain the following. 

Corollary 3.3.2. A family of R-classes is a partially ordered set. 

C. McA. Gordon [Go] has given the following conjecture: For two 
knots Kl and K2 in the 3-sphere S3, we write K2 2: K1 if there 
exists a ribbon concordance from K2 to K 1 • Then, " 2: " is a partial 
ordering on the set of knots in S3. In relation to this conjecture, 
there is the following question: 
( **) For two knots K 1 and /(2 in S3, we write K 2 ~ /(1 if there 
exists a ribbon concordance with only one saddle-point and one 
minimal-point from K2 to K 1. Then, if K2 2: K 1 , do there exist t 
knots K l1 , K 12 ,···, /(It in S3 such that /(2 f KIt ~ ... f /(12 f 
Kl1 f K 1 , for some positive integer t ? 

As a parallel question, there is the following question: 
(* * *) For two n-knots /(1 and K2 in sn+2, we write K2 f Kl if 
there exists a ribbon concordance with only one saddle-point and 
one minimal-point from K2 to K 1. Then, If K2 2: K 1 , do there 
exist t knots KIll /(12'· .. , /(u in sn+2 such that K2 f KIt f 
f K12 f Kii f /(1\ for some positive integer t (n 2: 2) ? 

An answer to (* * *) is negative by the theorem in this paper 
(see Theorem C). For example, there exists a ribbon concordance 
from /(2,4 in the lemma(3.2.4) to the trivial n-knot on. But, by the 
lemma(3.2.4), there does not exist a ribbon n-knot of 1-fusion Kn* 
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= on#bon such that K'24 "" KM#bon where we mean a band , 
connected sum by "#b". Therefore, as a corollary of Theorem C, 
we can obtain the following. 

Corollary 3.3.3. Tllere exist two knots Kr and K!j in sn+2 such 
that (i)K'2 ~ Kr, and (ii)there do not exist t knots Ki't, K 12 , ... , 
K n . sn+2 h tl t Kn > T/n > > Kn > Kn > Kn J': It In sue la 2 1" HIt 1" ••• 1" 12 1" 11 1" 1 , lor 
any positive integer t (n ~ 2). 

Moreover, an answer to the question (**) is also negative by the 
following argument. T. Kobayashi introduce the following argu­
ment of K. Miyazaki to the author. We mean a connected sum by 
"#", trivial I-knot by 0, the mirror image of I-knot L by r L, the 
Alexander plynomial of L by ~L(t), and the genus of L by g(L). 

Classical Knot Case 3.3.4. Let K be prime, fibered, not a 
2-bridge knot, and have an irreducible Alexander polynomial. If 
K; = K #r K and Ki = 0, then K; and Ki satisfy the conditions 
(i) and (ii) in the corollary(3.3.3) for n = 1. 

A proof is the following. It is easily seen that K #r K ~ O. 
Moreover, K #r K satisfies the condition(ii) in the corollary(3.3.3) 
for n = 1. That is, there is no ribbon concordance such that K #r K 
~ K * for any I-knot K * '1- K #r K . Because if there exists such 
an I-knot K*, we have a contradictionary result by the following 
argument. 
Lemma A. K#rK~ K*#bO. 
Proof. We have the lemma( A) by the assumption that K #r K f 
K* . 
Lemma B. K* is fi.bered. 
Proof. By the assumption that K is fibered, K #r K is fibered. 
Therefore, K* is fibered by the lemma(A) and the following theorem 
in [Ko]: 
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For two knots L1 and L2 in S3, if L1 #bL2 is fibered, then L1 and 
L2 are fibered. 

The following fact is well known (cf. [FM]): 
For two knots L1 and L2 in S3, if L2 ~ L1, then.6.L 2 (t) = .6.L1 (t). 
p(t) . p(l/t) where p(t) is a polynomial with integral coefficients. 
Therefore, by the assumption that there exists an I-knot K* such 
that K#rK f K*, we have .6.K#rK(t) = .6.K+(t) . q(t) . q(l/t) 
for some polynomial q(t) with integral coefficients. Moreover, it is 
easily seen that .6.K#rK(t) = .6.K (t)·.6. K (t). By the assumption that 
.6.K (t) is an irreducible polynomial, we have the following two cases; 
(Cl) .6.K+(t) = 1 and .6.K(t) = q(t), or (C2) .6.K+(t) = .6.K(t)·.6.K(t) 
and q(t) = 1. 

In the case of (Cl), since .6.K+(t) = 1 by the assumption and K* 
is fibered by the lemma(B), K* is a genus zero fibered knot, that is, 
the trivial I-knot O. Therefore, K#rK rv O#bO by the lemma(A). 
That is, K #r K is a ribbon number one knot. Moreover, there is 
following theorem in [BM): 
A composite ribbon number one knot has a 2-bridge summand. 
Therefore, K #r K has a 2-bridge summand. This is in contradiction 
with the assumption that K is prime and not a 2-bridge knot. 

In the case of (C2), since .6.K+(t) = .6.K (t) . .6.K (t) = .6.K#rK(t) 
by the assumption. Therefore, we can obtain g( K*) = g( K #r K) 
because K* and K #r K are fibered by the lemma(B) and its proof. 
Moreover, g(K#rK) = g(K*#bO) by the lemma(A). Therefore, 
g(K*) = g(K*#bO). The following theorem in [Ga) is known: 
For two knots L1 and L2 in S3, if L = Ll #bL2, then g( L) ~ 
g(L1) + g(L2). Equality holds if and only if there exists a Seifert 
surface for L which is a band connected sum (using the same band) 
of minimal Seifert surface for Ll and L 2 • 

Therefore, K*#bO = K*#O ~ K*. That is, K#rK rv K* by 
the lemma(A). This is in contradiction with the assumption that 
K#rK ?p K*. 

By the above argument, a ribbon concordance from K #r K to 
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o cannot be decomposed by " t ". That is, an answer to the 
question( **) is negative. For example, we can take the 816-knot 
([AB),[R)) as K. This is prime, not a 2-bridge knot and has an ir­
reducible Alexander polynomial ([C),[R)), whose leading coefficient 
is ±l. Therefore, the 816-knot is fibered ([Ka)). 

We must take notice that the above two arguments for the two 
questions (**) and (* * *) are independent at the present time. Be­
cause ribbon presentations for a ribbon n-knot is not always unique 
by the theorems in [NN] and [Ys2] (n ~ 1). That is, even if K2 
is the ribbon 2-knot associated with the ribbon 1-knot K#rK in 
the argument of Miyazaki, then by making use of another ribbon 
presentation for K2, we may construct a ribbon concordance from 
K2 to the trivial 2-knot 0 2 which can he decomposed by " t ". 
Therefore, at the present time, we cannot extend the above argu­
ment for (**) to the argument for (* * *), and also in the inverse 
extension, we cannot do so by the same reason. 
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