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8 2% Theory of Unemployment in

Dual Economy

2.1 Model

Consider two districts, the urban and the rural. The urban district consists of
one city where there are many identical producers. On the other hand, the rural
district consists of [ > 1 identical villages. In each village, there is one landowner
and n > 1 laborers. The landowner is a producer and also a consumer. Laborers,
who are consumers, are identical in all aspects except for an endowment of urban
labor. We assume that there is no mobility of labor between villages. Each laborer
chooses to work either in the city or in a village.

We have two stylized periods, the lean and the peak. In reality, landowners need
a few laborers, say, for cultivating and seeding in the lean period, which is followed
by the peak one with so many laborers, say, for harvesting and threshing. We
assume that period 1 is the lean and period 2 is the peak. We also assume, to keep
things simple, that urban producers produce a commodity in period 1, while rural
landowners produce a commodity in period 2. We call the commodity produced in
period ¢t commodity ¢, t = 1, 2.

In each village, a landowner, who is a producer, acts as a monopolist. A landowner
employs all laborers who want to work in a village to produce commodity 2. Each
laborer initially owns the same unit of rural labor and therefore earns the same wage,
which may be lower than those each earns if employed in the city. In period 1, no
commodity is produced in the village, and so every laborer earns no wages and needs
to borrow to finance consumption. Hence the landowner also gives consumption

loans to his employees. In the city, on the other hand, each producer uses capital
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and labor to produce commodity 1. Capital is initially owned by rural landowners,
who are consumers. The laborers who want to work in the city may not get a job. In
that case, they receives nothing. But, if employed, we assume that a laborer can earn
a wage proportional to her urban labor endowment. We assume that each laborer
knows the probability of urban unemployment. Comparing the expected utilities she
would gain, each chooses to work either in the city or in a village.

We shall develop a simple general equilibrium model with two products and two
factors of production where the employment rate is endogenously determined. Since
villages are identical, focus now on one village and the city before defining unem-

ployment equilibrium.

2.1.1 Consumer’s utility maximization

Consider consumers, who consist of laborers and a landowner. Each laborer has the
same utility function u(cp, c2) from Ri into R, where ¢; be the consumer’s consump-
tion of commodity ¢, t = 1,2. We assume, for simplicity, that a landowner also has
the same utility function as laborers. We place the following standard assumptions

on u.

Assumption2.1 wu is continuous, quasi-concave and increasing over Ri, strictly

quasi-concave and strictly increasing over ]Ri +, and satisfies u(0,0) = 0.
Furthermore, it satisfies

Assumption2.2 wu is homogeneous of degree m (0 < m < 1).

Laborer’s utility maximization

Each laborer initially owns one unit of rural labor. But the endowments of urban
labor differ across laborers and are parameterized by a. We call a laborer who initially
owns a units of urban labor a laborer of type a. We denote the set of possible types

of laborers by [0, a], where a is finite. We assume that a is distributed according to
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a continuous density function g with g(a) > 0 for all a € (0,a) and foag(a)da = n.

The associated distribution function is G. We assume

Assumption2.3 G is strictly log-concave over (0,a].! That is, g/G is strictly

decreasing over (0, al.

Each laborer chooses to work either in a village or in the city. We assume that
the former results in perfectly certain outcome, but the latter is an alternative with
uncertain outcome. For, in reality, it may be easier to find employment in a vil-
lage because a laborer can use her connections. On the other hand, chance may
play a bigger part in finding a job in the city, and so a laborer may face a risk of
unemployment.

We assume that the laborer who wants to work in a village is always employed by a
landowner. But it is in period 2 that wages are paid. Thus the laborer has to finance
consumption in period 1 by borrowing. We assume that the laborer, who gives no
asset as a security, has no option but to borrow from her employer. For there exists
no legal machinery in the rural district to enforce repayment. As in Basu [8], given
that no such government machinery exists, it is highly likely that the debtor will get
away. Hence lending money to strangers can be risky. Thus a lender gives credit
only to those with whom he has other dealings. Then, since the debtor who defaults
totally also loses other dealings at the same time, it is very unlikely that the debtor
will not repay.

Thus, in case a laborer chooses to work in a village, we express her utility maxi-
mizing behavior as

max _u(cy,ca)  subject to 1 + teg = ww, (2.1)
(Cl,CQ)ERi

where ¢ = 1/(1 4+ i) > 0, which means the exchange rate of commodity 1 for com-
modity 2 between a laborer and a landowner. The laborer’s budget constraint is

expressed at the beginning of period 1. She borrows ¢; units of commodity 1 from a

'For a list of log—concave distributions, see Bagnoli and Bergstrom [13].
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landowner in period 1 and has to pay the same unit of commodity 2 back in period 2
with interest at a rate of ¢, which may be a non—positive number. In period 2, she
works for the landowner for a wage of w > 0 and can therefore afford to purchase
w— (1+14)c; units of commodity 2. By Weierstrass’s Theorem, there exists a solution

to problem (2.1). If «w = 0, (0,0) is a unique solution to the problem. We assume
Assumption2.4 The solution to problem (2.1) is interior for all (¢, tw) € R% .

As a consequence of the strict quasi-concavity of utility function, the interior
solution is unique. For each (¢,;:w) € Ryy x Ry, a function that assigns the
unique solution to problem (2.1) is denoted by ¢i(¢,tw),t = 1,2. We also denote
u(er (¢, tw), ca(e, tw)) by V (¢, tw). Since u is increasing over R2 | Assumption 2.4 and
u(0,0) = 0 implies V (¢, cw) > V(¢,0-0) = 0 for all (¢,cw) € R3,. We assume
that commodity 1 is gross substitute when the income expressed at the beginning of

period 1 is unity, that is
Assumption2.5 decy(¢,1)/de > 0 for all « > 0.

For example, this condition holds with equality if u is the Cobb-Douglas utility
function and with strict inequality if the function is given by wu(ci,ca) = [bhc] +
f2c]/?, where 6; > 0 for all ¢ and p € (0,1).

In the city, on the other hand, a job is assigned by a lottery. For we assume that
a laborer of type a knows that her type is a, but urban producers do not know it
before employing the laborer. After employing laborers, each producer learns his
employees’ types. We assume that each laborer receives a wage proportional to her
type if she gets a job and nothing otherwise. We denote an employment rate observed
in a market, or a market rate of employment a laborer expects, by e € (0,1]. 1 —e
then represents the unemployment rate observed in the market.

Thus, if she chooses to work in the city, a laborer of type a behaves as follows. With
a probability of 1 — e, she is unemployed. She then earns and therefore consumes
nothing in each period. Since u(0,0) = 0, she gets V(R,0) = 0, where R = 1/(1 +

r9) > 0 is the exchange rate of commodity 1 for commodity 2. With a probability of
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e, on the other hand, she is employed. In this case, we express her utility maximizing
behavior as

max _u(ep,c2) subject to ¢ + Rea = va. (2.2)
(c1,cz)€R3_

Her budget constraint is expressed at the beginning of period 1. In period 1, she
earns a wage of ya, where v € (0,1] is the per-endowment wage rate. Consuming
c1 units of commodity 1, she lends the rest to the market. In period 2, she lives
on the interest earning. That is, she can receive va — ¢; units of commodity 2 with
interest at a rate of o, which may be a non—positive number. As before, we denote
a unique solution to problem (2.2) by ¢:(R,va),t = 1,2, and u(c1 (R, va), ca(R,va))
by V(R,va).

In many migration models so far developed, which are partial equilibrium ones,
a laborer decides where she works in order to maximize her expected income (see,
for example, Harris and Todaro [27]). In Iritani and Sumino [35], which is a general
equilibrium one, a laborer takes her utility into consideration when choosing a con-
sumption bundle, but she maximizes her expected income when deciding where to
work. The assumption that a laborer behaves as a maximizer of expected income is
for simplicity and is relaxed in this paper. We instead assume that a laborer behaves
as a maximizer of expected utility. Thus, facing the probability of urban employment
in the market, every laborer chooses to work either in a village or in the city by com-
paring the expected utilities. Formally, given (v, w, R,e) € Ry x Ry xRy x (0,1],

a laborer of type a chooses to work in a village if a satisfies

eV (R,va) < V(i,ww), (2.3)

and in the city otherwise. We assume, for convenience, that a laborer chooses to work
in a village if she is indifferent to the choice of place to work. Since V(R,~v-0) =0 <
V (1, tw), there exists a laborer type who chooses to work in a village. Since V (R, ~va)
is strictly increasing in a, if a laborer of type a chooses to work in a village, so do all

laborers with types less than a. We denote the highest laborer type who works in a
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village by a. Formally,

/

a’  if there exists a unique o’ € [0, a] such that eV (R,~va') = V (¢, ww),

Q>
Il

a ifeV(R,vya) < V(¢ ww).

We denote a function that assigns a for each (¢, w, R, e) by a(t,w, R, e).

Landowner’s utility maximization

A landowner has an endowment of K > 0 units of capital. She rents it to urban
producers and receives a rental of 7 K in period 1, where 71 > 0 is the rental rate.
Note that the rental rate ry, which is a return for capital, is not equated with an
interest rate on consumption loans ro. It is true that the returns of assets traded in
the same period must become the same by arbitrage. But, in this paper, the period
in which capital is traded is different from the one in which consumption loans are.
That is, a landowner rents capital and receives a rental in period 1. On the other
hand, lenders give consumption loans in period 1 and receive them with interest in
period 2.

We express a landowner’s utility maximizing behavior as

( m?x , ulci,c2)  subject to ¢1 + Rep = 1K + Rr(u(R,e),w(R,e)), (2.4)
c1,C2 €R+

where 7(¢(R,e), w(R,e)) is the maximum level of profits, which are defined in the
next subsection. The landowner’s budget constraint is expressed at the beginning
of period 1. If ¢; < m K, the landowner lends 1 K — ¢; units of commodity 1 to
the market. Thus the total amount she can spend on commodity 2 is her loan
earnings, (1 + r2)(r1K — ¢1), plus the profit distribution, m(:(R,e), w(R,e)). On
the other hand, if ¢; > 71K, she borrows ¢; — r{ K units of commodity 1 from the
market and can therefore afford to purchase 7((R,e), w(R,e)) — (1 +12)(c; — 1K)
units of commodity 2. As before, we denote a unique solution to problem (2.4) by

ct(R,m1 K + Rr(u(R,e),w(R,e))), t =1,2.
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2.1.2 Producer’s profit maximization

Next consider producers, who consist of a landowner in a village and producers in

the city.

Landowner’s profit maximization

In a village, a landowner uses labor to produce commodity 2. For the reason
described in the previous subsection, the landowner also gives consumption loans to
his employees in period 1. In other words, a landowner makes joint deals in credit and
labor with each laborer. The landowner offers a package that is stated as a pair of an
interest rate and a wage rate to each laborer. As in Basu [9], we interpret interlinkage
of credit and labor transactions as a consequence of a monopolistic lender’s attempt
to extract consumer’s surplus from a borrower by levying a two-part tariff. If she
accepts a package, a laborer has to work for the landowner for a wage of w in period 2.
But the laborer can take as much credit as she wishes at an interest rate 7 in period 1.
If she rejects the offer, in this paper, each laborer chooses to work in the city and
gets the expected utility depending on her type. We assume that the landowner does
not know a laborer’s type and offers a unique package to all laborers.

Letting 7 > 0 be an agricultural technical parameter and F : [0,n] — Ry be a
production function, we thus express the landowner’s profit maximizing behavior as

ma L,w), 2.5
(L,U})GRJ,_)_A,(_ xRy ﬂ—( ) ( )

where (¢, w) is defined by

1 1
(e, w) = nF(G(a(t, w, R, e)))—wG(a(t, w, R, e))—l—( - R) c1 (e, tw)G(a(t, w, R, €)).
L
(2.6)
This formulation is similar to Basu [9, p.4], except that the landowner can also control

the number of his employees by choosing (¢, w). We assume that F' is continuous

over [0,n] and satisfies F'(0) = 0. Furthermore, it satisfies
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Assumption2.6 F' is continuously differentiable with F'(z) > 0 for all € (0, n]

and lir% F'(x) = o0, and is concave over (0,n].
r—

The landowner’s objective function in (2.5) is expressed at the beginning of pe-
riod 2. The first term of the objective function implies that, using all laborers who
choose to work in the village, the landowner produces commodity 2. The second term
is the total of wages he must pay to his employees. That is, the first two terms repre-
sent his production profits. On the other hand, the third term represents his interest
profits. For the landowner lends ¢; (¢, cw) units of commodity 1, which the landowner
borrows from the market, to each employee in period 1, receives (1+1i)cq (¢, tw) units
of commodity 2 from each and repays (1 + r2)ci (¢, cw) units of commodity 2 to the
market in period 2. Problem (2.5) says that the landowner does not take his pro-
duction profits and his interest profits into account separately. Rather he chooses a
pair of a wage rate and an interest rate so as to maximize the sum of them.

The function 7 is continuous, but the domain is not compact. Therefore it is not
self-evident whether a solution to problem (2.5) exists. Thus, in the next section,
we will show its existence and also its uniqueness. We denote a unique solution to

problem (2.5) by ¢(R,e), w(R,e) and the maximum profits by 7w (c(R,e), w(R,e)).

Urban producer’s profit maximization

In the city, there are many identical producers. Each uses labor and capital to

produce commodity 1 according to the production function given by
L K
F(L,K) —min{,ﬁ}, 0<a<l1,8>0,
e

where L (respectively, K) is the labor (respectively, capital) input. We express the

producer’s profit maximizing behavior as

K
max — —~yL —nr K.
(L,K)
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The producer’s objective function is expressed at the beginning of period 1. Since
the price of commodity 1 is unity, the first term of the objective function is the value
of product. Since we assume that the producer pays a wage of vya to his employee of
type a, the second term represents the total of wages the producer must pay to his
employees. The last term is the total of rentals he must pay to the owners of capital.

Since the optimal ratio of labor and capital is L/K = «/f3, we can equivalently
express the producer’s problem as

K a
max — —vy=K —ri K.
K B B

Solving this problem, we obtain the following demand correspondence for capital,

{0} if 1y > 252,
KU(ri) =14 [0,00) if rp =152, (2.7)
0 if r < l—ﬁwa‘

2.1.3 Market equilibrium

We now define a market equilibrium. We first define the aggregate excess demand

function for commodity 2, 29 : Ry X [1_ﬁ7°‘, oo) X Ry x (0,1] — R, by

zo(B,11, R, e) = |lca(t(R,e), (R, e)w(R,e))G(a(t(R, e),w(R,e), R, e))

+ le/ ca(R,va)g(a)da + lea(R, 11 K + Rr(u(R,e),w(R,e)))
a(L(R,e),w(R,e),R,e)

— InF(G(a(t(R,e),w(R,e), R, e))).

The term in square brackets is the expected aggregate demand of commodity 2, and
the last term is its aggregate supply.

Given the demand correspondence for capital in (2.7), we next define the ag-
gregate excess demand correspondences for capital, commodity 1 and urban labor.

For all (8,r1,R,e) € Ryp x [1—%,00) % Ry x (0,1] and all K € K%r), let
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zk(B,71, R, e, K) be defined by

2(B8,71, R, e, K) = K — IK. (2.8)

The function z; represents the aggregate demand of capital minus its aggregate
supply. Then we define the aggregate excess demand correspondence for capital
by assigning a set {z.(3,71, R,e, K)|K € K%r)} to each (83,71, R,e). Similarly,
We define the aggregate excess demand correspondence for commodity 1 (respec-
tively, urban labor) by assigning a set {z1(3,71, R, e, K)|K € K%r1)} (respectively,

{zp(B,m1,R,e, K)|K € Kd(rl)}) to each (3,71, R, e), where

z21(B8,r1, R, e, K) = |lei(u(R, €), (R, e)w(R,e))G(a(L(R,e),w(R,e), R, e))

+ le/ c1(R,va)g(a)da + lc1 (R, r1 K + Rr(1(R,e), w(R,e)))
a(t(R,e),w(R,e),R,e)
K
B’ )
zr(B,r1, R, e, K) = YK - le/ ag(a)da.
ﬁ a(t(R,e),w(R,e),R,e)

The function z; represents the expected aggregate demand of commodity 1 minus
its aggregate supply, while z;, represents the aggregate demand of urban labor minus
its expected aggregate supply.

A market equilibrium can be defined as follows.

Definition Given a parameter 5 > 0, a triplet of prices (r1, R) € [l_ﬁw,oo) xRy,

an employment rate e € (0, 1], and an allocation K € K%(r;) is a market equilibrium

if it satisfies 22(3,71, R,e) = 0 and z;(5,r1, R,e, K) =0 for all j =k, 1, L.

Our characteristic feature in the definition is that an unemployment rate is en-
dogenously determined, which is similar to Iritani and Sumino [35]. In this paper,
wages for urban labor are fixed in the sense that a laborer of type a is paid a wage
of va if employed in the city. Therefore, even if there are the unemployed, wages do

not fall.
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2.2 Optimal interlinked contract

We now returns to the landowner’s profit maximization problem. If the landowner
knows the laborer’s type and can therefore make a distinct offer to each laborer, by
the same logic as in Basu [8, II1.4] and [9, pp.4-7], in which laborers are identical,
we can characterize an optimal interlinked contract. That is, it is optimal for the
landowner to set ¢ to R, which is his marginal cost of lending, for all laborers and
vary w so as to extract the entire surplus from each laborer. In this paper, however,
the landowner does not know the laborer’s type and offers a unique package to all
laborers. He can also extract the entire surplus of type a(i,w, R,e) at most. Then
what package (¢, w) should he offer? In this section, we answer this question. We
also establishes that an optimal interlinked contract, or a solution to the landowner’s

problem, exists uniquely.

2.2.1 Optimal interest rate

To characterize an optimal interest rate, we show that there exists a package
(R,w") that generates at least as large profits as (1, w) such that ¢« # R. We first

rewrite the landowner’s objective function in problem (2.5) as

1 1

i) =P (Gale o) = [+ (5 = 1) enlon)| Glalew, R0,

As in Basu [8], the term in square brackets represents per—laborer costs to the
landowner. For, in period 2, the landowner pays a wage of w to each laborer, repays
(1 + r3)ec1(e, tw) units of commodity 2 to the market, and receives (1 + i)ecq (¢, cw)
units of commodity 2 from each laborer.

In the case where w =0, V(¢,¢-0) = eV (R,v-0) for all © > 0. Since V(R,va) is

strictly increasing in a, this implies a(¢, 0, R, e) = 0, which yields the next lemma.
Lemma2.1 7(¢,0) =0 for all ¢ > 0.

The lemma says that, if w = 0, the landowner’s profits are independent of an inter-
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Figure 2.1: when ¢ > R

< (e1(e, vw), ea(e, cw))

u(er, e2) = V(i mw)

L .
Rw' Rw Lw
est rate because no laborers work in a village and thus borrow from the landowner.

On the other hand, in the case where w > 0, we show that the landowner can

increase his profits by changing the offer (¢, w) such that ¢ # R to (R, w’).

Lemma2.2 For all (t,w) € R% | if ¢ # R, there exists a unique w’ > 0 such that

m(R,w') > 7(t,w).

The proof is relegated to Appendix A.1. To get the intuition, let ¢ > R and
consider what happens if the landowner lowers ¢ to R and raises w to w, as depicted
in Figure 1, where w is equal to per—laborer costs under the original offer (¢, w).
Per-laborer costs under a new offer (R, w) are w and therefore the same as before.
On the other hand, each laborer’s budget line changes from a line with a slope of
—1/¢ to a dotted line with a slope of —1/R, as illustrated in Figure 1. Note that
the dotted line goes through a vector (c1(¢, tw), ca(t, tw)), which is the consumption
bundle each laborer chooses so as to maximize her utility given the original offer.
But, under the new offer (R, w), no laborer chooses her original consumption bundle.
Thus each laborer gets higher utility level than u(ci(¢, tw),ca(e, tw)), or V (i, ww).
Hence, holding ¢ fixed at R, the landowner can lower w to w’ so as to keep each
laborer at her original utility level V (¢, cw). By doing so, the landowner can also

decrease per—laborer costs.
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Figure 2.2: when ¢« < R
2

o\ (?1(L,L’U)),CQ(L,L’LU))

-@(01,02) = V(¢,1w)

‘/_ .
Lw Rw' Rw

Consequently, if he changes the offer (v, w) to (R, w’), the landowner can decrease
per—laborer costs with the number of his employees unchanged. Thus the landowner
can produce the same amount of output at lower costs than before and therefore
increase his profits.

By the same logic, if © < R, by raising ¢ to R and lowering w to w’, as depicted in

Figure 2, the landowners can increase his profits.

2.2.2 Degree of laborer’s risk aversion

In the case where ¢+ = R, condition (2.3) has a few implications. To see this,

consider Assumption 2.2. Then, for all (R,]) € Ry x Ry,
(R, I) =Ie(R,1),t=1,2, (2.9)
and therefore

V(R,I) = u(lei(R, 1), Iea(R, 1)) = I™u(c1 (R, 1), ca(R, 1)). (2.10)
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where [ represents a laborer’s income and the last equality also follows from As-

sumption 2.2. By (2.10), we can restate condition (2.3) as
e(ya)™u(c1(R,1),c2(R, 1)) < (cw)™u(er (e, 1), ca(e, 1)). (2.11)

In particular, if ¢ = R, u(c1(R,1),c2(R,1)) = u(c1(e, 1), c2(e, 1)) and hence (2.11) is
equivalent to

1

emya < Ruw. (2.12)

The right hand side is the income that a laborer gets from working in a village.
In the case where m = 1, the left hand side of (2.12) becomes evya, which is the
expected income that a laborer gets from working in the city. Hence, as in Iritani
and Sumino [35], every laborer decides where to work by comparing her expected
incomes. The idea behind this fact is that, if m = 1, (2.10) implies that V is
linear in income and therefore a laborer is risk neutral. On the other hand, in
the case where m € (0,1), V' is concave in income and therefore a laborer is risk
averse. Hence, if e < 1, the left hand side of (2.12), which is the income I such that
V(R,I) = eV(R,va), is less than the expected income. As m gets smaller, each
laborer gets more risk averse and therefore more laborers choose to work in a village.

By (2.12), we can also solve the function a(R,w, R, e) explicitly. To see this, for

any (R,e) € Ryy x (0,1], let w(R,e) denote the value of w such that
eV(R,va) = V(R, Rw).? (2.13)

Then, if w € [0,%W(R,e)), there exists a unique a’ € [0,a) such that eV (R,va’) =

V (R, Rw), which is equivalent to e%’ya’ = Rwby (2.12). If w > w(R,e), V(R, Rw) >

*The existence of w satisfying (2.13) follows from V(R,R-0) =0 < eV (R,va) < V (R,R- %)
and the continuity of V. Its uniqueness follows because V (R, Rw) is strictly increasing in w.
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eV(R,~a). Thus, by the definition of a(R,w, R, e), we obtain

o ity e [0,@(R,e)],

(2.14)
a if w> w(R,e).

This tells us that the value w(R,e) is the minimum level of wage rate inducing all

laborers to work in a village when ¢ = R.

2.2.3 Existence of optimal interlinked contract

We establish that a solution to the landowner’s profit maximization problem exists.
By Lemmas 2.1 and 2.2, to search for its solution, we can restrict our attention to the
case where ¢ = R. Then, since his interest profit is zero, the landowner’s problem
can be equivalently restated as choosing w > 0 so as to maximize his production
profits, or formally, as solving

max m(R,w) =nF(G(a(R,w,R,e))) — wG(a(R,w, R, ¢)). (2.15)

w2=0

To show that a solution to this problem exists, consider the case where w > w(R,e).

Then, by (2.14), a(R,w, R, e) = a. This yields the next lemma.
Lemma2.3 7(R,w) < n(R,w(R,e)) for all w > w(R,e).

The lemma says that a wage rate w such that w > w(R,e) is never chosen by
the landowner. To get the intuition, suppose that the landowner raises the wage
rate from w(R,e). Then the number of employees remains unchanged because all
laborers choose to work in a village. Hence the total revenue that the landowner gets
from production does not change. But, the total wage he must pay to his employees
increases. Thus, given ¢+ = R, the landowner earns less profits by choosing any
w > w(R,e).

By Lemma 2.3, the landowner’s optimal wage rate must lie in the compact set

[0, w(R,e)]. Since m(R,-) is continuous in w, by Weierstrass’s Theorem, a solution
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to problem (2.15) exists.

Proposition2.1 There exists w* € [0, w(R, e)] that maximizes 7(R,w).3

2.2.4 Uniqueness of optimal contract

We show that a solution to the landowner’s profit maximization problem is unique
and also yields strictly positive profits. By the lemmas so far and Proposition 2.1,
we can restrict our attention to the case where + = R and w € [0,w(R,e)]. Let

II(w) = (R, w). Then differentiating II(w) with respect to w € (0,w(R,e)) gives

dG(a(R,w, R, €)) dG(a(R,w, R,€))

—G(a(R,w,R,e))—w .

II'(w) = nF'(G(a(R,w, R,e)))

dw dw

(2.16)

Since da(R,w, R, e)/dw = R/[e%'y] by (2.14),

ACT R 0, o€) _ g (a(Ryw, R, )~ > 0.
Hence we can rewrite (2.16) as
dG(a(R,w, R,e))
H/ — 9 9 9
(w) SO ),
where 9 (w) is defined by
' (w) y G(a(R,w, R, e))
= ) F(G(a(R,w, R,e))) - +
¢(w) W n ( (CL( w 6))) g(a(R,w, R, 6))627 w

(2.17)

With a differential increase in w, profits change by ITI'(w), while the number of
employees increases by dG(a(R,w, R,e))/dw. Thus 1 represents marginal profits
from a differential increase in the number of employees. We show that ¢ has the

following properties.

Lemma2.4 (a) limo Y(w) = oo. (b) ¢ is continuous and strictly decreasing in w
w—

3We do not require the log—concavity of G' (Assumption 2.3), and the differentiability and con-
cavity of F' (Assumption 3.7) for the result.
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over (0,w(R,e)).

The proof is relegated to Appendix A.2. This lemma brings us to the following

result.

Proposition2.2 A maximizer of II is unique: if li_I(T}% )w(w) > 0, w(R,e) is
w—w(R,e

a unique maximizer of II, and if 1i}g1R )@Z)(w) < 0, there exists a unique W €
w—w(R,e

(0,w(R,e)) such that II'(w) = 0 and it is a unique maximizer of II. The maximum

of II is strictly positive.

The logic behind the proposition is straightforward. Either lim ¢ (w) > 0

w—w(R,e)

or wjérﬁz 76)¢(w) < 0.% If the former inequality holds, property (b) in Lemma 2.4
implies that ¢(w) > 0 for all w € (0,w(R,e)). Since the sign of ¢)(w) is the same
as that of II'(w) for all w € (0,w(R,e)), this implies that marginal profit from a
differential increase in w is always strictly positive. If the latter inequality holds,
properties (a) and (b) together imply that there exists a unique w € (0, w(R, €)) such
that ¢¥(w) = 0, ¥(w) > 0 for all w € (0,%) and (w) < 0 for all w € (0, w(R,e)).
Since the sign of v is the same as that of II’, this implies that IT has a single peak at

w, where marginal profit is zero. In each case, since II1(0) = 0, the maximum profit

is strictly positive.

2.3 Unemployment equilibrium

We now turn to an equilibrium, which is a solution to the system of four excess
demand equations. This section studies the conditions for a parameter of 5 under

which there exists an equilibrium uniquely and the equilibrium has unemployment.

2.3.1 The number of independent excess demand equations

We show that the number of independent excess demand equations is two, and

the unknowns are R and e. We start by showing that Walras Law holds. For all

4 lim )w(w) may be —oo, which is indeed the case if g(a) = 0. The proposition also apply to

w—w(R,e

this case.
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(8,71, R, e) € Roy x [l—ga,oo) x Ryy x (0,1] and all K € K4(r),

lek(ﬁarlvRv €7K) +’7ZL(67T1aRa €7K) + zl(ﬁarlvRa €7K) + RZQ(/Ba T'l,R, 6)
=l[c1(R, Rw(R,e)) + Rca(R, Rw(R, e)) — Rw(R, e)|G(a(R,w(R,e),R,e))

+ le/ [c1(R,va) + Rea(R,va) — valg(a)da
a(R,w(R,e),R,e)

+[c1(R,m K + Rr(R,w(R,e))) + Rea(R,m K + Rr(R,w(R,e))) — K — Rr(R,w(R,e))]
+ Rl[n(R,w(R,e)) — nF(G(a(R,w(R,e),R,e))) + w(R,e)G(a(R,w(R,e), R, e))]

+ (7"1 . —ﬁ’ya> K. (2.18)

The equality follows because t(R,e) = R for all (R,e) € Ry; x (0,1]. Since
ct(R, Rw(R,e)), t = 1,2, satisfy the budget constraint in (2.1), the first term of
the right hand side of (2.18) is zero. Since ¢;(R,va), t = 1,2, satisfy the budget con-
straint in (2.2), the second term is zero. Since ¢;(R,71 K + Rr(R,w(R,e))), t = 1,2,
satisfy the budget constraint in (2.4), the third term is zero. By (2.6), the fourth
term is zero. Since K € K%(r1), the last term is also zero by (2.7). Thus the right
hand side of (2.18) is zero and therefore the left hand side must be zero. This implies
that the sum of the values of aggregate excess demands is always zero, that is, Walras
Law holds.

Furthermore, by (2.8), solving zi(8,71, R,e, K) = 0 gives the equilibrium value
of K, which is [K. Since [K € K9%(r;), we also obtain the equilibrium value of rq,
which is ﬂ . Substituting these equilibrium values into the left hand side of (2.18)

implies that for all (8, R,e) € R%, x (0,1],

_ 1— _
NeL (ﬂ, “ T Re lK) 2 (5, W,R,e,lK) Rz (ﬂ,ﬂW,R, e, lK) -

B g

This, together with R > 0, implies that if

(5, B RelK) 0, (2.19)

(ﬂ, B RelK) 0, (2.20)
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we must also have zo (ﬂ, l_ﬁ'ya,R, e, IK ) = 0. Thus an equilibrium can obtained as

(R, e) satisfying (2.19) and (2.20).

2.3.2 Existence and uniqueness of unemployment equilibrium

We present the conditions for S under which there exists an equilibrium uniquely

and the equilibrium has unemployment. Let 3 denote the value of 3 such that

gf_(:/o ag(a)da.

Proposition2.3 There exists a unique 8* > (8 such that if 8 < 8%, no equilibrium
exists, and if 8 > (%, an equilibrium exists uniquely. If 3 = (*, the equilibrium

satisfies full employment. If § > *, the equilibrium has unemployment.

The proof is relegated to Appendix A.3. The proposition says that if § < g%,
no equilibrium exists. In the case where 8 < (3, the logic behind nonexistence is

straightforward. To see this, we rewrite (2.19) as

K= e/ ag(a)da. (2.21)
a(R,w(R,e),R,e)

|2

Since a(R,w(R,e), R,e) > 0 for all (R,e) € Ry4 x (0,1],

e/aa ag(a)da < /Oa ag(a)da.

(R,w(R,e),R,e)

Hence, if

K> /Oa ag(a)da, (2.22)

@[ Q

there exists no (R, e) € Ry4 x (0, 1] satisfying (2.21). Condition (2.22) is equivalent
to B < B and says that the aggregate demand of urban labor is more than or equal
to the aggregate labor supply when all laborers work in the city.

We next consider the case where 8 > 3. Then, as we will show in Appendix A.3.,
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there exists a unique a(f) € (0,a) such that

o a
BK = /a(ﬁ) ag(a)da. (2.23)

The value of a(f) is the threshold type inducing the supply of urban labor to equate
to its demand. If a < a(f), faa ag(a)da is more than the right hand side of (2.23)
and hence its left hand side. On the other hand, if @ > a((3), the reverse inequality
holds. Thus there exists e € (0, 1] satisfying (2.21) if and only if @ < a(f).

Rewrite (2.20) as
5
(2.24)

ler(R, Rw)G(a) + le/

a

c1(R,va)g(a)da + ley <R, 1—ﬁ’ya[—{ + Rr(R, w)) =

By (2.9), we can rewrite the left hand side as

a

l [RwG(d) te / ~ag(a)da + > _ﬂmf( + RW(R,U})] c1(R, 1).

The term in square brackets represents the aggregate expected income and, by (2.6)

and (2.21), equals

e / " ag(a)da + > UK + RF(Gla) = I,; + ByF(G(a)).

Thus (2.24) reduces to

i A K
{B + RnF(G(a))| e1(R,1) = 3 (2.25)
which is equivalent to
R K
RnF(G(a))e1(R,1) = E[l —c1(R,1)]. (2.26)

As a goes up, so does R. The rough mechanism of this fact is given as follows.
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(R, e, a,w) satisfies (2.14), (2.21), (2.26) and

nF (G(a)) = w + G(a) (2.27)

As a goes up, the supply of urban labor ff’ ag(a)da goes down, while its demand
aK /3 does not change. Thus, to equate the demand and the expected supply, the
employment rate e must go up. Then the expected utility that type a gets from
working in the city goes up. Hence the rural income expressed at the beginning of
period 1, w/[1 4+ rg], must go up. On the other hand, since the number of rural
employees goes up, the marginal revenue from a differential increase in the number
of employees, nF’'(G(a)), goes down. Thus the corresponding marginal cost, or the
right hand side of (2.27), must go down. The rural wage rate w goes either down
or up. If w goes down, the interest rate ro must go down to increase the income
w/[1 + r2]. On the other hand, if w goes up, it increases the first term of the
right hand side of (2.27). Since the left hand side goes down, it implies that the
second term of the right hand side must go down, where the second term denotes
the additional amount the landowner has to pay to the existing employees because
of the higher w. For the second term to go down, the interest rate must go down.
In each case, the interest rate goes down, which implies that the exchange rate of
commodity 1 for commodity 2, R, goes up.

As a goes up, so does the supply of rural good nF(G(a)). Furthermore, since the
price of rural good R goes up, so does the consumption of urban good ¢; (R, 1). Thus
the amount of rural aggregate income that is consumed for urban good, RnF'(G(a))c1(R, 1),
goes up. On the other hand, the amount of urban income that is not consumed for
the urban good, [1 —c1(R,1)]K /3, goes down. As a goes to zero, so does the supply
of rural good. Thus the amount of rural income that is consumed for urban good
goes to zero.

As 3 goes down, aK /3 goes up. Hence the right hand side of (2.23) must go up.

Thus a(f) and hence a go down.
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2.4 Comparative statics

This section analyzes how changes in various parameters affect (R,e,a,w) satis-
fying (2.14), (2.21), (2.25) and (2.27). We assume, additionally, that g and F' are

twice differentiable, and satisfy
Assumption2.7 G(y)/g9(y) — y(G(y)/g(y)) <0 for all y € (0,a).’

This condition holds with equality if G is an uniform or power function distribution,
and with strict inequality if G is a lognormal, exponential, Weibull, Gamma, or Beta
distribution.

Case 1: K goes up or 3 goes down. We consider the case where the initial endow-

ments of capital goes up or capital becomes more productive.

Proposition2.4 As the initial endowments of capital (i.e., K) goes up or capital

becomes more productive (i.e., § goes down),

1. the price of rural good and the employment rate go up (i.e., OR/OK > 0,

OR/0B < 0, 9e/OK > 0, and de/9f3 < 0),

2. the supply of urban labor goes up (i.e., da/0K < 0 and da/d3 > 0) if and

only if
dei(R, 1)

1
m € (0,1) or IR

> 0, (2.28)

3. the supply of urban labor does not change (i.e., 9a/0K = 0 = da/d3) if and

only if
d61 (R, 1)

=1and
m an IR

=0, (2.29)

4. the rural wage rate goes up (i.e., dw/0K > 0 and dw/d3 < 0) if and only if

both (2.28) and

)) <0, (2.30)

Q
—~
Q>
~—
|
Q>
VRS
—
>
SN—
N—
AN
@)
o
=
!
—~
Q
—
jo}

°A sufficient condition for Assumption 2.7 is that (yg'(y)/g(y))’ < 0 for all y € (0,a),
lim yg'(y)/9(y) # oo, and lim yg(y) = 0.
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hold,

5. the rural wage rate does not change (i.e., dw/0K = 0 = dw/dp) if and only if

either (2.29) or

—a <G(d)>, =0and F"(G(a)) =0, (2.31)

holds.

The proof is relegated to Appendix A.4. To get the intuition of statement 1,
suppose that either K goes up or 3 goes down. In each case, the demand of urban
labor aK /3 goes up. Hence its expected supply efg ag(a)da must go up. Thus,
if the supply of urban labor goes down, the employment rate must go up. Then
the expected utility that type a gets from working in the city goes up. Hence the
rural income expressed at the beginning of period 1, Rw, must go up. Thus, if the
rural wage rate goes down, the rural interest rate must go down. On the other hand,
since the number of rural employees goes up, the marginal revenue from a differential
increase in the number of employees nF’(G(a)) goes down. Hence the corresponding
marginal cost, or the right hand side of (2.27), must go down. If the rural wage rate
goes up, it increases the first term of the right hand side. Thus, for the second term
to go down, the rural interest rate must go down.

Since K goes up or (3 goes down, the supply of urban good K /3 goes up. Hence
its demand must go up. If the number of rural employees goes down, so does the
supply of rural good nF(G(a)). Hence its demand must go down. Thus the exchange
rate of urban good for rural good, R, must go up. Then the rural interest rate goes
down. Hence, if the rural wage rate goes up, so does the rural income expressed at
the beginning of period 1. Thus, to increase the expected utility from working in
the city, the employment rate must go up. On the other hand, since the number of
rural employees goes down, the marginal revenue from a differential increase in the
number of employees nF’'(G(a)) goes up. Hence the corresponding marginal cost,

or the right hand side of (2.27), must go up. If the rural wage rate goes down, it
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decreases the first term of the right hand side. Thus, for the second term to go up,
the employment rate must go up.

To get the rough mechanism of da/OK < 0, suppose that @ goes up as K goes
up. Then, as in the above paragraph, so does R. Hence Assumption 2.5 implies
that ¢1(R, 1) either goes up or does not change. Consequently, both sides of (2.25)
go up. But its left hand side goes up more than its right hand side. To see this,

rewrite (2.14), (2.21), (2.25) and (2.27) as

(%) O Ko lyg = %w, (2.32)
@) =+ SO ) %?1? (23
G| ary = (2:34)
c-% / " ag(a)da. (2.35)

Since a goes up, so does e/K by (2.35). w goes either down or up. If w goes down,
R/K goes up by (2.32). If w goes up, so does R/K by (2.33). In each case, R/K
goes up. Consequently, the left hand side of (2.34) goes up, while its right hand
side does not change. Since multiplying both sides of (2.34) by K gives (2.25), this
implies that the left hand side of (2.25) goes up more than its right hand side.

Replacing K and 1/83 with 1/8 and K in (2.32) to (2.35), if @ goes up as 3 goes
down, the left hand side of (2.25) goes up more than its right hand side.

Case 2: a goes down. We consider the case where urban labor becomes more

productive.

Proposition2.5 As urban labor becomes more productive (i.e., @ goes down), the
price of rural good, the employment rate and the supply of urban labor go down
(i.e., OR/Oa > 0, Je/O0a > 0 and 0a/da < 0). The rural wage rate goes down (i.e.,
Ow/0a > 0) if and only if (2.30) holds, and does not change (i.e., ow/da = 0) if and

only if (2.31) holds.

To get the intuition of da/0a < 0, suppose that a decreases with a decrease in
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a. Then fdag(a)da increases, while aK /3 decreases. Consequently, by (2.21), e
decreases. In other words, as urban labor becomes more productive, the demand
of urban labor goes down. On the other hand, if a threshold type decreases, the
supply of urban labor increases. Thus, to equate the demand of urban labor and
its expected supply, the employment rate decreases. w either increase or decreases.
If w increases, R decreases by (2.14). In other words, since both a threshold type
and the employment rate decrease, so does the expected utility that a threshold
type gets from working in the city. Hence, if the rural wage rate increases, so
does the rural interest rate to decrease the rural income expressed at the beginning
of period 1. Since G(a) decreases, nF’(G(a)) increases. Thus, if w decreases, so
does R by (2.27). In other words, since the number of rural employees decreases,
the marginal revenue from a differential increase in the number of rural employees
increases. Hence R decreases to increase the corresponding marginal cost. In each
case, R decreases. Then c¢;(R, 1) either decreases or does not change. Furthermore,
since a decreases, so does nF(G(a)). On the other hand, with a decrease in a,
K /B does not change. Consequently, the left hand side of (2.25) decreases, while
its right hand side does not change. In other words, since the price of rural good
decreases, the consumption of urban good when the income is unity either decreases
or does not change. Furthermore, a decrease of a threshold type decreases the supply
of rural good. On the other hand, as urban labor becomes more productive, the
supply of urban good does not change. Thus the sum of values of outputs decreases.
Consequently, the demand of urban good decreases, while its supply does not change.

The rough mechanism of OR/0a > 0 and de/da > 0 is given as follows. With a
decrease in a, K /B3 does not change, while @ and thus nF(G(a)) increase. Further-
more c¢1(R, 1) is non—decreasing in R. Consequently, by (2.25), R decreases. In other
words, as urban labor becomes more productive, the supply of urban good does not
change, while a threshold type and thus the supply of rural good increase. Further-
more, the consumption of urban good when the income is unity is non—decreasing in

the price of rural good. Thus, not to change the demand of urban good, the price
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of rural good decreases. w either decreases or increases. A decrease in w, together
with a decrease in R, implies that Rw decreases. Hence so does e by (2.14). In other
words, a decrease of wage rate, together with an increase of interest rate, decreases
the income expressed at the beginning of period 1. Thus the utility from working
in the village decreases. Hence, to decrease the expected utility from working in
the city, the employment rate decreases. Since G(a) increases, nF'(G(a)) decreases.
Thus, if w increases, e decreases by (2.27). In other words, since the number of rural
employees increases, the marginal revenue from a differential increase in the num-
ber of rural employees decreases. Hence e decreases to decrease the corresponding
marginal cost.

Case 3: v goes up. We consider the case where urban per-endowment wage rate

goes up.

Proposition2.6 As urban per-endowment wage rate (i.e., v) goes up, the price of
rural good and the supply of urban labor go up (i.e., 9R/dy > 0 and da/0vy < 0),
and the employment rate go down (i.e., de/dvy < 0). The rural wage rate goes up
(i.e., Ow/0y > 0) if and only if (2.30) holds, and does not change (i.e., dw/dy = 0)

if and only if (2.31) holds.

To get the intuition of da/dy < 0, suppose that @ increases with an increase in +.
Then f&a g(a)da decreases, while aK /3 does not change. Consequently, by (2.21),
e increases. In other words, with an increase of urban per-endowment wage rate,
the demand of urban labor does not change. On the other hand, if a threshold type
increases, the supply of urban labor decreases. Thus, to equate the demand of urban
labor and its expected supply, the employment rate increases. w either decrease or
increases. If w decreases, R increases by (2.14). In other words, an increase of urban
per—endowment wage rate, together with an increase of a threshold type and the
employment rate, implies that the expected utility that a threshold type gets from
working in the city increases. Hence, if the rural wage rate decreases, so does the

rural interest rate to increase the rural income expressed at the beginning of period 1.
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Since G(a) increases, nF’(G(a)) decreases. Thus, if w increases, so does R by (2.27).
In other words, since the number of rural employees increases, the marginal revenue
from a differential increase in the number of rural employees decreases. Hence R
increases to decrease the corresponding marginal cost. In each case, R increases.
Then ¢;(R, 1) either increases or does not change. Furthermore, since G(a) increases,
so does nF(G(a)). On the other hand, with an increase in 7, K /3 does not change.
Consequently, the left hand side of (2.25) increases, while its right hand side does
not change. In other words, since the price of rural good increases, so does the
consumption of urban good when the income is unity. Furthermore, an increase of
a threshold type increases the supply of rural good, while an increase of urban per—
endowment wage rate does not change the supply of urban good. Thus the sum of
the values of outputs increases. Consequently, the demand of urban good increases,
while its supply does not change.

The rough mechanism of OR/0vy > 0 is given as follows. With an increase in 7,
K /3 does not change, while @ and thus nF(G(a)) decrease. Furthermore, ¢ (R, 1)
is non—decreasing in R. Consequently, by (2.25), R increases. In other words, with
an increase of urban per—endowment wage rate, the supply of urban good does
not change, while a threshold type and thus the supply of rural good decrease.
Furthermore, the consumption of urban good when the income is unity is non—
decreasing in the price of rural good. Thus, not to change the demand of urban
good, the price of rural good increases.

The rough mechanism of de/dy < 0 is given as follows. With an increase in
v, @K /3 does not change. On the other hand, G decreases and thus f&a ag(a)da
increases. Consequently, by (2.21), e decreases. In other words, with an increase
of urban per-endowment wage rate, the demand of urban labor does not change.
On the other hand, a threshold type decreases and thus the supply of urban labor
increases. Thus, to equate the demand of urban labor and its expected supply, the
employment rate decreases.

Case 4: 1 goes up. We consider the case where rural labor becomes more produc-
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tive.

Proposition2.7 As rural labor becomes more productive (i.e., n goes up), the
price of rural good goes down (i.e. 9R/0n < 0) and the rural wage rate goes up (i.e.
Ow/0n > 0). The employment rate goes up and the supply of urban labor goes down
(i.e. de/On > 0 and 0a/0n > 0) if and only if dci(R,1)/dR > 0. The employment
rate and the supply of urban labor do not change (i.e. de/9n =0 = da/dn) if and

only if dey(R,1)/dR = 0.

Suppose that 1 increases. Then a either increases or decreases. In each case, R
decreases. To see this, suppose first that @ increases. Then so does nF(G(a)). On
the other hand, with an increase in 1, K /3 does not change. Furthermore, c1(R, 1)
is non—decreasing in R. Consequently, by (2.25), R decreases. In other words, as
rural labor becomes more productive, the supply of urban good does not change.
On the other hand, if a threshold type increases, so does the supply of rural good.
Furthermore, the consumption of urban good when the income is unity is non-—
decreasing in the price of rural good. Consequently, the price of rural good decreases
not to change the demand of urban good.

If a4 decreases, ff ag(a)da increases. On the other hand, with an increase in 7,
aK /B does not change. Consequently, by (2.21), e decreases. In other words, as
rural labor becomes more productive, the demand of urban labor does not change.
On the other hand, if a threshold type decreases, the supply of urban labor increases.
Thus, to equate the demand of urban labor and its expected supply, the employment
rate decreases. w either increases or decreases. If w increases, R decreases by (2.14).
In other words, since both a threshold type and the employment rate decrease, so
does the expected utility that a threshold type gets from working in the city. Hence,
if the rural wage rate increases, so does the rural interest rate to decrease the rural
income expressed at the beginning of period 1. An increase in 7, together with a
decrease in G(a), implies that nF’(G(a)) increases. Thus, if w decreases, so does

R by (2.27). In other words, as rural labor becomes more productive, the marginal
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revenue from a differential increase in the number of rural employees increases. Hence
R decreases to increase the corresponding marginal cost.

To get the intuition of da/dn > 0, suppose that a decreases with an increase in 7.
Then, as in the above paragraph, both e and R decrease. To see that RnF(G(a))

decreases, rewrite (2.14) and (2.27) as

ei'yd = Rn%, (2.36)

oy W Gl(a) emy
Flea) =4+ ga) Ry’

(2.37)

w/n either increases or decreases. If w/n increases, Rn decreases by (2.36). If w/n
decreases, so does Rn by (2.37). In each case, Rn decreases. This, together with a
decrease in G(a) and thus F'(G(a)), implies that RnF(G(a)) decreases. Furthermore,
since R decreases, c1(R, 1) either decreases or does not change. On the other hand,
with an increase in 1, K /3 does not change. Consequently, the left hand side of (2.25)
decreases, while its right hand side does not change.

The rough mechanism of de/0n > 0 and dw/0n > 0 is given as follows. With
an increase in 77, oK /B does not change. On the other hand, @ increases and thus
f&a ag(a)da decreases. Consequently, by (2.21), e increases. In other words, as rural
labor becomes more productive, the demand of urban labor does not change. On the
other hand, a threshold type increases and thus the supply of urban labor decreases.
Thus, to equate the demand of urban labor and its expected supply, the employment
rate increases. Furthermore, since R decreases, w increases by (2.14). In other words,
since both a threshold type and the employment rate increase, so does the expected
utility that a threshold type gets from working in the city. Hence an increase of rural
interest rate implies that the rural wage rate increases to increase the rural income

expressed at the beginning of period 1.

Appendix A

A.1. Proof of Lemma 2.2
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Let (R,e) € Ry % (0,1] be given. Let (1,w) € R% | be any pair such that ¢ # R.
Then, V(t,iw) > 0 = eV (R, -0). Since V(R,va) is strictly increasing in a, this
implies

a(t,w,R,e) > 0. (2.38)

Now change ¢ to R and w to @ = C(¢,w), where C(t,w) = w+ (§ — 1) e1(¢, ).

Then,
1 1

W= T ea(iy ) =10 — (i ).
By (2.1), the left hand side equals ca(¢, tw) and hence
c1(t, tw) + Rea(r, vw) = Ra.
Since a solution to problem (2.1) given (R, w) is unique, this implies
V(R, Rw) > u(c1 (v, tw), ea(e, 1w)) = V (i, w).
Furthermore, we also have

V(R,R-0) =0<V(i,w).

Since V is continuous and strictly increasing in income, there exists a unique inter-

mediate value w’ € (0,w) such that V(R, Rw’) = V (i, 1w). It then follows that
C(R,w') — C(t,w) =w' — 1w < 0 and a(R,w’, R,e) = a(t,w, R, e). (2.39)
Thus, by (2.38) and (2.39),

(R, w") = nF(G(a(R,w',R,e))) — C(R,w')G(a(R,w, R,e))
> nF(G(a(t,w, Rye))) — C(t,w)G(a(t,w, R, €))

=m(,w).

A.2. Proof of Lemma 2.4
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Let (R,e) € Ryy x(0,1] be given. Consider ¢ : (0,w(R,e)) — R defined by (2.17).

Since lim F'(z) = oo (by Assumption 3.7) and lir% 9(y)/G(y) = lirr(l)(ln G(y)) = oo,
y— y—

r—0

. L ) Gla(R,w Re)) 1 _
lim y(w) = lim | nF'(G(a(R, w, R, ¢))) - o(a(Rw Roe)) fw =

Since we assume that F’, g and G are continuous, 1 is continuous. Since we assume
that F” is non-increasing and g/G is strictly decreasing, v is strictly decreasing in
w.

A.8. Proof of Proposition 2.3

Consider the following system of equations:

w = w(R,e) if  lim ¢(w) =0,

w—w(R,e)

nF'(G(a) — —S9— —w=0and we (0,w(R,e)) if lim ¥(w)<O0,

9(a) 1 w—w(R,e)
em -~y
(2.40)
1
em~vya = Ruw, (2.41)
. K
RnF(G(a))e1 (R, 1) = E[l —c1(R,1)], (2.42)
o a
BK = e/ ag(a)da, (2.43)
where
. G(n) _
lim o =nF'(n) — lim ———%— —w(R,e).
w—w(R,e) ( ) g ( ) w—w(R,e) g(d) f ( )
emy
Substituting (2.41) into (2.40) gives
a=a 1f77F’(n) [lmga)—i-a] R,

nF'(G(a)) = ey [G d} /R and a € (0,a) if nF'(n) < ey [ig}i) —l—a]
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Since we assume that F”(x) > 0 for all x € (0,n/], this is equivalent to

if - > lim £(a),

em -y a—a

>
I
l

3

(2.44)

B —¢a)and a € (0,a) if L < lim &(a),

1 S
em-y em-y a—a

£(a) = [G(&) +a] / [nF'(G(a)). (2.45)

Thus a solution of (2.40) to (2.43) is the same as a solution of (2.41) to (2.44).

Lemma2.5 ¢ is strictly increasing in @ over (0,a) and satisfies lim £(a) = 0.

a—0
Proof. Consider a function & : (0,a) — Ry defined by (2.45). Since F’ is non-
increasing and ¢/G is strictly decreasing, £ is strictly increasing in a over (0,a).

Since lim F'(z) = oo = liH(l) 9(y)/G(y), it follows that lim £(a) = 0. O
y—)

z—0 a—0

Lemma2.6 Ili'imo c1(R,1) €0,1).

Proof. Assumption 2.4 implies ¢1(R,1) € (0,1) for all R > 0. Furthermore, by
Assumption 2.5, ¢;j(R, 1) is non—decreasing in R over Ry . Combining these two

facts yields the result. O

Lemma?2.7 For all 3 > 3, there exists a unique a(3) € (0,a) such that %f{ =
faa(ﬁ) ag(a)da, %I_( < fda ag(a)da if a € [0,a(B3)), and %K' > fa&ag(a)da if a4 €

(a(B),a]. a(pB) is strictly increasing over (3, 00) and satisfies élnb a(B) =0.

Proof. Take any 3 such that 3 > 3. Then

/ ag(a)da =0 < %f( <-K :/ ag(a)da,
a 0

e

where the last equality follows from the definition of 3. Since the function f&a ag(a)da

is continuous and strictly decreasing in a over [0, a], there exists a unique a(3) € (0, a)
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such that

K = / ag(a)da, (2.46)
a(B)

I L

%f( < ff ag(a)da if a € [0,a(B)), and %K > f&a ag(a)da if a € (a(p), al.
(2.46) holds for any 3 such that 3 > 3. Since the left hand side of (2.46) is strictly
decreasing, so is its right hand side, which implies that a(f3) is strictly increasing

over (3,00). Furthermore,

a

a - o= a
lim a ada:limK:K:/a a)da,
B0 J 01 = iy G = =, a0
which implies ﬁhrr}} a(f) =0. O

The following two lemmas give the proof of Proposition 2.3.

Lemma2.8 There exists a unique (R*, 3*) € Ry x (8, 00) such that 2y, (12330‘,}2*, 1, 3%, lf() =

()and_zl(1gza,fry1,ﬁ*Jj2) _0.

Proof. Let e = 1. Then we show that there exists a unique (a,w, R, 3) € (0,a] x

RZ, x (83, 00) satisfying (2.41) to (2.44). If R/y > lim £(a), by (2.44), @ = a. Then

%f( >0= / ag(a)da for all 5> 3.

This implies that there exists no (a, 3) € (0,a] x (8, 00) satisfying (2.43) and (2.44).
Thus we consider the case where R/y < lim £(a). Then, by (2.44), @ > 0. This,
a—a

together with (2.43) and the definition of 3, implies

o a a -
BK_/a ag(a)da</0 ag(a)da = =K,

(SRS

that is, 3 > 3. Hence, by Lemma 2.7, (2.43) implies

a = a(f). (2.47)

Furthermore, by (2.44),

= £(a). (2.48)
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Substituting this and (2.47) into (2.42) gives

Q‘Nl

Y (a(B))nF (G(a(B)))er(vé(a(B)), 1) = —[1 — er(v€(a(B)), 1)]- (2.49)

Since a(f3) is strictly increasing, so are {(a(f)) and F(G(a(f))). Furthermore, by
Assumption 2.5, ¢1(v€(a(3)),1) is non—decreasing. Thus the left hand side of (2.49)
is strictly increasing in 3 over (f3,00), while its right hand side is strictly decreas-
ing. Since éiﬂmﬂa(ﬁ) = 0, it follows that ﬁl%f(a(ﬁ)) =0= E%F(G(a(ﬁ))) Fur-
thermore, by Lemma 2.6, Bli_r%cl('yé“(a(ﬁ)),l) € [0,1). Thus the left hand side
of (2.49) converges to 0 as § — (. Since {(a(f)) > 0, Assumption 2.4 implies
1 —c1(v¢(a(B)),1) € (0,1) for all B € (B,00). This, together with Bh_)n;@f(/ﬂ =0,
implies that the right hand side of (2.49) converges to 0 as § — oo.

Consequently, there exists a unique $* € (3, 00) satisfying (2.49). Furthermore,

V¢ (a(B))nF(G(a(B)))er(v€(a(B)), 1) <

=

[1—ea(véa(B)), D] if g <57,

V¢ (a(B))nF(G(a(B)))er(v€(a(B)), 1) >

=

[1—ci(v¢(a(B)),1)] if B> 3%
(2.50)

Substituting 3* into (2.47) gives a* = a(8*) < a. Substituting a* into (2.48) gives
R* /v =&(a*) < lim &€(a), where the inequality follows from Lemma 2.5. Substituting
a—a

R* and a* into (2.41), we get w* = va*/R*. O

Lemma2.9 If § < (3% there exists no (R,e) € Ryt x (0,1] satisfying (2.19)
and (2.20), and if B > (%, there exists a unique (R, e) € R4 x (0, 1) satisfying (2.19)

and (2.20).

Proof. Take any (3 such that 8 # 3*. We considered the case where 3 < 8 in the
text. Here, we consider the case where 3 > 3. We show that if 3 < 3", there exists
no (a,w, R,e) € (0,a] x R2, x (0,1] satisfying (2.41) to (2.44), and if 3 > 3*, there

exists a unique (a,w, R,e) € (0,a] x RZ x (0,1) satisfying (2.41) to (2.44).
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If £ > lim £(a), by (2.44), @ = a. Then

em-y a—a

%f{ >0= e/ ag(a)da for all e € (0,1].

This implies that there exists no (e,a) € (0,1] x (0, a] satisfying (2.43) and (2.44).

Thus we consider the case where —~ < lim £(a). Then, by (2.44), @ < @ and
em -y a—a

hence multiplying both sides of (2.43) by 1/ ff ag(a)da gives
o
P —e (2.51)

Since e € (0,1] and @ > 0, lemma 2.7 implies that the left hand side of (2.51) is

defined over (0,a(3)], where a(f) < a. By (2.44),

=¢&(a). (2.52)
Substituting (2.51) into this gives
R =~¢(8,a), (2.53)

where ¢ : (3,00) x (0,a(8)] — Ry is defined by
L 5K \F
(b(ﬁ:a’) - (g(a’) (]la ag(a)da) *
Substituting (2.53) into (2.42) gives

1¢(8,a)nF(G(a)er(v9(B,a),1) = =[1 = c1(v9(6,a), 1)]- (2.54)

Q\Nl

The functions ¢(8,a) and F(G(a)) are strictly increasing in a, and ¢ (yo (5, a),1) is
non—decreasing. Thus the left hand side of (2.54) is strictly increasing in a over
(0,a(p)], while its right hand side is non-increasing. Since (lllir(l) o(B,a) = 0 =
éii% F(G(a)) and ili% c(y¢(B,a),1) € [0, 1), the left hand side of (2.54) converges to

Oasa— 0.
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If 5 < (%, (2.50) implies

Q‘Nl

V§(a(B)nF (G(a(B)))er(v¢(a(B)), 1) < =[1 = cr(v€(a(B)), 1)].

Since ¢(8,a(B)) = £(a(B)) for all > 3, this is equivalent to

19(8, a(B)nF(G(a(B)))er(ve(8,a(B)), 1) < =[1 — er(vo (8, a(B)), 1)];

| =

which implies that the left hand side of (2.54) at a(() is smaller than its right hand
side. Consequently, the left hand side of (2.54) and its right hand side do not cross
over (0,a(()], which implies that there exists no a € (0, a(f3)] satisfying (2.54).

Similarly, if 8 > %,

198, a(8))nF(G(a(B)))er (v (B, a(B)), 1) > —[1 = er(v (B, a(B)), 1)]-

Q‘Nl

Hence the left hand side of (2.54) at a(8) is larger than its right hand side. Con-
sequently, the left hand side of (2.54) and its right hand side cross only once over

(0,a(B)), which implies that there exists a unique a** € (0, a(f)) satisfying (2.54).

Substituting a** into (2.51) gives
oy 7% (o9 7%
s aaK < K _1
Jos agla)da [ 5 ag(a)da

where the last equality follows from Lemma 2.7. Substituting e** and a** into (2.52)

gives L = £(a*) < lim £(a), where the inequality follows from Lemma 2.5.
e**m oy a—a
Substituting R**, e** and a** into (2.41), we get w** = e**%’y&**/R**. O

A.4. Proof of Proposition 2.4 to 2.6

By (2.40) to (2.43), we have the following system of four equations depending on
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endogenous variables (R, e, w,a) and parameters (K, a, 3,7,n):

T(Rv e,w,&,f(,oz,ﬂ,'y,n) =0,
‘ll(Ra €, w, &7 I_{7 «, /87 s 77) = 07 (255)

Cj(Raevwvdvkva7ﬁvvan) =0 for all]: 17L7

where

T(Ru 6,11),&,}?,06,,87’}/,77) = 6%7& - Rw7

\Il(Ra €7w7&7}?70‘7/877777> = UF/(G(d)) -

(R, e, K, By, ) = [W(G(a» + 2

}CI(R, 1) -2,

CL(Ra €7w7&7kaaaﬁ7’77n) = %K - 6/ ag(a)da.

Consider a solution z = (R,e,w,a) at parameter values ¢ = (K, a,(,7,1). We
denote the Jacobian matrix of the system of equations (2.55) with respect to the

endogenous variables, evaluated at (x,q), by J. Then

or oY o0Y oY

OR e Ow 0a
ov ov o ov
| = OR 0Ode Ow 0Oa <0,

06 9 0G0
OR 0Jde Ow 0Oa

o 06 06 0
OR 0Oe Ow 0a
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because
oT O 1 2, 9T or
ﬁ——w<0,%—aem 7a>0,%— .R<07 a&—e ’Y>O
8—\1’:7?(22 >0, ¥ __ Gfaz%ie%—l <0, 2= =-1<0
OR g(a)e%’y Oe g(a); m ow
ov R Ga)\ 1
e =G - (45 <0 (2.56)
G | K] de(R 1)
3R = nF(G(a))ci (R, 1) + {RnF ﬁ} IR 0, (2.57)
06,
de  Ow’
XL mF(C@)g@er(R,1) > 0, (258)
or 0 9 [T (S
ﬁ_o_aw’ 5 = /a ag(a)da < 0, % = eag(a) > 0,

where (2.56) follows from F”(G(a)) < 0 and (g(a)/G(a)) < 0, (2.57) follows from
de1(R,1)/dR > 0, and (2.58) follows from F’(G(a)) > 0. Thus, by the Implicit Func-
tion Theorem, we can solve the system of equations (2.55) for endogenous variables

as a function of parameters around (z, ). By the chain rule,

OR ][0T ]
0K 0K
oe || ov
J % 0K _ 0K 7
ow _ oG
oK 0K
9a _oc
L 0K L 0K
where
8T:O:8\Il 8<1_ 1—61(R,1)<0’%_g 0.

oK OK’ 0K~ B oK
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By the Cramer’s rule, we can obtain the following results.

9 £O¢ [9Y 0¥ _ gU T | Oer [0 OY _ OYOUT _ 9t der [OY 00 _ DU OX ]
OR . 9K | 0a Low 0Oe ow O de LOow Oa ow Oa OK 0a Low Oe ow Oe S0
oK 7] ;
~ 04 5¢r [9TOL _ 0¥ HY] | 9y {& [QX 0% _ 0¥ oY) 4 04 rovoT _ ﬂ&l’]}
Oe OK Oa Low OR ow OR oK da Low OR ow OR OR Low da ow Oa
= = > 0,
oK |J]
da 9¢ 6¢L [ﬂ@ _ éﬂﬂ] _ 9¢L G [&I’ﬂ _ ﬂ@]
E” _ 0K de LOow OR ow OR OK OR Low Oe ow Oe
15):4 ||
L 1G6@ | - G 9¢r 1 ¢ 9G1
o[58+ [+ e )
_ 9(@) OK me 0K O] <, (2.59)
||
where
IYOw  WIT  emy [G(a) a
owdR OwdR R |g(a) ’

OVOY 0TV _ ey [G(@)
Oow de  Ow Oe m
106G0¢ | 1 0¢oG o[l .

RM%+mMmz&quWMWM”

The last inequality holds with strict inequality if and only if (2.28) holds, and with

equality if and only if (2.29) holds. Hence so does (2.59).

OK Oe

oK 9K 0a |OR 0e  OR Oe OR 04 OR da

ow 8@1 oCr, [0Y oV OV IY ¢ OCr, [0¥ OY 0T oV
- OR 0e OR Oe

OK da |OR 0e 0OR de|  OK OR | 8e da  0Oe Oa

L 006 [0Y 0w 0y oT] 0G0 [oxow _owor]) /
OR de ~ OR De
1 1 8(1 8CL 1 aCL 0(1
{6 ! [ ROK Oe +meaK aR]}/‘]/O, (2.61)

6@ ov
o) "%

emr-y
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where
orov 0v oY
OR de  OR Oe
87\I'8T B 87T8\11
OR da OR 0Oa
orov ovor
Oe 0a Oe 0a
G(a) oY
g2 " "oa
em -y

% 2%  Theory of Unemployment in Dual Economy

=0,

The last inequality holds with strict inequality if and only if (2.30) holds, and with

equality if and only if (2.31) holds. This, together with (2.60), implies that (2.61)

holds with strict inequality if and only if both (2.28) and (2.30) hold, and with

equality if and only if either (2.29) or (2.31) holds.

_ 9L 961

[ﬂﬂ’ — fﬂﬂ]

OR _ — 55 54 | ow de — ow o 50
da || ’

L %[ﬂ@_ﬂﬂpr%[@ﬂ_ﬂ@]
Ode 9o | 9a LOw OR ~ 0w OR OR Lowda ~ Ow oa
— = > 0,
foJe! |J]
da 9¢L 9¢1 [ﬂrﬂ_cﬂﬂ]
94 _ 9a OR 9w de — dw de <0
da || ’

L %{ﬂ@_ﬂﬂpr%[ﬂ@_@ﬂ]
ow _ da | 9a LORde ~ OR de OR Lde 0a de 04
da |J]

3

em—lyacL 0 | G@) n
da OR | g(a) L

By (2.62), the last inequality holds with strict inequality if and only if (2.30) holds,



2.4. Comparative statics 51

and with equality if and only if (2.31) holds.

(S} &[ﬂ@_fﬂﬂ} %[@ﬂ_ﬂ@] _&%[@f@_@ﬂ]
OR . ap3 da Low Oe ow Oe de Low 0a ow da 0B da Low Oe ow Oe
a3 ]

_ 0000 9T 0% _ QUL 4 0G {acl [QXo¥ _ guor] 4 04 rovor _ ﬂf&]}
Oe 0B da Low IR ow OR op da Low OR ow OR OR Low 0Oa ow da
= <0
ap ]

- %&[ﬂ@_@ﬂ] _%%[@ﬂ_ﬂ@]

@ _ of Ode Low OR ow OR 00 OR Low Oe ow Oe
B ||

1 G(a) ~ 1 06 0C 1 9¢p 9¢

emy [9@ +“} [_FTBlTeL_F%TﬁLaT%}

||

where

ROB 0e medB 0R B¢ |m

_1060¢ 1 060G QK{ [1 - 1] nF(G(a))er(R, 1)

+ % [RUF(G(d)) + ﬂ dclc(l};’l)} <0 (2.64)

The last inequality holds with strict inequality if and only if (2.28) holds, and with

equality if and only if (2.29) holds. Hence so does (2.63).

ow { 8¢, ¢y, {ar ov O ar} a¢, aCr, [aqf oY T a\p]

93 | 08 9a |0Rde ORde| 03 de |ORda OR da

aCr dC, [8T oU O ar] L 960G {ar ov  OU ar} }/\J!

08 da |OR de OR de | ' 0B OR | 8e 8a  de da
1 109G o¢L . 1 9¢ oG
fy m R - 7= <
{67 { R 98 ae—i_meaﬂ@R}}/J\o’

By (2.62) and (2.64), the above inequality holds with strict inequality if and only if

G(a

)
g(&)e;

0
L ad?

a7
oa

both (2.28) and (2.30) hold, and with equality if and only if either (2.29) or (2.31)

Y
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holds.

9¢1 ¢ 9T 0¥ ov oY
OR @ oc [‘W% + o 8w]

>0,
o0 |J|

9¢1 9¢r _ﬂ@+@ﬂ
%_az&:a& oy 0w T 0y ow <0
oy ]| ’
L _0a o [_al@ fﬂfﬂ}
@_ OR Oe Oy 0w T 0y ow <0
vy || ’
96 ¢ [_ﬂéﬂ L oY ar] 496G 0¢ [ﬂ@ _ agaT} 96 ¢ [ﬂf& _ 2w or
Biw . OR Oe o0y 0a 0y 0a OR 0da | 0y Oe oy Oe da Oe | 0y OR o0y OR
Iy ]|
1 & N
e SHEL | TG+ afs
g(a) T
- ey >0, (2.65)
||
where
YO WO 4| G@) | 0v| 9XOw_9WOT 9oL woT
oy 0a Oy da g(a)—£ da |’ 0y Oe Oy de Oy OR Oy OR’
emr-y

It follows from (2.62) that (2.65) holds with strict inequality if and only if (2.30)

holds, and with equality if and only if (2.31) holds.

OR Onow da Oe T On | 0a LOw de ~ Ow Oe e LOw da = Ow da

i <0,
an |

AW §Y 8¢ L + e {& [aT ov a\yar] T 8<L [aq/ar _ aT@]}
0

I5] ov O 0¢1 O
o BE[EN- B NEE) .
n || ~ '
16) oY 9¢1 O oY
da %{aﬁ [a*\l]aL a%a%}Jraca\PaR}>0 (2.67)
on /] ~ '
where
oY 8@8(1 GQ ov 8{1 ov oY / R R K dcl(R,l)
oY 10% oG 00 0oY) 0GoVOol — nn F S daldn ) .
Dw [an oR oy 6R]+817 gwor ~ TE(G@) | BnF(G@) + 5| — 5= <0

The last inequality holds with strict inequality if and only if dei(R,1)/dR > 0, and
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53
with equality if and only if dci(R,1)/dR = 0. Hence so do (2.66) and (2.67).
9L 9T [0W 06 _ %@} _ o [%ﬂ& 4 @f%&] 4 %1 0Y 0w ¢,
w de 0Oa | On OR on OR on | OR Oe 0Oa OR 0a Oe on OR da Oe
ind > 0,
on ||
where

oV 960G o

o1 OR 0y OR F'(G(a)) [RnF(G(a)) + ﬂ dclc(l];’l) + wF(G(a))e1(R, 1) > 0.
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F£3FE ERNSIOERIBRFEYRY
2T HRENFBEICK > TEL
BN

3.1 ETI

HOLRMNEZZ D, £ ZIZIMEEL 0> 1 AOTFEENND. WM&
FREHO2HMTH L. B1HPRMANTHS. #MFITEHAETHD L LBITELFT
bHD. B2 EZIBEACN DTN TOHWE 2> TEELZT 5. 51
AEEIFATOT, MBI OTEEICHEEN 252 5. FEEH 1M &5 2 B
(ST DRI ERIR D8, MEIFXEOHBHEICHFE LRz /22— RrnT 5 L
T2, BRTEERLAFROMTHD. DF D HEITE 1 HITIZEDH@EHEIC
CHRIFRTHEL, #2283 Eon@E bR CESRTRE Y. #@E3EDD &
Tl < MBI VI EIEIRT L. SEE SO S LTI WIS, BT L
T 5. DT, FHTTIEE 1 HICORRITNLEOEENMTOND ET 5. -
2L, #cAT<HBETRET I LRV, TOLEHMFEIErTHD.

3.1.1 FEBEOHMARKIE

FWEEERD. FHETM L LM 2158 T DN R D, EEIT ], ], =0
2L, TOSMITEERE g TRESNDETD. giZonT

Assumption3.1 g% [j,j] THEKETH Y, g(j) > 0Vj € [j,7] 7> fjg(j)dj =nT
oD

HIRES D, J7EE § oML, =7 - ¥ 7T 2RO DO R E L RIRME
EHITHETEDIBE LR LR TH L2, ERTBEICLY R3S, B
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Az X

uj(cr,c2) = c(f(j)cg(j)_a(j) )

Thb. 2L, et = 1,213t HOMOWHEETHY, a(j) = a1 + a2j, B(§) =
b1+ b2j, 5 € [j,j] Thsd. BHtal gl

Assumption3.2 «a(j) > 0,3(j) > 0, Vj € [4, 7]

Assumption3.3 3(j) > a(j), Vj € [4,]]

Assumption3.4 b, >0
Assumption3.5 asb; —aijby #0

= &35 FEE j oM (3.1) 1%

Z

62 1-5\ 70
uj(c1,c2) = <C1 Yey 7Y >

LEXETIENTES. EEO € (5,)) 100, (%)l@%‘%@iagbl—albz »
ZNERILTHD. £oT, ashy —arbe > 0785, jO/NSWHEEIZEM 2 OWHE
<Ml 5. W23 2 MICAEEINLIMBRDOT, /NS WHBFIZEL I
BN EZERT D, ashy —ajbs <0725, /NS WHBEIEIZEM 1 OHEE LR
<FHIET 2. W LIS 1 WICARES DM RO T, jIA/NSWIEFIEE L0 EHRIR
MTHDHZ EEEWRTS.

FEE §RMEDOS L TEHGE, kO EKRLIEE

max _ uj(ci,c2) subject to ¢ + tep = 1w
(cl,cg)ERa_

ERBT D, 2L, 1 =1/(1414) € (0,1] THD. i iTHENF@HEIET L EDOF
FHRTHD. PHREFIZHE LWIEORATRILINTND. @ jITH LI o B
LW 1 ZMENGMHED T, H2HNTORMEFT (1+1i)a 23489, 52 BT
FHEDOS & TEER w THLS. £oT, M2idw—-(1+i)e ZHHEETLZ LR
TE 5. #EFTEHEZXHET EOTBHEICLFECAHFRI TREL, E0TEED

'by =0 THLLFOfIIIMRALT 278, FEZBIRIT O MER B D720, MEOHA LFIET 5.



3.1. T o7

FAUEE&ERw TEY. Lo T, THEEKITIEOFEHHE LR L THD. ZORBEORE
A7), 5 (5) <. riZrural DIHLFETH L.

ThHs.

TEEDHED S & TR WEGEE, FEHEIFETAT T 5. TR, MR
(1—e) TRETD. 2OLEFELOBEITER, LR > THEHOHERITIE2ThH
L. )7, HERe THREITEMESND. ZOBHE DML ML E %

max _ uj(ci,c2) subject to ¢ + Rep =a
(cl,cz)ERi_

ERBTD. L, R=1/(1+7) €(0,1] THD. r ZHEATRTHD. FHIH
FUTHE L EORF R TRI SN TN D, FEFE jI135H LI o« ZT 025, al
FET, HEEICL DRV, ¢ BATOM 1 2% LT, HY TR Rr TET.
F2INIHTIE A +r)(a—a) TEETD. EoBELRCHEL5ET, LT
FIFRTHTOT, TERKNIZEOHEE LR THS. ~ORBEOME (), ()
&<, uj i urban job DI T TH 5.

Clllj()*&]) uJ(J):ﬁ(])_O‘(])

T BH

TH5.
o7 AT ORIERICER LT, BATE < ETH T < 2 & IR I
SERET L. BRI, (L,w, R,e) € (0,1] x Ryy x (0,12 ZF15- & LT,

eu; (e (5), &5 (7)) < w;(ci(5), 5 (5)) (3.4)

Thiux, FEE BN TEL. (3.4) OEDNADE ERIUE, FEFE I CE)
T EHEZBE (3.2) & (3.3) & (3.4) IZRATIIL,
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LD, TNEERTD L,

ECOND: A2
e< (%) ()
Rw
< loge < a(j )logﬁ—l—ﬁ( )log—

. _ R
< loge < (ag —i—an)logE + (b1 + bgj)log—w

¢>bge<kg{(R) (%f>1}+jbg{(R> (%?)2} (3.5)

(t,w,R,e) € (0,1] x Ry x (0,1]? D & &=, BACEHL HEEOEGICEEN DK
DOBESZ S, w, R, e) LM <. SIEStay DEEXFThHhD. T, HAOHELSE
EADOE, WOETHD L5 HEOFMCBIRT 2 OEEH [g,, g 90)d £
Jswre GGG D Th%. EHTB SHEOERICEENDRAOHESR
DROVIT, ZOEEEZEZLR/NOMESGEZEZTL LTHEMIIFALCRDOT, LT
DEgimI BT, FRRIC, #HTTE 2 & 2 A b 5BEDERICTETEINDRK
DEIES%E M (1, w,R,e) &£23<. M % Migrate DFE LT Th 5.

w=00DLE, BNTEHIGEOHE w HPERIZR5DT, SHOEEITER L
5. XoT, BRNTEHS Z TR PAITEOBELErTHD. —JF, WTORE
MR elFIETHY, EMSINDHEOFE alFERDOT, #iiTE< Z & TH L W
AT EOHBELEETHSH. LN ->T, 2EHTTTEL 222050 T, &
@< HBEDERITEELELIC/RD. 15T, S4,0,Re)=0L7%.

w> 070 (£)% (BL)”2 210k x

L5, 2L,

2loge D e lTREMED e bbb LTS,
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Thid,

>10g6440g{(ﬁ)“(5%)h}
tog { (7)™ (%) }

oo ()" () L { ()" ()"} = e

LB, £oT, (3.5) L3> T (3.4) BV NODT, jITEFNTEL. FECE

25&, jSITHE, jIRBTHTH ZLEXLSE LERNST,

S(t,w, R, e)
(G.3) i ()™ (B2)” <1
(God) i ()7 ()" >1
M(t,w,R,e) =
G.3) it (7)™ () <1
L5,
()= (B2)” =1Lz, (&)™ (B2)" Z e ThiuE, D] € [j,]] LoV,
R R
s ()" () owe{ ()" ()"} 2 s
DFED

(€4 (7): (1)) Z eus(er’ (), ¢5'(5)

L7225, EoT, (4) (B) s e Thiug, 2ERMTEL OT, S(,w,R,e) = (j,])
Thb. ( )al(Rw) < e Thiux, 2EHMTTH L2250 T, M(t,w,R,e) =
(B0) = ¢ ThHNIE, EOWME bEMHTH 2 & LTl

a

(7,5) T (£)"
MRS, ZO5E, BATH BMEKIC OV TROREE B

Assumption3.6 (E) (Rw) =1 (R) (@) =eZli’l=d (,,w,R,e) €

(0,1] x Ry x (0,12 %15 & LT, TR koficERSND) ZHRKICTS
DT JRAT Tl < TrBE B RTINS
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Z OAE I E DR A RTE DD AL ZFEA T 5 & S ITHHEITRD.

3.1.2 #FoFFEZEKIE

MEMFEEE R D, BB THLHE 2 T FITRANTIR LD & 2T X TE- T
AT L. BIEEITHHE 1 NI I ITON T, IO EBE IS ERER %
G55, SE VML, GG EEARGIZERSET, FHE LRGIeT 5L
HET L. BN bNLDIEE 2] TH L0 T, HBEILE 1 MIOWEZE 0 A
ICEo THI RERHSD. LAL, BN TIHREZBITIEENRFER V. +
7p EOBREZ S OMBITFTRENOMY 52 LN TE DN, HRE bRV I E
FIIfE0 s enTERY. EHETHOIMENE L FE2HNRLIDOIL, EE&NHEL
IS EWI T THERICTHTBE ICRELZSELZENTE LD THD.

HRFE G| 2 2 BT Sy =V 2 BB IR T S, Ny = VIE R G T
FFREFEEROMTEREIND. FIOETHIZL DI, ARTY 1 &M 21254 58I
WIBENZ K> TR D, FEEPRETHD L&, MER Ny r—V %R d 55k
FBIEICIISEIELA Y. MINCRR L Ny r—V R T 2E BRI, 1<
DOMDONRy =V B L CTHBEIRIIE A2 EL WA G L7, Basu [9] T
%, ZOXI RO S 2T oFEELHEL, REREERGI 20 L Tns. L
pL, BUEICE, BERGEE XX, CoRBEICLER U Sy S —UE
—ORERT D L R EBNWEEA Y. ARTIEE D LEEZHET S, 20D
&, bLIBE j 13y r—UaZ AR, B3 2 I E SR w TE) R
FHidZe b, Lo LAIFR G CH I ERETHEV 22 LR TE L. E0%
BEHERTOESRLMFRIFMLETH L.

5 L HE ORI R AAATEN

_F i | — Ndi
(L’w)g(léiv)l(]XR-k 7T(L7w) </S(L,w,R,e) g(]) j) w/ LwRe)g(J) g
1
+/ @—/ g()dj  (3.6)
L S(L,w,Re) S(t,w,R,e)
LEBTED. L, BIEF  [0,n] — Ry SO AR A £ FIcon T
TERETS.



3.2, Il 22 RS O TFEE 61

Assumption3.7 AEREF 13 (0,n) THERTEET, [0, n] TN TH 5.
F(0) =0, lim F'(z) =00 Th%.

>0

HiE D HHBIEIEES 2 Il ORI CTENN TV D, B2 HINTBAIER D TR To%
BEZE-C, MFEIFFE2MEAEET L. ZhaRLTWDONAMBEKOE 1THT
b5, F2HIFEOFEE I DORITNIE RO RWVESRETH L. T7RbH &)
D 2 OO TMRAFEREEZ R LTS, HITFEEH 1N & () BALoM 1 2575 r T
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loge—log{(g)”(f)bl}> -
8( o 3 (v, w*)
3%(51;21) ) o x lg{(R) (8(;)) } 0

Ao

Ao

ThHD. JHE 31, 32, 33%v, XD < onpT, WHEEESTA =07
T5E, TSTETROLIBRELY M= =0Thd. FBERA—NLERLRD,
CREIEE BRI T ETHD. LEAoT, A >0ThD. LoT, MiRT v/
ESEUR

*\ A2 w* 2 :3
log { ()" (22)" }
logeflog{(lﬁ)al(Tw)bl} o w*
0 ( s (1) (B2)77] >( ) o))
8 - *\ Q *\ ba = 0
L L*log{(bﬁ) ?(Hn) }
loge—log{(é)m(}zﬂ)bl}) i} .
9 e o w -
( log{(é) (%) } ( ):_ B() >0

Z wlog { ()" (2"

ThHd. EoTC, 1BEFHLIY N >0THD. M>072DT A =1LRELTHED



3.3. Al 2 E SR T ORI R & fiEAT- =R 0O e

TRUN, <1 =102 TH

BoT, 1ERFE2ESET L

BT ETD.
F<1DOEE AT v 7 RIELD, M =0Thb.

8(loge log{(é)al(“w)bl})(ﬂw )
L \%2 ( Rw bo ’
oricat) b%%)(g )
om(urw*) loge—log{(ﬁ)M(aw)bl})
ow ow
_Mx%lﬂwwwb}( |

1

om(L*,
ow

w*)

(3.18)

7 a(j) J 04(])
_Ew ]ﬁ()()] Llog{ }
< o T o) m)
-aV( —4L)90Mr—f ; G 9)di Tues(2)° (Rwyﬂ
LD,
F=10LEx. A\ =080 TIEEFEEXET L,
log e— log{ § (T“’)bl}
8 ag . bo ]-7 *
o) ( o (5)" () >( "
oL t Az X oL -
loge— log{ }L;{ (Tw)bl}
b 17 *
on(1,w*) \ ( 10g{(§)a2(7w)2} >( w)_o
ow tAz X ow N
Thn, ) 0 ROT, T RO 1 BEEREND
B, B a(d)
] _% *fz% ( )dj log{ 11_2 QQ(Rw*)bQ}
—J7 (1= 59) 9Uiddi — % J7 5B el m =
LD,
LEmoT, F<1dEX, (3.16) & (3.18) L1,
a@>/*@_Mﬁ> g+ [ D) L [0
g@*)(j 50)) VYR ) 5 Y ) TR 66T
LB, REL, jE(j,]] Thh, BEETL
a a(j)) e (BGY / alj) o
1— =2 dj=— 2221 —2g(5)d
/j < 3 ) I R( o ) - BG)TDY

91

<07%D7T, LIz
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THb. 31, 3.2, 33LY (58; . 1) SIS g(j)dj > 00T, £,

- ()

§_<ﬁ(3 _ )f] a(j)

ERRD. agbi—arby > 00 E, (3.14) IV K RABROT, < EOFEXDLED L,

LB THA L1 THD. j* (5,5l £V, Wil 3.7 0T,

< f{'*(l—“(ﬂ) 9(j)di
(565 1) J) s

kfﬁn, %}EVC%ZD agbl—a1b2<00)<l:‘é‘, (3.15) J:D 1>L*>R7L£@¢C“, %ft

DEN >1, LEdsTHIL>1Thh. j* € (j,j] £V, il 3.7 LT,

I ( ~ 50)) 9(i)di
)f] )g

>1

(2
LR, FIETHA.
S =10k %, (3.17) & (3.19) &b,

oG ([ e L el o L el)
50°) </] (1565 o+ 5 <j>g(”d]>>R/j 50) 7

Lh%. L, e ()] Thh. wEmETe

T aG)) o L (BGY) " al)
/j <1 - ﬂ(])) 9(idi = <a(j*) - 1) /j (j)g(J)d]

Th5. 3L, 32, 3310, (% - 1) I oD g()dj > 0 72,

(- 5)90)

(B(J _)fja R

LD, aghy —arbe < 0D E X, (3.15) KV 1=*>R7%2DT, < EOARFERD




3.3, f 7S A T ORI TR & TR T2 o Tk 93
FN=1, LEB-TELZ1THS. j*€(j,j] £V, W37 LT,

I/ (1= 583) atire
(588 —1) J s

LRy, FETHS. O

>1

LD 2oODMBELY, WOEBBKY LD, DFV, agshy —arhy >0DE X, e< 1
DEVRERNIETH 256, Rl 2ERERK THEDSBE ST 28781, didfl1
HKPRERLZENL Y IR 22 (ERF25T) . TSR FENER 72520 L
UCCTHEMTTHD. e=12F V0 ERREANERIND GG, Fol 728452460 Tl
ISR LM U TR AR ET D, asb —arby <0 DL X, REENETH LY
B, BIEZ2EERA THEEDNRET 2R F RIS FRI bml b, we2EM
IR SN D E, Rl s CH IR R E W CRF R 2R ET S.

Theorem3.2 asb; —a1by >0DE X, e=1726 " =RTHY, e<172b,

R<17%51>:1>R,

R=172b/=R
TH 5. agbl—a1b2<0@&%,

e<1772bH* <R,

e=170 =R

Ths.

b
Proof. fRE 3.45 0 by > 072D T, asbyj—arbs > 0D L X, (H) min(R/ea2b1—2a1b2 1) >
b b
>R, (W) Rjemvi-an >1=¢ >R, (9)Rjfean-a >1=1=R, (%)1>
b b b
= Rjemmi-nt > Rin(H) 1> 5 = Rjemi-ai = R () min(1, R/emn-a5 ) >
b

= R, (%) min(L, Rfem am) > R> %, (<) > Rjemn-am, OWFRinT
b5, ME32 L0, (<) HERYSIEA. MBS0, (B & () OVPh b
DSIT ARV, £, () ~(3) DVFRABED o, e < 1 ThiUE, R < 17
B, (B), (V) B (2) OONFINBEY SLADT, 125> RThb. R=17%45,
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(D) DRV SEDODT, * =R TH5D. e=1ThiUuL, (B) BEYSE->DT, * =R
Th5.

tsby—arhs > 0D EX, (F) 13 R> "> Rjeanams, (4) 7 = Rjeah-m <
R< 17 (9) 1 = Rjemn-mm — R<1 (=) 1> > R > Rjean-mn, (F)
> = R> Rjemni-ats, (#)1 =1 >R > Rjean-am, (¥)1 =1 =R>
Rjeahiis, () 1* < Rjemnam, OWFRNThs. M 32E0D, (7)Y
SRV 3.3 L0, (T)~(7) DVFHBRY RV, EoT, (T)~(7) D
WY LD, e < 1 THIUE, (7)) (A) BERVSEDDT, ¥ < RThD.

e=1ThiUL, (V) PHYLHODT, * =R Th5. 0

3.4 XKE~ADER

1M OFREE 2P OFERENT 2SS (R, e) € (0,1)2 2 M5 & I
S ZOETIEHHEHE CAEIIHFHET DONCONTER L. £z, ¥
THIEDNRES DR TR E MG FROTERE, BAED GE DX A 72O Th
BETD.

A0 (Rye) € (0,1212x LT, b L S((R,e),w(R,e),Re) = (j,)) EET5 &,
(L(R.€),w(R,€), R,e) Db & TEHNAT FBEOESIL i} 1 {j} 10 THD. Lo
T,M@Gmmwm@LRﬂyzmk&é@f,hmmﬂwm@£@Mﬁ@:0K&é.
ToE, HHICBT2HE 1 MIMoEEEIIErTHD. Lo, B 1HMORSE
SR wire).re) G DIG) A ZIERDT, (R,e) 135 1M OTiHE /T 2 SH TR
W LR o T, (R e) XM CIE .

KOGEL Y, (R, e) ST CHIE, o(R,e) £ R/t (7272 L ashy —
arby 2 0) THDHZ EBIN5.

b
Proposition3.4 ((R,e) = R/e“2b13a1b2 (72721 agbi—aiby 2 0) THIUZE, S(«(R,e),w(R,e), R, e) =
(j,j) TH5.

)tzﬁza (7E 3.4 X1 by >0

Proof. «(R,e) = R/eazbl o (7171 L agby —aiby 20
b2 a
><Ra> & DUVTIAIIAR Y 3T

72DT, w(R,e) € (O, <L(1}§e)> ) M w(R,e

.
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R\ o sy 0
2 a ea2b1-a1b2 a “2__ q
- = _ — eagby—ajby __
w(R,e)<<L(R76)> 7 (Rx 7 ) R e,

ROT, AEBED j € [j,j]1TPNT

t(R,e)
R

Rw(R,e)

a(j) log + B(j) log

e az2bp—ayby

1 __ax
— a(j) log ——— + B(j) log e7ah1-1%
edzh 4152
N b .
_ 280) =bali) )
Gle — ale

CLle — albg
= ———loge=loge

CLle — albg

PR SED. 722 L AT OARES (<) 1 3MUE 3.2 K0 8(5) > 0V) € [4,7] T
W5, KoT, 2EWMHNIAT DT, M((R,e),w(R,e),R,e) = (j,j) TdbDH. LiL,
i 3.1 LERL 3.1 LV, 7(u(R,e),w(R,e)) >072DT, M((R,e),w(R,e),R,e) #

az
(j,j) THDH. ZHEFETHD. LEN->T, w(R, ‘3)?(45@))””“)5'
az

w(Re) > ()™ 4 DEE. w(Re) > T g ROT, (BEDj € [1.]] 1<

DT,

a(j) log Ul e)

ea2b1 a1b2

=loge

PRV L. 7212 L TATHOARSES (>) 1MRUE 3.2 &0 B(5) >0V € [4,7] T
W5, XoT, RERMIIELDT, S(u(Re),w(R,e),Re)=(j,j) THD.
e):<L(§’e)>E%@&?§.

loge = a(j)log "5 4 3(j) 10

Rw(aR) Vi €[4, ]

MRV D, 22T, wRe) & w/(w > w(Re) T B L, RE32 LY () >

a

1 —_—
a(j) log <R X i) + 5(j) log (S X ea2b1-a1b2

a2

Rw(R 1 R R I
R + B(j) Ing(a’e) > a(j) log (R X ) B(j)log <a X ea2b1-a1bs

5)

7)
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0Vjej,jl DT,

) 1 a)08 ™ v e 11,5

loge < a(j)log

MRV LD, Ko T, RERMNIZELDT, S(Re),w,Re)=(j,j) THD. L»
L, (((R,e),w(R,e)) iIFEEHRKILIIE D72 DT,

wmaawﬁzﬂm—w%+Q—“@Q)wz“WG@w

<F</ gm@>—ma@/ 9(j)dj
S(¢(R,e),w(R,e),R,e) S(v(R,e),w(R,e),R,e)

R, e)) R a(yg) . di
* (1 r)ve) /S(L(R7e),w(R,e),R,e) 5(j)g(3) ’

=7(t(R,e),w(R,e))

MEED W € (w(R,e),0) IZOWTHY LD, LIEn->T, SR, e),w(R,e),R,e) =
(j,j) TH5. O

RO D 2 SOMB & ME 3.4 KV, ROEHENREY o, (R, e) BiliHHMHTH
T, BEREMAITER SNV NS0 5. S5IC, fifHE IR 28 &
DNSWEEENED. OFD, agh) —arhy > 0 THIUE, H2MOHEE LY &<
P95 S E D ERATICER D . agby — ar1by < 0 THIUE, F1IMOHEEE L0 &<
g 25 @EDED LW E 5. HigHl T B SN2V T, Ao EE
3.2 &Y, agby —arby > 0 THIUT, HHFIFEHRPIER D, Fobi 720845524 THIFE AR
ETHRFRITENLY IR 22 (ERFE2ET) . TSAFRNER2 06, &

AR THIEARET 2RI T RIEEN LR CTER T TH D, aby — arbey <0
ThiUL, B ERERA THIENRET 28 FRITHHHFRE bm b,

Theorem3.3 aghy — ajhy = 0 D& &, (Rye) DTGB THNIL, e < 1 ThH
D, S(u(R,e),w(R,e),R,e) = (j,j(t(R,e), w(R,e), R,e)), j(t(R,e),w(R,e),R,e) €
(l,j) Thb.

Proof. ashby —ai1bs > 0D & X, i 3.2, 3.3, 3.4 LY, (R e) ’HGHMTHIL,

b b
min(R/eazbl—Qam ;1) > (R, e) > R, R/eazbl—a1b2 >1=1uR,e) > Ri))R/e%bl—zalbz >
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1=1uR,e) = ROVWTNNTHD. Lo, e<1ThHD. (R, e) Il nT,
S(t(R,e),w(R,e),R,e) # (j,j) THY, 3.1 LER3LLY, n(u(R,e),w(R,e)) >

bo

072DT, M(v(R,e),w(R,e),R,e) # (j,]) THD. (R, e) < R/ea2b1—a1b2 DT, Ko

T, #3250, wR,e) € (w((R,e)),
31k, (4%6)) (mme) (

0(t(R,e))) THDH. LT, IE 3.4 &1
2)* (Rw(“Re))) <1Ths. LEdo
T, S((R,e),w(Re), R e) = (j,j(L(R, ), w(R,e),R,e)), j(L(R,e),w(R,e),R,e) €
(j,j) TH 5.

ashy —arbe <0 D& X, ME 3.2, 3.3, 34 L0, (Re) PHEHHETHILUE, 1>

a

b

R>u(R,e) > Rfemn-ils Th%b. LERoT, e < 1Thb. o(R,e) > Rjeibi-mm,
S(u(R,e),w(R,e), R,e) # (j.]) 7> M(u(R,e),w(R,e), R.e) £ (j.]) DT, ik
32 10 w(Re) € (w(u(R,e)),m((R,e)) Ths. koT, (K& 3.4 LA 3.1 &
D, S((R,e),w(R,e),R,e) = (j,i((R,e),w(R,e), R e)), j(R e),w(Re)Re) €
(j,j) TH 5. O
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F4EF EEWSIOEGROHAREENE
Dima

4.1 ETIL

HOENEEZ D, 2 IIMEMTEL Z OFEENRND. WIITREH &R
Ho28MThd. F1HMMNRMAYITH L. METHE 1 HTEEZITOT, F2 8
CHBEERS TEEET L. FERETVIREENRRD LT 5. LT, #1
HOWHE & M55 O 0 AU K- THE S 5B b uvaud, 0 FICHiiRa &<
MO BE b VD, HEIZEOHBEICHE UH TR TEL, &2 BITITaiomic g
7G5 E S ZE D ThRWHBELARFRAICESETEY L35, 2F 0, #iEIT57H
gl &5 G| 2R Sl 2 97@E &4 208, RERITHEZ KA LRy, L
TemoT, EOFBEICOLRUENEZE -2 TR 5. ZRITEER LR R
DI TH L. FHBEIHED S & THLS @720, B OTHIUIHY 50 &
IMEBRIRT L. WEDL & Tl RWGE, ffHLDizn, H1HICOHRRITHHL
LOHEFENRDDL ETD.

4.1.1 FHBEEOHARKIE

BEFICEA T DB E EE 5. FHEOREZn &35, FHBEN#MEDDL &
TH<HE, BN bN L DIXREY THLH 2 TH S, FATHZETIE, EDJr
BE BHEP DD AU L > TEREBITH D 1 MOHE L2 > S BET 5. L
L, BLFEIZE, FEERENMED 2D TIERWEAS S, HEEOFROEEDEIT
SEIET, B TICHNOEETH HBHELND. ARTIIZ S5 LeyBE0E
WEBEIZAND. ThzH@BHEONMRARDENI L > TRT. 558E j O
A EZ j L<. jJIERy BIZHML, TO0MITEERK g TRESND LT 5.

gliZoOWNT,
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Assumptiond.l glI R, ETHKETHY, g(j) >0VjeRp THD.

EARET D.
FEE ONHBIEUL AR U T, u(cr, ) = c‘f‘c’g,a,ﬂ >0ThHbD. c,clTENE
NE1HOMOEERE, F2HOMOHEEETHD.
FE e Ry nHFED S & T HE O ERRALREZ
acd 4.1
oA, (4.1)

subject to ¢1 +tca = j+ 1w if e >

c1+ec=j+w ifcg <j

ERBT DL L, o= 1/(1+4) € (0,1] THD. i FHENFEHEICET L
DRFETH L. TEBIKITE 1 HEORATREINTWS. FEE j 235 1 HiC
c1— 7> 0HLOM 1 ZHENSEY 2O THIUE, 2 TRIAEF (1+14)(c1 —J)
DRI TR B, 2 HNTG@HE I EOS L TEHEER w TH DT,
213 w— (1+i)(c — ) EHMBET LR TED. —F, HBE j 456 1 I H
TNV VO THNIE, j—ca > 0BALOM 1 27 ATEE LT, &2 HICiHE
T5. E2EITHED L & TEAE w T OT, MRM2Ew+ (G — o) EITH
By b ENTED. FHB#E §ITE LICHEN LY THE 2 TH, F2H
ERCE®Rw THL. £, FAlFFRIESRw ITHHEICLSTHRFELCTHD.
M (4.1) OfR%E & (1, w, ), (e, w, ) ED<. ridrural DIALFTH 5.
ciotico=J+ww & e =7EVI 200 DY & TOIHEE § O RIS

DFFEX,

( ﬁ(.] + L’w)7 a+ﬁ]+LLw) lf] < %L’LU

(j, w) ifj > 3w

Thd. M, coteca=j+wkc <jenI 200D & TOH@E § DA

I (4.1) OTFTRELEEZKRT D &, TANHERT L WD 2 EIEMHEICHEND D Z LN TE 5.
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B RALRE ORI,
(J, w) if j < Gw
(4.2)
(3350 +w) gi50 +w)  itj> Gw
Thb. bbtd L, HWE j ORI (4.1) O
(a3 —i—mu),%fr#) if j < Guw
(Ci(bngj)acg(L,TU?j)) = (],'LU) 1f] c [%Lw7 %w] (43)
(5250 +w), 250G +w)  ifj> Gw

L%, j< Guo THIIMY 5. j > Guw THIULMEDY 720

FEFE § DS & T RWGE, B 1LEICORUN L LOEFENH ST, a2
TOFRE2EL LT 5. o FEMET, HHEICIOTHRRLCTHD. EBEMHIIT
ARV D LT D, ZORE DM DT RALIEIE

max cf‘cg subject to ¢ +c2=7+a

2
(c1,c2)ERZ

LRBT D LNTE D, O TEAKITE 1 HE ORI TRBELENL TS, 2O/
BADMEZ §(5), ¢3(7) £7><. olFoutside DFILFTHD. §(j) = 3550 +a),3(j) =
Z(i+a) THS.

TEE A EDOS L TEHL Z & TR u(d (,w,)), (L, w, j) THDH. H
FOH ETE RN ETHLIIAITuSG),S) ThDH. FTEE I, HEOR
AT DM (L,w) € (0,1] x Ry ZFTH-E LT, ZO200H%kETHZ LIZL->T
EZ T 2 ERET H. BiE A %E 2 BRAUE, 7 jITtEo b & T T
FlAUE, =D b & CTEDT T <.

(L,bw) DEE, WEDL & TH HMEFEOEACEENIRROBEAE L(1,w) &
<. HEDE & TEWANTHED 2 578#F OEAITE EN LR KROMESEE B(L,w) &0
<. WEDD & TEIRVHBEOERITEENDBRROBESE O(,w) <. L,
B, Ol¥Zn <1 Landlord, Borrower, Outsider D¥HLIFTH L. Z T, IKDH
EOEEX DO, ROWTHD L5 (THEOFIEIBIRS B ORER [, ) 90)d,
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fB(LM)(cﬁ(L,w,j)—j)g(j)dj PTENLTHD. £, TOEBIZEETNHRKDOBE
HOROVIC, TOEEEEUR/NOAESZEZ L LTHEMEIIFR 2D T, U

T ORISR,

4.1.2 HFOFFEHZRKIE

R OMETEE R L. MBITRAYTH L5 1 3L ELTHT, BREHT
bOH 2N HBHE LR TEET D, HEEICEENHDNLDITHE 2 THS.
ATDETHIZ L DI, FIE TG EN RS, Len-T, # 1 Mo« IE
D TeOITEY DA bV, B FICHIRA ST TH O HBE b Vo b L
nigw. B0 2561F, EAETHLMELSMNIUED 249 TRV bD LT 5. BER
TIRFE Z BTS2 ENRFEN V. L7 EOMRZ & O FITHITR 0D
052 ENTEDN, HRELIZLRVIIEIEIIEY 22 LR TERV. EHETH
LHENELF2HNRDDIL, E&N6ELGIC LWV TE THRFEICHBH IR 2 &
EOHILNTEDHLEDTHD.

ML, rEES| &G AR ST, HEEERGI AT o MET S, Lz
Mo T, MFITAERE &R FREZ @I ERE L T, BeRLFFRENLIZZAD
T2, L LAZORMEZRRICT S L) IHFREEEROME X 65, HEITMHE
TEEIIRTRT L0, THENRETHL LE, TORROMEFITRECITISEIE
7255, ENCE R D Z R T 2HFE S WIIE, WS O0oflE HE L THEEIZ
BEIELHEL NS0 LR, AT, T2 KiEds, SoiiEics
[ A2 RRd 2 89 R E2MET 5. Licdi-> T, #iEITHeAEER]
W EBAFFEOME R RICT DL IICHE—22 65, b LBE P LT AN
AU, B3 2 B &R w TEHNRITER B, L LRI TH 1 IS
HEREY (Bnzgie) V520N TES. H1ENTMED 29783 bIED 205
B, 52T ARR CEERTH <.
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% & E ORI R AR TENX

max (L, w) =F / Nddi _w/ Ndi
(t,w)€(0,1] xRy (&, w) ( Lumogaﬁ J) L@magtﬂ lj

1 NN | v N g
w1 [ @) =i - [ (@) - e
B(t,w) B(t,w)

L

(4.4)

ERBTDHZENTED. 2720, BISF :[0,n] — Ry (ZHFEOEERIFEZRT. F

22T,

Assumptiond.2 EPERE F 13 (0,n) TR FIEET, [0,n] THMBY) DR TH 5.
ELF0)=0Tdh5.

FETH. £z, R=1/(1+7) € (0,1], 72720 r IZHiHHI £ TH 5.

HiE D HABIEKIEEE 2 WIE DR CEMAN TV D, 5 2 BIT B 48 > T3
F2MEEET D, TNERLTCWLIONEBEREOE 1EHTH LS. &2 H T DT
BE DTN R WESRETH LS. T2 BEAID 2 DO ITHRAFER
MaELTWD, 5B 1NICHET E (L w, ) —§ > 0 BALOM 1 2575 r THEN S
B0 5. ZNEROFBE ORI CTHEERELEL T 5 jICHFF TRT. HiER
HEAZ 2 5 2 729785 7 B2 LD G 3t ORMBILZ IR X TN L DONFEIHTH D.
HIEDTHIGIC A O STHIAFORBEEZR L TWLIONELHTH D, Thbb, K

O 2 EHERI TR E F LTS, FIEHRALRIE (4.4) 0% ((R), w(R)) &7<.

Assumptiond.3 &5 (1,w) € (0,1] x [a,00) PFELT, 7(t,w) >0 Thb.

ZIRET D, FEE A CRBEOMEOFAEITIRET CIEA T 525, ZOGEICXK Y, ED
BARFREPRIEE D, w>=a l LTHWDDIE, (1,w) € (0,1] x [0,a) THIUTFEIZ
BrllRd I ENAATELDNLTHL GERIZREZSRE L) .

4.2 REGEFEZIDFE

O TIEORIM AR RICT 5 & 5 A (1, w) BB = L EFT S, £, i
FORFTHMEFG L LT, HEORriR e 5245,
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4.2.1 FHEHEO&ELTER

FEOHTRT DM (1, w) € (0,1] x Ry #FT5 L LT, Juw e Ry & ji, E22<. bid
borrow DELFTh 5. fLED j € Ry IZONT, j <jp THIUE, j < Guw ROT
(4.3) £V, jlFHEDOL L TEH D THNITEY 5. SV DL, jIXEHTHY
RNEWVIBHRE LRV j > gy, THIUL, j> Guw 20T (43) £V, jIIHEDS
ETB OTHIUZMY . SEVBEZ D E, HEOD & TEWTED 5 &0 ) IR
LU, 72720, WIENOGE S jIdHED S & TEHK LIFRE L. &) Didj
BHFED G & T 2 E 5 B < BE OV LD E ORI O ERIZ L - T
REDLNETHD. & (L,w) € (0,1] x Ry (2R LT g, 2EI0 4 THR%E ji,(1,w) &
<.

AT G- (1, w) € (0,1) x Ry 125t LT, (-);‘*w ERLODKENE% j, <.
atB 1
o lZ outside DEALFTHDH. {LED j € Ry IZOWT, j < j, THIL,

) a— 15w 1 ﬁ . _a . 1 a%ﬁ )
J<K——5— & - —1l]j<a—1tPw < (j+w)| - <j+a
(1)a+ —1 t L
L

o=

LR BHDT,

1 o+ 1 B 1 a+p
<a—%ﬁ> aaﬁ%j+mwa+ﬁ(L> <:(ow%ﬁ> a®B%(j+a)* = u(&(j), 3(4))

D, X, (43) £V, bLee(0,1)DEEIIHEDL L TEWTEY 5D T
HIUTHBE § G50 TH S, FDEHED L & TERN T L TELIMMTH
L. LieddoT, FEE 10 (0,1) D& XITHED S & TEIWTHED 2 L9 BIR
LW, 2720, B n & aBIRT 5 LIRSV, BN TEY nZ & ai

W 508 LRV, § > j, ChE, j> ()ﬁﬁw LRHDT,
a1
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L b. ERELUIATHORESIL (43) ZHWTWD., Lo T, #EDL LT
B< 2 & THRLIDHABRBNRNZ L THRLIHE LR 0T, #EDOL & TH. &
(t,w) € (0,1) x Ry LT jo 2HFID M TOHREEE jo(1, w) &<
weRL NEZHENTWNWDETD.
jow? if 7 < %w

H(j) =

atf , e
(T—iﬁ) a®BP(j +w)etP if > Fw

LEFRTD. b LEE j A EDOD & TEHWTHEY 20O Thiu, KHOFEEL
(4.2) £7250DT, HG) IZEDOLE2DHMTHL. £7, EED (1,w) € (0,1] x [0, a)
\Z2OWT, Lt,w)=0&75Z L&RT.

Lemma4.1 we R, ZLEICAOATHEETS.

1 OH‘B
j%ﬂ<<_HJ a®BP(j +w)*t’ ¥ji>0
(6

Thod. L, F5dj=50DLEDHRRITD.

a B a B
Proof. w € Ry ZAEFICADATHET 5. ((j) = jarPward — fAzaa+s o+ (j +

w),j >0 LB &,

C(aw) = (aw>aiﬁwai@ - 1 oza%ﬁﬁa%ﬁ <aw+w>
B B a+ B

a+p a8 1
= <a> w—aa+b’ﬁa+ﬁﬁw =0

g

Thd. £z, fEEDj>0I1ZOWT,

8

o

o e a a+p
G = @ jaiﬁ_lwagﬁ_. 1 aaiﬁﬂagﬁzz 1 ja+5—1@a+55a55><[<;;w> i

a+p a+p a+
@@f,jggwf&nﬁcu)gokﬁé.;of,ﬁﬁ@j>omowf,

B

_a o B
C(j) <0 & jetBwots < aa+6/8a+/3(j+w)

a+ 3

1 \ot?
) a®BP(j + w)*t?

a+

& jawﬁ<<



106 HAFE HERNG ORI HRA BN RRD5E

LD L, BEE = Gu DL EDHREIT D, O

Lemmad4.2 LE®D € (0,1) 122\,

ﬁaa >a
(a4 B)a+B —au
ThHS.
Proof. £(1) = —B% 1€ (0,1] &£B<.

(a+p)eatB —au

€)= —Ba((a+ ﬁ)waTﬁ - ow)_zoa(wafﬁ_l —1)<0 Vee(0,1)

ThY, &iTEkERDT,

Ba Ba
= =) >€1)= ——+——=a Ve (0,1
(a+ B)rath — o ©)> &) (a+p) —«a ®1)
L5, O
Lemmad.3 mﬂ&D%E%KiEthﬁ?é.E%@we[m(ﬁf%)K
at+p)ee —o

ST, B(l,w)=0Tbb.

Proof. + € (0,1) ZAERIZA HATHEET 5. (w) = Frw — At Wy >0 &K

(+)=-
¢ <5% > —0ThB. £,
(a+B)L a8 —ar
B
F(w)= S+ ———— >0 Yw>0
EOEE
T%é.¢dﬁ%@@f,iof,ﬁ%@w€[&5%)Kowf,
(a+B)totB —ar
_ 515
d(w) <0 & ogng<a;7w
SO

LRB. SFED, julew) < jo(t,w) ERB. LiER-T, fEEICj eRy #ABRE,
(1) 7 < Jv(t,w) < Jo(t,w), (i) 7 € (Gpt, w), jo(e,w)), (i) 7 = jo(t, w) > ju(e, w) D

WPRABRY o, (1) HBVNE () THIUE, § < jolt,w) BV SZHODT, j ik
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HEOE & TENTHED 5 L9 BIRE L2z, (iii) ThiuZ, j> jul,w) B30 52
DODT, I THEY 2L VI RINE L. L7eR->T, HiFEDOE & TEWWTE
0 D IfEFEDOERITEL R DHDT, B(l,w)=0Thd. O

Proposition4.1 {EED (1,w) € (0,1] x [0,a) IZ2WT, L,w)=0Tho.

Proof. (t,w) € (0,1] x[0,a) ZAEREIZZABATEET S. € (0,1) Thiux, #iidd 4.2

Ly, w<a<ﬁf“?§;é. LoT, #i#A43 LY, BlLw)=0Thbs.
a+3)Le —ai

72, fE 4.1 L v,

1 \ot?
joud < (a ! 5) 0B+ w) P V) e R,

DT, HDODEHFEMND

1
a+p

a+
) a®BP(j +w)*tP Vi e Ry

H(j><<

ThHDH. w<alzDT, Lo,

1
a+p

a+
) a3 + a)**? = u( (7). 3()) Vi€ Ry

1 <

ERDHDT, EOFRBHEDLBHNTED WA L. Lend- T, #iEod
ETHL OTHNZEDFHBHE HLIEY 50T, MEDOE & TEHL HEE OES LB
THED 2HBEDESIIRA LIS/ D, Lo, L,w) = B(,w) 2725, B(,w)=10
72DT, LIR->T, Li,w)=0&75.

L=1Thilg,

1

a+0
wdwd) ) = (4g) @+

a+0
(a — > a®B2(j + a)*t?

= u(c7(4), (7)) VieRy

—~ +
D

N

LB, 12 LIATH OSRHEED j € RACHOWT (4.3) £V (¢5(1,w,5), &(1,w, ) =
(2850 +w) 50 +w) ERBIEEHNTOS, £oT, YOHMEbMEDD
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TN, LIRS T, L(Lw)=0 &7,
O

TED (1,w) € (0,1] x [0,a) IZ2WT, @8 41 XY L,w) = 0 &£725DT
mw) =075, LER-ST, KE 43 50, HEOHE T 25 KT 5 (1, w)
1% (0,1] x [a,00) (28D Z EWRND (ZDOFIECOWTUIROETIEHT ) . Lo
T, DR, HEORFT DM (1, w) % (0,1] X [a,00) [ZBRE LT, HB1# R

HFIZHOWTELET .

Propositiond.2 w>a DL X, % j(w) € (0, %w) MIFIELT, j § j(w) Thh

3, H(j) S (aiﬁ)a+ﬁ

a®BB(j +a) et ThB.

Proof. w > a #HEBEICA B ATHEET 5. $(j) = 7w —

1 o B
a+6aa+6ﬁa+5 (] +

a),j >0 %.

o B8
0) = — 4B 3o+B 0
¥(0) py L fatia <

Thd. £, w>aDT,

(5 () o )

- (a )ﬁﬂ £ 1 %Bﬁ% (a n > 0
—w wats — aatB G —w+w| =
5 a+p B

JE]
1 a1 _a_ B atf _B_
w’(]) = Oz+ﬁja+ﬁ 1aa+55a+5 X [(gw> —ja+ﬁ]

RDT, j<Sw THIL, ¥/(j) >0 Tho. ¢ TERARDT, £oT, HHEOE

D, 55 j(w) € (0, §w) BFELT

A B

PGw) =0 & j(w) P wars = —qats gars (j(w) + a)

a+p

a+f
o ) =)0’ = (55) @)+
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ThbH. £,

at N
) <0 & HEG) =g’ < (55)" a0 G+ it e [0,j(w),

atB N
YG) >0 & HG) =o' > (5)" a0+ it j e (w), Jul

ThbH. I, w>aDT, j>%w’C“E§)i’Wf,

H(j) = ( 1 >a+ﬁ ao‘ﬁﬁ(j _|_w)a+ﬁ > <1>a+ﬁ aaﬁﬁ(j +a)0‘+5
a+ 3 a+p

Tho. O]

w>adkX, jw) e (0,%w) % j, £ <. hi¥hoarded money DHHLFTH 5.

FED j eRLITHONVT, j<jp THIUL, j < jlw) 2D THE42 LV,

1
a+ 3

a+p
H(j) < ( ) o B3 + a)*P = u((), ()

L%, Xo7T, FEE jOAMEDODS L TEHWTED 2V 2 & TH LA ME 20
L TRIMMETRES. LXoT, HBE jITHEDOH & TEHNTEY R b v R
RELRD, 2L, BN & 2B 5 LIZRLARV. BT 580 9%
RaToH0b L. j> 5, TOhRIE, j> j(w) D THE 4.2 L b,

1
a+ 0

a+
Mﬁ%wJLQQWJD>HU%>< ) a®B7(j + )™t = u((5), 5(j))

LD, R UERHIOAREGT (4.3) ZHNTWS. XoT, HEDDL & TH<.
w=adkx, 1})1_>maj(w)7§i’]h &< &iLnaﬁ(w):%a'C“ﬁ)é. EEDjeRLIZ

w>a w>a

DT, j < THIUE, j < §a/DTH(j) OEHRLHE 41505,
1 a+p
H(j) = j*d” < <a+ﬁ) aB(j + )™ = (R (). B()

L. XoT, HEE jITHEDOS ETEHNTED R E W RIE Ly, 7272
L, @20 EERe 20, DTy 22 L 2T 5000 LAV, j> 5, Th
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L, § > Ga 7RO T H(j) DEEND

a+p
1O = (45) @G +a = u(d0).60)

LB, LoT, HHEDL & TEWNTED 222 & L@ RN Z EREER RS, F
DA, jIdEDL & TEHL ERETH. 0%V,

Assumptiond.4 w=a DL X, [LED je R IZDONT, j>j, Thilk, jidt

FTob & TH<

LAET S

Fw > allx LT, gy 280 HTHHEEE ju(w) £2<. lim jn(w) = jn(a) &
BHDT, BE W) Hw = o THETHS. =0l & RE 44 1EKOET
7(t,w), (t,w) € (0,1] x [a,00) D¢ € (0,1), w = a TOHGENEEZFEHT D & EITHE
272 %.

t=1w>aThHIUL, EEDjeRIZONT, (4.3) &LV,

u(er(Lw, j), (1, w,j)) =

= u(c7(5), 5(4)) (4.5)
L%, LoT, LoOHBAELHEDE & TH.
(t,w) = (1,a) THIUE, FEED j e RLIZONT, (4.3) &V,

1
a+

a+p3
u(ci(L,a,5), (1, a,5)) = ( > a®B7(j + a)* ™ = u(3(5), 3(5))

L%, FoT, EoBELHEDS & TEH Z & L@ ENEERNCRD.
0%, EOFMELHMEDOL L TH LIRET S, oD,
Assumptiond.5 (r,w) = (l,a) DL X, {LEDj € R IZOWVWT, HiEDH & TH<

ERET D, ZOFREIFIROET 1 D (1,w) = (1,a) TOMEFGMEELFEH T 25 & X124
HIZR %,
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4.2.2 FEZXKEEEDOHEDEFLE

RO TR L2 4.1 10, [FEOHM (1, w) € (0,1] x [0,a) IZ2WT m(,,w) =0
ThD. LoT, WEA3 LY, HEOFIMBERRBOM (1, w) 1E (0,1] x [a,00) I
HDHZENIND. LER-T, n(,w) DEFRE (0,1] x [a,00) IZIRE LT, fiED
THEZ AT 5.

BIOHETHIZL I, w=aZF5L LT, j€ (ula),o0) ITHITED E & Tl
TV RN & L@/ EREENNZR S, (Lbw) = (1,a) ZFTHE LT, £O
FEELHMEOS & TE Z & @D b EREERNNZRD. LRS- T, £ T

L€ (0,1],w =a TO 7 OEfEMEZRT.

Lemmad4.4 % (0,1) NOEEDORET D,  lim 7(,w) =7(i,a) THD.
Lé(H,Ll)
wsa

Pm#LE@J%w:a®k3LemJﬂNﬂi@%42ti:a<a;§%;;
Thbd. LoTC, fif43%Y, B(l,a) =0 THD. fEEDj € RpIZOVT, j < ju(a)
ThiuE, BN THED ZRNE NI RIRE LW, L7eo T, #iEDOL & THS DT
bIVUTED 20T, #HEDS & TE FEEOELS LB THED 5 05@E OEEIZR
Ciz72%. £»7T, L(t,a) = B(t,a) T D. B(r,a) =072DT, Llt,a)=0L75.
j > gu(a) THRIE, BE 4450, ji3HEOS ETHL. Bll,a)=0720T, L

RoT, 1e(0,1),w=ad&xDHEORE,

w(i,a) = F ( / O: | g(j)dj) o[ gt =11a) (4.6)

L%,
(t,w) € (0,1) x <a, ﬁ%) Thivx, fidE 43 LY, Blh,w) =0 Th
(a+B)otb —au
5. fEED j € R IZOWT, j < ju(w) THIUE, BWTHED v 3iRE L
2. Lo T, HEDOL ETHI O THIIMEDY 20T, HEDOH & TEHL 5E)
HOEL LTI 2 HBEOEAER TR S, £>T, Li,w) = Bl,w) =0

Thb. j> julw) THONIE, #HEDL L TH. Bl,w) =042DT, LER-T,
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(L) € (0,1) x <a, ﬁa) D & % DHEOFIHE

[e3
(a+B)LoFhB —an

W%MZF</ QUW>—w/ 9(j)dj = Il(w) (4.7)
Jn(w) Jn(w)
LR 5.

L7 o> T, 1% (0,1) DIEED R E T,

lim 7(e,w) = lim (L, w) = Jim I(w) =(a) = 7(t,a)
Lé@ﬁ) Léaﬁ) a<w<57ai

w—a w—a (a+ﬁ)ba+5 —ae

w>a a<w< ba,

_ Ba_
(at+B) B —au

L% 3FBOEFI T jp PN w=aTHEHKETHY, RKE 41, 4.2 10 g & F s

THHrZEND, OB w=a TEFIZRDLIZEEZHNTNS,

O

Lemmad4.5 lirri (L, w) =mw(1,a) 3ELY LD,
Léaﬂl}
w—a
w>a

Proof. 1 = l,w = a®D & &, IE 45 LV, (FBEDj € R IZHOW\WT, MFEod &
T, £oT, [EED j € Ry IOV, j < jp(l,a) THIIL j IZENTED 5.
j>jp(1,a) THNIT JIHBHNTEY 2. LER-T, =L, w=aD: XDHED
FITE X

1\ fiv(1a)
#(1,0) = F(n) — an + (1 - R) [ @tad -t
LR 5.
t=1w>aThNE (45) £V, fEED j e RLIZHOWVWT, HiFEDE & TE<.
FoT, fEED j € RLIZONT, j < jp(l,w) THIULjIXENTHED 5. 5> jiu(1,w)
THIUT JIHBNTEY 2. LoT, 1=1,w>a®&EOHEOFEI,

I (L,w)
m(1,w) = F(n) —wn + (1 - ;) /0 (1 (1w, j) = 7)g(d)dj
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LD ARE 4.1 XY g aNEfEIRD T, LR o T,

1 Jb(1,a)
iy () = fim, w1, 0) = F)-an (1= 1) [ @ 00.0) =Dt = (1.0
g w>a 0

w>a (48)

L 5.
Le(0,1),w> =% ThiF, <=0 0 L2BDT, jo(,w)=0Thsd. L

[e}

atp (l)m—l
o T, 5> jolt,w) =013 HEDE &L TEI. LoT, fEEDjeRy, ITHOVT,

J < gp(t,w) THIUL JIFIHNTED . 7 > jpe,w) THIUX §ITENTHE D 7200,

£oT, 1€(0,1),w>—4% DL ZDOHMEOHHEIZL,

LotB

) =) —wnct (2= 1) [ ) - o)

LD ARE 4.1 XY g 2NEfEIRD T, LN o T,

ib(1,a)
lim 7(,w)= lim w(,w)=F(n)—an+ <1 - }1%> /OJ (c1(1,a,5)—7)9(j)dj = (1, a)

1—1 1—1

LE(&I) LE(&I)
s w8
(a+B
(4.9)
L.
(4.8) & (4.9) &, 1in% m(t,w) =7n(1,a) 15%. O
1€(0,1]

w>a

UEED, m(,w) DEFRE (0,1] x [a,00) (ZHIFET UL, HEOFHZHEKIZT
LHRTFREGEROMNR S DHZ L ZFEHT L LN TE 5.
Theorem4.1 7(1,w) DEFILE (0,1] x [a,00) ITHIET D, Z D & ZFIMEE KR

R (4.4) \Z% (u(R), w(R)) BIFET 5.
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Proof. fEE® (1,w) € (0,1] X [a,00) IZDWT,

w(ow) = F ( / (W)g@)dj) wf s (5og) [ (U ) st
ZF(/L(Lyw)g(j)dj>—w</L(L7w)gj )dj — a+ﬁ ) )

g1 N | .
- - dj — — - d
a5 /B(L,w)jg(j) R/B(W) <a+ﬁ(]+Lw) ]) 9(j)dj

<F ( / » g(j)dj)

< F(n)

Lis. FELUSITHORSEEIRE 41 X0 g(j) > 0Vj € Ryy &, 44THOF
HIZIIEE 4.2 X0 FRENEETHLZ EEHWTWS. Ko T, A {r(,w) €
R | (t,w) € (0,1] x [a,00)} 1 LICERCTHD. ZOESIHZEROT, ERSEET
L. Fhvk s <. RE 43XV, s>0Th5.

s—1/mym=1,2.. 1% {r(t,w) € R| (1,w) € (0,1] x [a,00)} ®_EFRTIZ/R\.

EoT, 5 (tm,wm) € (0,1] X [a,00),m =1,2,... FEL T,
s—1/m < (i, wn)

Thod.
Ym = fL(Lme)g(j)dj,m =1,2,... LB &, ym € [0,n],m = 1,2,... 2D,

Ymom = 1,2, AZIFBOR T 28538 Yyt = 1,2,... BHD. my(i) = m(i),i =
2,... LB KIET D (1, win) € (0,1]x[a,00),m = 1,2, ... OFSFNE (L, (5)s Wany 1)) =
2, <L s = 1/ma(i) < T(tmy ), Wiy (i) < 8,8 =1,2,... THDMD,

5§ = Zlg& W(Lml( )5 wml(i))

THD. ) € (0,1],0 = AXERIROT, WS DI tniry) b = 1,2, ..
WD, ma(k)=m(i(k)),k=1,2,... LB MIET D wp,i),1 = 1,2,... DERITSI
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%‘_’wmQ(k),k:LQ,... <.

Wy (k) / J)dj — (j)d]) 0, k=1,2,...,
’ < L(Lm2<k>vwm2<k>) a 5 (tmg (k) Wing (k)

(4.10)
o / jg()dj =0, k=1,2,..., (4.11)
Oé‘i‘,BLmQ(k) Bty (k) Wingy (k)
BIO
«
R/} mmﬂ< 5 e Wma (k) J)Mﬁj (4.12)
Ths.

wmz(k)a k= 17 27 cee ﬁi%\é%ﬁﬁ“é kﬁ—%) (;I‘E‘Jﬁﬁyfo)'ﬂiﬁ) . (a) ng(k) — O(as k— OO)
B2DE (b)) by — £ € (0,1](as k — 00) DVNTHMDIELY 3L,

(&) Lmgk) — 0(as k — o0) DEZ. (a-1 )g(j)dj — 0(as k — 00),

fL (bmg (k) Wing (k)

HDHVE (a-2) [, o s ) g(j)di — y € (0,n](as k — 00) DWT I Y LD,
m2 b m2

(a_l) fL(Lm2(k)7wm2(k))g(j)dj - O(as k — OO) 0)&% fB

O(as k — 00) Th 5. (4.10), (4.11) & (4.12) £V,

)g(j)dj -

(Lm2 (k) Wmo (k)

T (L (k) s Wing () )

= g(j)dj> — Wy (k) (/ )dj — (j)dj>
(‘A(ng(k)vme(k)) L( m2(k) wm2(k)) @ + B m2(k)a m2(k)

g1 / / ( N
- Jdj— & (J + tng (k) Wiz () — 5 ) (1)
@ + /6 Lm2(k) B(Lmz(k)vwmg(k)) m2(k) wm2(k) @ + ’6 2 ) 2( )

<F</ g(j)dj>,k=1,2,...
L(tmg (k) Wmg (k)

Thd. E 4250 FILdkEThy F(0)=072DT, ko7,

0<s= lim W(Lmz(k)’wmz(k)) <0

—00

LY, FETHD.

(a-2) fL(ng(k)»wmz(k)) 9()dj —y € (0,n)(ask — c0) D& Z. fB(Lmz(k)’“’mQ(k)) 9()dj —
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vy €0,yl(as k — o0) THD. (4.11) & (4.12) &V,

T (Lo (k)> Wing(k)) < F (/ g(j)dj>
L(ng(k)vwmz(k))

(%

— Wiy (k) / 9(j)dj — g(j)dj> L k=1,2,...
i ( Lltmy (k) Wims (k) a+p B(tmy (k) Wiy (k)

Thsb. o7,

s = klg)go W(LmQ(k),wmQ(k:)) < -0

L0, FIETHH.

(b) timyy — L € (0,1](as k — 00) D& &. Fl

LY g (1Y +8
’ ' oth g =1,2,...
<O‘+5> v (ng(k)) U+ tma()Wima (1)) 2,

EEZD. T, tmywy € (0,1) THOWIE, TOLXITHEH j AEDOL LT
BN THD 2D THNEBEBMTHD. Ly = 1 THIE, HBF j 2%
DHLETH LITHBLIATHD. kb — oo ETHIE, tyy)Wimymy — 00 & 72

a+p3 Jé] . a Ny
07T, (oTILﬁ> o’ (Lmzl(k)> (U + tna()Oma ()" — 00 E72 % —T7,

B3 j PHEOL & TE RN & THRIMHOINIERII TH L. LInsT,
fL(ng(k)uwm2(k)) g(j)dj — n(ask — o00) &72 5. fB( g(j)dj — b€ [0,n](ask —

%) DT, (4.11) & (4.12) kb,

Limo (k) Wing (k) )

7T(ng(kr)vwmg(k:)) SF (/ g(])dj>
L(tmg (k) Wmg (k)

(01

~ Wng (k) / 9(j)dj — ﬂﬁ@),k:Lz”.
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