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MATHEMATICS SEMINAR NOTES
Vol. 10 (1982)

Descriptions on Surfaces in Four-Space , I
Normal Forms

Dedicated to Professor Hidetaka TERASAKA
in Commemoration of His Seventy-Seventh Anniversary

By Akio KAWAUCHI, Tetsuo_‘SHIBUYA and Shin’ichi SUZUKI

The pivotal purpose of the notes is to understand the general configu-
ration of a closed oriented surface F piecewise-linearly and locally-
flatly embedded in the oriented euclidean 4-space R up to ambient iso-
topies in Ru. The method which we shall adopt to describe the configu-
ration of F in R' is usually called the motion picture method. (See
Fox [1].) Roughly speaking, this method is to cut F by the parallel
hyperplanes Rs[t] = R3 xt < R3 XRl = Ru, -© < ¢ < +o_ for example, after
having deformed F into a suitable form that we will call a normal form
so as to become easy to conceive the configuration of F in Ru.

The first attempt of describing the configuration of F in R by the
motion picture method was made by R.H.Fox and J.W.Milnor in their unpub-
lished paper [2] in a somewhat unsatisfactory form in 1957.

The most important concept of the motion picture method is the hyper-
bolic transformation for links that corresponds to the concept of ahyper-

bolic critical point of a surface in the Morse Theory, which will be dis-

. . . . L
cussed in Section 1. In particular, the normal form of a surface in R
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will be stated as the closed realizing surface of a sequence of fusions
and fiseioms that are the special types of the hyperbolic transformations
for links, originally introduced by F.Hosckawa [5] in 1967 in a restricted
form.

In Section 2, we will show that any closed surface F can be deformed
into a normal form by an ambient isotopy of Ru. In the case of 2-spheres,
this responds to a question of R.H.Fox [1, p.134]. Section 3 will be
devoted to a normalization of cobordism surfaces between links.

Throughout the notes, spaces and maps will be considered in the piece-
wise linear category. (Refer to Hudson [7], Rourke-Sanderson [10], etc.)

These notes are based on lectures by the first author in the topology
seminar at the Kobe University in 1975. The authors would like to grate-
fully acknowledge a number of valuable advices from Professor Fujitsugu
Hosokawa, and are grateful to Dr.Takeshi Kaneto for having read the first
manuscript.

Table of Contents

§0. Notation and Definitions

§1. Hyperbolic Transformations and the Realizing Surfaces in R4

82, Deforming a Surface into a Surface in the Normal Form

§3, Normalization of Cobordism Surfaces between Links
0. Notation and Definitions

0.1. We denote by 23X, Int{X) and Cl(X), respectively, the boundary,
the interior and the closure of a manifold X. We say that a submanifold
X of a manifold Y is properly embedded (or proper) if Xn?dY = 3X.

The following notation is fixed throughout the note :
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R : the set of all real numbers,
I ={xeR|0<x <1} : the closed unit interval,
R - {(xi,xQ,'°',xn) lxi e R} : the euclidean n-space,

R = {(xl,x --,xn) e’ |z = 0},

2’. N
7 n
E = {(xl’xQ’.--,x}’L)ER l.’L‘n SO},

= {(xl,xz,'--,xn) R |(xi+x2+"'+x )1/2 1} : the n-disk,

2

Sn_1 = {(ml,x2,°--,xn) eﬁﬁ [(xi+x§+"'+x )1/2 1} : the (n-1) -sphere,
S?_l = {(x sttt T, ) eSn_l |x > 0},
g - Lm0 e |z <o}

We always assume that Rn, Dn and Sn_1 have the standard piecewise
linear structures which are compatible with the affine structures, and we
. . noo. 7+m .
identify R~ with the subspace of R having all components after the

nth equal to O.

0.2. For a subset 4 of R3 and an interval J of Rl, we denote
by AJ the subset {(x,t) cR' | xed, ted} of rR* = R®xR'. 1f J con-

sists of one point to, then the notation A[to] = A Xto will be used.

0.3. Definitions. Let X and Y bhe topological spaces.
(1) Two homeomorphisms (or embeddings) f, g : X = Y are isotopic 1iff
there exists a homeomorphism (or embedding) H : XXI > YxI such that
(i) level preserving (that is, H(x,t) = (ht(x),t), where ht :
X ~Y is’a homeomorphism (or embedding) for all teI ), and
(ii) ho = f and hl =
(2) An isotopic deformation of Y is a homeomorphism H : ¥YxI = ¥YxT

such that

(i) level preserving (that is, H(y,t) = (ht(y),t), where ht :
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Y > Y is a homeomorphism), and

(ii) starts with the identity ; ho = ly.

(3) Two embeddings f,g : X >~ Y are ambient isotopic iff there exists
an isotopic deformation H : ¥YXJI > ¥xI of Y with hlf = g.

(4) Two subspaces X1 and X, of Y are ambient isotopic iff there

exists an isotopic deformation H:¥XxI » YXJT of Y with hl(XI} = Xz.

In the cases (3) and (4), we will call the isotopic deformation H or

{#,} the ambient isotopy of Y Dbetween f and g {resp. X

ttel and  X,).

1

Throughout the note, an ambient isotopy of a space will mean an isotopy

with ecompact support, unless otherwise stated.

0.4. Definitions. (1) A subspace £ =k (J---iju in R3 (or 53) is

1
an (oriented) link with w components iff £ is homeomorphic with a
disjoint union S1 u--om;Sl of u (oriented) l-spheres. An (oriented)

link with 1 component is called an (oriented) knot.

(2) Two (oriented) knots or links £, £' are equivalent or of the same

. . . . . . 43
type iff there exists an (orientation preserving) homeomorphism ¢ : R~ +

B {or §° 53) such that (&) = £' (and w]z is also orientation
preserving). The equivalence class of a knot or link is called its knot
type or link type.

(3) An (oriented) link £ = hlkJ"'LJhu in R3 (or SS) is called

2

. . . . s . 2
trivial (or unknotted) iff there cxists a disjoint union DJu <=« uDu of

1
2-disks in R3 (or SS) with BDE = hi’ 2=1,=++,4. Trivial links consti-
tute the trivial type.
2
(4) A link £ 1is said to be splitiable iff there is a 2-sphere § <

2 . .
RB- £ such that both components of RS—S contain points of £. More

precisely, we say that £ is splittable into A sublinks 21, cer ’EA’



79

3
iff there are X disjoint 3-disks Df Usees uDi in R3 such that Int(Di)
> &, for d=1,-++,A ; and £ is denoted by £ ='£1 ool If L, is
a knot for all <, £ = hl 0o Oku is said to be completely splittable.

Other terminology in Knot Theory is refered to, for example, Rolfsen

[9] and Suzuki [11].

0.5. Definition. For a subcomplex P of a manifold M, by N(P ;M)
we denote a regular neighborhood of P in ¥, that is, we construct its
second derived and take the closed star of P.

Let F be a proper 2-manifold in a 4-manifold M. For a point xeF,
we have a knot ON(x; F) in the 3-sphere dN(x ; ). .The knot type «(x)
of this knot 3WN(x ;F) in O3N(x ;M) 1is called the singularity or local
knot type of F at x. When «k(x) 1is of trivial type, we may say that
F is locally flat at =x. We say F 1is locally flat in M iff it is
locally flat at each point. When «k(x) is of non-trivial type, we may
say that F 1is locally knotted at x. It should be noted that the local-
ly knotted points occur only at the vertices of F.

For the local knots, we refer the reader to Fox-Milnor [3].

0.6. Throughout the note, by a surface we mean a compact, oriented
(and connected or not) 2-dimensional manifold F, with boundary which may

be empty, locally flatly embedded in the oriented R4.

1. Hyperbolic Transformations and the Realizing Surfaces in R4

Let £ be an oriented link in the oriented RS. An oriented band (=
2-disk) B in R3 is said to span the link L by the attaching arcs

{o,0'}, if o and o' are disjoint connected arcs on £ such that
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Bnl =3Bnf =auva' and if the link Cl(LudB- (cua')) has the orien-

tation compatible with that of £- (aua') and 3B- (aua'), see Fig. 1.

N t I

| [ |

Fig. 1

In general, let Bl,---,Bm be mutually disjoint oriented bhands in Rs

such that each Bi spans £ by the attachihg arcs {ui,u%}.

1.1. Definition. The oriented 1link

1

. ceoan = oo - ! e '
h(L ’Bl’ ,Bm) Cl(ElJBBl U UBBm (altJu U uamljam))

is called the link obtained from L by the hyperbolic transformations

along the bands Bl’

“e+,B .

Consider the sequence EO - 21 > eee > Zn of oriented links such that

£i+1 is obtained from Ki by the hyperbolic transformations along the
bands B* = {Bl,---,Bl }; L. . = h(L. ;Bt) for £=0,1,e+«,n-1.
1 m, 1+l 7
For a closed interval [a,b], let a = ty < tl < e <t o= b be the
finite subdivision with ti+1 _ti = (a-b)/m, ©=0,1,<++,n-1. Now, we
: face 70 L p ity g ;85 in B[t ,t. ]
construct a proper surface ti = ti ( SRR TION in SRR
as follows :
Ki[t] for ti <t < (ti +ti+1)/2’
Fti+l n Rs[t] =4(L lJBi U s uBi ) [£] for ¢ = (t.+t, )/2
t. ' 71 m., BERRE AR ES S
7 7
£i+1[t] for (ti +ti+l)/2 <t < ti+1'
bra1 . .3
Clearly, Ft is a locally flat orientable surface in R [ti ’ti+1]'

1z
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: .
We will take such orientations on F el and Rz[t. ,t. -] as induce
ti 7 1+1

. . 3 .
the orientations of £i+1[ti+1] and R [ti+1]’ respectively, under the
3 _ 3
identification (£i+1[ti+l] c R [ti+1]) = (£i+1 c RBI).
t, t t
Then the union Fb =P uF,2yeeur’ is a locally flat, proper
a t, tl tn-l

oriented surface in the oriented Rs[a , b].

1.2. Definition. The oriented surface Fb = Fb(ﬂ Lo, eee L2 3B,
a a0 1 n
cee ,Bn_l) is called the realizing surface in the oriented Rs[a ,b] of

the sequence £ £ = ««- > £ of links.
0 1 n

It is obvious that, given a sequence KO -> Zl > oeee > Zn of hyperbolic
transformations, the realizing surface Eﬁ in the oriented Rs[a ,b] is
uniquely constructed.

Now suppose further KO and ﬂn are trivial links with Ho and u,
components, respectively. Then there exist mutually disjoint Ho 2-disks

D, »++ , D in R° with 9(D,u-++uD ) =L  and mutually disjoint
1 Mo 1 Uy 0

U 2-disks D!, e« , D' in R3 with 3(D!u«seuD' ) =L .
n 1 un 1 Un n

We define a closed oriented surface ?2 in Rs[a ,b]l as

e F @yu-euD, Vel v (] v oD ],

a
7
so that its orientation is coherent with that of oriented Fs.
1.3. Definition. The oriented closed surface Fi is called the closed
realizing surface in the oriented Rs[a ,b] of the sequence 20 > Zl >

see > £ with trivial links £_, £ .
7 0 n

It should be noted that the closed realizing surface ?ﬁ7 is not in
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general uniquely determined up to isotopies of Rs[a » b]. (That is, ?’_ab

depends upon the choices of 2-disks Dl’ cee Du » Di, er Dl: . )
0 "n

1.4. Example. Let Dl’ ‘D{ be 2-disks in R3 such that DlnDl' = 3D1

= BDI' = Cl is a l-sphere. Since D1 UD{ is a 2-sphere, there exists a

3-disk Bs in R3 whose boundary is DIUDi' Let D2 be a 2-disk in

the interior of BS, and let BDZ = CZ. Now we consider the following

closed surfaces in RS[O , 1], as shown in Fig. 2.
FO = (Dl[O] U Cl[O , 11 UDl[l]) U (DZ[O]'U 02[0 , 1] uDz[l]),

?'01= (0, [01uc [0, 1] uDI[1]) u (D,[0] ue, Lo, 1] v D,[1]).

D) Dyl

O
O

ezl 6,03 c i3l c,
D v - W
D, [0] . D,[0] D [0] 102[0]
FO F'O
Fig. 2

It is impossible to carry ?01 onto F’Ol by isotopies of Rz[O . 17.

In fact, fol bounds disjoint two 3-disks D1 [0,1] UDZ[O , 1] in R3[0 , 1],

but f’ol never bounds disjoint two 3-disks in R3[0 ,1]. To sec this,
let p : RS[O » 1] —C'Z[O , 1] » Rs[l] —CZ[II be the natural projection.

3
The induced homomorphism p, : HZ(R3[0 , 1] -02[0 ,11:2) ~» Hz(R [1]-02[1];

Z) sends the homology c¢lass represented by the 2-sphere D1 [0] uC’l [0,1]
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U D{[l] to the homology class represented by the 2-sphere (DllJD{)[l].
Since (DllJD{)[l] represents a non-zero homology class in HZ(RS[I] -
02[1]; Z), we obtain that the 2-sphere Dl[O] u01[0 ,l]lJD{[l] is not
homologous to zero in RS[O ,1]-02[0 ,1]. In particular, Dl[D]lJcl[O,l]
U DI{1] does not bound any 3-disk in F°[0,1] - (0,[0] uc, [0, 1] v D, (1))

c B30, 1] -¢,[0,1]. This implies that F' !

0 does not bound disjoint

two 3-disks in R3[0 , 1], as desired.
However, we can obtain the following :

1.5. Lemma. The closed realizing surface E;) 1g uniquely determined

up to isotopies of RS(—m,+m) = Ii’4 keeping Rs[a-+e,b-e] fixed for a

sufficiently small positive number €.

This lemma is mainly based on the following Horibe-Yanagawa’s lemma ,

which will be found in the Horibe’s master thesis [4].

1’
Joint 2-spheres in RS[O , 11 defined by 8; = Di[O] U(BDi)[O ,l]lJDé[l],

1.6. Lemma {Horibe and Yanagawa). Let §,, *++ ,Sh be mutually dis-

i=1,+-~,n , where Di and Dé are 2-disks in R3 with BDi = BDé. Then

we can find mutually disjoint 3-disks Bl, e Bn in RS[O, +o)  guch

that 9B. =85., ’L.=1,'-",YL.
Z 2

To prove Lemmas 1.5 and 1.6 precisely, it seems necessary to notice
the following Cellular Move Lemma obtained from a general theory of the
piecewise-linear topology.

Consider two locally flat n-manifolds Ml’ M2 in a g-manifold & with

g > n. We say that M. and M., differ by on (n+1)-disk D, iff D c

1 2
Int(g) so that Cl(Ml\JMz- (M1r1M2)] = 3D and Dr1M€ = BDrlM% is an
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n-disk (<=1, 2); see Fig. 3.

1.7. Proposition. (Cellular Move Lemma). Let 1‘/;, M; c g differ by
an {(n+1)-disk D. There exists an ambient isotopy of § carrying MI
onto ﬁ/; and keeping @-N(D; q) fixed. (For the proof, see for example

Rourke-Sanderson [10, p.55].)

1.8. Proof of Lemma 1.5. Let _ab s f'abc Rs[a ,b] be two closed real-

izing surfaces obtained from the same realizing surface Fabc Rs[a , bl.

Given a small positive number €, let €' be a number with 0 < g!' < €.

— h_g
Consider a closed realizing surface F;i; c }?z[aﬂ:' ,b-€'] obtained
from an Rs[a+€' ,b-€'] by attaching suitable 2-disks in Rs[a+€'] and
—_ —h_¢? — —h_e!
Rs[b—s']. Then Cl(FbU Fb E, - (an Fb E, }) consists of disjoint 2-
a a+e a a+€

spheres contained in either Rs[b—E' ,b] or Rs[a ,a+€']. The situations
of the 2-spheres in Rs[b-E' ,b] or Rs[a ,a+e'] are the same as in
Horibe and Yanagawa’s Lemma (Lemma 1.6), although the interval [0, 1]

has been replaced by [b-€' ,b] or J[a,a+e']. Hence there exist dis-
joint 3-disks in RS[b—e' , +°)  or RB(-DO,a+€‘] whose boundaries are

all of the above 2-spheres. Then the Cellular Move Lemma implies that

— —h_pt
Fab is isotopic to Fb £

et by an ambient isotopy of RS(-°° , +®)  keep-

=b =b-¢'
ing Rs[a+€ , b-€] fixed. We apply a similar argument to Fa and Fa+;, .
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Therefore fab is ambient isotopic to F'ab by an ambient isotopy of

RS(-oo, +x)  keeping Rs[a+e ,b-g] fixed. This completes the proof. 0

1.9. Proof of Lemma 1.6. It suffices to show that there exists a 3-disk

3
BnCR[0,+) such that aBn_Sn and Bnn(Slu---uSn_l) = @. [In

fact, the Cellular Move Lemma, then, assures that the union SIU uSn_

U Sn is ambient isotopic to the union Sl U see uSn_lu B(Dn[O ,£]) for a

1

sufficiently small positive number €. Next, appeal to the induction on
the number #» of connected components.]
Consider D and D!, ++- ,D'. Note that D!, «+-- ,D' are mutually
n 1 n 1 n
1 ] 3 ! LI ) ! = ! =
disjoint and (aD1 U U 3Dn_1) n DJ1 ® and BDn BDn.
By a transversality argument, there is a sufficiently small isotopic
- ; 3 : t e 3 1 -
deformation {ht}t .7 ©of R keeping 3D  fixed with htwn) nap; = @,
i=1,++*+,n-1, so that the 2-disk bn = hl(Dn) intersects the union Di u
oee uDy; transversally. Now, Di nﬁn consists of only finite number of

simple loops for <=1,--+,n-1, and D;Lnbn consists of simple loops and

proper simple arcs, see Fig. 4.

—
D n!
n 1

a simple Loop

.
™,

@ @
D nr
n n

a proper simple arc

Fig. 4
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Let v be the number of the components of (D{ Useey Dr;) an .
P = ' . e . .
Let Sn Dn[[)] U (BDn) [0,2]vu Dn[2] . Since Sl u USn is ambient

isotopic to .S'1 Usee USn US}; , it suffices to constructs a 3-disk Br,; <

1

53[0 . +%) with 9B' =5' and B'n(S,u-->uS ) = @. We shall const-
n n n 1 n-

1
ruct Br'z by specifying the cross-sections B?/'Lnl?s[t].

Divide the interval [0, 1] into the subintervals [0, el], [81,52],
see, [E\;’ 1], where € = 2/ (v+1), i=1,+¢%s,v .

For any ¢ with 0 < ¢t < €y We define B;LnHS[tJ = ht/el(Dn) [¢].
Thus, the part Br'z nRS[O , z—:l] is constructed. It will be noticed that
B;;nRS[el] = En[el] , and each Dé[ell, i=1,+<+,n , has only the simple
loops or simple arcs of ((Di TR UD?”L) nﬁn] [sl] as the intersection
with 5n{el]. Let Y c (Dl’ U oo UD‘}"}.) nﬁn be an innermost loop or arc on
some D?E’ and let A c Dé be the 2-disk cut off by <y with IntAnf)n =
@. We perform the orientation-preserving cut on En, along this A. By
this modification, Bn is divided into one 2-disk 5}&” and one 2-sphere

Z,see Fig. 5. Now, By'LnRS[E1 , 52] is roughly defined by the realization

of this modification into Rs[el s 52]. To be precise, let

1]

3 o
r
BnnR [#] Dn[t] for € s t < (E:1 +€2)/2,

It

Br'L nl?s{t] (bn u N(A ; BS)) [£] for t = (El + 62)/2 , where N(4; R3)
is a 3-disk obtained by thickenning the disk A so that WN(A; Rs) nl~7n =

3 . _ -
(A3 R)nD = N(3A; D), and

B! nE[t] = CL(D, vaN(A ; RY) —3W(A; B) n b)el = (Zvé” bT)[¢] for

A

(el +€2)/2 <t < €ye

We can continue the orientation-preserving cut so as to obtain one 2-

disk 5(\)) and v 2-spheres I see Z\) so that the union 5}5\)) Uz

n 1? 1
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a proper simple arc

Fig. 5

U ees qu no longer intersects the union Di U"'lJDé_l UInt(Dé). Note

that the modifications from Bn to E(v) Ul

” 1Y qu have precisely Vv

times.

Realize these modifications into Rs[e.,s. 1] and RS[Ev ,1] in good

17 1+

order. Thus, we can construct BélWRs[O , 1] which is homeomorphic to a
3-disk with v open 3-disks removed. Notice that (Bér1R3[0 , 1) nSi =

3 .
=R (1,+)n8, , =1, n-1.

Since bév)LJDé, Zl, s ZV are mutually disjoint 2-spheres in RS,
from Zl, e, Zv we can enumerate the 2-spheres, say Zl, e ZA (v

> A = 0), which contained in the interior of b(v)

[ - _
» lJDn (i.e. the open 3
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disk bounded by 575‘)] uD! in 7).

Divide the interval [1,2] into the subintervals |1, nl], [nl,nz] ,

A >
choose an innermost 2-sphere, say Zl’ which bounds a 3-disk &TCRS not

e, {nl,B], where n; = 1+ 2/(x+1), Z=1,+-,A . In Z]’ ses L we

meeting other Zi' Then, we define B};nRJ[l . N as follows :

N

(D(v] uZ UZ,0 -t ul ][t] for 1 < ¢ < (I+n1]/2,

B’nR [t] = [D(\)]UA UZ Uusreul )[1‘:] for ¢ (1+nl)/2,

 ( N(\)) uZzu--- UE\J) {t] for (1+n1)/2 < ¢t < n,-

For Hs[hz,ns], e, H‘?)[nA l,n)\}, we repeat this process. Thus, we

) , o3 rop3 - (3
obtain BnnR [0, n)\] such that Bnn}? [nA] = (Dn UE}H_IU U):\)) [n)\].

Since the 2-sphere 5(\)} uP’ does not contain E u+++uk 1in the
n n A+l Y
3

interior, we can obtain a 3-disk 23 ¢ B with aad - NDé“) uD' and

Asn [ZA+1 Ueee UEV] = @. Now we define B?’lnHS[n)\,Z] as follows :
(z“);g") UZ,, vttt U [E] for my <t o< (n+2)/2,
B};n}?s[t] - (A%zhl v uZ )] for t = (n,+2)/2,
k(Dr'zUZMl Uess UZ\J) (¢l for (n)\+2]/2 <t < 2.
Next, in Z)\ e ,Z\) , we choose an innermost one, say Zl+l’ which
bounds a 3-disk A)\ 1< RS with A)S\+1 n {Z)\+2U ses UZ\)] =@. Let &, and

£, be numbers with 2 < &; < &,, and we define B};nRs[El,Ez] as follows:

{ZMIUZ)HZU“- qu)[t] for 2 < ¢t < §,,

' s = 3 =
Bnn}? [t] = {A)\+1 UZ)\+2 u uZ\))[t] for t =&,
[ZMZ U UZ\)) [£] for &, < € < ;.

This process can be continued to eliminate the 2-spheres ZM,, uessu ZV.
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Then we obtain a 3-disk Br'z in R3 [0, +°} whose boundary coincides with
S! and which is disjoint from S§., --+ .S .
" 1 n-1

This completes the proof of Lemma 1.6. [

Consider an oriented link £ ¢ RS and mutually disjoint oriented bands
T oene ' ’ i = cee
B, »B_» Bl ,Byy (m,m' >1) which span £. Let B {Bl’ e
Bm}’ B' = {Bl’,---,Bn’z,} and B = BuB'. Ifwe let £' = h(£;B) and £-=
R{£';B'), then it is easy to see that £ = k(£ ;B). For the realizing
surfaces Fab and F'ab in Hs[a ,b] of the sequence £ +~Z and £ +

£ > T, respectively, we can obtain the following lemma :

1.10. Lemma. Fab and P ;’ are ambient isotopic in Eola,b] keep-

ing the boundary BRB[a , bl fixzed.

Proof. Divide the interval [2,b] into three subintervals [&4,%:11],
[t1,£2] and [Z;,£3), where a = %y < t; < t, < t3 = b. By an isotopic
deformation of Rs[a , b] keeping BRB[a ,b] fixed, we can assume that

b b

Fa and F'a are defined as follows :

Fabn Rs[t] = £{t] = F'abn Es[t] for ¢¢ € t < %1,

b 3 _ , '
FaﬁR[tI] = (ﬂuBlu UBmuBlu uBm,)[tl],

F'abn Bre] = (EuB u-r VB ) [B:],

Fabﬂ Rs[f;] = Z{¢t] and F'abn Rs[t] = £'[t] for t; < t < ta,
Fabn B[t2] = E[t2], F’abn Rlta] = UBSu e uB! ) [Es],
Fabﬂ R3[t] = Z¢] = F’abn Rs[t] for tp < t < t3.

It is easily checked that Fab and F’: differ by 3-disks Bl'[tl,tz],

b
LI B”;,[tl,tz]. So by Proposition 1.7 {The Cellular Move Lemma), Fa
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b
and F’a are ambient isotopic in Rs[a ,P] keeping 8R3[a s, b] fixed,

which completes the proof. [

1.11. Definition. An isotopic deformation (ambient isotopy) {hs}s eI
3 . . .
of R (-»,+») is said to be level-preserving for each se¢I and ¢
with -w < £ < +, hs(l?s[t]) = Rs[t] holds, and [a ,b]-vertical-line-

preserving 1if for each seI and xeR3 there exists a unique point

x eRS such that hs(x[t]) = xs[t] holds for all %e [a,b].

1.12. Lemma. Let 1’.1, L) be links obtained from an oriented link £,
by the hyperbolic transformations along bands {Bi} and {B J’.}, respec-
tively., If the links with bands (i.e. complexes) KO U (Ui Bi) and
1,0 ] (Uj BJ’.) are ambient isotopic in RS, then the realizing surfaces
Fab R F’ab c Rs[a , bl  of the sequences 20 > 4‘11, £0 - P_i, regpectively,
are ambient isotopic by a level-preserving and [pi1,p2]-vertical-line-pre-
serving isotopic deformation of R3(—°° , +°), where p1, P2 are arbitrary
numbers with p, £ a £ b £ py. Furthermore, 1f the ambient isotopy of RS
carrying KO U (Ui Bi) to 20 u (Uj BJ’.) keeps the link KO fixed set~
wise , then the isotopic deformation of R3 (-, +) may be asserted to

be level-preserving and [£:,8:]-vertical-line-preserving for a < & <

(a+b)/2 < b <&, and to keep Rs(—m,a] Fized.

Proof. Let {hs}s 1’ RS > Rs be the ambient isotopy sending 1’,0

U (Ui Bi) to EO U (UJ. BJ’.). For a sufficiently small positive number €,
the desired isotopic deformation {fs}s er " Rs(-oo , o) > RS(-oo, +©) is

defined as follows :

£, @lt])
fs(a:[t]) = h¢(t,s)(x) [t] for =[t] € Rs[pl-e,pl], where ¢ is a

B @[] for a(t] € Blor,0,],
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piecewise linear map from [p;-€,01]%X[0,1] to [0,1] defined by
0o if t+es-p; £ 0,

P(t,8) = :
(t +es-p1)/e if t+es-p; >0,

_ 3 .
f;(x[t]) = hw(t,s)(x)[t] for x[t] € R"[p,,p,+€], where ¢ 1is a
piecewise linear map from [py,p2+€]X[0,1] to [0,1] defined by

0 if es-t+p, £0,
P(t,s) =

(es -t +pjy)/€ if es-t+py, > 0.

Finally, let f_ IRB(-W, pl—E]lJHS[p2+€ , +®) be the identity map.

This completes the proof. O

1.13. Remark. Let £ be a link and B a band spanning £. If we
slide the attaching arcs of the band B along the link £ or deform the
band B itself, then the link with band £ UB is ambient isotopic to
the link with band £ uB’, B' being the resulting band, in R3 keeping

the link £ fixed setwise.

The following is a sort of converse of Lemma 1.10.

1.14. Lemma. Consider the sequence 4L = 20 - Zl > oeee > ﬂn = 2' of

oriented Llinks in R3 with £. . = h(L. ;B
7+1 7

7:+1) for a band Bi+1’@=0’1""’

n-1. Then there exist mutually disjoint bands B{, ces ,Bé in R3 span-

ning £ such that the realizing surface Fg(i.,ﬂ"; {B{,---,Bé})<:R3[a,b]

with 2" = nL ;{B',---,Bé}) is ambient isotopic to the realizing surface
b ' . . 3

F, (KO’ZI’°°"Zﬂ 3B1sByseee,B)) by an ambient isotopy of R (-«,+n) keep-

*

ing R3(—w,a] fized, level-preserving on R [b,+=) and [b,p]-vertical-

line-preserving for a sufficiently large number op.

Proof. We prove our lemma by induction on »n. If wn=1, the assertion
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is obvious. Let #n = 2 and assume that the assertion holds for the sequ-

ence £ = ZO %>£1 > eee > zn-l' From the construction, we can find a

level Rs[t'], a < t' < b, such that the surface Fﬁ(ﬁo,ﬂl,---,ﬁ BI’BZ’
---,Bn)rwRS[a,ﬁ'] is ambient isotopic to the realizing surface Fa(ﬂo,ﬂl,

v g I ,B ,B.,*++,B by an

2)
ambient isotopy of Rs(-w , +°)  keeping Rs(-Oo ,al UR3[t',+w) fixed.

) of the sequence £O - 21 > oeee > f

n-1 n-1

. . . t! ] .
From the inductive assumption, F (Z A ,'--,En_l ’Bl’BZ’ ’Bn—l) is de-
. P n . cew [ " =
formed into a realizing surface 4 (KO,Kn 1 ; 1B! 1 ,Bn_l}) with Kn 1
. {B! «es B! e iod f e '
h(ﬂo ’{Bl’ ’Bn-l}) for mutually disjoint bands Bl’ B, by an

ambient isotopy of RS(—°° , +*) keeping Rs(—oo ,a] fixed, level-preserv-
. 3 . .
ing on R [¢',+~) and [t', p]-vertical-line-preserving for a large num-

ber p . This ambiént isotopy assures that FS(KO,KI,---,K B1 Bz,- .,

. . - . 1" > . 1 e !
Bn) is ambient isotopic to Fi(ﬂo, Zn—l’en ,{Bl, ’Bn—l}’ Bn) by an

ambient isotopy of RS(-oo , +°)  keeping RS(-W, a] fixed, level-preserv-
3
ing on R [b,+~) and [b,p]-vertical-line-preserving for a large num-

ber o, where én is the band obtained from B by the ambient isotopy

of R3 carrying Kn—l to KZ—I and Z = h(L"

Let o, a' be the attaching arcs of En to K;_l. We can transform

ol )-

Bn so that (auat') n(Bi Useee UBé-l) =@ by sliding o, o' along the
link 22_1 and by deforming o, a' into smaller subarcs, if necessary,

see Fig. 6.
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In general, the transformed En intersects Bi Ueee UB% By trans-

1
versality, we can assume that the intersection Enrw(Bi VR UBé-l) is a

l-manifold ; 'that is, it consists of simple loops and simple arcs. Choose
a proper simple arc B in En starting from o to o' such that B8

intersects the interior of the l-manifold §n n(B{ Usees uBé_ ) transver-

1
sally ; see Fig. 7(a).

(a) B (b) New En
Fig. 7

Replace én by a sufficiently small regular neighborhood N (8 ;gn).
Then for the replaced én, the intersection §nr1(Bi Uees UBé-l) consists
of only proper simple arcs, illustrated in Fig. 7(b). In particular,

7 4 LI I 3 ! =
Bnrw(aBl U u aBn_l) 0.

Let ai be one of the attaching arcs of Bé to £, and let Ni be

O,
the regular neighborhood of Cl(BBé - ai) in Bé such that Nirwén = 0.

Notice that Di = Cl(Bé - Ni) is a 2-disk. It is easy to construct an
ambient isotopy of R3 deforming Ni to Bé keeping RS— N(Dé Rs) fix-
ed. Using this ambient isotopy, we can transform én so that ﬁnrwBé =
@ ; this transformation is illustrated in Fig. 8.

Thus, the link with band £ uén is ambient isotopic to a link with

n ' ’ ! cee ! = i i
band Zn_ltJBn, such that Bn n(B1 U LJBnﬂl) § by an ambient isotopy

of R3 keeping ﬂ;_l fixed setwise . Let £" = h(ﬂ;_l ;Bé). By Lemma

b " > , , ~ . . . .
. oo t t
1.12, Fa(ﬂo, zn-l’ Kn, {Bl, ’Bn—l} ,Bn) is ambient 1§o opic to
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Fig. 8

Fb . . 3
n "o, ! we. R? H - o
a(ﬂo, £n—l’ £ ,{Bl, ’Bn-l} ’Bn) by an ambient isotopy of R™ (-, +=)

. 3 . . . .
keeping R (-»,q] fixed, level-preserving and [b, p]l-vertical-line-pre-
serving for a large number p. Let Rz[tl] and RB[tz], t1 < t3, be the

34 3 n ”, r . B! "N o=
critical levels such that R [¢;] nfz(ﬂo, £ ¥4 ’{Bl’ ’Bn—l} ’Bn) =

n-17
' LY ' 3 ,' " . ! L ) ’ 7
(£ uBlu--»vB! J[t1] and E[£) nF’z(»@O, B, 275 B, e B}, BD)
= n ! Y ~ Y ", !
(ln—l UBn][tz]. Note that the realizing surfaces Fi(EO, Kn-l’ ya ’{Bl’
ses ' ' "o [ ’ : a3 ’
’Bn-l} ’Bn) and Eﬁ(ﬂo, £z ,{Bl, ’Bn}) differ by the 3-disk Bn X

[#1 , t2], where we assume that the critical level of Fﬁ(ﬂo,ﬁ" s {BI,»n,
Bé}) is Rs[tl]. So, by applying the Cellular Move Lemma (Proposition

b " " . [ ' ' 5 : : :
1.7), Ea(KO, zn-l’ 4 ,{Bl, ’Bn—l} ’Bn) is ambient isotopic to Eﬁ(ﬁo,

£" {B{,---,Bé}) keeping RS(-w ,a]lJRs[b , +0) fixed. Combining with
the ambient isotopies deforming

Fg(tos‘el,""’en;B }’B)

1 n

},B"

1 7

seen,B) > PRy, &0 B B, B

n-1°

n "o, ves RT
> Py, B, BB B

n-1°

1

b n., T e
- Fa(’eo: ’e » {Bl, :B?;}))

the desired ambient isotopy is obtained, and completing the proof. [
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Now we would like to introduce two specific types of the hyperbolic
transformstions, called fusion and fission.

Consider an oriented link £ c R3 and mutually disjoint-oriented bands
B, s++ , Bm (m = 1) which span £ and let £' = h(L ;B1,~~-,Bm). Let

£ and 2£' have u and u' components, respectively,( u,u' = 1).

1.15. Definition. £' 1is said to be obtained from £ by m-fusion

(along Bl’ ses Bm) if p' = p-m. Dually, £' is said to be obtained

from £ by m-fission (along Bl’ e, Bm) if y' = p+m. The 1-fusion
and 1-fission are often called the simple fusion and the simple fission,
respectively. We also say that £' 1is obtained from £ by complete

fusion (along Bl’ es Bm) or by complete fission (along Bl’ eee Bm)
1

according as y' = pu-m = or U=u'-m=1. (See Fig. 9.)

1-fusion (simple [fusion, complete fusion)

(D & &8

1-fission (simple fission, complete fission)

2-fusion

Y

2-fission

Fig. 9
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Clearly, if a transformation £ - £' is m-fusion, then the inverse
transformation £' + £ is m-fission and conversely. Hence the fusion

and fission are dual concepts each other.

1.16. Lemma. If an oriented knot k' <is obtained from an oriented
knot k by a hyperbolic transformations along bands Bl *vc s Bn’ then
n 1s necessarily even, say n = 2m, and there exist new mutually disjoint
n  bands Ei, cee ,?ﬁ which span k and such that the realizing surfaces
Pk, £, b" (B ,+++ B}, (B o+, B} and Fotk, k' {B,+,B }) are
ambient isotopic by an ambient isotopy of RS(-m, +»)  keeping RS(-Oo ,al
Ffized, where L 1s the link obtained from k by complete fission along
B --°,§ﬁ and k" <ig the knot obtained from L by complete fusion

along B .o ,E;. This ambient isotopy may be level-preserving on

Rs[bﬁﬂﬂ and [b,pl-vertical-line-preserving for an arbitrary o > b.

1.17. Remark. TIn Lemma 1.16, the knot with bands liBl Vet UB is

in general not ambient isotopic to the knot with bands hlJEi Us+-uUB

2m
in Rs. For if so, then the m bands, say Bl’ sen ’Bm’ corresponding
to the m bands E&, vme ,E% would play the role of complete fission on

k. However, the trivial knot with bands OlJBllJleJleJB4, illustrated

in Fig. 10, gives a counter-example to this ; that is, no two bands in

{B,, B

1 90 BS’ B4} play the role of complete fission on O.

Fig. 10
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1.18. Proof of Lemma 1.16. Let £ be h(k; Blj. Since ALY is
a link with two components and k' = h(k 3B sveeuB ) = h(ﬂ(l} 3B,y,00058 )
is a knot, we can find a band, say 5,, in {BZ’ oos ’Bn} such that k(%
= h(k 3By Bz) = h(ﬂcl) ;Bz] is a knot. Since £3) = h(k(z) ;BS) is a
link with two components and k' = h(Z(S) ;B4,°--,Bn) is a knot, we can
find a band, say B, in {B,, +=+ ,B} such that ) ne® ;B is
a knot, eee+-.,

Since »n is finite, the above procedures must be finished by a finite
number of times. So, n becomes necessarily even, say n = 2m, and we

may find a sequence k = e L (B L s k(7 = k' of knots with

e = ne B s LB ), is1, e

Let Il’ ree ,Iﬁ be mutually disjoint small connected arcs contained

in k- (Bl U eve UBn]' Slide the attaching arcs of Bl and B, along

2

h(o) = k and deform B1 u32 themselves into thinner disjoint bands, so

that the attaching arcs of the resulting bands §1 and §2 are contained

in Il' Let E(z) be h(k(o) ;51, EZ). Since k(o) UgllJéz is ambient
i . (0) . . 3 ) (0)
isotopic to k uB1 u32 by an ambient isotopy of R~ keeping kR

fixed setwise , E(z) is a knot. Let B(z), Biz), LK I Bgi) be the

3
bands obtained from B_,, B,, **» , B by the isotopic deformation R (0)

3”74’ 2m
u B1 UB2 > h(o) U§I u3B Slide the attaching arcs of Bgz), 552)

5(2)

2° along

§2) UBEZ)

and deform B into thinner disjoint bands, so that the

32 B4 are contained in IZ' BS’

, B.. Llet 5[4) be h(E(z);

17 72
Since E(Z)ngle§4 is ambient isotopic to E(Z) UBgz)lJBiz)
7 (4)

by an ambient isotopy of R3 keeping E(z)

attaching arcs of the resulting bands B

~

B, should be chosen to be disjoint from B

fixed setwise , is a

knot,
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By continuing this modification, we obtain mutually disjoint bands él’

§2; e §2m-1’ §2m , which span R and such that for each i the

attaching arcs of B and B are contained in Ii (see for example

272-1 27
Fig. 11), and a sequence Fk = kco) > E(O) - E(z) > see > E(Zm) of knots

with E(Zi) = h(E(Zi—z) . B B..), i=1l,ece,m.

2¢-1° 724

Fig. 11

By applying Lemma 1.12 inductively, the realizing surface F(llf of

the sequence k = ROV 5 (2 il s k1P C by i ambient isotopic to

the realizing surface F(zlf of the sequence kR = E(OJ - E(z) > osee >

E(ZW) = R" by an ambient isotopy of Hs(—w , +°) level-preserving, [b,p]-

vertical-line-preserving for an arbitrary p> b and keeping }?3(-°° , al

fixed.

(2)p
a

From Lemma 1.10, it follows that F(lif and F are ambient iso-

topic, respectively, to the realizing surfaces FZ(k, k' ;{Bl,-0°,32m})
and Fz(k, R" 5 {gl,"',ézm}) by ambient isotopies of BS(-w,+w) keeping

Rs(-w » al uR3[b , ) fixed.

- B =B, dsl,ee- - n(k;E., e,
Now let Bi BZi-l and Bi+m le, =1, m, and £ = hik; T

E&). It is easy to check that £ 1is a link with (m+1) components ;
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that is, £ 1is obtained from k by complete fission along the bands B

o1’
e E%. Also, note that k" is obtained from £ by complete fusion
B e B : n.IfB ... B i
along B .1 s BZW' By.Lemma 1.10 again, Fg(h, k ,{Bl, ’BZm}) is
1 3 3 ”' o III_ B I.Q—
ambient isotopic to Fﬁ(h L2 Lk ,{Bl, ’Bm} ’{Bm+l’ ’BZm}) by an

ambient isotopy of RS(—oo , +°)  keeping RS(—oo ,al URS[b , +0) . fixed.
Combining these ambient isotopies of Rs(—m,+w), we have a required ambient
: b ' . e ".IB ... B
isotopy between ga(h , k ,{Bl, ’Bn}) and Fi(k.,ﬂ Lk ’{Bl’ ,Bm},

{8

m+1’.."32m})’ and completing the proof of Lemma 1.16. [

Consider trivial links 0, 0!, knots &, k' and'a link £ in R

such that k is obtained from 0 by complete fusion, £ is obtained from
k by complete fission, k' is obtained from £ by complete fusion and

0' 1is obtained from k' by complete fission.

1.19. Definition. The closed realizing surface ?;F in Rs[a, b] of
the sequence 0 > k > £ »~ k' >~ 0' 1is called a (connected) surface in the
normal form. The link £ 1is called the middle cross-sectional link of
?j’, and the knots k and k' are called the lower and upper cross-sec-
tional knots, respectively.

In case that 0 or 0' is a knot (i.e. connected), we have 0=k or
0' = k' in the above sequence 0 ~ k > £ > k' » 0', respectively; and in
case that £ is a knot, we have k = £ = k' and sometimes we call the

knot k = £ = k' the equatorial cross-sectional knot of ?;?.

2. Deforming a Surface into a Surface in the Normal Form

The main purpose of this section is to show the following theorem :
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2.1. Theorem. Any locally flat, commected, closed and oriented surface
in RS(-w, +°)  can be deformed into a swrface in the normal form by an
ambient igsotopy of RS(-M,,+“0 (with eompact support). Further , the
middle cross-gectional link of this deformed surface has the genus plus

one components.

The proof will be done in 2.13.

Now we consider the situation that a loeally flat, closed, oriented and
polyhedral surface F is given in the oriented 4-space RS(—w, +o) . To
prove Theorem 2.1, we must deform F by an ambient isotopy of Rs(-m,+w)
so that the intersections of F with parallel hyperplanes Rs[t], - < f
< 4o, come to be as simple as possible and then must describe the changing
of the configuration as ¢ increases from -« to 4+«

An intersection FrnRS[t] is an ordinary cross-section of F c R4

if
Frsz[t] is an empty set or a link in Rs[t]. If FrwRS[t] is a link,
then the orientation of the link will be chosen so as to be induced from
that of the bounded oriented surface FrwRS(-w , t]. The orientation of
the hyperplane Rs[t] will be chosen so as to be induced from RS(-W,t].

An intersection FrwRS[t] is an exceptional cross-section of F ¢ R4
if it is not an ordinary cross-section.

It will be noticed that the exceptional cross-sections of F appear
for a finite number of hyperplanes ; more concretely, at most for those
hyperplanes which pass through a vertex of a triangulated F ( as a sub-
complex of a triangulated R4 = RS(-M, +0)}, In fact, if for a level
RS[tO], Fr1R3[to] is non-empty and does not contain any vertex of the

triangulated F, then let [al,az,as] be a 2-simplex of F such that

[al,az,as]rwRS[tO] £ 0. Let ti’ 1=1,2,3, be the fourth coordinate of a,.
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Without loss of generality, we may assume that tl > to, t2 > to and ts

< to. It is directly checked that [al,az,as]rwﬂs[to} is a 1-disk line-
arly and properly embedded in {al,az,as]. Since F has no boundary and
FrwRS[tO] is compdact, it follows that FrwRS[tO] is a closed l-manifold

i.e. the disjoint union of a finite number of l-spheres.

. , . . . \ 4
2.2, Llemma. F <s ambient isotopic to a triangulated surface in R =
RS(—w, +2) by a suffieiently small deformation, so that any two vertices
of it have neither the same coordinate [xl,xz,xS) nor the same fourth

coordinate t.

Proof. Choose a large 4-cube C4 c R7(-® , +) containing F in its
interior. Let ¢ bc a triangulation of 04 having a triangulation X

of F as a subcomplex. Let Vys ttt U, be the vertices of X and

Ul’ e vr, vr+1, cev vs be the vertices of J.

Select points vi, res v; in the interior Int(C4) so that

(1) ué is sufficicently close to Ui’ =1, ,r,
(2) the half-open segment (v, ,Ué] = {(1-H)Ui +UU£ lo<u<1}
intersects with no affine hyperplane of RS(-°° , +0) = R4 generated by
LI 4 LR 3 r "_‘ -a s
subsets of {vl, ,Us} u[vl, ’vi—l}’ i=1, ,», and

(3) any two points of v

4 vee
»

1

(xl,xz,xs) nor the same fourth coordinate ¢.

R v; have neither the same coordinate
. . : . . 4
Now we define a piecewise linear homeomorphism hu rd>C, 0su<l,
b tti ) o= - . Pod=],eee d kR (v,) =v., for J=
y putting hu(vi) (1 u)vz + uvi, i=1, , P, an u( J) ; J
r+l,++=,5. Notice that the piecewise linear homeomorphism hl and the
complex J give a simplicial complex structure on 04 so that hl( K)

is a subcomplex of the complex hlfef) -t having only »/!, ««- ,v; as
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the vertices of hl(K).

4 be the identity map, the family

By letting | B3 (o0, 4e0) - ¢
{hu}u T gives a required ambient isotopy of RS(-w, +)  carrying F =

| | onto Ihl(K)I, and completing the proof of Lemma 2.2. [

Let F be a deformed surface as in Lemma 2.2. If Frsz[tO] is an
exceptional cross-section, then it is easy to see that Fr1R3[t0] is a

polygonal graph with just one exceptional point zx_  which has no neigh-

0

borhood in Fr1R3[t0] homeomorphic to an interval ; this point . is,

0
so called, a critical point of F.

To examine exceptional cross-sections, we introduce the following

three simple types of critical points, called elementary critical points.

2.3. Definition. In the change of the local configuration of FWWRs[t]

as t increases past the exceptional level ¢ = to, if a small unknotted

simple closed polygon shrinks to a point T and disappears, then the

point Zg is called a maximal point of F ; see Fig. 12.

Fig. 12

Similarly, if nothing, just before to, a point Ty at ¢ = to and a

small unknotted simple closed polygon appears just after ¢ = to, then

the point x, is called a minimal point of F ; see Fig. 13,

0
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t < tO t = tO t > to
Fig. 13
If two polygonal arcs approach each other and cross at a point x, and
is called

then two arcs go away just as in Fig. 14, then the point T

a saddle point of F.

XX

0 t = to t > to

Fig. 14

2.4. Examples. Here are a few examples of critical points which are

not elementary critical points. (Fig. 15 (a), (b), (c) ).

R AT

t < to

AN

0
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t <t

Y ~\ [
> K 36

0 0
Fig. 15
Note that in each example the critical point T, is certainly a

locally flat point.

2.5. lemma. F <s ambient isotopic in HJ(-m , ) by a sufficiently
small deformation to a surface, which hags only elementary critical points

in distinet levels.

Proof, Let Vi vttt U, be vertices of a triangulated F. By Lemma
2.2, we can assume that no twe points in {vl, “e ,vr} have the same
coordinate (ml > Xy ,xs) or the same fourth coordinate ¢. Now we take
sufficiently small cylindrical neighborhoods Ni[ai ’bi] of the vertices
vi in Rz(—w, +)  where each Ni is a convex linear 3-disk in R3 such
that the bottom Ni[ai] and the top vNi[bi] are disjoint from F. For
each <, we remove the 2-disk FrwNi[ai ’bi} and replace it by a cone
5% *{E’nB(Ni[ai ’bi])}’ where 5% is an interior point of A, [b.].

The resulting surface 7 can be triangulated by-introducing new vert-

k.
. Al s
ices 0., *--, ﬁit on the polygonal curve Fr13(ﬁ£[ai »b,1) for each 4

=

We may choose Né so that no two vertices of ﬁ;, e ﬁii have the
same fourth coordinate, by using Lemma 2.2. It is eaily checked that F
is ambient isotopic to F in Rs(—w ,+9) by a sufficiently small defor-

mation and that each vertex 5; is a maximal point of F.
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Since for each j, 1 < 4 < ki’ the closed star neighborhood St(ﬁi,F)
is a 2-disk consisting either of four convex linear 2-disks or of one

(not necessarily convex) linéar 2-disk and two convex linear 2-disks (2-

simplexes) according as Sg is in the l-skeleton F(l) of F or not,

it follows that the number n(ag) of the intersection points Lk(ﬁg ,F)
n R3[t§] is 0, 2 or 4, where tg is the fourth coordinate of 8‘77;.

(Note that no other vertex of F lies in Rs[tg].) If the number n(ﬁg)

is 0, then this vertex ﬁg is clearly a minimal (or maximal) point. If
n(ai) = 2, then it is easy to see that FY\RJ[tZ] is an ordinary cross-
section. If n(ﬁi) = 4, then the only two possibilities described in the

following Fig.16 occur, since 5% is a locally flat point.

(b) \/

T~

t < £ =
1

7

St(ﬁ‘zf)

3
For[t]
o

<
(t ti)

Fig. 16
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Now we shall show that the case (b) can be reduced to the case (a). In
fact, this follows from the Cellular Move Lemma (Proposition 1.7), since
the configuration of the case (b) and the following configuration differ

by a 3-disk.

(NN X
/ ?E/ﬂx/\/\

Fig. 17

The 3-disk is illustrated in the following Fig. 18 :

/ N/
TEITTION

Fig. 18
Since the vertex ﬁz of the case (a) is, by definition, a saddle

point, and we complete the proof of Lemma 2.5. [

From the combinatorial point of view, it is often convenient to thirk

of elementary critical bands instead of elementary critical points.

2.6. Definition. 1In the change of the local configuration of a surface
at t passing the exceptional level ¢ = to increasingly, if an unknot-
ted, oriented, simple closed polygon comes to bound an oriented 2-disk B
and disappears, then the oriented 2-disk B 1is called a maximal band ;
see Fig. 19 below.

If an oriented 2-disk B appears at ¢ = to and an unknotted simple
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closed polygon is left just after ¢ = tO’ then the oriented 2-disk B is

called a minimal band ; see Fig. 20.

t <t t=t t >t

[w)
o
[w)

Fig. 19 :'A Maximal Band B

t < tO t = to T > tO

Fig. 20 : A Minimal Band B

If two arcs approach each other and an oriented band B comes to span
two arcs and then two arcs are left as in Fig. 21, then this oriented

band B 1is called a saddle band.

@
J
< 0

t = to t > to

Fig. 21 : A Saddle Band B

2.7. Lemma. F 1is ambient isotopic in RS(—°° , ®) by a sufficiently
small deformation to a surface, which has only elementary critical bands

in distinet levels.

Proof. ' By Lemma 2.5, we can assume that F c RS(—w , *°) has only

elementary critical points at distinct levels. Let v be a maximal point
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of F at a level Rs[to]. By definition, for a sufficiently small €> 0,
an unknotted simple closed polygon S€ occurs in the level Hs[to-e]
such that the cone C(v} = v *SE is a part of F. Let BE be a 2-disk
in Rs[to - €] bounded by Se with Barw(F-SE] = @. Since the surfaces
F and {F-—C(v)}uBE differ by a 3-disk v *Be’ F is ambient isotopic
to {F-Cc@)} uB_ by the Cellular Move Lemma (Proposition 1.7). It is
easily checked that Be is a maximal band of the surface {F-c)} UBE.
We may perform this deformation on all of the maximal points of F. For
minimal points of F, the same argument may be applied, if we use a suffi-
ciently small €' < 0 instead of € > 0.

Let » be a saddle point of F at a level Rs[to]. For a sufficient-
ly small e > 0, we choose points w _, w' € Ff\Rs[to -], v, w; e Fn
Rs[to +g]. and Vis Vos Vgs Uy € Fr]Rz[tO], as illustrated in Fig. 22,

3
in a neighborhood of v in RS(-w , *°). Consider four 3-simplexes Al =

w w'
t=t0—€
Fig. 22
3., 3 3
[w_ s » V], Az = [w’ » Vs Uy , v, AS = [w+ e ,v] and A4
[w; » Uy Vg ,v]. By applying the Cellular Move Lemma to these four 3-

simplexes one by one, F can be deformed to the surface
(F-AS—AS-AS-A%LJHw vo,v,]uw v v, ]ulw v ,0,]ulw,v,,v,]) UB
1 72 73 74 =712 -773%74 +'71774 +772773 ’

where B = [vl,vz,v] u[vz,vs,v] u[v3,u4,u] u[v4,vl,u]. It is easy to see

that B 1is a 2-disk in Rs[to] and that B is a saddle btand of this
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resulting surface. We may perform this deformation on all of the saddle
points of F,

This completes the proof of Lemma 2.7. []
Lemma 2.7 can be also stated as follows :

2.8. Lemma. F <s ambient isotopic in Rs(—oo , +®)  to the closed real-

b 3

izing surface F_ < R [a,b] of a sequence 0 +—£l > Kz > oeee +-£m -0,

a
such that 0 and 0' are trivial links and each of the transformations
0~ Kl, Zl - ﬂz, cee Km +~ 0' <{g either a simple fusion or a simple

fission.

Proof. By Lemma 2.7, we may consider that F has only elementary cri-
tical bands in distinct levels. Without loss of generality, we can assume
that for given a, b (a < b), F is contained in Rs(a ,b).

Let BI, e, B; be the maximal bands of F in the levels RS[tI],

e Rs[t;], respectively, with t; < eee < t;. Choose mutually disjoint
3-disks Bf, e, Bﬁ such that
(1) BScR[t',b] and Bon(F-B -+er-BY) = p, i=1,-+e,p
7 i’ i 1 r ’ ? e
(2) For each % and any ¢t ¢ [tz , b1, BgrwRS[t] is a 2-disk and,
in particular, B?fﬁRs[tT] = B..
i 7 7

One can easily obtain these 3-disks by choosing for each < a poly-

gonal simple arc from B; to Rs[b] which intersects Rs[t] in a single

point for all te [tz ,b]. (Note that Rs[t; ,b] -F 1is connected.)

By applying the Cellular Move Lemma (Proposition 1.7) to these 3-disks

Bf, et Bﬁ, F is ambient isotopic to a surface in Rs(a ,b], which has

the maximal bands in the level Rs[b] and the other elementary critical

bands in Rs(a , b).
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We can also apply the similar deformation to the minimal bands of F,
and so we may assume that the maximal bands of F are all contained in
the level Rs[b] and the minimal bands of F are all contained in the
level Rs[a] and the saddle bands are contained in Rs(a ,b) atdistinct
levels.

To complete the proof, we need the following sublemmas :

2.8.1. Sublemma. Let o < B. Assume that FW:RS(—w,+w] 18 a surface
such that for any te [0, B], Frsz[t] 18 an ordinary cross-section. Then

there exists an ambient isotopy {hs} of RS(-w,+m) keeping RS(Ja

sel
al fixed, level-preserving on Rs(-w,+w) , [B, p]l-vertical-line-preserv-
ing for an arbitrary p = B, such that hl(FrwRS[a, B8]) = Za[u , B], where
Ea c RS ig the link obtained from the link FIWRS[G] c Rs[a] under the

projection Rs[a] > RS, (x,0) .

2.8.2. Sublemma. A4ssume that F c Rs(—w,+w) 18 a surface such that
Frsz[Y] is an exceptional cross-section with a single saddle band By.
Let EY c RS be the link obtained from the link Cl(Fers(—m,Y] —BY) n
RS[Y] in RS[Y] by projecting RS[Y] to RS.

Then for a sufficiently small € > 0, there exists a level-preserving

ambient isotopy {hs} of Rz(-w,+w) keeping RS(—w,Y-Ze] uRS[y+2€,+w)

sel
fixed, so that hl(FrwRS[y—e,y+e]) 18 the realizing surface in RS[Y—E,

! th L' = h(£_, B* he B* = B .
y+e] of the sequence ZY > EY wi KY ( v Y), where Y[Y] .

By assuming these sublemmas, we proceed the proof of Lemma 2.8. Let
a < Yl < see < Ym < b be such that the saddle bands of F occur only at

the level RS[Yi], i=1,+++,m . Let F' be the compact surface obtained
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by removing all minimal and maximal bands. Let B2 °0t s € be suffici-

ently small positive numbers. By Sublemma 2.8.2, we may assume that for
. 3 . - . 3

each %, FnR [Yi_gi ’Yi+€i] is the realizing surface in R [Yi—ai’Yi+€i]

of some hyperbolic transfromation of a link along a single band.

By Sublemma 2.8.1, there exist level-preserving ambient isotopies

{h(z)} , ©=0,1,+++,m, of RS(—w,+“0 such that
8 sel

(0) h;o) is [Yl—sl , b]-vertical-line-preserving and
L00) p 3 i
hp ETaRaLvpeg]) = Lola, vy )

, <) . . . . 3
(2) hs is [Yi+1—€i+1 , b]-vertical-line-preserving and keeps R

. (L) nr 53 -
X (-W,yi+€i] fixed, and hl (F'nR [Yi+€i’Yi+1_€i+1]) = K(Yfei) [Yi+€i’

Y _€7:+1]’ /L=1’°"’m°1)

7+1
@ 3. .
(m) hs keeps R (- ,Ym+€m] fixed and

h{’”) (7' nR3[ym+em,b]) - ,b].

E(Ym+€m)[ym+em

_ a0 L5,
8 S

Then the composite ambient isotopy {hs}s ¢ With hs

hém) sends F to the desired surface. This proves Lemma 2.8. [I

Now we must prove Sublemmas 2.8.1 and 2.8.2. The proofs will be mainly

based on the following Isotopy Extension Theorem and Sublemma 2.8.3.

2.9. Proposition (Isotopy Extension Theorem). Let M be a closed
manifold and @ a manifold without boundary. Given an isotopy G : M X
[, B > @x[a, Bl such that for all s, t with o <s <t < B the
(proper) manifolds pair (Q><[s ,t],GMx [s ,t])) 18 locally flat, then
there exists an ambient isotopy H : @x[a,B] ~ @x[o, B] with Ha==idQ

and G = H -(G& Xid[u B]). (For the proof, see Hudson [7, p.147].)
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2.8.3. Sublemma. FLet o < B. Assume that EH:RS(-M,+w} 18 a surface
such that for any te¢ [o, 8], Fr}Rs[t] 18 an ordinary cross-section.
Then there exists an isotopy G : £u><[u , Bl > Rs[a , Bl with G[£a><t) =
Ff1R3[t] for any te [0, Bl, such that G |£ wg Ly X0 Rs{a] is the

o

inelusion map.

Proof. Let K be a triangulation of FrwRS[a , B]l, and let a = to <

tl < ees < tm = B be numbers such that any vertex of KX is contained in
some Rs[ti]. By adding new vertices to Krsz[ti], we can assume that
Kr1R3[ti], i=0,1,+--,m, are subcomplexes of K. Hence it suffices to
prove Sublemma 2.8.3 for the case that the vertices of the simplicial
complex K are contained in either Rs[a] or RB[B]. So, we shall
consider such a case. Further, without loss of generality, we can assume
that any vertex of KX is contained in just #n 1l-simplexes of X, where
n=23 or n=25., Let v be a vertex of Kr]RS[a] contained in »n 1-

simplexes with 7 2 5. In these #n 1l-simplexes, there are just (n-2)

l-simplexes intersecting RB[Y] in single points, where vy = (a+8)/2.

Let Ugs Ups "% U, 3 be these (n-2) points, as in Fig. 23. Also,
u
t =y MO ul u2/ n-xi_-. n‘séii_
//
/
/
7
V
7
7/
s
Vs
/
/.
r=a v! v v’
Fig. 23

. . 3 . .
we choose two points v’, v" in KnFR [a] close to v as in Fig. 23.

Given a point xe [v',v], then we write x = sv' + (1-8)v with sel.
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Let =x' = suy + (1:8)v and " = suo + (1-s)u1. Let @% be a simple

polygon defined by the union [z ,z'}u[x’,x"]. Next, we choose a point

1 . . 2 1 . . n-5 n-6
u, 1in (v ,us), points Uys Ug in (v ,u4), +++ , and points Uy Uz s
1 . 1 1 2 1 2
ttts U, 4 In (v ’un-S) so that tz > t3 > t2‘> > tn—4 > tn-s >

> t3 > tz_ , where tg is the fourth coordinate of ui. Further, let

Vys VstttV be points in (v, v") in good order. For the case

n =7, we illustrated these choices in Fig. 24.

%y “ uy/ Uz / Y
t=y A
) \ \
AVAURY
V2 i
\" 5 :I kS
Moo
PO
i '
1
t =a i !
H n
v v 7)2 7)3 v
Fig. 24

Given a point =zxe [v ,vz], we write x = sv + (1—3)02 with se7I. By

_ n-5 _ n-4
the same way, let xn—S = gV + (l—s)u2 s X o = sv + (1 s)uz , > %y
= sv + (l-s)ué and z' = su; * (l—s)uz. Let E; be a simple polygon
3 3 LI ] 4
defined by the union [x ,xn_s] u[xn_s,xn_6] U u[sc2 ,xl] u[x1 ,x'].

For any & in [v2 ’UB]’ [v 04], ese , OT v}, the simple

v, 4>
polygon E% is defined analogously.

Thus for any xe [v',v]u[v,v"] the simple proper polygon Qx in

Rs[a , Y} is defined. Let B(v) = Ux If we remove

€ [u’,v]u[v,v"]ig'
B(v) for all v eKrwRS[a] with n 25 from Fr\Rs[a ,Y], then the
remaining surface consists of only convex-linear 2-disks with four ver-
tices. So, for any « eFWwRB[u] contained in one of these convex-linear

2-disks, we can define i; to be the linear 1-disk in an obvious manner.
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Thus we defined simple polygons Ex for all x anRS[a]. It should be
- — 3 _

= i ' =
noted that SLx ne ., @ if xz £x' and FnR [a, Y] Ux . FnRs[a]Qx .

Now we define a (piecewise linear) isotopy

G* ﬂux[a,‘Y] —>R3[a,y] by G'(x’'xt) = nRs[t].

(xz'fa]}
It will be noted that &' |£a><0t is a natural injection and G'(Euxt}

= FnRs[t]. Analogously, we can define a (piecewise linear) isotopy
n 3
6" e £ x [y, B] > Ry, B]

with @"] ZY Xy being the natural injection and G"(KYXt) = FnRS[t].

Let G : Eax[cx , Bl » Rs[ot ,B] be an isotopy defined by
Glﬂax[a,y] = G' and Glﬁax [y, B] = G'-[GY'xid[Y,B]],

r . 1 2 ! _ 14
where GY : f.a > KY is defined by G'(xxvy) = GY(m) [v]-

This proves Sublemma 2.8.3. [J

2.10. Proof of Sublemma 2.8.1. Since by Sublemma 2.8.3 there is an
isotopy G : chx [0, BR] =+ Rs[a , B] with G| Kuxa the natural injection,
from the Isotopy Extension Theorem (Proposition 2.9) we obtain an ambient
isotopy H : Rs[a , B] ~ R3[0L , Bl with H IRS[OL] = the identity map and
lea[a,s] = G.

The desired ambient isotopy {hs}s€ ; of Rs(—OO,+°°) is, then, defined
as follows :

hs [Rs(—m, o} = id. for sel,
B (2[t]) = 7l (z[ass(t-0)1) [¢] for x[t]eR°[x,B] and seT,
where # © denotes the composite

1 -1

1. RS[OL ) Bl projection 3

R,

+ R[a, 8]

h(z[t]) = T zlats (B-a)]) [¢] for «[t] eR[B,0] and sel,
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B (2[t]) = B (@ [on(t,8) (B-0)1) [£] for =[] €R[p,pve] and seT,
where Y : [p, p+e]lx[0,1] - [0,1] is defined by
0 if es-t+p <0,
Y(t,s) =
(es -t +p)/e if es-t+p > 0,

hy [Rs[p+€ ,4+0) = id.  for sel. 0

2.11. Proof of Sublemma 2.8.2. For a sufficiently small positive num-
ber €, Cl(Fr\Rs(—w gy] - BY)fiRs[t] is a link for y-€ £ ¢ < vy. So,
as in Sublemma 2.8.1, we can deform Cl(FnRS[y—e , Y} - By) into the
product EY[Y—E ,Y] by a level-preserving ambient isotopy of }'1’3(-00 , +%°)
keeping RS[Y , +0) fixed. Similarly, we may assume that Cl(Ff\RS[Y,Y+€]
- BY) is the product K;[y , y+€], where K; = h(ﬂY ;B;). Now the result

follows. [

The following follows from the Morse’s inequality of a surface in the

Morse Theory. (See, for example, Milnor [8, pp.28-31].)

2.12. Proposition. Suppose a closed {(possibly disconnected) surface
F c RS(-w , ¥9)  has only elementary critical points, and let e,, 8, C_
and X be the numbers of maximal points, saddle points, minimal points

and the Euler characteristic of F. Then the equality ¢, - s + c_ =X

holds. D

2.13. Proof of Theorem 2.1. By Lemma 2.8, F 1is ambient isotopic in
RS(-W, +o)  to the closed realizing surface fl?c Rs[a , b] of a sequence

*
ZO =0 L& > + o>l >0 =2 with 0, 0  trivial links and
- 1 2 m + m+1 - +

£i+l = h(ﬂi ;Bi)’ 1=0,1,¢+,m .

Then from Lemma 1.4 we can further deform ?Z) into the closed real-
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izing surface ?72 of a sequence 0_ > 0' with O; = h(0 ;{B{,---,Bé])
a trivial link. Let O_, OL have u , u, components, respectively.

Using that f;? is connected, we can find (0 =1) bands B., «-- ,

1’

- i ; T ees ’ B eee BT -
Bu-_1 in the collection {Bl’ ,Bm} so that h(0 ,{Bl, ’Bu_—l})
k_ is a knot (i.e. connected). [Proof : Note that the realizing surface

b

F; of the sequence 0 =~ OL is connected, since ?:f is connected.

Hence the link with bands 0_ uBi Uees UB% is connected. Pick (1 -1)

bards B,, **+ , B in {Bi, see ,Bé} so that the link with bands

1’ p -1
0 UB, u***UB is also connected. Let 0 =0 us+su( , where O,
- 1 u_-1 - 1 H_ 7
is a connected component of (¢ . By changing the subscripts of Oi and

B; suitably, we may assume inductively that the link with bands 01 Uses

U0, UB u**UB, and the component O, are connected by a band B,
7 1 7- i+ 7

1 1
i=1,++-,u -1. This implies that h(0 ; {Bi,---,B; 1

B =k is a knot.]

Dually, we can also find (u+ -1) Dbands BI, cee ,B: 1 in the rema-

+
i i [ '} 2 {BT. e.. - _ ',
ined subcollection {Bl’ ,Bm} {Bl, ’Bu_-l} so that h+ h(0+,

+ + . + +
{Bl,-..,BU+_1}) is a knot, where we regard the bands Bl’ ’BU+-1 as
. : ' . ! ees B'Y_{B . s+ B
the spanning bands of the link 0+ h(k ’{Bl’ ,Bm} {Bl, ’Bu_—l})°

Using Lemma 1.10, f;? is ambient isotopic to the closed realizing
b

surface le of the sequence 0 +Fk -~ h+ -+ OL. Then by Lemma 1.16,
f?f is ambient isotopic to a surface in the normal form. By Proposition
2.12, the middle cross-sectional link has certainly (g +1) components,

where ¢ 1is the genus of F. This completes the proof of Theorem 2.1. []

2.14. Remark. It should be Temarked that, in the sequence ¢~k ~ £
+ k" = (' used in the definition of the normal form, any of the link
type £, knot types k, k' and the components of 0, the link 0' is

not uniquely determined by the surface up to ambient isotopy of RS(—M,%wL
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although the number of the components of the middle cross-sectional link

is the invariant of the surface.

2.15. Examples. Here are a few examples.
(a) The standard 2-sphere : The normal form of the simplest 2-sphere
in RS(-w, +») is the following, which has only one minimal band and one

maximal band.

060000

Fig. 25

In general, a (locally flat) 2-sphere K2 in Rs(—w,+W) is said to be

3 < RS(—w,+w) with BBS = K2. By

unknotted, if there exists a 3-disk B
the well-known homogeneity theorem of manifolds (cf. Rourke-Sanderson [10,

4
p.44] etc.), any two unknotted 2-spheres are ambient isotopic in R .

It is easy to see that the above standard 2-sphere is unknotted.

(b) J.Stalling's unknotted 2-sphere (Fig. 26) : This example (b) is,
perhaps, the first example, which notices the fact that the middle cross-

sectional knot of an unknotted 2-sphere in the normal form may be knotted.

More generally, for any knot &R, it can be shown that the composition
(= the so-called sum of knots) k # (-k*) is a middle cross-sectional |
knot of some unknotted 2-sphere in the normal form, where -k* denotes
the mirror image of k with reversed orientation of k. In fact, Zeeman
[13] showed that for any knot k the 1-twist-spun 2-knot (=2-sphere) is

unknotted. With a slight modification of this 2-knot, we obtain an un-
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knotted 2-sphere in the normal form whose middle cross-sectional knot is
kh # (-k*). We are going to give a detail of the matter in the forthcoming
paper [14].

(¢) H.Terasaka and F.Hosokawa's wnknotted 2-sphere [12] (Fig. 27) :

Note that in the example (c¢) the middle cross-sectional knot is prime.

o o> v 2 =
=0 . pese

neen
—) - 0E=0

-(@eso
T2 2

Fig. 26 Fig. 27

I

Ly

o

L

0
0
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(d) An unknotted surface of genus 1 (Fig. 28)

c

This surface of genus 1 actually bounds a solid torus of genus 1 in

Fig. 28

Rz(-W,+W), as illustrated in the following Fig. 29.

96E80E

Fig. 29

A connected surface in RB(—m,+w) is said to be unknotted , if it
bounds a solid torus of the same genus in RS(—w,+m).

Hosokawa-Kawauchi [6] showed that any two unknotted surfaces of the
same genus in RS(—w,+w) are ambient isotopic, (cf. [14]). Hence the
above surface is. ambient isotopic to the following standard surface of

genus 1.

0085806

Fig. 30



120

In Theorem 2.1 we treated a comnected surface. However, it is easy
to see that this assumption was never essential in the proof. We may

also derive the following corollary :

2.16. Corollary. ILet F =< Rs[-w,+w) be a closed oriented (and digscon-
nected) surface of (total) genus g with ¢ connected components, and

let a < b, Then F 18 ambient isctopic in RS(—m,+m) to the elosed

realizing surface ?;’c Rs[a . b] of some sequence 0_-+1L L ->£ ~+0,

such that 0_ =+ L ie a fusion from a trivial link 0_ to a link L
with ¢ components, £_ + £ is a g-fiseion, £ > £+ ig a g-fusion, and
L >0, is a fission to a trivial link 0, In particular, the middle

cross—gectional link £ has (g+c) components. [

The disconnected surface FZ? in Corollary 2.16 is also called a

surface in the normal form and the link £ is called the middle eross-

gsectional 1ink of ?ﬁj and the links £_ and £ _ are called the lower

and upper cross-sectional links, respectively.

Let £ = ﬂlo "'O'ZX be an oriented link in R° which splits into A

sublinks £., <+« , £

1 (Recall Definitions 0.4(4).) If one can find

A"
s . . 3 3, 3
mutually disjoint convex-linear 3-disks DllJ'°' vuDy in R such that

Int(Ef} > ﬂi’ 2=1,"++,A, then the link £ is said to be convexly

splittable into Zl, .., EX Then the following is obvious

2.17. Lemma. Suppose that an oviented Link £ =1L o+++ol, < B is

3

obtained from an oriented link EO c R° by the hyperbolic transformations

along bands B,, =*-, Bm s £ o= h(ﬂo ;Bl,---,Bm). Then there exists an

1’

isotopie deformation {h_}

3 .
oo of B sothat & = h(r (2)) 5k (B,
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0--,711(Bm)] 18 convexly splittable into £!, ++» , £!

A with &' = hl(f,)

and By = B (L), i=1,-+0 . O

Let 0>kR>2~+FR + 2% =00R' = Olo---ooloklc--'oku be a
sequence such that 0 + k is a complete fusion from a trivial link 0 to
a knot &k, R+ £ is a complete fission to a link £, £ - k' 1is also a
complete fusion to a knot k' and k' + £% = 0'0 £' is a complete
fission to 4 convexly and completely splittable link £% = 0'o £', where
o' = 01 LEE °0>\ and 2' = kl 0 e oku are the parts of unknotted and

knotted components of A£%, respectively.
p p

For this sequence, the closed realizing surface ?’ab in R3 [a, b+1]
is constructed as follows : First, construct the realizing surface Ff

b

in Rs[a ,bl, and let Eab be a lower closed realizing surface of Fa
by choosing arbitrary mutually disjoint 2-disks bounded by the trivial

link ¢ as usual in RS[O]. Secondly, we take mutually disjoint convex-

linear 3-disks DD, «++ , D3, DI°, +ev 01;3 in B such that Int(})

> O’L’ i=1,++-,A, and Int(DJ’.S) > kj’ g=1l,+***,u. For each %, we take a

2-disk D. ¢ D? with 3D. = 0,, and for each J we take a point v. ¢
% i 7 Z J

Int(Dt;.S}. Now the closed realizing surface f’ab is defined by

~b =b
Fa = ~Fa v (Dlu---uDA)[b] U (D{u---uDﬁ) s

where DJ'. is the cone with, as the vertex, uj[b+1] eRs[b+l] and, as the
base, kj[b] < R3[b], for each j=1,+"+,u.

It should be noted that J/I:’ab is a closed, connected, oriented and non-
locally flat surface locally knotted at Vs Tt s Y such that the
local knot type K(UJ.) is the knot type of kj, Jg=1,**+,u , and that the

~

Fa is uniquely determined by the sequence up to ambient isotopy of
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RS(-ce,+w). [Note that the non-empty intersection of two convex-linear 3-
disks is also a convex-linear 3-disk.] This non-locally flat surface ?’ab
is also called a surface in the normal form, and the link £ is called
the middle eross-sectional link of f’ab , and the knots k and &' are
called the Zower and upper cross-sectional knots of ?’ab, respectively.

As a corollary to Theorem 2.1, we also have the following :

2.18. Corollary. Any closed, connected, oriented and non-locally flat
sur'face F c RS(——w,«n) is ambient isotopic in Rs(—w,«») to the closed
realizing surface f‘ab of some sequence O+ k> L > k' + Q0 L' = 01 o
00}\ o kl 0*** 0 ku’ deseribed as above, where O
ig convexly and completely splittable. Further, the middle cross-sectio-

1o---oO)\oklo vos Ok].l
nal link £ has the genus of F plus one components, and the link type

of &' = kl 0 oku is uniquely determined by the given surface F. [

3. Normalization of Cobordism Surfaces between Links.

We think of arbitrary two oriented links Iiic}?s, 1=0,1. The union

1’_0[0] U [-El] (1} = R3[0 , 1], then, necessarily bounds a locally flat, con-
nected, oriented proper surface F in ® [0,1]. We will do a normali-

zation of this surface F.

3.1. Theorem. If this surface F has genus g 2= 0, then there exist
trivial links 027: < B> (splitted from the links 1’_7:) i=0,1, knots k,R'c
R and a link with {g +1) components LeR accompanied with a sequ-

ence kg o 030 R S A €A oOil)r\' of complete fusions and complete

fissions, where (l’.l o 0;1)% is ambient isotopic to 21 001‘1.
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Proof. By the arguments of Lemmas 2.2, 2.5 and 2.7, one can prove
that FW:RS[O , 1] 1is sufficiently small ambient isotopic to a surface
having only elementary critical bands in distinct levels. [Note that the
deformations in the proofs of these Lemmas are all local.] Then as stated
in Lemma 2.8, by an ambient isotopy of Rs(—m,+w) keeping ZO[O] U(—ll)[l]
fixed, F 1is deformed to a surface with only critical bands in RS[O , 1]
having the maximal bands in the level Rs[l] and the minimal bands in
RS[O] and the saddle bands in R3(0 ,1). Let Ep be the proper surface
in RS[O,l] obtained from the new F by removing the interiors of the
maximal and minimal bands. Let KO 0030 and Kl oOi1 be the links repre-
senting the links F0r1R3[0]<:R3[0] and —F0r1R3[1]<:R3[1], respectively.

0

By applying Sublemmas 2.8.1 and 2.8.2, F <:R3[0,1] is ambient isotopic

to the realizing surface FJ'czRS[O,l] of a sequence KO 0080 +—£i > e
- Ké ->'(«@.1 0011)' of simple fissions or simple fusions, where (£1<JO;1)'
is ambient isotopic to 21 0011 in Rs. Since FJ’ is connected, the
result now follows from an analogous argument of 2.13. This completes

the proof. 0

3.2. Corollary. 4 link £ c R

= RZ[O] bounds a connected orientable
surface of genus 0 in R3[0,+w) if and only if there exist trivial
links 00 and O and a knot k with a sequence L0 0% b » M of

a complete fusion and a complete fission. 0O

3.3. Remark. One can also obtain a suitable version of 3.1 or 3.2
to a result on a disconnected cobordism surface or a non-locally flat

cobordism surface. (cf. 2.16 and 2.18.)
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