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Extensions of Semimodules I

By Michihiro TAKAHASHI

Given A-semimodules 4 and B over a fixed semiring A, we want to consider
all possible A-semimodules EF such that B is a regular A-subsemimodple of E
and E/B ~ A. We can define a set of equivalence classes of such A-semimod-
ules, written EA(A,B).

Let SModA, MadA and Set be the category of A-semimodules, the category
of A-modules and the category of sets, respectively.

In this paper, we prove that EA(—,—):SModAXMOdA + Set is a bifunctor.

In a subsequent paper, we will introduce notions of A-projective and A-
injective of semimodules in order to compute the set EAC4,B).

For the definitions and notions used here we refer to [5],[6] and [7].

1. Pullback and pushout

(1.1) A diagram in a category C
g [
(*): Z2+>Y<« X
is called an angle in C.
A triple (7,h,k) is called a source of the angle (%) if A:7 » X and k:T ~> 2
are morphisms such that foh = gok. A source (D,g',f') is a limit of the
angle (*) if for any source (T,h,k) there exists a unique morphism 1:T + D

such that the diagram
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is commutative.

Such a limit (D,g’,f’) is called a pullback of the angle (*) and D is deno-

ted by XTTYZ.
The diagram
r
XTTYZ-+ X
'y v
zZ —Y
g

is called a pullback square. The category C is said to have pullbacks if

every angle in C has a pullback.

(1.2) A diagram in C
($): Z2<«Y>X
is called a coangle in C.
A triple (k,h,T) is called a sink of the coangle (%) if k:Z2 ~+~ T and :X » T
are morphisms such that hef = keg,
A sink {(f',g',D) is a colimit of the coangle (*) if for any sink (k,%,T)

there exists a unique morphism 2:2 + T such that the diagram

il
_).X
1
g frgl R
—.’.D

P

T

[S—

is commutative.

Such a colimit (f',g',D) is called a pushout of the coangle (*), and D is
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denoted by XLLYZ.

The diagram
7
Yy — X
gl £ igl
Z ———+—X11YZ

is called a pushout square.

The category C is said to have pushouts if every coangle in C has a pushout.

(1.3} The following Proposition is well known.

Proposition. ILet diagrams

& Y Yo
X— Y — X —= Z
Tl I sl 11 tl Pl II1 tl
A—— B —(C , A s O
a b bea

be commutative diagrams.

1) Assume I1 is a pullback squarve. Then 1II Zs a pullback squave 1if ond
only if 1 is a pullback square.

&}  Assume 1 is a pushout square. Then 111 is a pushout square if and

only <f 11 Zg a pushout square.

{1.4) Let A,C be categories with an adjunction <C,U,p>:C - A. We denote
the unit of the adjunction by 7m. Then it is well known that for each object

Xe|C| the morphism n, = © (1,):X > UCX has the following property:
*P x - %x,cxvcx

Proposition. Let XelCl, AclAl.
For every morphism f:X ~ U4 in C , there is a unique morphism F:CX + 4 in A

such that £ = U(f)onX .

g f
(1.5) A sink (f',g',D) of coangle (*):Z < Y » X is a C-colimit if for any
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sink (k,h,T) there exists a unique morphism Z:D - UCT such that the

diagram
f
¥—X
4
UaT N\
7 —— D
AN
k ucr
Ny
T

is commutative (cf. [7]).
By Proposition (1.4), we can say that for every sink (k,h,T) there exists

a unique morphism Z:CD » CT in A such that the diagram

f
Yy —X
g g' 5
o]

k

is commutative,

Such a C-colimit (f’,g',D) is called a C-pushout of the coangle (*).

Even if there exists a C-pushout, it is not unique in general,

The category C is said to have C-pushouts if every coangle in C has a C-

pushout.

(1.6) Let A be a fixed semiring with I.
We denote by SMGdA the category whose objects are A-semimodules and whose
morphisms are A-homomorphisms. By CSModA we denote the subcategory of SMOdA

whose objects are cancellative A-semimodules.
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Let U:CSModA > SModA be the inclusion functor, and let c:SModA -> CSModA be
the functor defined in (7.7) of [5]. Then Theorem (7.7) in [5] shows that
¢ is a left adjoint functor of U. We denote by n the unit. It is easily

checked that the morphism n,:X » UcX coincides with the epimorphism c:X -

X
c(X) defined in (7.2) of [5]. We denote [x] the image of ¢ of x in X.

By Theorem (3.2) and Theorem (3.4) in [7], the category SModA is complete.
Theorem (3.5) in [7] shows the subcategory CSModA is complete and cocomplete.

Thus we have

Proposition.
The category SModA has pullbacks and c-pushouts.

In particular, the subcategory CSModA has pullbacks and pushouts.

(1.7) Given an angle (x): Z z Y < X in SModA , we will construct a pushout
as follow.
Define a source (D,g’,f') by
D = {(z,y)eXxZ| f(x) = g®)} = xx2,
g'(x,2) = « and f'(x,3) = 2 for every (x,é) in D.

Then the square

g'
D—>x
Vil f
v L

is commutative. By the definition, D is a A-subsemimodule of XxZ, and g’',
f' are A-homomorphisms. Therefore (D,g',f') is a source of the angle (x).
We will show the source (D,g’',f') is a pullback of the angle (*).

For any source (T,h,k) define 1:7 > D by L(a) = (h(a),k(a)) for all a in T.
Since foh(a) = gok(a), (h(a),k(a))eD. This shows 7 is well defined.

It is easily checked that this map 7 is a unique A-homomorphism such that
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the diagram

T

Ny

F
—_—
g

k

L]
(Ql

N

JE

Ny 4

is commutative. Thus (D,g’,f') is a required pullback of the given angle:

D= XTI'YZ.

(1.8} Given a coangle (*):Z g— ¥+ Xin SModA, we will construct a e-push-
out as follow.
Define a subset Rc(XxZ)x(XxZ) by
R={<F®),gW), Fy.9@)I>1y,y'<¥}
Then R is a symmetric A-subsemimodule of (XxZ)x(XxZ). Let p(R) be the con-
gruence of XxZ associated with RA.
Define a A-semimodule D by
D = XxZ/p(R).
We denote by {x,z) the class of (%,z)eX%Z in D. By the definition,
(x,2) = (z’,2") if and only if z+f(y) = x'+f(y') and z+g(y') = 2'+g(y) for
some y,y' in 7.
We define g':X » D and f':Z2 > D by
g'(x) = (x,0) and f'(2) = (0,2), respectively.
Then g’,f' are A-homomorphisms.
Next we will show (f',g',D) is a sink of the given coangle ().
Since g'of(y) = (F(¥),0) and f'eg(y) = (0,g(y)) for each y in ¥, we must
show (F@),0) = (0,9@))-
Since f(y)+f(0) = 0+f(y) and O+g(y) = g(y)+g(0) for 0,y in Y, we have

F@&,D = 0,9@)).
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Finally we will show the sink (f’,g’,D) is a c-pushout. '

For any sink (k,k,T) define 1:D > UeT by

L(@,2) = npoh (x) +npek (2)
[hx)+k(2)].

We must show the map 7 is well defined.

Suppose (,2) = (@7,27). Then @+f(y) = @'+f(y") and z+g(y’') = z'+g(y) for
some y,y' in Y. 1t follows that A(x+f(y))+k(z+gy ")) = h(x'+f(y"))+k(z'+
g(®)), so that h(x)+k(2)+hof(y)+keg(y') = h(z')+k(z")+hof(y ) +keg (y) .
Where hof(y)+keg(y') = hof(y')+keg(y) since hof(y) = keg(y) and hef(y')=
kog(y'). Thus we have [h(x)+k(2)] = [k(x')+k(2')]. This shows the map 7 is
well defined. By the definition, 7 is a A-homomorphism. v

It is left to show that such 7 is unique.
Suppose 1':D » UeT is a A-homomorphism such that the diagram

X

gl
frl h
7 —DJ1

N

k UeT

A\

T
is commutative.
For each (x,z)eD,

' (z,2)

1" ((x,0)+(0,2))

1" (®,0)+1"(0,2)

Lleg ' (x)+1l"of" ()
Npoh (@) +n,_,,°7< (=)
[ (x) +k (2) ]

l(x,z).
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Hence such 7 is umique.
The above consideration shows that the sink (f’,g’',D) is a required c-

g —
pushout of the given coangle (x): Z + ¥ =+ X. We denote U by X-U-YZ

(1.9) We notice that for cancellative A-semimodules X and Z, XTTYZ and

X_]_LYZ are also cancellative since XxZ is cancellative (cf.Proposition (7.1)

in [5]). By the constructions in (1.7) and (1.8), we have

Proposition.
g ¥
In the category SMod,, for a given angle Z ~ ¥ « X the triple
g 7
(XTTYZ,Q', f'Y is a pullback and for a given coangle % + Y + X the triple
(f'>9',XL1,2) is a e-pushout.
In particular, in the category CSMadA, (XTTYZ_,g', £ and (f’,g',XJ_LYZ)

are a pullback and a pushout, respectively.

1.10) In the category SModA, a e-pushout is not necessarily a pushout.
But when Y is a A-module the e-pushout (f',g’, yZ) is always a pushout.

That is,

Proposition.
g ¥
Let 7 < Y > X be a given coangle in SMOdA.

If Y is a Amodule, then the c-pushout (f',g’, X'U'YZ) i8 a pushout of the

coangle.
Proof. Consider the diagram
y Ly
g‘[ lg'
fl
7 ——D=X YZ

Since Y is a A-module, (%,3) = (x’,2') if and only if x = z'+f(y) and
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z = z3'+g(-y) for some y in Y.
For any sink (k,%,T) define 7:D + T by L{(x,3) = h(x)+k(2).
We must show it is well defined.

Suppose (x,2) = (x7,27). Then x = x'+f(y) and z = z'+g(-y) for some y in

h(x)+k (2)

h(x")+hof(y)+k(z')+keg (-y)
h(z")+k(z")+hof (y)+kog (-y)
h(x")+k(z2")+kog(y) +kog (-y)
h(x")+k(z')+keg (y-y)

Bz +k(2") +kog (0)

i}

il

hx"y+k(z").
This shows the map 7 is well defined. Since % and k are A-homomorphisms,

the map 7 is also a A-homomorphism. The uniqueness of such I follows easily.

2. Extensions of semimodules

(2.1) Let A be a semiring with I, and let A,B be two A-semimodules.
We want to consider all possible A-semimodules F such that B is a regular
A-subsemimodule of E and E/B =~ A. We then have a regular exact sequence
0 >B>—E—» A= (.

A regular exact sequence

K v
0>B>—>FE —» A0

is called an extension of A4 by B.
Then by Proposition (4.6) in [S] and the regularity of the exact sequence,
we have followings:

1) k*:B = Ker(v),

2) v, :Coker(k) = 4,
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3) K is injective and i-regular,and

4] v is surjective and k-regualr.

K v
(2,2) We say that the extension B >—1+ El —l»A is equivalent to the ex-
K v
tension B>% E'2 —Z»A if there is a regular A-homomorphism E:E’l > By such
that the diagram
B
K}/E \K‘Z
E.’l EZ
N
A
is commutative.
Ky Vg Ko v

2
(2.3) Lemma. Let B>~ El —»4, B>+ E’2 —+A be two extensions of 4 by

B. If there is a MA-homomorphism g:E1 - E2 such that the diagram

B
Ve 2
E, ——> F

18 commutative, then the sequence 0 ~ E, 5 E, >0 is exact.

Proof.  Consider the exact sequence

0+ Ker(§) > E g—»EZ —»E2/€ -0 .

1
It is sufficent to show that Ker(&) = 0 and Ez/E = 0.
{1°): Let x be any element of Ker(£). Then E(x) = 0.

Since \)J(a:) = \)Zoi(x) = \)2(0) =0, xeKer(vl) = Im(Kl) = K‘Z(B).
It follows « = Kq () for some b in B. By the commutativity we have

Kg(b) = EoKl () = E{x) = 0. Since k, is injective, D = 0. Hence x = 0.

2
This shows Ker(E) = 0.

{(2°): Let y be any element of E,_. Then vz(y)eA.

2
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Since vl is surjective, vg(y) = vl(x) for some x in El'

By the commutativity vl(x) = V2(E(m)). Thus we have vZ(E(x)) = v2(y).
Since Vg is k-regular, ECx)+k1 = y+k2 for some kz’kz in Ker(vz). By the

regular exactness kl = KZ(RJ) and k2 = K2(EZ) for some EZ’EZ in B.

By the commutativity kl = EoKi(El) and k2 = EOKZ(Eg).

Thus we have E(x)+E(K1(El)) = y+E(K1(22)), so that E(x+K1(E1)) = y+E(K1(E§)-
This shows yeIm(£), so that Im(§) = E,. This means Ez/E = 0.

K1 V1 Kg Vo
(2.4) Proposition. Let B:»ﬂAEZ —»4, B> E, =>4 be two extensions

of A by B. If there is a regular A-homomorphism S:EZ -~ E, such that the

2
diagram

ﬁ}//g\\fﬁ
By —— B,
N

18 commutative, then E:El +~ E_ 18 a MA-isomorphism.

2
Conversely if there is a A-isomorphism g:El > B, which satisfys the above

commutative diagram, then two extensions are equivalent.

£ .
Proof. By Lemma (2.3) the sequence 0 - El +~E2 + 0 1is exact.

Since £ is regular, £ is a A-isomorphism.
Conversely if & is a A-isomorphism, then & is regular (cf. Proposition

(4.4) in [5]). Hence two extensions are equivalent.
(2.5) Proposition. The equvalence of extensions is an equivalencerelation.
Proof. This follows easily from Proposition (2.4).

(2.6) We denote by EA(A,B) the set of equivalence classes of extensions

of A by B.
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2.7) EA(A,B) contains at least one element : The A-semimodule AxB, to-
q p

gether with the maps d and Py yiels an extension B:»E AxB —§+A.

We call any extension equivalent to the above extension a split extension

of 4 by B.

(2.8) Let S be any semimodule.

If we denote by G(S) the maximal subgroup of S, then G(5) is a regular
subsemimodule of 5., Denote by Q(S) the quotient semimodule S/G(5).

Then the sequence 0 + G(3) >+ S —»Q(S) -~ 0 is a regular exact sequence.
Thus any semimodule S is an extension of the semimodule Q(S) by the group

G(5).
3. An induced map a*:EA(A,B) > EA(A’,B)

(3.1) Let o:4’ + A be a A-homomorphism and let B;S+ E Y++A be a repre-
sentative of an element in EA(A,B).

We want to construct an extension

B)'C—;EO‘E»A'

such that the diagram

H

B I —— oy

<
+
~

Do Iy

~

¥+ R
<

is commutative.
. o v
Define (E7,£,v') as a pullback of the angle A’ ~ 4 « E. That is,
Y = {(z,a)eBxd’ | v(x) = a(a)} = Bx4’,
E(x,a) = & and V! (x,q) = a.

Define K':B -~ E© by k'(P) = (x(b),0).
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Then E” is a A-semimodule and v',& are A-homomorphisms. Moreover the under
square is commutative. Since v(k(®)) = 0 = a(0), k' is well defined and it is
a A-homomorphism. Since Eek' (D) = §(k(}),0) = x(b), the upper square is
commutative.

Together with the following Proposition we obtain a reqired extemsion.

(3.2) Proposition.

k! v'

The sequence B — E* — A' is an extension of 4' by B.

Kt ]
v
Proof. (1°): We will show the sequence 0 + B + E* > A7 > 0 is exact.

Since vlek'(B) = v'(kK(B),0) = 0, we have Im(k') € Ker(v').

Let (x,a) be -any element of Ker(v'). Then V! (z,a) = a = 0.

Since v(x) = a(a) = a(0) = 0, xcKer(v) = Im(k) = «(B). This means x = k()
for some » in B. Therefore (x,a) = (K(B),0) = k'), so that (x,a)eIim{k’).
This shows Im(k') > Ker(v'). Thus we have proved that the sequence

K! V!
B — B% — 4! is exact.

Now consider the exact sequence Ker(k'} + B —K>'E'a
Let b be any element of Ker(x?}. Then k' (B) = (x(®),0) = (0,0).

Hence k(®) = 0. Since K is injective, we have b = 0.
This shows the sequence ¢ B ﬁ‘E'OL is exact.

Let a be any element of A'. Then a(a)e4. Since v is surjective, o{a) =
v(x)} for some x in E. This shows (x,a) ¢E” and v! {(x,a) = a. Hence v' is
surjective.

Thus we have proved that the sequence
0850450

is exact and v' is surjective.

(2°): We will show k' is regular.
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Suppose K'(p) = k' (b'). Then (k(®),0) = (x(®'),0). Therefore k(p) =
K(b'). Since K is injective, » = b'. This shows k' is injective, so that
k' is k-regular.

Let (z,a) be any element of Im(k'). Then (x,a)+k'(P) = k' (@'} for some
b,b' eB. It follows {x+k(®),a) = (k®"),0). This shows a = 0 and z+k(d) =
kK(»'). Hence xelm(k). Since k is i-regular, 2 = k(B) for some b in B.
Thus we have (x,a) = (x(B),0) = k' (0). This means Im(k') = x'(B). Hence
K' is i-regular. Thus we have proved k' is a regular injection.

(3°): Finally we must prove that v' is regular.
Since v' is surjective, V' is i-regular. So it is left to prove that v' is
k-regular.

Suppose V' (x,a) = v'(x',a'). Then a = a'. Since (x,a),(:c',a}eE’u, vix) =
v({x') = af{a). By the regularity of v , :1:+7<1 = :c’+k2 for some kl’k2 in
Ker(v). It follows (:x‘:,a)+(k1,0] = (a:+k1,aj = (:c'+7<2,a) = (m',a]+(k2,0).
Since (kl,()), (k2,0)eKer(v'), v' is k-regular. Thus we have proved that v'
is a regular surjection.

K' v
The assertions (1°),(2°) and (3°) show B> E® —»4"' is an extension of

A' by B.

(3.3) For any A-homomorphism a:A’ > A, we define the induced map
* = . 1

a* = E, (%,B):E, (4,5) > E,(4',B)
by assigning to the class of B> E —»4 the class of B> B —ar.
Then we must prove that this definition is independent of the chosen repre-
sentative B>~ F —»- A4,

KoV Kz Vi1
Let B>—> E —4 be equivalent to B> El —+4 with §:E > F

Then we define &':E% - E‘; by &' (x,a) = (E(x),a).

7

We can easily check that &' is a A-homomorphism satisfying the commutative
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diagram

B

14 KI
- /g\é(;

v\A e

It is left to prove that &' is a A-isomorphism.

QA

(1°): We will show &' is injective.
Suppose &' (x,a) = &' (z',a’). Then (E(®),a) = (E(z'),a)).
Therefore £(x) = E(x') and a = a’. Since & is injective, x = z'.
Thus (x,a) = (x',a'). This shows &' is injective.
(2°): We will show £' is surjective.
Let (x,a) be any element of E%, where EéEz,aeA'..Since g is surjective,
T = E(x} for some x in E. Hence (x,a) = (E(x),a) = &' (x,a).

This shows &' is surjective.

The assertions (1°) and (2°) show &' is a A-isomorphism.

(3.4) Let Set be the category of sets.
We define EA(—,B):SModA + Set as a map whose object function assigns to
each object AeISMOdAI the set EA(A,B)elSet[ and whose morphism function

assigns to each morphism a:4’ ~ A the map a* = EA(u,B):EA(A,B) > EA(A',B).

Theorem.  For each MA-semimodule B,
EA(—,B):SMOdA -+ Set

is a contravariant functor.

Proof. Let a = lA:A + A be the identity of 4.

Consider the diagram
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Kkt

l

lm
T N

B Iy < Oy

LY

(!=A

Then & is a A-homomorphism.

We will show E ,B) = 1

A(ZA EA(A,B) )
It is sufficient to prove that £ is an isomorphism.
Suppose E(x,a) = §(x',a'). Then x = x'. It follows a = v(x) = v(&’) = a’.
Thus (x,a) = (x',a’). This shows & is injective.
Let x be any element of E. Put g = v(x). Then (x-,a)eEa. Hence E(x,a) = =.
This shows £ is surjective, so that £ is an isomorphism.
(2%):  Let a':A" + A', a:A" + A be two A-homomorphisms.
Consider the diagram.
at & ok
(E’u) — B — F

l\)" I l\)’II l\)

AN —— A — 4,
o o

where I,II are pullback squares, respectively.
By Proposition (1.3), the diagram
1 gef!
EH* S
wl

A¥Y ——— 4
aon!

is a pullback square.
On the other hand we consider a pullback square for the composition

aca’ :A” > A P =L g

\")l lv
Qo'

A" A.
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By the universal property of the pullback there exists a A-isomorphism
l 1
Z:(Em)u > EX°% | Then we will prove that the diagram

B
K" K

@' —
A
is commutative.
From the construction in (1.7), 7 is given by
t((@,a’),a" = (x,a"M,
where a’ = a'{a").
For every b in B,

Lok" ()

1

k' ®),0
1k ®),0),0)
x(®),0)

K ().

This shows the diagram is commutative.

K ar V! K _ooeat Y al
Thus B>+ (E)% 4" is equivalent to B> E —»A" with 7:(E%)

og,' .
+ %" That is, we have proved

EAouoa',B) = E a',B)oEA(u,B).

2 G

By (1°) and (2°), EA(-,B) is a contravariant functor.

4.  An induced map B*:EA(A,B) > EA(A,B')

K Y
(4.1) Let f:B »~ B’ be a A-homomorphism and let B>-» E —»> A4 be a represent-
ative of an element in EA(A,B).
We want to construct an extension
K! v!

B! > EB —» 4

such that the diagram
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is commutative. But the fact is rather delicate than the construction in
the previous section.

kK B -
For the coangle ¥ « B + B' we denote by E, the A-semimodule B’JJ_BE'

B
constructed in (1.8). That is, we define
Eg = B'<E/p(R),
where R is the symmetric A-subsemimodule of (B'xE}x(B'xE) defined by
R = {<(B®),x®"),B®"),k(®))>| b,b'eB}

and p(R) is the congruence associated with R.

And we define «',E and v' by

'(@) = (,0),
E(@) = (0,x) and
v' (f,x) = v(x), respectively.

Then E’B- is a A-semimodule and k',§ are A-homomorphisms.

(4.2) In E, = B'xE/p(R), (P,x) = (B',x") if and only if b+B(D) = b'+B(E")

B
and 2+ (5') = x'+k(p) for some 5,b’ in B.
(4.3) We must show V! :E’B + 4 is well defined.

Suppose (B,x) = (b7,x’). Then b+B(P) = b'+R(F’) and z+ (B') = z'+k(B)
for some 5,F' in B. It follows v(x)+vok(F') = v(x')}+vox (H). Since vok = 0,
we have v(z} = v(x’). Thus v' is well defined. Plainly v' is a A-homomorph-

ism,

(4.4) Proposition.

For any A-homomorphism B:B ~ B', the diagram
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B —fi+ B!
K I £ lK'

E ——e-EB
vl

A=A

18 commutative such that
1) k' is i-regular, and

2) V' isa regular surjection.

Proof. By the discussion in (1.8) the diagram

B — B!
S

E—F
B

is commutative.

Next the commutativity of the square

E —E+ EB
vl o
A==

follows from the definition of v'.

1): We will show k' is i-regular.
Let (D,x)eIm(k'). Then (b,x)+k'(e) = k'(e') for some c,e’ in B'.
It follows (B+e,x) = (¢’,0). Therefore b+e+B(d) = ¢'+B(@') and x+k(d') =
k(d) for some d,d' in B, so that xzeIm(k). Since Im(k) = k(B), % = K(;) for
some Z in B.

Thus we have

(b,z) = (b,0)+(0,x)

i

Kt (0)+ (0,6 (B))
Kt (B)+E (< (B))
k' (B) k! (B(B))
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= k' B+ (B)).

This shows X' is i-regular.

2): First we show v' is surjective.
Let a be any element of A. Since v is surjective, a = v(x) for some x in E.
Then v' (0,x} = v(x) = a. Thus v' is surjective, and so V' is i-regular.

Next we show v' is k-regular.
Suppose V' (,x) = v'(b7,x"), Then v{x) = v(x'). Since v is k-regular, x+k =
x'+k! for some k,k’ in Ker(v).
Then we have

G,x)+(B",0)+(0,k) = (b,0)+(0,x)+B",0)+(0,k)

(B7,0)+(0,z+k)+ & ,0)

(B7,0)+(0,x7+k")+(B,0)

B7,0)+ 0,27+ (0,kN)+(5,0)

GTzN+(0,kN+(3,0).

That is, (B,2)+(B7,00+(0,k) = (B",aN+(0,k")+([®,0), where (6',0),(d,0) «
Ker(v'). Since k,k’'eKer(v), we have v'(0,k) = v(k} = @ and V' (0,k7) =
v(k") = 0. Therefore (0,k),(0,k")eKer(v'). Thus we have (b',0)+(0,k),
(0,kN)+(,0)eKer(v'). This means V' is k-regular.

K~l \)l
(4.5) Proposition. The sequence B' — E’B —»>A » 0 48 exact.

K' V'
Proof. Since V' is surjective, it is left to prove that B! — E, — A

B
is exact. Since v'ok'(p) = V' (D,0) = v(0) = 0, Im(k')cKer(v').
Now let (b,x)eKer{v'). Then v'(b,x) = v(x) = 0. Thus zeKer(v) = Im{k} =

kK(B), so that x

k() for some b in B.
Then we have

®,z) = 3,0)+0,2)

K' (B)+E ()
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K (BY+E (< (B))
k' (B)+ k' (B(B))
K!' (b+B(F)).

This means (b,x)elm(k'). Thus we have Im(k')=>Ker(v'), so that Im(k') =

Kexr(v').

(4.6) Proposition. ILet B' be a cancellative A-semimodule.
Then for any A-homomorphism R:B —+ B’ the sequence
k' V!
0 + B! — E’B — A+ 0

is an extension of A by B'.

Proof. Since by Proposition (4.4) V' is a regular surjection and k'
is i-regular, it is left to prove that k' is injective.

Suppose K'(B) = k'(b'). Then (b,0) = (B',0). This means b+B(e) =
b'+B(c') and x(e'} = k(e) for some e,¢’' in B. Since « is injective, e = ¢’.
Therefore b+B(e) = b'+B(e). Since B' is cancellative, we have b = b’

This shows k' is injective.

4.7) Let B! be a cancellative MA-semimodule. Then for any A-homomorphism
B:B + B!, we define the induced map
= . 4
B, = Ey(4,8):E,(4,B) > E,(4,B")

by assigning to the class of B>+ E —» A the class of B'>—= E, —»4,

B

Then we must prove that this definition is independent of the chosen repre-

sentative B> E —~A.
K y Kl v
Let B>—> E —»4 be equivalent to B> EI —»4 with 2:F » El'

Then we define C':E, + F by

8 18
t'd,x) = B,0).

Plainly ¢' is a A-homomorphism satisfying the commutative diagram
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BI
5;(§:\\ff
E, ———— F
B
v’&A v_%

18

We must prove ¢' is an isomorphism,
(1°): We will show L' is surjective.

Let (b,xl]eE_.lB. Then bsB’,xleE'J. Since § is surjective, x, = z{x) for

some x in E. Therefore (b,z,) = (b,L()) = ¢t (b,z). This shows ' is sur-
jective.

(2°): We will show ' is injective.

Suppose ' (b,x) = ¢'(BT,z"). Then (b,z(x)) = (@',C(x")) in Eqg
This means b+8(e) = b'+B(e') and g(m)+|<1(5') = c(x')+|<1(5) for some 2,¢' in
B. Since KJ(E'),Kl(a)eEz and ¢ is a A-isomorphism, Ky (@) = ¢t(y') and

KJ(E) = ;(y) for some y,y' in E. Then,

clx+y’) = T{x)+z(y")

1]

JORNCH

z (w')+'<1 (e)
z{x"+T ()
c(@'+y).

Since T is a A-isomorphism, z+y' = x'+y.

On the other hand by the commutativity £(3') = k;(@") = t(k(e")) and
t(y) = €, (@) = ¢(k(2)). Since ¢ is a A-isomorphism, y' = k(c’) and ¥ = x(c).
Thus we have b+B(c} = b'+B(c') and z+k(e') = z'+k(c). This means (b,x) =
(B7,x7). Hence ' is injective.

Thus we have proved B, is well defined.

To summarize, we have proved :

Proposition. ILet B' be a cancellative A-semimodule.
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Then for any A-homomorphiem B:B + B' we can define the induced map
= . ’
B* - EA(A,B)-EA(A’B) - EA(A:B )

by assigning to the class of B>—+ E —» 4 the class of B' »—~ EB —4.

5. A bifunctor EA(—,—):SMadAxModA + Set

(5.1) We denote by ModA_ the category of A-modules,

Define EA(A,—):ModA + Set as a map whose object function assigns to each
object Be[ModAI the set EA(A,B)e]S@t[ and whose morphism function assigns
to each morphism B:B - B’ the induced map B, = EACA,B):EA(A,B) -+ EA(A,B').

Our first aim is to make EA(A"-) into a functor.

(5.2) Our extensions considered in this section are always eéxtensions of
a A-semimodule by a A-module.
We notice that every A-homomorphism f:B + E of a A-module B to a A-semi-

module E is always regular.

(5.3) Let B,B' be A-modules and let B:B + B! be a A-homomorphism.
Since B' is cancellative, by Proposition (4.7) we have the induced map
B = E,(4,B):E,(4,B) > E,(4,5").
K v
Let B>> F —» 4 be a representative of an element of EA(A,B).
In the commutative diagram

B — B!

S

E—F

o lﬁ.

A== A,

Eg = B'<E/p(R), ' () = (B,0), v'(b,x) = v(z) and E(x) = (0,x), where

R = {<(B(),k(B"), BB,k (®))>| b,b'eB}.
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Since B is a A-module, (b,x) = (b',x') in E, if and only if b = b'+B(e)

B

and & = a'+K(-¢) for some ¢ in B,

By Proposition (1.10), the A-semimodule E, is determined uniquely as a

8
pushout.

(5.4) Lemma. Let B = 1,:B > B be the identity.

B
K v s A K! v!
Then B> E —+4 1isg equivalent to B >— EB —A.
Proof,

Since B is a A-module, EB is determined uniquely by Proposition (1.10)
as a pushout satisfying the commutative diagram
1
B33

K Tk
g N g
B8
v L ’L\)'
A =4,
On the other hand, since the square
;]
B—B
| 1z Jx
E—F

1

is commutative.
Thus JE' = lo&. This shows £ is injective.

By the construction in (1.10), 7 is given by I(b,x) = k(b)+x.
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For (ﬂ)EEB, gol(b,x) = E(kB)+I (@) = (0,xB)+x).
Since b = 0+15(P) and x = k(b)+z+k(-b) for b in B, we have ®,x) =

(0,x(b)+x). This shows Eeol = Therefore § is surjective. Thus & is a

1., .
Eg

required equivalence.

(5.5)  Theorem.

For.any A-semimodule A, EA(A,-):ModA~> Set is a covariant functor.

Proof. (1°): For the identity B = 1,:B + B, by Lemma (5.4) we have

B
E\d,Ip) = JE'A(A,B) g

(2°): For given two A-homomorphisms B:B - B! and B':B' - B", consider the

commutative diagram
Bl

1 s gM

B
JerTT [

By — (EQgy »
B g BB’

B
B —
I

1

™

where I,II are pushout squares, respectively.
By Proposition (1.3), the diagram
B'oB

B —— B"

Kl I11 lK"

E— &),
grog B

is a pushout square.
On the other hand, we consider a pushout square for the composition
B'oB:B > B"

B'eB

B —— B"

Kl : lE
E — EB'QB .

By the universal property of the pushout there exists a unique A-isomorphism
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Z:EB,OB > (& such that the diagram
B'eB

—_—

Blg

13

(o}

K 3 K"

N «— W
by —

RN
Brep
EINZ
is commutative.
It is left to prove that the diagram
A
Egrag > Eglgn
G\ / uh
A
is commutative.
From the construction in (1.10), I is given by
Lp",x) = k(BM+EreE(x) for (P",x) in EB'°B .
Since v*el(pT,x) = V(K" (B")+E" oL (%))
= V'((E1E) (x})
= VI(E'(0,%))
= v (0, (0,x))
= V' (0,%)
= v(z)
=V(p",x),

the diagram is commutative.

(5.6) Theorem.

EA(-,-):SMc;dA XModA + Set is a bifunctor.

Proof. For given two A-homomorphisms B:B -+ B! and a:4' + A, consider

the diagram
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B B
B! B =—— B B! =—=— B’
Pl gl Fe P
(Ea)B : Eu‘——E»-E ——E—+ Eq +§— (EB)“
l\)" \)'u l\) lG 16'
A —= A A A Ar .

It remains to check that B,a* = a*B*:EA(A,B) - EA(A’,B').

-We have to show the eXistence of a A-isomorphism C:(Ea)ﬁ - (EB)Q such

that the diagram
BI
v Kn K!
E)g —— &

S~

o

is commutative.

Define Q:(Ea)B +.(E6)a by

t®I®@,an) = (Ba),a") for each (&7, G,aN)cE), .

(1°):

We first have to check that the definition is well defined.

Suppose (67, ,an) = (B7,@a&1) in EV) .

Then b’ = 3'+B(o) and (x,a’) = (£,8")+c'(-¢) for some ¢ in B.

It follows (z,a')

P

&,a")+k(-e),0), that is, x = Z+k(-¢) and a' = &’'.

Thus we have b’ = 2'+B(c) and x = Z+k(-¢) for some ¢ in B.

This shows (b',x) (b',8) in E

g
(EB)a . Hence ¢ is well defined,

(2°):  We mext check that the diagram

BI
aK‘"/E\f' .
(E)g — (Ep)

Wy £
A!

is commutative.

Therefore ((B',x),a') = (®',®),8') in
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For any element ' of B/,

t®', 0,00
(@7,00)
k@®",0)
=K'(®".

Cok'(b')

For any element (&', (xz,a’)) of (EOLJB,

ez BT, m,a) = V' (BT,,a")
= q!
= v!'(z,a’)
= V7, x,a").
Thus the diagram is commutative.
(3°): The fact that 7 is a A-homomorphism is checked as follow.
L@, @,aN+¢, @,4")

C@'+D!, (x+8,a'+a"))

((B1+51, (x+2)) ,a'+8")

(,2)+ (b ,2),a’+a")

(BT, ,aN+(5,8),4")

il

c®, @a) B, @,8').
4eSANCEDY

LB, A (=,a"))
L7, (A, ka’))

(BT %), Aa’)
AGT.@),Ma’)

MET®),a")

AT, (=,am).

1

Finally we must prove that ¥ is an isomorphism.
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(4°): We will show ¢ is surjective.
Let ((b'_,m“),a')e(EB)“ . Then v(x) = V(%) = a(a'). Therefore (x,a')<E™
Since b’eB!, @;T:EE?57T)E(EQ)B. This shows ¢ is surjective.
(5°): We will show Z is injective.
suppose £(B7;(@,a")) = ¢!, (®,2")). Then ((B7,@),a) = (B',8),2".
This means (57,2) = (b',2) and a’ = &'. It follows b' = b'+B(c) and
x = R+ (-e) for some ¢ in B. Then (x,a') = (&,8N+K(-¢),0) = (&,a")+c'(-¢).
Thus we have b! = H'+8(c) and (z,a’) = (&,8")+k' (-¢) for some ¢ in B.
This means (7, (x,a’)) = (?7TE§:§?B. Hence z is injective.

This completes the proof.
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