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Extensions of Semimodules I 

By Michihiro TAKAHASHI 

Given A-semimodules A and B over a fixed semiring A, we want to consider 

all possible A-semimodules E such that Bis a regular A-subsemimod~le of E 

and E/B ~ A. We can define a set of equivalence classes of such A-semimod~ 

ules, written EA(A,B). 

Let SMadA, MadA and Set be the category of A-semimodules, the category 

of A-modules and the category of sets, respectively. 

In this paper, we prove that EA(-,-):SMadAxMadA ➔ Set is a bifunctor. 

In a subsequent paper, we will introduce notions of A-projective and A­

injective of semimodules in order to compute the set EA(A,B). 

For the definitions and notions used here we refer to [5],[6] and [7]. 

l. Pullback and pushout 

(1.1) A diagram in a category C 
g f 

(*): Z ➔ Y + X 

is called an a:ngle in C. 

A triple (T,h,k) is called a source of the angle (*) if h:T ➔ X and k:T ➔ Z 

are morphisms such that foh = g0 k. A source (D,g',f') is a Zimit of the 

angle (*) if for any source (T,h,k) there exists a unique morphism Z:T ➔ D 

such that the diagram 
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is commutative. 

T~ ~r,~r, 
z-y 

g 

Such a limit (D,g',f') is called a puZZback of the angle (*) and Dis deno­

ted by XTTy-2-

The diagram 
g' 

xIT z --+ x 
t' -l + f 

z --+ y 
g 

is called a puZZback squal'e. The category C is said to have puZZbacks if 

every angle in Chas a pullback. 

(l. 2) A diagram in C 
g f 

(*): Z 4-- Y + X 

is called a coangZe in C. 

A triple (k,h,T) is called a sink of the coangle (*) if k:Z ➔ T and h:X + T 

are morphisms such that hof = kog. 

A sink (f',g',D) is a coZimit of the coangle (*) if for any sink (k,h,T) 

there exists a unique morphism Z:D ➔ T such that the diagram 

f 
y----+ X 

g l ,,e'li 
Z----+ D 

~ 
T 

is commutative. 

Such a colimit (f',g',D) is called a pushout of the coangle (*), and Dis 



denoted by XliyZ. 

The diagram 
f 

Y-X 

g l f' lg' 
Z -- XliyZ 

is called a pushout sqUa::t'e. 
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The category C is said to have pushouts if every coangle in Chas a pushout. 

(1.3) The following Proposition is well known. 

Proposition. Let diagrams 

X y 
x-Y-z 

rl I sl II tl 
A-B-c, 

a b 

be commutative diagrams. 

yo:x; 

x-z 
rl III tl 
A->-C 

b 0 a 

1) Asswne II is a pullback sqUa::t'e. Then III is a pullback square if a:nd 

only if I is a pullback sqUa::t'e. 

2) Asswne I is a pushout sqUa::t'e. Then III is a pushout square if and 

only if II is a pushout squa:t'e. 

(1.4) Let A,C be categories with an adjunction <C,U,~>:C ➔ A. We denote 

the unit of the adjunction by n. Then it is well known that for each object 

XEICI the morphism nx = ~x,cx(lcx):X ➔ ucx has the following property: 

Proposition. Let XE I CI , AE I A I . 

For every morphism f:X ➔ UA in C, there is a unique morphism 'J':CX ➔ A in A 

such that f = U(!) 0 nx . 

g f 
(1.5) A sink (f',g',D) of coangle (*):Z + Y ➔ Xis a C-colimit if for any 
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sink (k,h,T) there exists a unique morphism Z:D + UCT such that the 

diagram 

is commutative (cf. [7]). 

By Proposition (1.4), we can say that for every sink (k,h,T) there exists 

a unique morphism !:CD+ CT in A such that the diagram 

is commutative. 

Such a C-colimit (f',g',D) is called a C-pushout of the coangle (*). 

Even if there exists a C-pushout, it is not unique in general. 

The category C is said to have C-pushouts if every coangle in Chas a C­

pushout. 

(1.6) Let A be a fixed semiring with 1. 

We denote by SModA the category whose objects are A-semimodules and whose 

morphisms are A-homomorphisms. By CSModA we denote the subcategory of SModA 

whose objects are cancellative A-semimodules. 
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Let U:CSModA + SModA be the inclusion functor, and let c:SModA + CSModA be 

the functor .defined in (7. 7) of [5]. Then Theorem (7. 7) in [5] shows that 

c is a left adjoint functor of U. We denote by n the unit. It is easily 

checked that the morphism nx:X + UcX coincides with the epimorphism c:X + 

c(X) defined in (7.2) of [5]. We denote [x] the image of c of x in X. 

By Theorem (3.2) and Theorem (3.4) in [7], the category SModA is complete. 

Theorem (3.5) in [7] shows the subcategory CSModA is complete and cocomplete. 

Thus we have 

Proposition. 

The category SModA has pullbacks and c-pushouts. 

In particular, the subcategory CSModA has pullbacks and pushouts. 

g f 
(1.7) Given an angle (*): Z + Y + X in SModA, we will construct a pushout 

as follow. 

Define a source (D,g' ,f') by 

D = {(x,y)EXxZI f(x) = g(x)} c XxZ, 

g'(x,z) = x and f'(x,z) = z for every (x,z) in D. 

Then the square 
g' 

D-X 

V' V 
z _!I_ y 

is commutative. By the definition, Dis a A-subsemimodule of XxZ, and g', 

f' are A-homomorphisms. Therefore (D,g',f') is a source of the angle (*). 

We will show the source (D,g',f') is a pullback of the angle (*). 

For any source (T,h,k) define l:T + D by l(a) = (h(a),k(a)) for all a in T. 

Since f 0 h (a) g0 k(a), (h(a) ,k(a))ED. This shows l is well defined. 

It is easily checked that this map l is a unique A-homomorphism such that 
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the diagram 

is commutative. Thus (D,g' ,f') is a required pullback of the given angle: 

g f 
(1.8) Given a coangle (*):Z + Y + X in SModA' we will construct a a-push-

out as follow. 

Define a subset Rc(XxZ)x(XxZ) by 

R = {<(f(y),g(y')),(f(y'),g(y))>ly,y'EY}. 

Then Risa symmetric A-subsemimodule of (XxZ)x(XxZ). Let p(R) be the con­

gruence of xxz associated with R. 

Define a A-semirnodule D by 

D := XxZ/p(R). 

We denote by {x,z) the class of (x,z)€XxZ in D. By the definition, 

(x,z) := (x',z') if and only if x+f(y) = x'+f(y') and z+g(y') := z'+g(y) for 

some y,y' in Y. 

We define g':X + D and f':Z + D by 

g'(x) := (x,0) and f'(z) = (0,z), respectively. 

Then g',f' are A-homomorphisms. 

Next we will show (f',g',D) is a sink of the given coangle (*). 

Since g' 0 f(y) = (f(y),0) and f'og(y) = (0,g(y)) for each yin Y, we must 

show (f(y),0) = (0,g(y)). 

Since f(y)+f(0) = 0+f(_y) and 0+g(_y) = g(y)+g(0) for 0.,y in Y, we have 

Cf (y), O) = (O ,g (y)). 



Finally we will show the sink (f',g',D) is a e-pushout. 

For any sink (k,h,T) define Z:D ➔ UeT by 

Z(x,z) = nToh(x)+nT0 k(z) 

= [h(x)+k(z)]. 

We must show the map Z is well defined. 
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Suppose (x,z) = (x',z'). Then x+f(y) = x'+f(y') and z+g(y') = z'+g(y) for 

some y,y' in Y. It follows that h(x+f(y))+k(z+g(y')) = h(x'+f(y'))+k(z'+ 

g(y)), SO that h(x)+k(z)+h 0 f(y)+k 0 g(y') = h(x')+k(z 1 )+h 0 f(y 1 )+k 0 g(y). 

Where hof(y)+kog(y') = hof(y')+k 0 g(y) since h 0 f(y) = k 0 g(y) and hof(y')= 

k 0 g(y'). Thus we have [h(x)+k(z)] = [h(x')+k(z')]. This shows the map Z is 

well defined. By the definition, Z is a A-homomorphism. 

It is left to show that such Z is unique. 

Suppose L':D ➔ UeT is a A-homomorphism such that the diagram 

is commutative. 

For each (x,z)ED, 

i' (x,z) i ' ( (x,O)+ (O,z)) 

Z' (x,O)+Z '(O,z) 

Z 1 og 1 (x)+Z 1 of 1 (z) 

= nT0 h(x)+nTok(z) 

= [h(x)+k(z)] 

Z(x,z). 
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Hence such 7, is unique. 

The above co:nsideration shows that the sink (f' ,g' ,D) is a required c­
g f 

pushout of the given coangle (*): Z + Y + X. We denote D by XllyZ-

(1.9) We notice that for cancellative A-semimodules X and Z, XTTyz and 

XllyZ are also cancellative since xxz is cancellative (cf.Proposition (7.1) 

in [5]). By the constructions in (1.7) and (1.8), we have 

Proposition. 
g f 

In the category SMadA, fop a given angle Z + Y + X the t:riple 
g f 

(XTTyZ,g',f') is a puUhaek and for a given eoangle Z + Y + X the t:riple 

(f'.,g',XilyZ) is a c-pushout. 

In particular, in the category CSMadA, (XTTyZ,g',f') and (f',g',XilyZ) 

are a pullbaek and a pushout, ruspeetively. 

(1.10) In the category SMad.t\, a e-pushout is not necessarily a pushout. 

But when Y is a A-module the c-pushout (f',g',XliyZ) is always a pushout. 

That is, 

Proposition. 
g f 

Let Z + Y + X be a given coangle in SMod.t\. 

If Y is a A-module, then the e-pushout (f',g',XllyZ) is a pushout of the 

<JOangle. 

Proof. Consider the diagram 

y L X 

gl 
1

, lg' 
Z - D = XliyZ-

Since Y is a A-module, (x,z) = (x' ,z') if and only if x = x'+f(y) and 



z = z'+g(-y) for some yin Y. 

For any sink (k,h,T) define Z:D + T by Z(x,z) 

We must show it is well defined. 
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h(x)+k(z). 

Suppose (x,z) = (x',z'). Then x = x'+f(y) and z z'+g(-y) for some yin 

Y. 

h(x)+k(z) = h(x')+h 0 f(y)+k(z')+k 0 g(-y) 

= h(x')+k(z')+h0 f(y)+k 0 g(-y) 

= h(x')+k(z')+kog(y)+kog(-y) 

= h(x')+k(z')+kog(y-y) 

= h(x')+k(z')+k 0 g(O) 

= h(x')+k(z'). 

This shows the map Z is well defined. Since hand k are A-homomorphisms, 

the map Z is also a A-homomorphism. The lllliqueness of such Z follows easily. 

2. Extensions of semimodules 

(2.1) Let A be a semiring with 1, and let A,B be two A-semimodules. 

We want to consider all possible A-semimodules E such that Bis a regular 

A-subsemimodule of E and E/B ~ A. We then have a regular exact sequence 

0 + B >--+ E - A + 0. 

A regular exact sequence 
K \/ 

0 +B>----+E-» A+ 0 

is called an extension of A by B. 

Then by Proposition (4.6) in [SJ and the regularity of the exact sequence, 

we have followings: 

1) K*:B ~ Ker(v), 

2) v*:Coker(K) ~ A, 
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3) 

4) 

K is injective and i-regular,and 

vis surjective and k-regualr. 

(2. 2) 
Kl Vl 

We say that the extension B>-+ E
1 
-A is equivalent to the ex-

tension 
K2 V2 

B - E2 -H-A if there is a regular A-homomorphism i;:E1 + E2 such 

that the diagram 

is commutative. 

Kl Vl K2 V2 
be (2. 3) Lemma. Let B >--+ E

1 -A, B >--+ E 
2 

--» A two 

B. If the:t>e is a A-homomorphism i;:E
1 

+ E
2 

sueh that the 

B 

KY, ";2 
E1-E2 

v';\, /v2 A 

is eommutati ve, then the sequenee 0 + E
1 
~ E

2 
+ 0 is 

Proof. Consider the exact sequence 
l; 

0 -+- Ker(/;) >-+ El -- E2 -»Els + 0 

It is sufficent to show that Ker(/;) = 0 and E2/s 0. 

(1°): Let x be any element of Ker(/;). Then l;(x) = 0. 

extensions 

diagmm 

exaet. 

Since v1 (x) = v2°i;(x) = v2(0) = O, XEKer(v1) = Im(K1) = K1 (B). 

of A by 

It follows x = K1(b) for some bin B. By the commutativity we have 

K2 (b) = /;°K1 (b) = i;(x) O. Since K2 is injective, b = 0. Hence x = 0. 

This shows Ker(/;)= 0. 

(2°): Let y be any element of E
2

. Then v
2

(y)EA. 
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Since v1 is surjective, v2(y) = v1(x) for some x in E1. 

By the commutativity v1(x) = v2(s(x)). Thus we have v2(s(x)) = v2(y). 

Since v2 is k-regular, s(x)+k1 = y+k2 for some k1,k2 in Ker(v2). By the 

regular exactness k1 K2(k 1) and k2 = K2(k2) for some k1,k2 in B. 

By the commutativity k1 = s°K1(k1) and k2 = s°K1(k2). 

Thus we have s(x)+s(K1(k1)) = y+s(K1(k2)), so that s(X+K1(K1)) y+s(K1(KiJ)· 

This shows yEim(s), so that Im(s) = E
2

. This means E
2
/s = 0. 

(2. 4) Proposition. Let 
K2 V2 

B >--+ E 2 -»-A be two extensions 

of A by B. If there is a regular A-homomorphism ,:E1 ➔ E2 such that the 

diagram 

is corrorrutative, then s:E1 ➔ E2 is a A-isomorphism. 

Conversely if there is a A-isomorphism s:E1 ➔ E2 which satisfys the above 

corrorrutative diagram, then two extensions are equivalent. 

Proof. 
s 

By Lemma (2.3) the sequence O ➔ E1 ➔ E2 ➔ 0 is exact. 

Since sis regular, sis a A-isomorphism. 

Conversely ifs is a A-isomorphism, thens is regular (cf. Proposition 

(4.4) in [5]). Hence two extensions are equivalent. 

(2. 5) Proposition. The equvalence of extensions is an equivalencerelation. 

Proof. This follows easily from Proposition (2.4). 

(2.6) We denote by EA(A,B) the set of equivalence classes of extensions 

of A by B. 
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(2,7) EA(A,B) contains at least one element : The A-semimodule AxB, to-
qB PA 

gether with the maps q
3 

and pA' yiels an extension B >-+ AxB --4+-A, 

We call any extension equivalent to the above extension a split extension 

of A by B. 

(2. 8) Let S be any semimodule. 

If we denote by G(S) the maximal subgroup of S, then G(S) is a regular 

subsemimodule of S. Denote by Q(S) the quotient semimodule S/G(S). 

Then the sequence O ➔ G (S) >-+ S ...-q (S) ➔ O is a regular exact sequence. 

Thus any semimodule Sis an extension of the semimodule Q(S) by the group 

G(S). 

K V 
(3.1) Let a:A' ➔ A be a A-homomorphism and let B >-+ E -»A be a repre-

sentative of an element in EA(A,B). 

We want to construct an extension 
K 1 V' 

B >-+ !!? - A I 

such that the diagram 

is commutative. 
a V 

Define (Ea,,,v•) as a pullback of the angle A' ➔ A+ E. 

r = {(x,a)EExA' I v(x) = a(a)} C ExA'~ 

,cx,a) = X and V' (x,a) = a. 

Define K' :B ➔ lff by K1 (b) = (K(b) ,0), 

That is, 
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Then Ea is a A-semimodule and v',s are A-homomorphisms. Moreover the llllder 

square is commutative. Since V(K(b)) = 0 = a(O), K1 is well defined and it :is 

a A-homomorphism. Since s°K' (b) = s(K(b),O) = K(b), the upper square is 

colil11lutati ve. 

Together with the following Proposition we obtain a reqired extension. 

(3. 2) Proposition. 
KI \) t 

The sequenae B -+- -Ff -+- A I is an extension of A ' by B. 

K• V' 
We will show the sequence O + B +-Ff+ A'+ 0 is exact. Proof. (10): 

Since V 1 °K 1 (b) = V'(K(b),0) = 0, we have Im(K') c Ker(v'). 

Let (x,a) be -any element of Ker(v'). Then v' (x,a) =a= 0. 

Since v(x) = a(a) = a(O) = 0, xEKer(v) = Im(K) = K(B). This means x = K(b) 

for someb inB. Therefore (x,a) = (K(b),0) = K1 (b), so that (x,a)Eim(K'). 

This shows Im(K') ~ Ker(v'). Thus we have proved that the sequence 
K 1 V 1 

B-+- -Ff-+- A' is exact. 
K' 

Now consider the exact sequence Ker(K') + B + Ef. 

Let b be any element of Ker(K'). Then K' (b) = (K(b),O) 

Hence K(b) = 0. Since K is injective, we have b = 0. 
K' 

This shows the sequence O + B + -Ff is exact. 

(O, O) . 

Let a be any element of A'. Then a(a)EA. Since vis surjective, a(a) 

v(x) for some x in E. This shows (x,a)EEf and v'(x,a) = a. Hence v' is 

surjective. 

Thus we have proved that the sequence 
K 1 V 1 

O+B+Ea+A 1 +0 

is exact and v• is surjective. 

(20): We will show K' is regular. 
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Suppose K1 (b) = K'(b'). Then (K(b),O) = (K(b'),O). Therefore K(b) = 

K (b ') . Since K is injective, b = b 1 • This shows K' is injective, so that 

K' is k-regular. 

Let (x,a) be any element of Im(K'). Then (x,a)+K' (b) = K' Cb') for some 

b,b' EB. It follows (x+K(b),a) = (K(b'),O). This shows a= 0 and x+K(b) = 

K(b'). Hence XEim(K). Since K is i-regular, x = K(o) for some E in B. 

Thus we have (x ,a) = (K (E), 0) = K '· (E). This means Im(k') = K 1 (B) . Hence 

K' is i-regular. Thus we have proved K 1 is a regular injection. 

(30): Finally we must prove that V1 is regular. 

Since V' is surjective, v• is i-regular. So it is left to prove that V' is 

k-regular. 

Suppose v'(x,a) = v'(x' ,a'). Then a= a'. Since (x,a),(x',a)EE°', v(x) = 

v(x') = a(a). By the regularity of v, x+k1 = x'+k2 for some k1,k2 in 

Ker(v). It follows (x,a)+(k1,0) = (x+k1,a) = (x'+k2,a) = (x',a)+(k2,o). 

Since (k1,0),(k2,0)EKer(v'), v' is k-regular. Thus we have proved that v' 

is a regular surjection. 
K 1 V' 

The assertions (1°),(2°) and (3°) show B>--+ Ea ---+*A' is an extension of 

A' by B. 

(3.3) For any A-homomorphism a:A' ➔ A, we define the induced map 

a* = EA (a,B) :EA (A,B) ➔ EA (A 1 ,B) 

by assigning to the class of B >--+ E -A the class of B >--+- ly· -A'· 

Then we must prove that this definition is independent of the chosen repre­

sentative B >--r E -A. 
K V K] V] 

Let B >--+ E -A be equivalent to B >---+ E1 ---+*A with l;,:E ➔ El' 

Then we define l;, 1 :Ea ➔ ~ by l;,' (x,a) = (l;,(x),a). 

We can easily check that l;, 1 is a A-homomorphism satisfying the commutative 



diagram 

It is left to prove thats' is a A-isomorphism. 

(10): We will shows' is injective. 

Suppose s'(x,a) = s'(x',a'). Then (s(x),a) = (s(x'),a!). 

Therefore s(x) = s(x') and a= a'. Since sis injective, X = x'. 

Thus (x,a) = (x',a'). This shows s' is injective. 

(2°): We will shows' is surjective. 
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Let (x,a) be any element of~' where XEE1,aEA' Since sis surjective, 

X = s(xJ for some X in E. Hence (x,a) = (s(x),a) = s' (x,a). 

This shows s' is surjective. 

The assertions (1°) and (2°) shows' is a A-isomorphism. 

(3.4) Let Se.t be the category of sets. 

We define EA(-,B):SModA + Se.t as a map whose object function assigns to 

each object AEISModAI the set EA(A,B)EISe.tl and whose morphism function 

assigns to each morphism a:A' + A the map a*= EA(a,B):EA(A,B) + EA(A',B). 

Theorem. For eaeh A-serrrimodule B, 

EA (- ,B) :SModA + Se:t 

is a eontravaria:nt funetor. 

Proof. Let a= 1A:A +Abe the identity of A. 

Consider the diagram 



578 

Thens is a A-homomorphism. 

We will show EA(lA,B) = lEA(A,B) 

It is sufficient to prove that s is an isomorphism. 

Suppose s(x,a) = s(x',a'). Then X = x'. It follows a= \?(X) = v(x') a'. 

Thus (x,a) = (x',a'). This shows sis injective. 

Let x be any element of E. Put a = v(x). Then (x,a)E°Ef. Hence i;(x,a) = x. 

This shows sis surjective, so thats is an isomorphism. 

(2°): Let a.' :A"+ A', a.:A'-+ A be two A-homomorphisms. 

Consider the diagram 

s' a. s 
--+ E --+ E 

r lv•rr lv 
A"--+A'-A, 

a• a. 

where I,II are pullback squares, respectively. 

By Proposition (1.3), the diagram 

__a. a.' i;oi;' 
(i',' ) --+ E 

v"l III lv 

is a pullback square. 

A"-A 
a, oa, I 

On the other hand we consider a pullback square for the composition 

aoa.' ~ 
a. 0 a.' :A"-+ A E --+ E 

vl a.oa.• lv 
A 11 
-- A. 



By the universal property of the pullback there exists a A-isomorphism 

Then we will prove that the diagram 

B 

K',Y '\.K 
_a a , _aoa,, 

(IS ) -+ J!,' 

l 

is cornrnutati ve. 

From the construction in (1.7), l is given by 

l((x,a'),a") 

where a' = a 1 (a") . 

For every bin B~ 

(x,a"), 

l°K" (b) = l(K' (b) ,0) 

= l ( (K (b) , 0), 0) 

= (K(b) ,0) 

= i<(b). 

This shows the diagram is commutative. 
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K" a' v" K etoetl V ...£1, a' 
Thus B >--+ (If1') -A" is equivalent to B >--+ E -A" with l: (IS ) 

+ _a.oa•. 
IS That is, we have proved 

EA(a 0 a' ,B) = EA(a' ,B)oEA(a,B). 

By (1°) and (2°), EA(-,E) is a contravariant functor. 

K V 
(4.1) Let B:B + B' be a A-homomorphism and let B >--+ E -A be a represent-

ative of an element in EA(A,B). 

We want to construct an extension 
K 1 V 1 

BI >-+ EB -»A 

such that the diagram 
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s 
B-----+-B' 

Kr ~ !K' 

E-ES 

vl lv• 
A=A 

is commutative. But the fact is rather delicate than the construction in 

the previous section. 
K S 

For the coangle E + B + B' we denote by ES the A-semimodule B'il3E 

constructed in (1.8). That is, we define 

ES= B'xE/p(R), 

where R is the symmetric A-subsemimodule of (B'xE)x(B'xE) defined by 

R = {<(S(b),K(b')),(S(b'),K(b))>I b,b'EB} 

and p(R) is the congruence associated with R. 

And we define K1 ,~ and v' by 

K' (b) = (b, O) , 

~ (x) = (O ,x) and 

V'(b,X) = v(x), respectively. 

Then ES is a A-semimodule and K1 .~ are A-homomorphisms. 

( 4. 2) In ES = B 'xE/p (R), (b ,x) = (b ',x·') if and only if b+S (D) = b '+S (E ') 

and X+K(D') = x'+K(b) for some E,o' in B. 

(4.3) We must show v• :ES + A is well defined. 

Suppose (O,X) = (~). Then b+S(o) = b'+S(E') and x+K(D') = x'+K(D) 

for some 5,E' in B. It follows v(x)+VoK(D') = v(x')+voK(b). Since V°K = O, 

we have v(x) = v(x'). Thus v• is well defined. Plainly v' is a A-homomorph-

ism. 

(4.4) Proposition. 

For a:ny A-homomorphism S: B -+ B ', the diag-pam 



s 
B-rB 1 

K r ·s lK' 
E-+ES 

\) 1 lv• 
A=A 

is commutative such that 

1) K' is i-regular, a:nd 

2) v' is a regular surjection. 

Proof. By the discussion in (1.8) the diagram 

s 
B-rB 1 

Kr s lK· 
E-rES 

is commutative. 

Next the commutativity of the square 

s 
E -r ES 

\) 1 lv• 
A=A 

follows from the definition of v•. 

1): We will show K1 is i-regular. 

Let (b,x)Elm(K'). Then (b,x)+K 1 (c) = K' (c') for some c,c' in B'. 

It follows (b+c,x) = (c',O). Therefore b+c+S(a) = c'+S(a') and x+K(a') 
-
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K(a) for some a,a' in B, so that XEim(K). Since Im(K) = K(B), :x; = K(b) for 

some b in B. 

Thus we have 

(b,x) (b,0)+(0:X) 

K1 (b)+(O,K(.b)) 

K' Cb)+sCKCh)) 

KI (b) +KI cs (b) ) 
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K' (b+l3(.b)). 

This shows K' is i-regular. 

2): First we show v' is surjective. 

Let a be any element of A. Since vis surjective, a= v(x) for some x in E. 

Then v'(O,x) = v(x) = a. Thus v• is surjective, and so v• is i-regular. 

Next we show v• is k-regular. 

Suppose v• (b,x) = v• (b ',x'). Then v(x) = v(x'). Since v is k-regular, x+k 

x'+k' for some k,k 1 in Ker(v). 

Then we have 

(b,x)+(b' ,O)+(O,k) (b,O)+(O,x)+(b' ,O)+(O,k) 

= (~)+(o,x+k)+(b,O) 

(~)+(O ,x'+k ')+ (b ,0) 

= (b' ,x')+(0,k')+(b,0). 

That is, (b,x)+(b',O)+(O,k) = (b',x')+(O,k')+(b,O), where (b',O),(b,O) € 

Ker(v'). Since k,k'€Ker(v), we have v• (O,k) = v(k) = O and v• (O,k') = 

v(k') = 0. Therefore (O,k),(O,k')€Ker(v'). Thus we have (b',O)+(O,k), 

(O,k')+(b,0)€Ker(v'). This means v' is k-regular. 

K 1 V 1 

(4.5) Proposition. The sequenae B'-+ E
13 

-»-A+ 0 is exaat. 

K' \/ 1 

Proof. Since v• is surjective, it is left to prove that B'-+ E
13

-+ A 

is exact. Since v• oK' (b) = V' (b,O) = v(O) = O, Im(K')cKer(v'). 

Now let (b,x)€Ker(v'). Then v' (b,x) = v(x) = 0. Thus xEKer(v) 

K(B), so that x = K(D) for some bin B. 

Then we have 

(b,x) (b, 0) + (O ,x) 

K' (b)+E;(x) 

Im(K) 



K' Ch)+sCKcEn 

K • (b) + K' (13 (.o)) 

K 1 (b+i3(.o)). 

This means (b,x)dm(K'). Thus we have Im(K')::iKer(V'), so that Im(K') 

Ker(V'). 

(4. 6) Proposition. Let B' be a eaneeZZative A-semimoduZe. 

Then for any A-homomorphism 13:B -+ B' the. sequence 
K 1 V' 

0 -+ B' -+ Ei3 -+ A -+ 0 

is an extension of A by B '. 
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Proof. Since by Proposition (4.4) V1 is a regular surjection and K1 

is i-regular, it is left to prove that K' is injective. 

Suppose K' (b) K1 (b '). Then (D,O) = (Ei'-:0). This means b+i3 (e) = 

b'+B(e') and K(e') = K(e) for some e,e' in B. Since K is injective, e = e'. 

Therefore b+B(e) = b'+i3(e). Since B' is cancellative, we have b = b'. 

This shows K 1 is injective. 

(4.7) Let B' be a cancellative A-semimodule. Then for any A-homomorphism 

13:B-+ B'; we define the induced map 

by assigning to the class of B >--+ E -A the class of B' >--+ E
13 
-A. 

Then we must prove that this definition is independent of the chosen repre­

sentative B >-;.. E -A. 
K \) K 1 \)1 

Let B >--+ E -A be equivalent to B >--+ E
1 
-A with r;:E-+ E1' 

Then we define r; 1 :E
13

-+ E
113 

by 

1;:'(b,x) = (b,z:;;(x)). 

Plainly 1:;:' is a A-homomorphism satisfying the commutative diagram 
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We must prove 1;; 1 is an isomorphism, 

(1°): We will show 1;; 1 is surjective. 

Let (b,x1)EEis· Then bEB 1,x1EE1. Since 1;; is surjective, x1 = l;;(x) for 

some x in E. Therefore (b,x1) = (b,l;;(x)) = 1;; 1 (b,x). This shows 1;; 1 is sur­

jective. 

(2°): We will show 1;; 1 is injective. 

Suppose 1;;' (b ,x) = 1;;' (b ',x ') . Then (b, s(x)) = (b 1 , s(x ')) in Eis· 

This means b+S(a) = b'+S(e') and l;;(x)+Kl(e') = l;;(x')+Kl(e) for some ci,a' in 

B. Since K1 (a'),K1 (e)EEl and 1;; is a A-isomorphism, K1 (a') = l;;(y') and 

Kl (e) = 1;; (y) for some y,y' in E. Then, 

1;; (x+y ') = l;;(x)+l;;(y') 

= l;;(x)+K1 (a') 

1;;(x 1 )+K1 (a) 

= l;;(x')+l;;(y) 

= l;;(x'+y). 

Since 1;; is a A-isomorphism, x+y' = xr+y. 

On the other hand by the commutativity l;;(y ') K1 (a 1) = l;;(K(a')) and 

l;;(y) = K1 (a) = /;;(K(a)). Since 1;; is a A-isomorphism, y' = K(a') and y = K(e). 

Thus we have b+S(e) = b'+S(e 1) and X+K(e') = x'+K(a). This means (b,x) = 

Cb' ,x '). Hence 1;;' is injective. 

Thus we have proved S* is well defined. 

To summarize, we have proved: 

Proposition. Let B' be a canaellative A-semimodule. 



Then for any A-homomorphism S :B ➔ B I we can define the induced mccp 

S* = EA(A,S):EA(A,B) ➔ EA(A,B') 

by assigning to the class of B >-+ E -»A the class of B' >-+ ES -»A. 

(5.1) We denote by ModA the category of A-modules. 

585 

Define EA(A,-):ModA ➔ Set as a map whose object function assigns to each 

object B€IModAI the set EA(A,B)EISe.tl and whose morphism function assigns 

to each morphism S:B ➔ B' the induced map S* = EA(A,S):EA(A,B) ➔ EA(A,B'). 

Our first aim is to make EA (A,-) into a functor. 

(5.2) Our extensions considered in this section are always extensions of 

a A-semimodule by a A-module. 

We notice that every A-homomorphism f:B ➔ E of a A-module B to a A-semi­

module Eis always regular. 

(5.3) Let B,B' be A-modules and let S:B ➔ B' be a A-homomorphism. 

Since B• is cancellative, by Proposition (4.7) we have the induced map 

S* = EA(A,S):EA(A,B) ➔ EA(A,B'). 
K V 

Let B >-+ E -A be a representative of an element of EA (A;B). 

In the commutative diagram 
s 

B-B' 

Kr S tK' 
E--+- ES 

V 1 iv• 
A=A, 

ES= B'xE/p(R), K' (b) = (b,O), v• (b,x) = v(x) and l;(x) = (O,x), where 

R = {<CMliLKC.b')),cscE 1),KCb))>l v,E'EBL 
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Since B is a A-module, (b ,x) = (b ',x ') in ES if and only if b = b '+S (c) 

and x = x'+K(-c) for some c in B. 

By Proposition (1.10), the A-semimodule ES is determined uniquely as a 

pushout. 

(5. 4) Lemma. Let S = 1B:B ➔ B be the identity. 
K \) 

Then B >-+ E ------» A 
K 1 V 1 

is equivalent to B >-+ ES -A. 

Proof. 

Since Bis a A-module, ES is determined uniquely by Proposition (1.10) 

as a pushout satisfyin~ the commutative diagram 

B -2! B 

K r f; r· 
E--+ ES 

\) i L, 
A=A. 

On the other hand, since the square 
1B 

B--+ B 

K l 1E lK 
E--+ E 

K 1B 
means that the triple (1E,K,E) is a sink of the coangle E + B ➔ B, .there 

exists a unique morphism Z:ES + E such .that the diagram 
1B 

B--+ B 

Kl /' l \ K 

E--+ ES,\ 

~~ 
E 

is commutative. 

Thus 1E = Z0 ~. This shows~ is injective. 

By the construction in (1.10), Z is given by l(b,x) = K(b)+x. 
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For (b,x)EES, l;oZ.(b,x) = l;(K(b)+1E(x)) = (0,K(b)+x). 

Since b = 0+1B(b) and x = K(b)+x+K(-b) for b in B3 we have (b,x) 

(0,K(b)+x). This shows l; 0 Z. = 1E. Therefore l; is surjective. Thus l; is a 
f3 

required equivalence. 

(5. 5) Theorem. 

For a:ny A-semimoduZ.e A3 EA(A,-):ModA➔ Se;t is a covariant functor. 

Proof. (1 0): For the identity f3 1B:B ➔ B, by Lemma (5.4) we have 

EA (A,1B) = 1EA (A,B). 

(2°) : For given two A-homomorphisms f3 :B ➔ B' and f3' :B' ➔ B", consider the 

commutative diagram 
f3 f3' 

B-+B 1 -+B 11 

Kl I lK' II lK" 

E ~Es~ CEs)s, , 

where I,II are pushout squares, respectively. 

By Proposition (1.3), the diagram 

f3 I of3 
B-B'' 

Kl III lK" 

is a pushout square. 

E - CEs)s, 
[;•o[; 

On the other hand, we consider a pushout square for the composition 

f3' of3:B ➔ B" 

By the universal property of the pushout there exists a unique A-isomorphism 
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is commutative. 

It is left to prove that the diagram 
z. 

ES 10 S + (E13)13, 

v~ Iv" 
A 

is commutative. 

From the construction in (1.10), Z. is given by 

z. (b II ,x) = K11 (b") +i; I oi; {x) for (b,, ,x) in Es, oi3 

Since v"oZ.(b",x) = \J"(K"(b'')+i;' oi;(x)) 

V"(s' (0,x)) 

= V"(0,(0,x)) 

V' (O,x) 

v(x) 

the diagram is commutative. 

(5.6) Theorem. 

EJ\.(-,-):SModl\. xModl\.-+ Se.-t is a bifunctor. 

Proof. 

the diagram 

For given two A-homomorphisms 13:B-+ B' and a:A'-+ A, consider 



It remains to check that S*a* = a*S*:EA(A,B) + EA(A',B'). 

We have to show the existence of a A-isomorphism z;;:(Ea)S + (ES)a such 

that the diagram 

is commutative. 

Define z;;:(Ea)S ➔ (ES)a by 

z;;(b;(x,a')) = ((b',x),a') a for each (b',(x,a'))E(E )s 

(1°): We first have to check that the definition is well defined. 

Suppose (b',(x,a')) = (8',(~,a 1)) in (Ea)S . 

Then b' = b'+S,(c) and (x,a') = (x,a')+K 1 (-c) for some C in B. 

It follows (x,a') = (x,a')+(K(-c),O), that is, X = X+K(-c) and a' 

Thus we have b' = b'+S(c) and x = x+K(-c) for some c in B. 

,,._, 
a. 
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This shows (b 1 ,x) = (b 1 ,x) in Es. Therefore C (b ',x) ,a') = C (8 ',x) ,a') in 

(ES)a Hence z;; is well defined. 

(2°): We next check that the diagram 

is commutative. 
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For any element b' of B', 

1';oK11 (b') = l;(b',(0,0)) 

= ( (Ei\O) O) 

(i<(b 1),0) 

= i< 1 (b'). 

a For any element (b',(x,a')) of (E )$, 

= a' 

= V' (x,a') 

= v"(b',(x,a')). 

Thus the diagram is commutative. 

(3°): The fact that 1'; is a A-homomo:rphism is checked as follow. 

z;; ( (b I. (x. a , )) + (E I. (x. a I)) 

= ((b 1 +D 1
' (x+x)),a'+iz') 

= ((b' ,x)+(.i; 1 ,x),a'+iz') 

= ((P:x).a 1)+C(~).a 1
) 

z;;(b', (x,a 1 ))+z;;(S 1 , (x,a 1)). 

i';(A(b',(x,a')) 

= l;;(Xb 1 ,X(x,a')) 

= z;;(Xb',(AX,Xa')) 

( (Xb 1 , Xx) , Aa ') 

(A (:0,:X) , Aa ') 

= Ar; (b ' , ( x, a ') ) . 

Finally we must prove that z;; is an isomo:rphism. 
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(4°): We will shows is surjective. 

Let ((b',x),a')E(Er/l. Then v(x) = v(b',x) = a(a'). Therefore (x,a')E~. 

Since b'EB', (b',(x,a'))E(Ea)S. This shows sis surjective. 

(5°): We will shows is injective. 

Suppose s(b I' (x,a ')) = s (.b I' (x,a ')). Then ( (b, ,x) ,a) 

This means (b ',x) = (b ',x) and a' = a'. It follows b' = .b '+$ (c) and 

X = X+K(-c) for some C in B. Then (x,a') = (x,a')+(K(-c),O) = (x,a')+K' (-c). 

Thus we have b' = .b'+S(c) and (x,a') = (x,a')+K' (-c) for some C in B. 

This means (b',(x,a')) = (.b',(x,a')). Hences is injective. 

This completes the proof. 
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