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Various common fixed point theorems for self-mappings f, g on a metric 

space (X, d) satisfying some contractive conditions are known. It was 

shown in a previous paper [5] that certain contractive conditions can be 

reduced to the pairwise contractive condition 

(t) 
{ d(gf(x), f(x)) s ad(f(x), x) 

d(fg(x), g(x)) s Sd(g(x), x) 

and those mappings which satisfy pairwise contractive conditions are stud­

ied in [5]-[7]. However, in these earlier works, we mainly concerned with 

continuous mappings. The purpose of this paper is to offer, by relaxing 

slightly the pairwise contractive condition (t), a unified treatment of 

some common fixed point theorems for two self-mappings which satisfy cer­

tain contractive conditions but need not be continuous. The common fixed 

point theorems due to Fisher [l]-[3], Khan [9], Rhoades [11], and a fixed 

point theorem of Pal and Mai ti [ 1 0] wi 11 be derived from a common fixed 

point theorem (see Theorem 1 below) in L-spaces. Moreover, the author's 

results obtained in [8] will be also derived from a similar theorem (Theo­

rem 2 below). 

* Department of Mathematics, Kobe University, Nada, Kobe, 657, Japan. 
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1. Basic theorems 

We shall denote by w the set of all nonnegative integers. Let X be 

a set. A family D of extended real valued functions on Xx X is said to 

be separating if d(x, y) = 0 (x, y EX) for all d ED implies x = y. 

Let f and g be self-mappings of an L-space (X, +), D a nonempty fam­

ily of nonnegative extended real valued functions on Xx X, and x EX. We 

say that (X' +) is (x, D, f, g)-complete if every sequence {xn}nEW in 

the set O(x, gf) uf(O{x, gf)) satisfying 

2 n: o d (xn+ 1' X ) < 00 

n 
for all d ED, converges to at least one point of X, where O(x, f) de-

notes the set {/1 {x) I n E w}. Let d be a nonnegative extended real val­

ued function on X x X. By a d-semi fixer on X, we mean an ext ended real 

valued function 'f on X4 satisfying the following conditions: 

(1) If 3'(X, y, x, x) ~ 0 then d(x, y) = 0. 

(2) If un + u, vn + u in (X, +), d(vn, un) + 0, and 

'.f(x, y, un' vn) ~ \ 

for all n E w, then '.f(x, y, u, u) ~ A. 

A d-semifixer 'f' on X is called a d-fixer on X if p(x, x, x, y) ~ 0 

implies d(x, y) = O. 

We need the following 

Lemma. Let f and g be mappings of an L-space (X, +) into itself, 

and D a nonempty family of nonnegative extended real valued functions on 

X x X. Suppose that there exists a point x O EX satisfying the following 

conditions: 



59 

(0) There exist functions a, i3 of D into [0, 1) such that, fo1° all 

dED and XEO(x
0

, gf), 

d(gf(x), f(x)) s a(d)d(f(x), x) 

d(fgf(x), gf(x)) 5 i3(d)d(gf(x), f(x)). 

Then the sequence {x} defined by n nEw 

(*) x2n = (gf)n(xo) and x2n+1 = f(x2n) 

satisfies the inequality 

for all n E w, 

for all d ED; consequently if (X, -->-) is (x
0

, D, f, g)-complete, then the 

sequence {x } converges to a point in 75 (x 
O

, gf), the closure of the set 
n nEW 

Proof. Let d be in D. Then for each positive integer n, we have 

s a(d)S(d)d(f(x ), x ) 
2n-2 2n-2 

and hence 

d(x x ) 
2n+1' n 

Therefore, for each n E w, 

d(x2n+2' x2n+1) 5 d(gf(x2n), f(x2n)) 

s a(d)d(f(x ), x ) 2n 2n 

s a(d)(a(d)i3(d))nd(x 1, x
0
). 

It follows that I 00 

d(x , x ) < 00 • 
n=o n+1 n 

Theorem 1. Let f and g be mappings of an L-space (X, -->-) into it­

self, and D a nonempty separating family of nonnegative extended real 
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valued funations on X x X. Suppose that there exists a point x 
O 

e: X sat­

isfying the conditions (00), (0), and 

(c) (X, ➔) is (x
0

, D, f, g)-compZete. 

Then the following statements hold: 

1 ° If for each d ED, there exists a d-fixer J'd on X suah that 

5"d(x, f(x), f(y), gf(y)) :?: 0 

for aZZ x e: O(x
0

, gf) and y E O(x
0

, gf) with 

d(x, f(x)) f- 0 or d(f(y), gf(y)) f- 0, 

then the sequence {xn}ne:w defined by (*) aonverges to a aommon fixed 

pot'.nt of f and g. 

2 ° If for eaah d e: D, there exists a d-fixer :Pd on X such that 

J'd(x, f(x), f(y), gf(y)) :?: 0 

for aZZ x, y EX and that 9'd(x, x, y, y) :?: O irrpZies d(x, y) = O, then 

the sequenae {x} defined by n nEW 
(*) aonverges to a unique aommon fixed 

point of f and g whiah is a unique fixed point of f. 

3° If for each d ED there exists a d-fixer 5"d on X suah that 

9'a(x, f(x), y, g(y)) :?: 0 

for aZZ x, ye: X and that 9'd(x, x, y, y) :?: 0 implies d(x, y) = 0, then 

the sequenae {x} defined by (*) aonverges to a unique fixed point of n ne:w 

f whiah is also a unique fixed point of g. 

Proof. By Lemma, the sequence {x } converges to a point a in the n ne:w 

set O(x
0

, gf). In order to prove 1°, suppose f(a) f- a. Then d(a, f(a)) 

f- 0 for some d ED. Hence 

for all n e: w. Since x
2
n+z ➔ a, x

2
n+i + a and since d(x 2n+z' x 2n+i) -~ 0 

by Lemma, we have 



61 

pd(a, f(a), a, a) ? o 

which yields d(a, f(a)) = 0, a contradiction. Therefore f(a) = a. Sup­

pose g(a) -I a. Then d(f(a), gf(a)) = d(a, g(a)) -I O for some d ED, and 

so we have 

pd(a, a, a, g(a)) = g:,d(2, f(a), f(a), gf(a)) ? o, 

which gives d(a, g(a)) = 0. This contradiction establishes g(a) = a. 

From 1° it follows that, under the hypothesis of 2°, a is a common fix­

ed point of f and g. Hence, to prove 2 °, it suffices only to show that 

a is a unique fixed point of f. Let b EX be a fixed point of f. Then 

for all d ED, we have 

Pd(b, b, a, a)= g>d(b, f(b), f(a), gf(a)) ? 0, 

which implies d(b, a)= 0. Thus a= b. 

By virtue of 2°, to establish we have only to prove that a is a 

unique fixed point of g. Let b EX be a fixed point of g. Then for all 

d ED, we have 

:f'a(a, a, b, b) = sPd(a, f(a), b, g(b)) ? 0. 

Hence d(a, b) = 0 for all d ED. Thus a = b. This completes the proof. 

By a pseudo-a-metric on a set X, we mean a nonnegative extended real 

valued function d on Xx X such that d(x, x) = 0 for all x EX. 

Theorem 2. Let f and g be mappings of an L-space (X, +) into it­

self, and D a nonempty separating family of pseudo-a-metrics on X such 

that the function x + d (a, x) is continuous for each (d, a) E D x X. Sup-

pose (00), (0), and (c) hold for some x EX and suppose fm' each 
0 

there exist a PdE (0, 00 ] and ad-fixer 9'd on X such that 

g,d(x, f(x), y, g(y)) ? O 
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for all x, y E O(x
0

, gf) with d(x, y) < pd and either d(x, f(x)) f 0 

or d(y, g(y)) I 0. Then the sequence {x } defined by (*) converges n nEw 

to a common fixed point of f and g. 

Proof. By Lemma, {x } converges to a point a E O (x
0

, gf). Suppose n nEw 

f(a) I a. Then d (a, f (a)) I O for some d ED. Since x ➔ a and the 2n+1 

function x ➔ d(a, x) is continuous, we have d(a, x ) + d(a, a)= 0 
2ni+1 

for some subsequence {x }. of {xzn+i}nEw· zni+l 'Z-EW 
Hence we can choose a 

k E w such that d(a, x ) < p for all i > k 2ni+1 d - • Put u. = x and 
-z, 2nk+i+1 

v. x for all iEW. Then d(v., u.) ➔ 0 
-z, 2nk+i+2 -z, -z, 

by Lemma, and 

v.) = CPd(a, f(a), u., g(u.)) 
'Z, ~, 'Z, 'Z, 

for all i E w. So we have g>d(a, f(a), a, a) 2: 0 which implies a contra-

diction d(a, f(a)) = 0. Therefore f(a) = a. Suppose g(a) f a. Then we 

have d(a, g(a)) I O for some d ED. Since d(a, a) = 0 < pd' we have 

:fa(a, a, a, g(a)) = g>d(a, f(a), a, g(a)) 2: 0, 

which gives a contradiction d(a, g(a)) = 0. Therefore g(a) a. 

Moreover we have the following result which is similar to Theorem 1. 

Theorem 3. Let f and g be mappings of an L-space (X, ➔) into it­

self, and D a nonempty separating family of pseudo-a-metrics on X. Sup­

pose that there exists a point x
0 

EX satisfying (00), (c), and the follow­

ing condition: 

(0) There exist functions a and S of D into [0, 1) such that, for 

all dED and xEO(x 0, gf), 

d(gf(x), f(x)) ~ a(d)d(f(x), x) 

d(fgf(x), gf(x)) ~ S(d)d(gf(x), f(x)). 

Then the following statements hold: 
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1 ° If for each d ED there exists a d-semifixer pd on X such that 

3'a(x, f(x), f(y), -gf(y)) ~ 0 

for all x E O(x 0, gf) and y E O(x 0, gf) with d(x, f(x)) ,J 0, then the se­

quence {x } defined by (*) converges to a common fixed point of f and n nEw 

g. 

2° If for each d ED there exists a d-semifixer ':Pa on X such that 

9'a(x, f (x), f (y), gf(y)) ~ 0 

for all x, y EX and that '.Pa(x, x, y, y) ~ o implies d(x, y) = o, then 

the sequence {xn}nEw defined by (*) converges to a unique common fixed 

point of f and g which is a unique fixed point of f. 

3° If for each d ED there exists a d-semifixer 9"a on X such that 

:Pa(x, f(x), y, g(y)) ~ O 

for au x, YEX and that 9'a(x, x, Y, y) ~ 0 implies d(x, y) ,Jo, then 

the sequence {x } defined by (*) converges to a unique fixed point of n nEw 

f which is also a unique fixed point of g. 

Proof. By Lemma, the sequence {x } converges to a point a in the n nEw 

set O (x 
O

, gf) . The same argument used in the proof of Theorem 1 estab­

lishes that a is a fixed point of f. Now for each d ED, we have 

d(g(a), a)= d(gf(a), f(a)) ~ a(d)d(f(a), a)= 0. 

Thus g(a) = a. This completes the proof of the statement 1°. The proofs 

of 2° and 3° are the same as those of 2° and 3° of Theorem 1. 

The following result corresponds to Theorem 2. The proof is easy, and 

is therefore omitted. 

Theorem 4. Let g and g be mappings of an L-space (X, ➔) into it­

self, and D a nonempty separating family of pseudo-a-metrics on X such 
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that the function x + d(a, x) is continuous for each (d, a) ED x X. Sup­

pose (00), (c) and (0) hold for some x 0 EX, and suppose for each d ED 

there exist a pd E (O, 00 ) and a d-semifixer s:'a on X such that 

s=>a(x, f(x), y, g(y)) ~ 0 

for all x, y E O(x 0, gf) with d(x, y) < Pa and either d(x, f(x)) ,J O or 

d(y, g(y)) ,J 0. Then the sequence 

comm.on fixed point of f and g. 

{x} defined by (*) converges to a 
n nEw 

2. Remarks on completeness 

In [4], we note that if a premetric space (X, d) is complete, then the 

L-space (X, 9.) is d-complete, where x 1. x means that d(x, x ) -+ 0 as n n 

n + oo. Al though this gives the "only if" part of the following theorem, 

we shall state here a proof for the sake of completeness. Recall that an 

L-space 

(**) 

(X, -+) is d-corrrplete if each sequence 

l n:o d(xn+1' xn) < oo 

{x} in X with n nEw 

converges to at least one point of X. 

Theorem 5. A metric space (X, d) is complete if and only if the L-

space 

n + oo. 

d (X, +) is d-complete, where means that d(x, x)-+ 0 as n 

Proof. To prove the "only if" part, consider a sequence {xn}nEw in X 

satisfying (**). Let E: > 0. Since { \' n d(x x .) } is a Cauchy li=O i+1' $ nEW 

sequence of real numbers, there exists an integer n 0 ~ l such that 

\' _m d(x. , x.) - l .n d(x. , x.) < E: 
l$=0 $+1 $ $=0 $+1 $ 

whenever m > n ~ n
0

• Hence if m > n ~ n
0 

then 

\' m-1 \' n-1 d ) 
d(xm, xn) $ li=o d(xi+1' xi) - li=o (xi+1' xi < s. 
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Therefore is a Cauchy sequence, and·hence d 
X ➔ X 

n for some x E 

x. 

Conversely let {x} be a Cauchy sequence in (X, d). Then for each 
n nEw 

i E w, the set Si of all integers n > i such that d(xm, xn) < l/2i for 

all m ~ n, is nonempty. Denote by ';P(i) the least element of S .. 
1, 

Since 

9 is a mapping of w into its elf, the finite recursion theorem ensures 

existence of a sequence {n.}. in w such that 
1, '2,EW no = '.f'(O) and ni+l 

g>(n .) for all i E w. Hence we have d(x , x ) 
i, ni+1 ni 

i E w. Therefore I ."° d(x , x ) < 2. Since the 
i,=O ni+1 ni 

n• 
1;i < 1/2 i, s for all 

L-space (X, 1) is d-

d 
complete, this implies that Xni ➔ x for some XE X. But, since {xni}iEw 

is a subsequence of the Cauchy sequence {x} , it follows that these-n nEw 

quence {xn}nEw converges to x. This completes the proof. 

Let f and g be mappings of a metric space (X, d) into itself. Fol­

lowing Rhoades [12], we say that (X, d) is (g, f)-orbitalZy compl-ete if 

for each x EX, every Cauchy sequence in the set O (x, gf) u f (0 (x, gf)) is 

convergent. Obviously (X, d) is (g, f)-orbitally complete if and only if 

(X, 1) is (x, {d}, f, g)-complete for each x EX. 

Let f and g be mappings of an L-space (X, ➔) into itself, D a non­

empty family of extended real valued functions on Xx X, and x EX. The 

following example shows that a (x, D, f, g)-complete L-space need not be 

D-cornplete: 

Example. Let X denote the set of all rational numbers, and put 

d(x, y) = Ix - YI 

for all x, y EX. Consider the identity mapping f of X into itself and 

the mapping g defined by g (x) = 2x for all x EX. Then clearly 
d 

(X, +) 



66 

is (0, {d}, f, g)-complete but not {d}-complete. 

3. Consequences 

First of all, we shall derive the following result which improves the 

main result of Fisher [l]. 

Corollary l. If S and T are mappings of a nonempty oomplete metrio 

spaae (X, d) into itself satisfying the inequality 

d(Sx, TSy) :.,; a-max { d(x, Sy), d(x, Sx), d(Sy, TSy), 

1 
2 [d(x, TSy) + d(Sy, Sx)]} 

for all x, y in X, where O :S a < 1, then S and T have a unique oommon 

fixed point. 

Proof. Consider the L-space d 
(X, +) which is d-complete by Theorem 5. 

Since 1/(2 - a) < 1, it is easy to see that 

d(TSx, Sx) :S ad(x, Sx) 

and 

d(STSx, TSx) :S ad(TSx, Sx) 

forall XEX. Foreach (x,y,u,V)EX",put 

p(x, y, u, v) = a-max { d(x, u), d(x, y), d(u, v), 

1 
2 [d(x, v) + d(y, u)]} - d(y, v). 

It is clear that p is a d-fixer on X, and ~(x, Sx, Sy, TSy) ?: 0 for all 

x, y EX. Moreover if ~(x, x, y, y) ?: 0, then since ad(x, y) - d(x, y) ?: 

0, we have d(x, y) = 0. Therefore, the statement 1° of Theorem 1 yields 

the desired conclusion. 

The following common fixed point theorem due to Fisher (2] is also a 

consequence of Theorem 1. 
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Corollary 2. If S and T are mappings of a nonempty complete metric 

space (X, d) into itself satisfying the inequality 

{d(Sx, Ty)} 2 
$ a.d(x, Sx)d(y, Ty) + Sd(x, Ty)d(y, Sx) 

for all x, y EX, where O $ a < 1 and O $ S, then S and T have a common 

fixed point. If, in addition O $ S < 1, then each of S and T has a 

unique fixed point and these two points coincide. 

Proof. Consider, as before, the L-space (X, i) which is d-complete by 

Theorem 5. It can be readily seen that 

d(TSx, Sx) $ a.d(Sx, x) 

and 

d(STx, Tx) $ a.d(Tx, x) 

for all XEX. For each (x, y, u, v) EX 4
, put 

p(x, y, u, v) = a.d(x, y)d(u, v) + Sd(x, v)d(y, u) - {d(y, v)} 2
. 

Obviously cp is a d-fixer on X and p(x, Sx, y, Ty) <'. 0 for all x, y E 

X. Moreover if O $ S < 1 then '.f'(x, x, y, y) <'. 0 yields 

0 $ (S - l){d(x, y)} 2 $ 0, 

proving d(x, y) = O. Therefore, the desired conclusion follows from the 

statements 1° and 3° of Theorem 1. 

Note that, in the proofs of the above corollaries, we may use Theorem 3 

instead of Theorem 1. 

The following corollary extends a result of Pal and Maiti [ 10] to two 

mappings: 

Corollary 3. Let s and T be mappings of a metric space (X, d) into 

itself, and let a < 2 l < s 2 1 $ 
3 

0 $ c5 < Suppose 1 $ < - y < 2, and 1. , 2 - 3' 

that (X, d) is (T, S)-orbi ta Uy complete and there exists an X 
0 

EX such 
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that, for each (x, y) E O(x
0

, TS) x S(O(x
0

, TS)), at least one of the fol­

lowing inequalities holds: 

(1) d(Sx, x) + d(Ty, y) s a.d(x, y). 

(2) d(Sx, x) + d(Ty, y) s B[d(Ty, x) + d(Sx, y) + d(x, y)]. 

(3) d(Sx, x) + d(Ty, y) + d(Sx, Ty) s y[d(Ty, x) + d(Sx, y) J. 

(4) d(Sx, Ty) s a-max { d(x, y), d(Sx, x), d(Ty, y), 

1 
2 [d(Sx, y) + d(Ty, x)] }. 

Then the sequence {x} defined by n nEw 
n 

x
2
n = (TS) (x

0
) and x 2n+i = S(x 2n) 

for all n E w, converges to a common fixed point of S and T. 

Proof. Consider the L-space (X, '1-) which is (x
0

, {d}, S, T)-complete. 

Let x be in O(x
0

, TS). Then, at least one of (1)-(4) holds for (x, Bx). 

A straightforward computation shows that 

d(TSx, Sx) s Ad(Sx, x), 

where 

A C l 
Cl - 1, if (1) holds for (x, Sx), 

2$ - 1 if (2) holds for (x, Bx), 
1 - B , 

y - 1 if (3) holds for (x, Sx), °2"=y' 

o, if (4) holds for (x, Bx). 

Hence by putting µ max{a. - 1, 2$ - 1 y - I 
cS } , we obtain 

1 - S ' ~· 
d(TSx, Bx) s µd(Sx, x) 

for all x E O(x
0

, TS). Clearly 0 s µ < 1. Let again x E O(x
0

, TS). Then 

a similar computation gives 

d(STSx, TSx) s µd(TSx, Sx). 

For every (x, y, u, v) eX 4
, define p(x, y, u, v) to be the maximum of 



four real numbers 

ad(x, u) - d(x, y) - d(u, v), 

S[d(x, v) + d(y, u) + d(x, u)] - d(x, y) - d(u, v), 

y[d(x, v) + d(y, u)] - d(x, y) - d(u, v) - d(y, v), and 

1 o·max { d(x, u), d(x, y), d(u, v), 2 [d(y, u) + d(x, v)] } - d(y, v). 

Then 9>(x, y, x, x) ~ 0 implies 
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0 :,; max {- d(x, y), (S - l)d(x, y), (y - 2)d(x, y), (o - l)d(x, y) } :,; 0, 

and so d(x, y) = 0. Similarly if :P (x, x, x, y) ~ 0 then we have d(x, y) 

= 0. Thus :f' is a d-fixer on X since it is continuous on the product 

space X4
• Obviously p(x, Sx, Sy, TSy) ~ 0 for all x E O (x , TS) and y 

0 

E O (x 
O

, TS) . Therefore from 1 ° of Theorem 1, we have the required cone 1 u­

s ion. 

Now, from this corollary, we can derive the following result of Rhoades 

[11]: 

Corollary 4. Let f and g be mappings of a nonempty complete metric 

space (X, d) into itself satisfying 

d(f(x), g(y)):,; a.·max{d(x, y), d(x, f(x)), d(y, g(y)), 

1 
2 [d(x, g(y)) + d(y, f(x))]} 

for all x, y EX, where O :,; a. < 1. Then each of f and g has a unique 

fixed point and these two points coincide. Moreover both the sequences 

{(fg)n(x )} and {(gf)n(x
0
)} converges to the point for every x

0 nEW nEW 

in X. 

Proof. Let x
0 

EX. Then, by Corollary 3, the sequence {(fg)n(x 0 )}nEW 

converges to a common fixed point a of f and g. Hence interchanging f 
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and g, we see that the sequence {(gf)n(x
0
)}nEw converges also to a com­

mon fixed point b of f and g. Now if e EX is a fixed point of f, then 

we have 

d(e, a) = d(f(e), g(a)) s ct•max { d(e, a), 0, 0, d(e, a) } , 

which implies e = a. This shows that a is the unique fixed point of f. 

Therefore a= b. Moreover, since the circumstance is symmetric with re­

spect to f and g, we see that the point a is the unique fixed point 

of g. 

As an immediate consequence of this corollary we have the following re­

sult obtained by Khan in [9]: 

Corollary 5. Let S and T be mappings of a nonerrrpty eorrrplete metrie 

spaee (X, d) into itself satisfying 

d(STx, TSy) s ct•max { d(x, y), d(x, STx), d(y, TSy), 

½[d(x, TSy) + d(y, STx)]} 

for aU x, y EX, where O s a < 1. Then S and T have a unique common 

fixed point. 

Proof. By Corollary 4, each of ST and TS has a unique fixed point 

and these two points coincide. Denote the point by a. Then ST(Sa) = 

S(TSa) = Sa, and so Sa= a. Thus by symmetry, we have Ta a. Since a 

common fixed point of S and T is a common fixed point of ST and TS, 

the common fixed point of S and T is unique. 

Further, the following result of Fisher [3] can be derived from Theorem 

1. 
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Corollary 6. Let S and T be mappings of a nonempty complete metric 

space (X, d) into itself such that 

d(S T ) < {d(x, Sx)} 2 
+ {d(y, Ty) }2 

x, y - c d(x, Sx) + d(y, Ty) 

for all x, y EX -with d(x, Sx) + d(y, Ty) t- 0, -where O $ c < l. Then S 

and T have a common fixed point z. If in addition d(x, Sx) + d(y, Ty) 

= 0 implies d(Sx, Ty) = 0, then z is the unique fixed point of S and 

T. 

Proof. Consider the L-space (X, i) which is d-complete by Theorem 5. 

Put 

-1 + / 1 + 4c (1 - C) 
a= 2(1 - c) 

If Tx = x and Sx t- x, then we have 

d(Sx, x) = d(Sx, Tx) $ cd(x, Sx) < d(x, Sx), 

a contradiction. Hence if Tx = x, then Sx = x, and so 

d(STx, Tx) $ ad(x, Tx). 

Suppose Tx t- x. Then 

d(STx, Tx) {d(Tx, STx)} 2 + {d(x, Tx)} 2 

$ c d(Tx, STx) + d(x, Tx) 

Hence by letting t = d(STx, Tx)/d(x, Tx), we have (1 - c)t 2 + t - c $ 0, 

which implies t $ a, i.e., d(STx, Tx) $ ad(x, Tx). Thus we have 

d(STx, Tx) $ ad(Tx, x) 

for all x EX. Since S and T may be interchanged, we have 

d(TSx, Sx) $ ad(Sx, x) 

for all xEX. From 0 $ c < l, it is easy to see that 0 $a< 1. Now 

for each (x, y, u, v) Ex", define 

'f(X, y, U, V) 
c· {d(x, y) }2 + {d(u, v)}2 - d( v) 

d(x, y) + d(u, v) y, 
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if d(x, y) + d(u, v) 1 0; and 

p(x, y, u, v) = - d(y, v), 

otherwise. As can readily be seen, 'J> is ad-fixer on X, and 

cp(x, Sx, y, Ty) 2'. 0 

for all x, y EX with d(x, Sx) 1 0 of d(y, Ty) 'f 0. Therefore by 1° of 

Theorem 1, S and T have a common fixed point. Now suppose that d(x, Sx) 

+ d(y, Ty) = O implies d(&r:, Ty) 0. Then g,(x, Sx, y, Ty) 2'. 0 for all 

x, y EX. Moreover if cp(x, x, y, y) 2'. 0 then '.f'(x, x, y, y) = - d(x, y), 

and therefore d(x, y) = 0. Thus 3° of Theorem 1 yields the desired con­

clusion. 

We shall now derive from Theorem 2 the results obtained in [8]. 

Corollary 7. Let (X, +) be an L-space which is D-corrrpiete for a non­

errrpty sepaPating family D of separately continuous pseudo-symmetries on 

X. Let f and g be mappings of X into itself satisfying the follow­

ing conditions: 

(l) d(f(x), x) < 00 and d(g(x), x) < 00 for all d ED and x EX. 

(2) There exists functions a:D + [0, 1) and 13:D + (0, 00 ] such that 

d(x, y) < S(d) irrrplies 

d(f(x), g(y)) s a(d)max{d(x, y), d(f(x), x), d(g(y), y)} 

for each d ED. 

If there exists an x 0 EX with d(f(x
0
), x 0) < i3(d) for aU d ED, then f 

and g have a common fixed point, and the sequence {x} defined by n nEw 

(*) n 
X = (gf) (X ) 2n o 

for au n € w, 

converges to a common fixed point of f and g. 

Proof. Since d(f(x
0
), x

0
) < S(d) for all d ED, the condition ("") is 
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satisfied. Let d be in 
n n 

D, and suppose d(f(gf) (x 0), (gf) (x 0)) < S(d). 

Then since 

we have 

n+1 n+1 n n+1 
d(f(gf) (x 0), (gf) (x 0)),,; a(d)d(f(gf) (x 0), (gf) (x 0)) 

< S(d). 

Thus d(f(x), x) < S(d) for all XEO(x
0

, gf). Consequently, for each x 

in O(x
0

, gf), 

d(gf(x), f(x)) ,,; a(d)d(f(x), x) < S(d), 

and so 

d(fgf(x), gf(x)) s a(d)d(gf(x), f(x)). 

Therefore the condition (0) holds. For each d ED, define 

J'aCx, y, u, v) = a(d)-max{d(x, u), d(x, y), d(u, v)} - d(y, v) 

for all (x, y, u, v) EX 4
• Assume un ➔ u, vn-+ u in (X, -+), d(vn, un) 

-+ 0 

and 

and g,d(x, y, un, vn) :::: A for all n E w. Since d(x, un .) -+ d(x, u) 
1, 

d(y, Vn.)-+ d(y, u) for some subsequence {n.}. of {n} , it fol-
1, 1, '/,EW nEW 

lows that pd(x, y, u, u) :::: A. It is clear that '.Pa(x, y, x, x) :::: 0 or 

J'a(x, x, x, y) :::: O implies d(x, y) = o. Hence ':Pa is ad-fixer on X. 

Since J'a(x, f(x), y, g(y)) :::: 0 whenever d(x, y) < S(d), the conclusion 

follows from Theorem 2. 

Note that Theorem 2 of [8] is not concerned with common fixed point. We 

shall prove here its revised version: 

Corollary 8. Let (X, ➔) be an L-space which is D-compZete for a non­

errpty separating family D of separately continuous pseudo-symmetries on 

X. Let f be a mapping of X into itself for which there exist functions 
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a:D ➔ [0, 1) and $:D + (0, 00 ] such that d(x, y) < S(d) implies 

d(f(x), f(y)) ~ a(d)d(x, y) 

for each de D. If there exists an x
0 

e X hlith d(f(x 0 ), x 0 ) < S(d) for 

all d E D then the sequence {/I (x ) } converges to a fixed point of f. 
o new 

Proof. The condition (00) clearly holds. Let d ED. If 

d(f2n+1(xo), f2n(xo)) < S(d), 

then 

and so 

d(f2n+3(xo), f2n+2(xo)) ~ a(d)d(f2n+2(xo), f n+1(xo)) < S(d). 

Hence d(f(x), x) < S(d) for all x e O(x
0

, f 2). Therefore, we have for 

each x E O(x
0

, f 2
), 

d(f2 (x), f(x)) :,; a(d)d(f(x), x) < S(d), 

and consequently 

d(f 3 (x), f 2 (x)) :,; a(d)d(f2 (x), f(x)). 

Thus the condition (O) is satisfied. For each de D, put 

Pa(x, y, u, v) = a(d)d(x, u) - d(y, v) 

for all (x, y, u, v) eX 4
• It is easily shown that ':Pa is a d-fixer on 

X. Further, if d(x, y) < S(d) then .J'a(x, f(x), y, g(y)) 2 0. Therefore 

by virtue of Theorem 2, we have the desired conclusion. 
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