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On Some Common Fixed Point Theorems for

Contractive Mappings

By Shouro KASAHARA™

Various common fixed point theorems for self-mappings f, g on a metric
space (X, d) satisfying some contractive conditions are known. It was
shown in a previous paper [5] that certain contractive conditions can be
reduced to the pairwise contractive condition
{d(gf(x), flx)) < od(f(z), x)

d(fg(x), g(x)) < Bd(g(x), =)

()

A

and those mappings which satisfy pairwise contractive conditions are stud-
ied in [S]-[7]. However, in these éarlier works, we mainly concerned with
continuous mappings. The purpose of this paper is to offer, by relaxing
slightly the pairwise contractive condition (1), a uni_fied treatment of
some common fixed point theorems for two self-mappings which satisfy cer-
tain contractive conditions but need not be continuous. The common fixed
point theoreﬁs due to Fisher [1]-[3], Khan [9], Rhoades [11], and a fixed
point theorem of Pal and Maiti [10] will be derived from a common fixed
point theorem (see Theorem 1 below) in L-spaces. Moreover, the author's
results obtained in [8] will be also derived from a similar theorem (Theo-

rem 2 below).

* Department of Mathematics, Kobe University, Nada, Kobe, 657, Japan.
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1. Basic theorems

We shall denote by w the set of all nonnegative integers. Let X be
a set. A family D of extended real valued functions on X*xX is said to
be separating if d(z, y) = 0 (x, yeX) for all deD implies =z = y.
Let f and g be self-mappings of an L-space (X, +), D a nonempty fam-
ily of nonnegative extended real valued functions on XxX, and xeX. We
say that (X, ») 1is (x, D, f, g)~complete if every sequence {xn}new in
the set 0O(z, gf) u f(0{x, gf)) satisfying
) * d(x

< @
n=0 nti’ mn)

for all deD, converges to at least one point of X, where O(x, f) de-
notes the set {f‘n(x] | newl. Let d be a nonnegative extended Teal val-
ued function on XXX. By a d-semifixer on X, we mean an extended real
valued function ¢ on X" satisfying the following conditions:

(1) If oz, y, 2, ) 2 0 then d(x, y) = 0.

(2) 1If u, U, v, u in (X, ), d(un, un) -+ 0, and

Pple, ¥, u , vn) = A

7
for all new, then ¢, y, u, u} =2 A.
A d-semifixer ¢ on X is called a d-fiwer on X if o{x, x, x, y) 2 0

implies d(xz, y) = 0.

We need the following

Lemma. Let f and g be mappings of an L-space (X, ») into itself,
and D a nomempty family of nomnegative extended real valued functions on
XxX. BSuppose that there exists a point x o €% satisfying the following
eonditions:

() d(f(x), x)) <= forall deD.
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(0) There exist functions o, B of D into [0, 1) such that, for all
deD and aceO(xo, af),
dgf @), f(®) < a(@d(f(x), =)
d(fgf (), gf(x)) < B(Ad(gf(x), f(x)).

Then the sequence {xn}new defined by
(*) %, = (gf)n(mo) and €, ., = F@,) for all neuw,
satisfies the inequality

Z7’L=,0 d(xnn’ xn) <

for all d'eD; consequently if (X, ») 1is (xo, D, f, g)-complete, then the
sequence {xn}new converges to a point in 5(x0,gf), the closure of the set

O(xo’ gf)'

Proof. Let d be in D. Then for each positive integer =, we have

A@,,, 1> Tp) = ATG@,, )0 9f(@,, )
< B(dDd(gfix,, ), fix,, ,))
< a(dB@d(f(=,, ), =,, ,)
= a(dB@@dx,, , =, ,)»

and hence

A&, ® ) 5 @@BE) dz,, o).

Therefore, for each new,
d(x z, ) <d@gf®,), f,))
a(dd(f(=,,), ©,,)

o) (@@ d@,, ).

on+2’

A

A

It follows that zn:o d(x

< o,
n+1’ xn)

Theorem 1. Let f and g be mappings of an L-space (X, ») into it-

self, and D a nonempty separating family of nonnegafive extended real
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valued functions on XXX. Suppose that there exists a point «x o €X sat-
isfying the conditions (»©), (0), and

(c) (X, *) is {z_, D, f, g)-complets.

0?
Then the following statements hold:
1° If for each deD, there exists a d-fixer Py om X such that
Fx, F&), fE@), 9fy)) 20
for all mea(xo, f) and yeO(x,, gf) with
diz, f(&)) #0 or d(fw), gfy)) 20,

then the sequence {xn}ne defined by (*) comverges to a common fixed

w
potnt of f and g.
2° If for each deD, there exists a d-fizer $; on X such that

Py, F@), ), 9 @) 20
for all x, yeX and that r_:pd(:c, x, Y, y) 20 implies d(x, y) = 0, then
the sequence {mn}new defined by (*) converges to a unique common fixed
point of f and g which is a unique fized point of f.
3° If for each deD there exists a d-fizer Py on X such that
Fyle, F(*), ¥, g(y)) 20
for all x, yeX and that 9od(.7c, %, ¥y, ¥y) 20 implies d(xz, y) = 0, then

the sequence {mn}nem defined by (*) converges to a unique fimed point of

f which s also a unique fixed point of g.

Proof. By Lemma, the sequence {mn}new converges to a point & in the

set 5[x0, gf). 1In order to prove 1°, suppose [f(a) # a. Then d(a, f(a))
# 0 for some deD. Hence
Sod(a: f(a): x27’H’1’ x2n+2) = 9?1(@) f(a)3 f(xzn)’ gf(xz_n)) z 0

for all new., Since x, > a, x -+ a and since d(x } -+ 0

x
n+2 21+1 2n+2? Tantl

by Lemma, we have
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gnd(a, fla), a, a) 2 0
which yields d(a, f(a)) = 0, a contradiction. Therefore f(a) = a. Sup-
pose gla) # a. Then d(f(a), gf(a)) = d(a, g(a)) # 0 for some deD, and
so we have
Fa, a, a, gla)) = ¥4(a, fla), fla), gfla)) = 0,
which gives d(a, g{a)) = 0. This contradiction establishes g{a) = a.

From 1° it follows that, under the hypothesis of 2°, ¢ is a common fix-
ed point of f and g. Hence, to prove 2°, it suffices only to show that
a is a unique fixed point of f. Let beX be a fixed point of f. Then
for all deD, we have

;. b, a, a) = $b, fb), fla), gfla)) =0,
which implies d(b, a) = 0. Thus a = b.

By virtue of 2°, to establish 3°, we have only to prove that a is a
unique fixed point of g. Let beX be a fixed point of g. Then for all
d e D, we have

Fylas a, b, b) = Fyla, fla), b, g(b)) = 0.

Hence d(a, b) = 0 for all deD. Thus a = b. This completes the proof.

By a pseudo-o-metric on a sct X, we mean a nonnegative extended real

valued function d on XxX such that d(x, ) = 0 for all xeX.

Theorem 2. Let f and g be mappings of an L-space (X, ) into it-
self, and D a nomempty separating family of pseudo-o-metrics on X such
that the function x » d(a, x) is continuous for each (d, a) eDxX. Sup-
pose (®), (0), and (c) hold for some xoeX and suppose for each deD,

there exist a Pge€ (0, »1 and a d-fizer F; on X such that

%, (@, f@), y, gy)) 2 0
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for all =z, yea(xo, gf) with d(x, y) < o4 and either d(x, f(x)) # 0

or d(y, g(y)) # 0. Then the sequence {xn}ne defined by (*) converges

W

to a common fixed point of f and g.

Proof. By Lemma, {xn}new converges to a point aeb_(xo, gf). Suppose

fla) # a. Then d(a, f(a)) # 0 for some deD. Since Lopey T G and the

+1
function x - d(a, ) 1is continuous, we have d(a, <, +1) > d(a, a) =0
7
f [ ,
or some subsequence {xmiﬂ}%w {x2n+1}new' Hence we can choose a
< . > =
k e w such that d(a, :cmi_”) Py for all 7 =z k. Put us xmk+7:+1 and
= A =
vs xan+i+2 for all < ew. Then d(vi, ui) 0 by Lemma, and

Pyla, fla), ugs v = Pyla, fla), uy, glu))

for all < ew. So we have yd(a, f(@), a, a) =2 0 which implies a contra-

diction d(a, f(a)) = 0. Therefore f(a) = a. Suppose g(a) # a. Then we

have d(a, g(a)) # 0 for some deD. Since d(a, a) = 0 < 0z we have
Fqlas a, a, gl@)) =gy, fla), a, gla)) 20,

which gives a contradiction d(a, g(a)) = 0. Therefore g(a) = a.
Moreover we have the following result which is similar to Theorem 1.

Theorem 3. Let f and g be mappings of an L-space (X, ») into it-
self, and D a nonempty separating family of pseudo-o-metries on X. Sup-
pose that there exists a poiﬁt x eX satisfying (), (c), and the follow-
ing condition:

(0) There exist functions o and B of D into [0, 1) such that, for

all deD and xe0(x,, gf),
d(gf(x), f(x)) < a(dd(f(x), x)
d(fgf (@), gf(x)) < B(Dd(gf(x), f(z)).

Then the following statements hold:
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1° If for each deD there exists a d-semifixer ¥y on X such that
Fylz, Fl@), £, 9f @) 20
for all xea(xo,gf) and yeO(x,, gf) with d(z, f(x)) # 0, then the se-
quence {xn}new defined by (*) converges to a common fized point of f and
g.
2° If for each deD there exists a d-semifizer ¥y on X such that
Py, F@), F@), 9FfF)) 20
for all x, yeX and that 99d(x, x, Y, ¥y) 20 <implies d(xz, y) = 0, then
the sequence {xn}new defined by (*) converges to a unique common fixed
point of f and g which is a unique fixed point of f.
3° If for each deD there exists a d-semifixer P; on X such that
FPalxs Fx), ¥, 9¥)) 20
for all =z, yeX and that 9>d(x, x, Yy, y) =20 <implies d(xz, y) # 0, then
the sequence {x } defined by (*) converges to a unique fixed point of

AR

f which is also a unique fixed point of g.

Proof. By Lemma, the sequence {xn}nsw converges to a point a in the
set 5(:){:0, gf). The same argument used in the proof of Theorem 1 estab-
lishes that a is a fixed point of f. Now for each deD, we have

d(g(a), a) = d(gf(a), f(@)) < a(d)d(f(a), a) = 0.
Thus g(a) = a. This completes the proof of the statement 1°. The proofs

of 2° and 3° are the same as those of 2° and 3° of Theorem 1.

The following result corresponds to Theorem 2. The proof is easy, and

is therefore omitted.

Theorem 4. Let g and g be mappings of an L-space (X, ») 1into it-

self, and D a nonempty separating family of pseudo-o-metriecs on X such
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that the function x > d(a, ) 1s continuous for each (d, a) e DxX. Sup-
pose (®), (c¢) and (0) hold for some z X, and suppose for each deD
there exist a g€ (0, ©] and a d-semifixzer P, on X such that

Py, @), ¥y, g(y)) 2 0
for all x,ye0(x,, gf) with d(x, y) < Pg and either d(xz, f(x)} # 0 or
aly, gy)) # 0. Then the sequence {xn}new defined by (*) converges to a

comnmon fixed point of f and g.
2. Remarks on completeness

In [4], we note that if a premetric space (X, d) is complete, then the
L-space (X, _d,) is d-complete, where z, Si; x means that d{x, xn} + 0 as

n + o, Although this gives the "only if' part of the following theorem,

we shall state here a proof for the sake of completeness. Recall that an
L-space (X, +) 1is d-complete if each sequence {xn}new in X with

*% z e d < o

(**) n=o G & %)

converges to at least one point of X.

Theorem 5. A metric space (X, d) is complete if and only <if the L-
space (X, i) is d-complete, where z, E x means that d(x, acn) >0 aqs
n > ®,

Proof. To prove the "only if'" part, consider a sequence {xn}nem in X

satisfying (**). Let € > 0. Since {zizo d(x.ﬂ, x.)}

is a Cauch
1 17 'new Y

sequence of real numbers, there exists an integer n 21 such that

m n
. . N . dix. x.) < €
27,=u d(x1,+1’ xz) Zz=o { 7+1° 1,)
whenever m > »n 2 Ry Hence if m > n 2 n, then
n-1 n-1
< . , ) - T d(x. x.) < €.
d(xm’ .rn) - Zl=0 d(‘rzﬂ’ x’L) i=0 (xzﬂ’ 7,) &
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. d
Therefore {xn}new is a Cauchy sequence, and hence x > for some =z«

X.

Conversely let {xn}new be a Cauchy sequence in (X, d). Then for each
7 ¢w, the set Si of all integers »n > i such that d(:nm, xn) < 1/21: for
all m 2 n, is nonempty. Denote by ¢(Z) the least element of Si' Since
e is a mapping of ®w into itself, the finite recursion theorem ensures
existence of a sequence {ni}iem in w such that =n = ¢(0) and n, =

n.: :
¢(n,) for all iew. Hence we have d(x ,x ) <172 F < 1/2° for all
7 7’17:4.1 7’.7,L'

i e w. Therefore zi‘:o d(z,

, x_)<2. Since the L-space (X, z) is d-
i+1 g

L . d R
complete, this implies that x”vl + & for some xe X. But, since {xni}isw
is a subsequence of the Cauchy sequence {acn}new, it follows that the se-

quence {xn}new converges to x. This completes the proof.

Let f and g be mappings of a metric space (X, d) into itself. Fol-
lowing Rhoades [12], we say that (X, d) is (g, f)-orbitally complete if
for each x€X, every Cauchy sequence in the set O(x, gf) u f(O(x, gf)} is
convergent. Obviously (X, d} is (g, f)-orbitally complete if and only if
&, fz») is (z, {d}, f, g)-complete for each xeX.

Let f and g be mappings of an L-space (X, ») into itself, D a non-
empty family of extended real valued functions on XXX, and xeX. The
following example shows that a (x, D, f, g)-complete L-space need not be

D-complete:

Example. Let X denote the set of all rational numbers, and put
diz, y) = |z - gl
for all =, y €X. Consider the identity mapping f of X into itself and

the mapping g defined by g(x) = 2x for all xe¢X. Then clearly (X, EZ)
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is (0, {d}, f, g)-complete but not {d}-complete.
3. Consequences

First of all, we shall derive the following result which improves the

main result of Fisher [1].

Corollary 1. If S and T are mappings of a nonempty complete metric
space (X, d) into itself satisfying the inequality
d(Sxz, TSy) < a.max {d(x, Sy), d(x, Sx), d{(Sy, TSy),
%[d(w, TSy) + d{Sy, Sx)11
for all =z, y in X, where 0 <o <1, then S and T have a unique common

fixed point.

Proof. Consider the L-space (X, 5‘!) which is d-complete by Theorem 5.

Since 1/(2 - @) < 1, it is easy to see that
d(Tsx, Sx) < ad(x, Sz)
and
d(ST8x, TSz) < ad(TSx, Sx)

for all xe¢X. For each (z, ¥, u, v) ¢X*, put

ez, y, u, v) = a-max {d(x, »), dz, »), du, v),

ld, ») + dy, w1} - dy, v).

It is clear that ¢ is a d-fixer on X, and o(x, Sr, Sy, TSy) =z 0 for all
®, y eX. Moreover if (%, ¥, ¥, ¥) 2 0, then since od(x, y) - d®, y) 2
0, we have d(x, y) = 0. Therefore, the statement 1° of Theorem 1 yields

the desired conclusion.

The following common fixed point theorem due to Fisher [2] is also a

consequence of Theorem 1.
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Corollary 2. If S and T are mappings of a nonempty complete metric
space (X, d) <into itself satisfying the inequality |
{d(Sz, Ty)}? <od(x, Sx)d(y, Ty) + Bd(x, Ty)d(y, Sx)
for all x, yeX, where 0 <o < 1and 0 < B, then S and T have a common
fized point. If, in addition 0 < B < 1, then each of S and T has a

unique fixed point and these two points coincide.

Proof. Consider, as before, the L-space (X, fz») which is d-complete by

Theorem 5. It can be readily seen that

d(TSxz, Sx) < od(Sx, x)
and

d(STx, Tx) < od(Tx, x)
for all xeX. For each (x, y, u, v) le', put

Pz, y, 1, v) = adlw, Y)d@, v) + Bd@, VA, u) - [y, v))2,
Obviously ¢ 1is a d-fixer on X and @(x, Sz, y, Ty) 2 0 for all x, ye
X. Moreover if 0 < B <1 then @(x, x, y, y) 2 0 yields
05 (8- Did@ ) <0,

proving d(xz, y) = 0. Therefore, the desired conclusion follows from the

statements 1° and 3° of Theorem 1.

Note that, in the proofs of the above corollaries, we may use Theorem 3
instead of Theorem 1.
The following corollary extends a result of Pal and Maiti [10] to two

mappings:

Corollary 3. Let S and T be mappings of a metric space (X, d) into

itself, and let 1su<2,%s8<3, l'sy<§,and 0 <8 < 1. Suppose

that (X, d) is (T, S)-orbitally complete and there exists an x eX such
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that, for each (x, y) 55(.':0, T5) x8(0(x,, TS)), at least one of the fol-
lowing inequalities holds:

(1) d(Sz, x) + d(Ty, y) < od(x, ¥).

(2) d(sz, x) + d(Ty, y) < B[d(Ty, x) + d(Sz, y) + d(x, y}].

(3) d(Sz, ) + d(Ty, y) + d(Sz, Ty) < y[d(Ty, =) + d(Sz, y)].

(4) d(Sz, Ty) < §-max {d(x, y), d(5z, x), d(Ty, y),

$ldse, y) + Ay, )13,

Then the sequence {xn}new defined by

z,, = (TS)n(:x:D] and = = S(x. )

21n+1 2n

for all new, converges to a common fired point of 5 and T.

Proof. Consider the L-space (X, i) which is (z, {d}, 8, T)-complete.
Let « be in O(w,, TS). Then, at least one of (1)-(4) holds for (x, Sx).
A straightforward computation shows that

d(TSx, Sx) < Ad(Sz, x),
where
o -1, if (1) holds for (x, Sx),

28-1 " if (2) holds for (x, Sz),

A={ 1-B
1= 3( ,  if (3) holds for (x, 5z),
8, if (4) holds for (wx, Sx).

Hence by putting U = max {a - 1, 215:31 s ;’: 3‘{,

d(Tsx, Sx) < ud(Sx, x)

8}, we obtain

for all er(xo, T8). Clearly 0 <u < 1. Let again er(xo, TS). Then
a similar computation gives
d(STSx, TSx) < pd(TSx, Sx).

For every (z, y, u, v) e X*, define plx, y, u, v) to be the maximum of
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four real numbers
od(z, u) - d(x, y) - du, v),
Bld{x, v) + d(y, w) + d(x, w)] - d(x, y) - d(u, v),
vid(z, v) + d(y, u)] - d(x, y) - d(u, v) - dly, v), and
§-max {d(z, u), d(z, y), du, v), 3[dly, w) + d(z, v)]1} - dly, v).
Then e@(x, y, z, ) 2 0 implies
0 < max{-d(x, y), (B~ Dd(x, y), (v - 2)d(x, y), (§ - 1)d(x, y) } =0,

and so d(x, y) = 0. Similarly if ¢(x, x, x, ¥) 2 0 then we have d(x, y)
= 0. Thus ¢ is a d-fixer on X since it is continuous on the productv
space x*. Obviously Plx, Sx, Sy, I'Sy) =2 0 for all a:e5(x°, TS) and y
sO(xo, T8). Therefore from 1° of Theorem 1, we have the required conclu-

sion.

Now, from this corollary, we can derive the following result of Rhoades

[11]:

Corollary 4. Let f and g be mappings of a nonempty complete metric
space (X, d) <into itself satisfying

d(f®), g) < armax {dlx, y), dlx, f®)), dy, g¥)),

1

zld@, g@) + dy, f®)]}
for all x, yeX, where 0 < o < 1. Then each of f and g has a unique
filxed point and these two points coincide. Moreover both the sequences

" @), ad {GN" =)},

converges to the point for every

w w 0

in X.

Proof. Llet x eX. Then, by Corollary 3, the sequence {(fg)n(xo)}ngw

converges to a common fixed point a of f and g. Hence interchanging f
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and g, we see that the sequence {(gf)n(xo)}nsm converges also to a com-
mon fixed point b of f and g. Now if ceX is a fixed point of f, then

we have

dle, a) = d(f(e), g(a)) < o-max {d(e, a), 0, 0, d{e, a) },

which implies ¢ = a. This shows that a is the unique fixed point of f.
Therefore a = b. Moreover, since the circumstance is symmetric with re-
spect to f and g, we see that the point @ 1is the unique fixed point

of g.

As an immediate consequence of this corollary we have the following re-

sult obtained by Khan in [9]:

Corollary 5. Let S and T be mappings of a nonempty complete metric
gpace (X, d) into itself satisfying
d(8Tx, T8y) < a-max {d(z, y), d(x, STx), d{y, TSy),
d(z, T5y) + d(y, §T2)] )
for all x, yeX, where 0 <o < 1. Then S and T have a unique conmon

Fixed point.

Proof. By Corollary 4, each of ST and IS has a unique fixed point
and these two points coincide. Denote the point by a. Then 57(5a) =
S(TSa) = Sa, and so Sa = a. Thus by symmetry, we have Ta = a. Since a
common fixed point of S and T is a common fixed point of ST and TS,

the common fixed point of 5 and T is unique.

Further, the following result of Fisher [3] can be derived from Theorem
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Corollary 6. Let S and T be mappings of a nonempty complete metric

space (X, d) into itself such that

{d(z, s2)}* + {dy, Ty)}?
d(s‘r; Ty) sc d(x, Sx) + d(y, Ty)

for all x, yeX with d(x, Sx) + d{y, Ty) # 0, where 0 s ¢ < 1. Then S
and T have a common fixed point 3. If in addition d(x, Sx) + d(y, Ty)
= 0 implies d(Sx, Ty) = 0, then =z ig the unique fized point of S and
T.

Proof. Consider the L-space (X, fz,) which is d-complete by Theorem 5.

Put

-1 +/1 + 4e(l - )

o= 201 - &)

If Tx = x and Sx # x, then we have
“d(Sx, x) = d(Sx, Tx) < cd(x, Sz) < d(xz, Sx),
a contradiction. - Hence if 7Tx = xz, then Sx = x, and so
B d(STx, Tx) < od(x, Tx).
Suppose Tx # x. Then

{d(rz, STx)}* + {d(z, Tx)}*
d(Tx, STx) + d(x, Tx) )

d(STx, Tx) < ¢

Hence by letting ¢t = d(STx, Tx)/d(x, Tx), we have (1 - e)t> + t - ¢ < 0,
which implies t < a, i.e., d(STxz, Tx) < od(x, Tx). Thus we have
d(STx, Tx) sb ud(j’x, x)
for all xeX. Since S and T may be interchanged, we have
d(Tsx, Sx) < od(Sz, x)
for all xeX. From 0 < ¢ <1, it is easy to see that 0 =0 < 1. Now

for each (x, y, u, v) e X", define

{dz, 2 + {du, v)}?
Cplx, ¥, u, V) =c (fl(acz,/)y) : d(uz,{ v) - d(y,» ?)
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if d(x, y) + d(u, v} # 0; and
Ple, y, u, v) = -dy, v),
otherwise. As can readily be seen, ¢ is a d-fixer on X, and
e, Sx, y, Ty) 2 0

for all =z, yeX with d(x, S2) # 0 of d{(y, Ty) # 0. Therefore by 1° of
Theorem 1, 5 and T have a common fixed point. Now suppose that d(x, Sx)
+d(y, Ty) = 0 implies d{Sx, Ty) = 0. Then o{x, Sx, y, Ty) z 0 for all
x, y €X. Moreover if <o(x, x, y, y) 2 0 then 9’(‘”’ x, Y, y) = -d(x, y),
and therefore d(x, y) = 0. Thus 3° of Theorem 1 yields the desired con-

clusion.
We shall now derive from Theorem 2 the results obtained in [8].

Corollary 7. Let (X, ») be an L-space which is D-complete for a non-
empty separating family D of separately continuous pseudo-symmetrics on
X. Let f and g be mappings of X <into itself satisfying the follow-
ing conditions:

(1) d{f(x), ) <= and d{g(x), =) <= for all deD and zecX.

(2) There exists funetions o:D + [0, 1) and B:D + (0, ] such that

d(z, y) < B{d) dimplies
d(f(z), g)) s aldmax {d(x, y), d(f(x), =), dg), ¥) }
for each deD.
If there exists an x4, <X with d[f(xo), x,) < B(d) for all deD, then f

and g have a common fized point, and the sequence {:cn}nE defined by

w
*) €, = (gf)n(wo) and =z = flz,,) for all neuw,

2n+1

converges to a common fixed point of f and g.

Proof, Since d(f(:rro), z ) < B(d} for all deD, the condition (*} is
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satisfied. Let d be in D, and suppose d(f(gf)”(xo), (gf)n(xo)) < B(d).
Then since
df@nN @), @H™ @) < a@dFEN @), @NH" @) < Bd),
we have
dF@N™ @y, @H" (®)) < e @dFEN @), @HT @)
< B(d).
Thus d(f(x), @) < B(d) for all zeO(x,, gf). Consequently, for each &
in 0@, gf)»
d(gf(x), ) < aldd(f@), z) < B(d),
and so
d(fgf @), gf@) < a(dd(gf@), ().
Therefore the condition (0) holds. For each deD, define
Pyl ys us V) = a(d)-max { d(z, w), d(x, y), du, v} } - dy, v)
for all (x, y, u, v) eX'. Assume u > u, v, >u in (X, »), d(v,, )
+ 0 and ga(x, Ys Uy vn) > A for all new. Since d(x, uni) > d(x, u)
and d{y, v”i) > d(y, u) for some subsequence {ni}iew of {n}new’it fol-
lows that 9>d(x, Y, u,‘u) z A, It is clear that gvd(x, y, x, x) 20 or
$;@, @ ©, y) 20 implies d(z, y) = 0. Hence @, is a d-fixer on X.
Since (@, f(x), y, g(y)) = 0 whemever d(z, y) < B(d), the conclusion

follows from Theorem 2.

Note that Theorem 2 of [8] is not concerned with common fixed point. We

shall prove here its revised version:

Corollary 8. Let (X, ) be an L-space which is D-complete for a non-
empty separating family D of separately continuous pseudo-symmetrics on

X. Let f be a mapping of X into itself for which there exist functions
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o:D > [0, 1) and B:D ~ (0, =) such that d(x, y) < B({d) implies
d(f=), ) < aldd(z, y)
for each deD. If there exists an x X with d(f{x,), ;) < B(d) for

all deD then the sequence {fn(xo)}neu) converges to a fixed point of f.

Proof. The condition (=) clearly holds. Let deD. If
aF @), @) < B,

then

2n+2 27+1 2n+1

aF ™ @), M@ )) < addE @), £ < B,

0 0

and so

21+ 2 2N+ 2 7+l

aF =y, D) < e@dET @), £ ) < B@).

Hence d{f(z), «) < B(d) for 21l =zeO(x,, F3). Therefore, we have for
each xze0O(x,, f?),

d(fi(x), F&)) $ a(@d(FfE), %) < B,
and consequently

d(f* @), 2 (x)) < alddF* @), fx)).

Thus the condition (0) is satisfied. For each deD, put

@, ¥, us v) = alddx, u) - dly, v)
for all (x, y, u, v) eX*. It is easily shown that $; is a d-fixer on
X. Further, if d(z, y) < B(d) then P (=, f(®@), ¥, g(y)) = 0. Therefore

by virtue of Theorem 2, we have the desired conclusiomn.
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