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Seminormal Autometrized Algebras™
By N. PRABHAKARA RAO™*

Inv [3] the present author and Swamy obtained an ideal theory for normal
autometrized algebras. The class of normal autometrized algebras is fair-
ly large, in fact, it contains the classes of Boolean algebras, Brouwerian
algebras, semi-Brouwerian algebras, commutative lattice ordered groups,
Boolean £-algebras and commutative dually residuated lattice ordered semi-
groups ‘as subclasses. But it does not contain the more recently studied
classes of autometrized algebras - Brouwerian semigroups ([S5]) and repre-
sentable Griss algebras ([6]). In this paper we introduce the notion of a
seminormal autometrized algebra which contains all the above mentioned au-
tometrized algebras including Brouwerian semigroups and representable Griss
algebras as special cases and we extend all the results of [3] to semi-

normal autometrized algebras.

1. For the sake of convenience, we recall the definiton of an autome-

trized algebra ([3]).

Definition 1. A system 4 = (4, +, <, =) is called an autometrized al-

* This is a part of the work done by the author at the Andhra Univer-
sity while he was a U. G. C. Junior Research Fellow.
** Department of Mathematics, Siddhartha Engineering College, Moghalraj

Puram, Vijayawada - 10, A. P., India.
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gebra if and only if

(1.1) (4, +, £) 1is a commutative partially ordered semigroup with addi-
tive identity '0°', i.e., (4, +) 1is a commutative semigroup with
additive identity 0 and (4, £) 1is a partially ordered set such
that a < b implies a + x <b +x for any x in A.

(1.2) = 1is a metric operation on 4, i.e., + 1is a mapping from A x4
to A4 such that

(1 a+*b 20 forall g, b in A and g * b = 0 1if and only if

n

a = b,

(2) a*=b=p=xa for all g, b in A4,

In

3) a=xc (@ *bB) + (b +e) forall a, b, ¢ in A,

Now we introduce the following:

Definition 2. An autometrized algebra A = (4, +, <, *) is called a
seminormal autometrized algebra if and only if

(1.3) (a+e) » b+d <(ax*hb)+ (e*»d forany a, b, ¢, d in 4,

IA

(1.4) {a*¢c) = (b+d) <2[(a*h) + (¢ *d)] forany a, b, ¢, d in 4,

(1.5) axb=1(a=*hb)*0 forany a, b in A4,

]

(1.6) (a+ 0) + (b * 0) [la «0)+ (B ~0)] «+0 for any a, b in A.

The following example shows that every normal autometrized algebra is a
seminormal autometrized algebra. Consequently Boolean algebras, Brouweri-
an algebras, semi-Brouwerian algebras autometrized with the symmetric dif-
ference and commutative %-groups autometrized with d(a, b) = la - »| and
commutative D. R. £. semigroups autometrized with d(a, b)= (a - PJu(d - a)

are all seminormal autometrized algebras.
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Example 1. Every normal autometrized algebra A = (4, +, <, %) is a
seminormal autometrized algebra. By defimition ([3}), a normal autometri-
zed algebra 4 = {4, +, £, %) 1is an autometrized algebra satisfying

(1) a<a=*=0 for every a in A4,

(2) (a+e)~ b+d £(axhb) + (¢ xd forany a, b, ¢, d in 4,
3) (faxe)>»(b+xd) <{a*h)+ (¢*xd) forany a, b, e, d in 4,

(4) a s b implies there exists an element x =0 such that a + & = b.
To show (4, +, £, *) 1is a seminormal autometrized algebra it is enough
to verify (1.5) and (1.6). Since a * b < (@ * b) * 0= (a *b) * (a * a)
Sla*ra)+ b*a)=0+ (b*a)=bra=a*b forany a, b in A4,
we have g # b = (@ * ) * 0 for every g, b in A. Hence (1.5) hold in
A. Since (@ *0)+{b *0) s [(@*0)+({® 0] »0=1[(a*0)+(b = 0)] =«
(0+0) <[(a=0)*=0}]+[(h»0) 0] =1(a*0)+( + 0) (since 1.5 holds
in A4), we have (a * 0)+(b » 0) = [{a ~ 0)+ (b » 0)] = 0 for any a, b

in A. Hence (1.6) also holds in 4.

The following example shows that the class of seminormal autometrized

algebras is strictly wider than the class of normal autometrized algebras.

Example 2. Let A be the set consisting of elements 0, a, b, ¢, 1.

Let the partial ordering

on 4 be such that 0 < +|0 ab e 1 *» [0 a b e 1
a<1,0<bh<1l,0<e 010 a b e 1 010 b b b b
< 1. Let + and * be a a a 1 1 1 a b 0 b b b
defined by the tables at b b 1 b 11 b |b b 0 b b
right. cle 1 1 ¢ 1 eld b B O b
: . 1 11 1 1 1 1 b b b B 0

It is routine to ver-
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ify that 4 = (4, +, <, %) 1s a seminormal autometrized algebra. Since

a*0=0bta, A=(4, +, £, ) 1is not a normal autometrized algebra.

The following examples (Example 3 and Example 4) show that Brouwerian
semigroups and representable Griss algebras are also examples of seminor-

mal autometrized algebra.

Example 3. Every Brouwerian semigroup 4 = {4, +, £, =) 1is a seminor-
mal autometrized algebra with distance a « b = (@ - bJu0 + (b - a) u0.
By definition ([5])}, a Brouwerian semigroup A = (4, +, <, -} 1is a system
where (1) (4, +, s) 1is a commutative partially ordered semigroup with ad-
ditive identity O0; (2) To each a, » in A there exists a least x in 4
such that « + b 2 g (we denote this «# by a - b); (3) For every a in 4
supremum of a and O (denoted by au0) exists; and (4) a -~ a 2 0 for
all a in A. By Theorem 5 of [5], (4, +, <, %) 1is an autometrized al-
gebra with distance a * b = (@ - b)u0 + (b - a)u0, Since z 20 im-
plies x » 0 = x for any ® in 4, (1.5) and (1.6) are obviously satis-
fied in 4. Since (a@a+¢) *+ b+ d)=[{a+e)~ B+ DJu0+ [(B + e)
—(a+e)]Ju0os{@~-b)+ (e-A]Jud+ [(b-a)+ (d-e)]Jud < (a-Db)u
0+ (c-ADuo+ (b-a)ud+ (d-c)uld=(a*b)+ (¢ »d forany a,
b, ¢, d in A4, (1.3) holds in A. Since

(a*e) = brd)=(a*xe-Db+dADud+ (b+xd-a*ae)ud

It

[{a-a)uv0+ (e~-~a)u0} - {(h-duo+ (d=-P)udlluo
+ {(-dyvo+ d-byuot - {(a-c)ud+ (e -a)uvotjuo

IA

({a~-ca)yuv0- b-Aduo}l + {{ec-a)vd - (d-Db)uodljuo
+ {-ADuo-(a@a-e)ul}l + {(d-b)uv0-(e~a)uvitjuo

1A

H{a@a-D)uvo+ (d-e)u0} + {{c-dAuld+ (b-a)udtjuo
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+ {HP -a)u0+ (e-duol + {(d-c)u0 + {a-Db)uo}]uo

A

a-B)u0+ (d-cYulb+ (¢-d)ud+ (b-a)ul

+ b-a)ud+ (e-d)v0 + (d-2e)ul + (a-Db)uQ

2(a = b) + 2(e *= d)

2{(@ * D) + (e » d)}
for any a, b, e, d in A, (1.4) also holds in A. Hence (4, +, <, =)

is a seminormal autometrized algebra.

Example 4. Every representable Griss algebra G = (G, v, -, 0) is a
seminormal autometrized algebra with distance a * b = (@ - bY)u (b - a).
By definition ([6]), a representable Griss algebra G = (G, u, -, 0) is a
Griss algebra satisfying (1) a x b = (@ » b) * 0 for any a, b in G;
and (2) (@ -b) - (e-d) < (a-e)v(d->b) for any a, b, ¢, d in G.
By Theorem 1 of [4], (G, u, <, *) 1is an autometrized algebra with distance
a*b=(a-b)uld-a). Toshow G is a seminormal autometrized algebra
we have to verify (1.3), (1.4) and (1.6). Since (aub) * (cud) < (a * )
v (b *d) forany a, b, ¢, d in a Griss algebra (see [4]), (1.3) is sa-
tisfied in G. Since [(@a* QQu (P * 0)] *» 0= [(@a-Qu (@ -0)] ~0 =
[(@aub)-0] * 0= [(aub) *= 0] * 0= (@ub) * 0= (aub) -0=(a-0)u
b-0)=(a* QYu *0) for any a, b in G, the condition (1.6) of
seminormality holds in G. Now

(@a*e) = (b+d

"

[@xe) - @*DIV[D *»d) - (ax )]

[{ta-cue-a}-{b-dud-HB}uv
{®-Duvd-Y-{a-e)ule-al}l
[a-e) - {b-dyu(d-B}u

]

ulle - d)

{B-duE@-Db)3}]u[(-4d - {{la-c)uvlec-all
vl(d-5) - {la-c)ulc-a)}l]
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A

[@-2e) - @B-Dluile-a) - d-D)]
vl -4d) - (a-e)lul@=-Db) - (e - a}]

s @-bhuvd-e)ve-dud-a)upd - a)
ule-du{d~-c)u(a-b)

=@a-Dup-aule-dud- e)

= (@a*Dblule ~d

']

2f(@a * ) v (e * d)]

for any a, b, ¢, d in G, and hence (1.4) holds in G.

2. Throughout this section 4 = (4, +, <, *) stands for a seminormal
autometrized algebra. We recall the following definition of an ideal in

an autometrized algebra.

Definition 3. A nonempty subset I of an autometrized algebra 4 =
(4, +, £, *#) 1is called an ideal if and only if
(3.1) gelI and bpeI imply a + bel,

(3.2) ael, beA, and b *» 0 < g % 0 imply bel.

Now we have

Theorem 1. The set of all ideals of a seminormal autometrized algebra

A is a complete algebraic lattice ordered by set inclusion.
We need the following lemmas.

Lemma 1. The intersection of any nonempty collection of ideals of A

18 an ideal eof A.

Proof. Obvious.
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Lemma 2. For any a, b, ¢, d in A,
(a*b) + (¢c*xd) =[(a =b) + (¢ »d)] = 0.

Proof. Let a, b, ¢, d be in A. Then

[(@*D)+ (c*d] *0

[(@* D) + (¢ xd)] = (0+0)

A

[(@=* D) = 0] + [(e xd) =0] (by1.3)

(@ *b) + (¢ xd) (by 1.5)

[@=* b} « 0] + [(e xd) = 0]
{[@*b) » 0] + [(¢ *d) »0]} =0 (by 1.6)

[@=Db) + (¢ »d)] ~ 0.

Hence [(a * b) + (e + dA)] = 0 = (@ = b) + (¢ = d).

Lemma 3. (a1 * Q) + -o0 # (an * 0) = [(a1 * 0) + .-+ (an * 0)] = 0

for any a, v, a, in A.

Proof. Since a, * 0= (@, » 0) = 0 (by 1.5), the equality is true

for » = 1. Assume that the equality is true for a positive integer m.

Then
(@, 0) + =+ + (@, x0)=(a «0) + =+ (a,* 0) + (a, =0
=[{a,* 0) + -+ + (@ « 0)}x 0] + (a_,«0)
S[{@« 0+ k(@ Ix 0+ (@ x0)]
« 0 (by 1.6)
=[{(a, « 0) + == + (@ * 0} + (a,,,* 0)]«0
=[(a,* 0) + =+ + (a + 0) + (a_ 0] «0.

This compeltes the proof.

Lemma 4. ni(a = b) + (¢ = d)] = [n{a = b) + n(e » d)] = 0 for any po-

sitive integer n.
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Proof. Since (a =+ b) + (e xd) = [(a@a + b) + (¢ * d)] = 0 (by Lemma 2),
the equality is true for »n = 1. Assume that the equality is true for a
positive integer m. Then

m+ Dl@=b) + (exd] =mllaxd) + (e¢xd]+ [(axDb)+ (cxd)]

= [{m(a * b) + mle x d)} » 0]

+ [{(a * B) + (¢ * d)} * 0] ({(by our assumption and Lemma 2)

1}

{{m(a = D)

+

m(e + d)} » 0+ {{a = b) + (e +d)} » 0] » 0 (by 1.6)
{{m(a = b} + m(e + d)} + {(a* D) + (¢ « d)}] 0

il

(by our assumption and Lemma 2)

[m(a = b) +m(e +d) + (@ * B) + (¢ + d)] 0
[(m+ D(a=*D) + m+ 1)(e » d)] » 0.

This completes the proof.

Lemma 5. For any nonempty subset S of A, the set {xeA | z + 0 <
(@, *» 0) + «-- + (an * 0) for some a., *--, a, in S)Y is the smallest

ideal containing S.

Proof. Llet G = {xed|x « 05 (a = 0) + --- + (@, = 0) for some a,,
s, in 8}. Clearly 0e@G. Let xe& and yeG. Then x % 0 <
(a1 * 0) + +-- ¢ (an* 0) for some a,, ---, a, in S and y % 0 =
(bl * 0) + -+- 3+ (bm* 0) for some bl, ---,bm in 8. Since (x+y) 0
S (@ 0)+ (@ *0) (byl.S)5(a1*0)+"'+(an*0)+(bl*o)"‘"'
a, b

+ (bm * 0) for some a,, -, a, b, .-, bm in 8, it follows that

x+yelG If xeG and ¥y « 0 2 + 0 then clearly ye&G . Hence G is
an ideal. It is clear that ScG. Now let I be an ideal containing 5.

a

Let xe¢G. Then :c*Os(al x 0) + -0 + (an*O) for some @, trs @,

in S. Since ScI, @y, tcs belong to I and hence a, = 0, ---,
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a, * 0 belong to I (by 3.2). Hence (a1 * Q) + -0 # (an * 0) eI. Now,
since x*Os(al*0)+ dee + (an*O) ='[(a1*0)+ cee F (an*O)] * 0
(by Lemma 3) it follows that x eI (by 3.2). So GcI. Hence (G 1is the

smallest ideal containing S.

Remark. From the above lemma, it is clear that the principal ideal ge-
nerated by a, which is by definition the smallest ideal (a) containing
a is {xe4 I:x: » 0 <m(a * 0) for some positive integer m}. Also, from
Lemmas 1 and 5 it is clear that the join of any collection A is :the ideal

generated by UIeA I. In particular we have the following:

Corollary 1. If I ‘and J ave ideals of A, {aedla » 0 < (x « 0) +

(y * 0) for some xeI and yecd} is the join of I and J.

Lemma 6. The join of any two principal ideals in A <is a principal

ideal.

Proof. Let (a) and () be principal ideals of A. We show that
@vd) =(@*0+bx0). Let xze(a). Then x * 0 <m(a * 0) for
some positive integer m. Now x *x 0 <m(a » 0) + m(b = 0) = m{(a * 0) +
B+ 0)] =m[{@*0)+ (b *0)} = 0] (by 1.6) and hence xe (a*x0+b*0).
Hence (a)c (@ *+ 0 + b % 0). Similarly we obtain that ()< (@x0+D«0).
Now let ¢ be any ideal containing (@) and (b). Let xe (a+0+D,0).
Then « * 0 <m{(a* 0+ Db * 0) « 0} for some positive integer m. Hence

x % 0 <mla*0+Db =+ 0) (by 1.6)

[m(a = 0) + m( = 0)] = O (by Lemma 4).
Now ae(a)cd and be (b)cd show that aed and bedJ. Hence a * 0

and b » 0 belong to J so that t =m(a « 0) +md = 0)eJ. Now z = 0
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<t * 0 and ted. Hence it follows that xed. So (a* 0+ b = 0)cd.

Therefore (a)v (d) = (@ * 0+ b+ 0). Thus (a) v (p) is also a princi-

pal ideal.

Lemma 7. (a,)v --- V(an) = (a, * 0+ --- +an*0) for any a;, +,
a in A.
n

Froof. Since x belongs to an ideal I if and only if =z » 0 is in
I, (a,) = (a; * 0) and hence the equality holds for 7 = 1. Assume that

the equality holds for any positive integer m. Then

(al)v.“v(am+l) = (al * 0 + ¢4 +am * 0)V(am+1 * 0)
= ([a1*0+--- +am*0) *0+am+1*03
= (al_* O+ +-- 4 a, * 0+ @ * o)

by Lemma 6 and Lemma 3.

Lemma 8. In 4, an ideal I 4is compact if and only if I is a princi-

pal ideal.

Proof. Let (a) be the principal ideal generated by «. Suppose (a)

S VY yep Iy vhere {Iy|acd} is a family of ideals of 4. Then ac(a)<

VaeA I, implies that a = 0 = (ac1 * 0) + --- + (xn * 0) where z, eIal,
‘, xneIan for some O, Ty O Hence aeIOLIV--- VIan so that
(@) ‘:Iocl Ve..-vIy . Therefore (a)} is a compact ideal. Now let I be

7

any compact ideal. Since Ic VaeI (@), it follows that Ic (@)v.--v
(an) for some a,, ---, a, in I. Hence I = (al]v---v(an). From
Lemma 7, it follows that I is a principal ideal. This completes the

proof.

From Lemmas 1, 5 and 8, Theorem 1 is clear.
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Corollary 2. The set of all ideal of a normal autometrized algebra is
a complete algebraic lattice. Consequently the ideal lattices of commuta-
tive L-groups, the ideal lattices of Boolean algebras, the ideal lattices
of Brouwwerian algebras, the ideal lattices of semi~Brouwerian algebras and
the ideal lattices of commutative D. R. L. semigroups ave all complete al-

gebraic lattices

Corollary 3. The set of all ideals of a Brouwerian semigroup is a com-

plete algebraic lattice.

We have introduced the notion of a congruence relation in any automet-

rized algebra ([3]). Accordingly, we have the following

Definition 4. An equivalence relation 6 on an autometrized algebra

S = (5, +, £, x) is called a congruence relation if and only if

,\
S
—

—

Q
1

b (8), c=d (0) imply that a+c¢ = b + d (8) for any a,
b, e, d in S,

(4.2 a=Db (6), ¢

b+ d (6) for any a,

d (8) imply that a * ¢
b, ¢, d in S,
(4.3) a=b (6) and x +y <sa » b imply that a =y (8) for any a,

b, x, y in S.

We have the following

Theorem 2. The set of all congruence relations of an autometrized al-

gebra is a complete lattice.

Proof. Let C(S) denote the set of all congruence relations on an au-

tometrized algebra S = (S, +, <, %). Then (€(s), < is a poset with =<

>
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as set inclusion. Also, since the intersection of any family of congruen-
ce relations of § is a congruence relation of S, we see that (C(39), %)
is a complete lattice by a well known elementary theorem (see Theorem 3,

p. 112 of [1]).

Now, we have the following

Theorem 3. The lattice of ideals of a seminormal autometrized algebra

A is igsomorphic with the lattice of congruence velations of A.

Proof. Let S be an ideal of A. Define a = b (GS) if and only if
a*beS. Since 0e¢S, a = «a (63). Let a = b (GS) and » = ¢ [SS).
Then g = beS and b » ¢eS. Now

(a*e) *x0=a=xc (by 1.5)
s{a*p)+ @ =*c)
=flaxb)+ (bxe)]l *0 {by Lemma 2).

Since (g + b) + (b » ) eS and S 1is an ideal, this shows that a = e

is in S. Hence a Z e (GS). Thus 65, is an equivalence relation. Let

a=b (0 and eEd(GS). Then a * beS and ¢ » deS. Now

o)
[(a+e) »B+d)] *x0={a+c)* (b+d

A

(a xb) + (e = d) (by 1.3)

[(@+DB) + (¢ *x d)] » 0 (by Lemma 2}.
Since f(a #* b) + (¢ x d)eS and S is an ideal, this implies that

(a+¢e) + (b+d)eS. Hence a+c =b +d (0 Moreover

S)'
[laxe) » (d*d)] »0=(axec) + (b=d)
< 2[(a *B) + (e * d)] (by 1.4)
= [2(q * b) + 2(¢ * A)] * 0 (by Lemma 4).

Since a *x beS, ¢ x deS and S 1is an ideal, this shows that (a = ¢) *
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(b *d)eS. Hence g +c¢ =b =d (6 Now let aEb(GS) and x * y <

S)'
a*b. Then (x*y) *0=x+ry<aga=*b=(a*b)*0 and a * besl.

Since § is an ideal it follows that x * yeS. Hence x =y (O Thus

S) )
GS is a congruence relation.

Now let f be the mapping from I(4), the lattice of ideals of Ab in-
to C(4), the lattice of congruence relations on A4 defined by (S)f = GS
for any SeI(4). To show f 1is onto, let © be a congruence relation

of A. Define Se = {xlx =0 (6)}. Since OeSe, Se is nonempty. Let

aeSe and beS,. Then a = 0 (8) and b =0 {(6). Since 6 1is a con-

]
gruence relation, it follows that a + » = 0 (8). Hence a + b eSe. Let
aeSe and b * 0 < g * 0. aeSe implies that « = 0 (8). Since 0 is

a congruence relation it follows that b = 0 (6) (by 4.3). Hence b eSe.

Hence Se is an ideal. Also a = b (8) if and only if a = b = 0 which

is equivalent to «a * b eSe. Since aq * be Se is equivalent to a = b
(G(Se)), it follows that (Se)f = 6(56) = 0. Hence f 1is onto. To show
that f is an isomorphism between I(4) and C(4), it is sufficient to
show that ScK if and only if 05<0, for any ideals S and K of A.
Let ScKk, If a=bh (GS) then a * beScK so that a * beK. Hence
azh (SK). Hence eSCeK if ScX. Now let GSCGK. If xeS then
x x 0S5 so that x =0 (SS). Hence x = 0 (@K) which implies  » 0e¢X.
Hence xe¢X. Thus SckK if eSCeK' Hence the lattice of ideals of 4

is isomorphic to the lattice of congruence relations of A.

Corollary 4. In each of normal autometrized algebras (consequently of
Beoolean algebras, Brouwerian algebras, semi-Brouwerian algebras, commuta-
tive L-groups and commutative D. R. L. gemigroups) ideals correspond one

to one to its congruence relations.
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Corollary 5. The ideal lattice of a Brouwwerian semigroup ig isomorphic

to the lattice of its congruence relations.

Corollary 6. The ideal lattice of a representable Griss algebra is

isomorphic to the lattice of its congruence relations.

If 8 1is any equivalence relation on a set S, as usual S/6 denotes
the quotient set (i.e., the set of all ©-equivalence classes) and for any

x in S, x denotes the equivalence class containing x.

Theorem 4. Let © be a congruence relation on a seminormal autometri-
zed algebra A4 in which

(1.7) a < b implies there exists an element x 2 0 such that a +x = b

holds. For any a, b in A/0 define a+b=a+b;axb=a=xb; as

[ al}

if there is an x 2 0 such that a + x = b (0). Then (4/8, +, <, *) 48
a seminormal autometrized algebra in which (1.7) holds if and only 1f ©
has the following property: For any a, b and 5, 20, &

, 20 a+ 2 = b

(0) and b + 2z, =a (8) imply a = b (9).

Proof. Suppose 6 has the property: For any @, b and z, 20, 7, >
0, a+2 =b (0) and b+ 2, Za (8) imply that a = b (8). Now we
show (4/0, +, <, %) 1is a seminormal autometrized algebra in which (1.7)
holds. To show that the operations +, * are well defined, let a=c

and b=d. Then a=c (8) and b =d (B). Since 6 has the substitu-

tion property for + and =*, it follows that a + b=¢+d (0) and

a+*b=cx+d (8). Hemce a + b =c+d and a =b =c » d. Therefore
+ and + are well defined. To show = is well defined, let & < b and

a-=oec, b= &. Then there exists an element x = 0 such that a+x =5 (0)
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and g=c¢ (08), b=d (). Now e+x=a+x=hb=d (8). Hence ¢ < d.

Thus < is well defined. Since a+b=a +b=bh +a=h +a, a + 0 =

a+b+e

a+0=¢g and g+ (b + a) a+ (Bb+re)=(a+b) +e-=

(a+b) +2 forany a, b, @ in A/®, it follows that (4/8, +) is a

commutative semigroup with additive identity 0. Since a+0=a=a ),

we have a <a for any a in A/8. Let a <b and b < a. Then there

exist 2 20 and 2, 20 such that a + 2, b () and D + 2z, 2 a (8).

Hence a = b (8) by our assumption. Hence a =b. Let a<b and b <
e¢. Then there exist Zz 20 and z, 20 such that a+ 2z, =b (6) and
b+z,=c (8). Now ¢ =Db+ z, Sat+z *az (0). Since 2z +2, 20 it

follows that g < ¢. Hence < is a partial ordering on A4/8. Let x <y.

Then there exists a 2z > 0 such that x + 3 =y (8). Hence for any a

in A, x+a+2 =y +a (8) whichshows that 2 +ag=2 Fa<y +a=y
+ @. Hence (4/6, <) is a partially ordered set such that the semigroup
translations preserve the ordering. Note that x <y implies x < y. In
fact, if «x <y then there exists a =z 2 0 such that x + 2 =y (by 1.7)

which implies that x + z =y (8), and so x <y. Since 0 <a * b, we

have 0<a *b =g *b for any a, b in A/8. Clearly a*a=a »a =

0. Let @a%«b=0. Then @ * b =0 sothat g+ b = 0 () which im-

plies that a = b {8) (by 1.5 and 4.3). Hence a = b. Also, @ = b=

axsb=bxa=>bxa. Since arc<as+b+Db «c, it follows that

—=gqxec<aeb+tbsc=arxb+brc=a=hb+5h s . Hence =«

Q1
*
[}

satisfies the formal properties of a metric. Since (a +¢) » (b + d) <

a+b+c¢x*d, it follows that (@ + &) » B+ d) = (@a+e) = (D + d)

@+c) » b+d <axb+cxd=(@xb)+ (@d+d forany a, b, c,d

in A/6. Hence (1.3) holds in A/8. Since (a #¢e) * (b » d) < 2[(a » D)
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+ (¢ * d)], it follows that (@ « 3) » (b +d) = (@ *¢) » (b * d) <

2[a*b) + (¢ +d)] = 2[(@*b) + (3 «d)] for any a, b, @, d in A/8.

Hence (1.4) holds in A/6. Since a+b=axb=1(a+bh) + 0= (@ = b) =
0 for any a, b in A/6, (1.5) also holds in A/8. On similar lines it
can be shown (1.6) holds in 4/6. Hence (4/6, +, <, %)} is a seminormal

autometrized algebra. Now let g < b. Then there exists an z > 0 such

that g+ x =5 (8). Hence z 20 and a+x =a + « = b. Therefore
(1.7) also holds in A/8. Thus (4/6, +, <, *) 1is a seminormal auto-
metrized algebra in which (1/7) holds. Let (4/6, +, <, x) be a semi-
normal autometrized algebra in which (1.7) holds. Suppose for any a, b

and 3, 20,2,20;a+z =b (8) and b+3,=a (8). Then a= b and
b <a. Since < is a partial ordering on A/6 it follows that a = b.

Hence a = b (0). This completes the proof.
Now we introduce the following:

Definition 5. Let §= (5, +, <, *) and 7 = (T, +, <, %) be two
autometrized algebras. We say that a mapping f:S -+ T 1is a homomorphism
from § to T if and only if
(5.1) (a+B)f=af + bf for any a, b in 3,

(5.2) (@ * B)f =af = bf for any a, b in S,
(5.3) a s b implies af < bf for any a, b in S,
A homomorphism f from an autometrized algebra S onto T is called

an isomorphism if f_lzT -+ 8 is also a homomorphism.

For the sake of convenience we call those ideals which correspond to the
congruence relations for which quotient algebras can be constructed as nor-

mal ideals. Accordingly, we have the following:
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Definition 6. An ideal I of a seminormal autometrized algebra A in
which (1.7) holds is called a normal Zdeal if it has the property that
@+ z) »bel and (b + 3, raecl forany a, b in A4 and 7, 2 0,

Z, 20 imply a = bel.

We immediately have the following:

Theorem 5. In a seminormal autometrized algebra A in which (1.7)

holds, normal ideals are just the kernels of epimorphisms.

Proof. Let f be an epimorphism from a seminormal autometrized alge-
bra A in which (1.7) holds to a seminormal autometrized algebra B in
which (1.7) holds. By definition ker f = {xed|zf = 0} where 0 is the
zero element of B. Note that OFf = (0 » 0}Ff = (0f) % (0f) = 0. Let axe
ker f and yeker f. Then xf = 0 and yf = 0. Hence (z + y)f = x2f +

yf‘=(-)+(_]=(_). Hence x + yeker f. Let xeker f and y = 0 < x * 0.

n

Then 2f =0 and (y * 0)f < (x « 0)Ff. Now 0O < (yf) = 0= (wf) * (0f)
( * 0)f < (@ 0)f = (@f) * (0f) = (xf) » D =10+ 0 =0. Hence (yf) *

[a]]

=0 so that yf = 0. Therefore ker f is an ideal of A. To show that
ker f is a normal ideal of 4, let (@ + 2)) »becker f and (b +3,) *a

e ker f and 2, 20, 3

1 2 0. Then [(a+ ) »b]f=0 and [(b+ 2,) +

alf = 0. Then (a+ 3)f » (bf) =0 and (b +3,)f + (af) = 0 which im-
plies (a + z)f = bf and (b + zz)f = af. Since 0 <z , we have of <
zlf and hence af = af + 0f € af + zlf = (a + zl)f' = bf. Similarly, since
0 <z, and b+ zz)f' = af, we have bf < af. Hence af = bf. Now we
have (a * B)f = (af) * (bf) = 0 which implies a » beker f. So ker f

is a normal ideal of A.

Let I be a normal ideal of A. Let 6 be the congruence relation
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corresponding to I. Then 4/6 is a seminormal autometrized algebra in
which (1.7) holds (by Theorem 4) and the mapping f:4 + 4/8 defined by
af = a, for aeA is clearly onto. Also for any a, b in 4, (a + b)f =
a+b=ag+b=af+bf and (a* b)f =asxb=awxb=af » bf. Let a
£ b. Then there exists an element x = 0 such that a + & = b. Hence
a+x =p (8) which implies & < b, i.e., af < bf. Hence f is a homo-
morphism so that f is an epimorphism from 4 to A/6. Also xzcker f
if and only if xf = 0 which is equivalent to z =0 or z = 0 (8). It
is clear that « = 0 (8) 1is equivalent to xeI. Hence ker f = I. This

completes the proof of the theorem.

3. In [3] we introduced the notion of a semiregular autometrized alge-

bra as follows:

Definition 7. An autometrized algebra A4 = (4, +, <, *) 1is called

semiregular if and only if g =z 0 implies a * 0 = q.

Throughout this section 4 = (4, +, £, *) denotes a semiregular semi-
normal lattice ordered autometrized algebra.
The following is an example of a semiregular seminormal lattice ordered

autometrized algebra which is not a D. R. £. semigroup.

Example 5. Let A4 be + |10 a b e d e * | 0 a b e d e
the set consisting of el- 0 0 abecde 0 0 a b cde
ala b b e e e ala 0 a e e ¢

ements 0, a, b, ¢, d, e. b 1b b b e e e b|b a 0 ¢ ¢ ¢
Define 0 <a<b <c < d cle e e e e e ele e e 0 a a
< ¢. Define + and did e e e e e dld e e a 0 a
e e e e e e e e e ¢ ¢ a a 0

by the tables at right.
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It is routine to verify that 4 = (4, +, £, %) is a semiregular (in fact

regular) seminormal lattice ordered autometrized algebra. If there is a

binary operation - such that 4 = (4, +, <, -) is a D. R. &. semigroup,
then the operation - must be as follows:

- 0 a b ¢ d e
Note that (d -~ a)u0 +a = (eul) +a = olo o 0 0 o o
¢ +a=e whereas dva =d # e. Hence the ala 0 0 0 0 O
condition bib a0 000
<] e e ¢ 0 0 0
(@ -y)u0+y==zvy forany =z, y dld e e a 0 0
of a D. R. L. semigroup fails. Thus A is e {e ¢ ¢ a a O

not a D. R. £. semigroup.

We now have the following fundamental theorem of homomorphisms for semi-

regular seminormal autometrized algebras.

Theorem 6. Let f be an epimorphism from a semiregular seminormal au-
tometrized algebra S = (8, +, <, =) 1in which (1.7) holds to a semiregular
seminormal autometrized algebra T = (T, +, <, *) 1in which (1.7) holds.

=3

Then S/ker f s isomorphic with T.

Proof. From Theorem 5, ker f is a normal ideal of S. Let 0 be the
congruence relation corresponding to ker f. Define g:5/86 > T by ag =
af for any @ in 5/8. Now since @ = b is clearly equivalent to the
fact that (a « B)f = 0, @a = b is equivalent to (af) « (bf) = 0 or to
af = bf. Hence g is well defined. Obviously g 1is onto. On the other
hand (@ + b)g = (a + b)f = af + bf = ag + bg (since f is a homomorphism)
and (ad %= B)g = (a * B)f = (af) « (bf) = ag = by. Now let a < b. Then

there exists an 2 = 0 such that g + x = b (8). Hence a+x =5 so

that (a + x)g = bg. Hence af + af = (@ + z)f = bf. So af < bf (since



110

0f < zf). Therefore a < b implies ag < I;g. Hence g 1is a homomor-
phism from S5/0 onte 7. To show g is an isomorphism, we have to show
g ':T + 5/8 is also a homomorphism. Now (af + bf')g_1 = ((a + b)f)g—l =
a+b=(af)g
(af)g " = (g . Now let af < bf. Since (1.7) holds in T

+ b 1

£

+ (bf)g"" and similarly (af = bf)g ' =a # b =

b

21

and f is onto, there exists an element ¢ in S such that e¢f 2 Of
and (af) + (ef) = Dbf. Now [a+ {e¢ » 0)]f =af + (¢ » 0)f = af + [(ef) =
0] = (@f) + (ef) = bf (since T 1is semiregular). Hence e x 0 is an
element of S such that a + (¢ * 0) = b (9) (since as we observed ear-
lier a =5 if and only if af = bf). Hence a < h. Thus g = is also
a homomorphism from 7 to S/8. Hence g 1is an isomorphism from S/8

to T. This completes the proof.
Now we prove the following:

Lemma 9. The lattice of ideals of a semirvegular seminormal lattice

ordered autometrized algebra A = (A, +, <, %) 18 a distributive lattice.

Proof. It is enough to show that TA(VK)c (ZAJ)vY (ZAX) for any
ideals I, J, K of 4. Let zeIA(JVK). Then xeI and x * 0 <

(y = 0) + (2 +0) for some yed and 2ec¢X. Put x*0=a,y *0=25>

and 2z %« 0 =c. Now (anhk) + (ane) = ((anb) + a}yn ((anb) + &)
(@a+a)np+a)nla+e)n +e}zanb+ec) =a (since a20, b =20
and ¢20). Now a=20 and b 20 imply anb 20 so that (anbh) = 0
=agnb b=y +0. Since yel it follows that anbed. Since zel
and (anbd) * 0 =agnb <a =x + 0, it follows that anbel. Hence anb

belongs to ITAd. (ane) *O0O=ane<a=a %0, xel and (anec) *» 0 =



111

anc<ce=2x%0, 2eK imply that anceIAK. Now x = 0 =a < (anb) +
(ane) = [(anb) = 0] + [(ane) = 0] where anbeIAd and ancelAK.
Hence xe (IAJ)V (IAK). Thus TA(JVK)c(IAJ)v (IAK), proving the

lemma.

According to Epstein and Horn [2], a Heyting algebra L 1is a lattice
in which for any given elements a and b, the set of all x¢L such
that a Az < b contains a greatest element. Thus Heyting algebras are
just those what Birkhoff calls Brouwerian lattices (see page 45 of [1}).

Now we have the following:

Theorem 7. The lattice of ideals of a gemiregular seminormal lattice

ordered autometrized algebra A is a complete algebraic Heyting algebra.

Proof. By Theorem 1, the lattice of ideals of 4 1is a complete alge-
braic lattice. To show that the lattice of ideals of 4 1is a Heyting al-
gebra, it suffices to prove that I A (V Iu) =V AIoc) where_ I and
Iu’s are ideals of A (see page 128 of [1]). Clearly V (IAIOL) cIn(V IOL).
Let x€IA(VIOL)' Then xel and x * 0 < (@, * 0) + -+- + (ak’* 0)

where aleIoa "akeIotk for some Ops *7s O Hence xely Vv:.--Vv

1

Iuk so that erA(Ialv---vIak) = (I/\Iul)v'--V(IAIOLk)CV(I/\IOL)

1)

(by the above lemma). Hence xeV (I AI,). This completes the proof.

Corollary 7. The lattice of ideals of a semiregular normal lattice or-

dered autometrized algebra is a complete algebraic Heyting algebra.
We now recall the following:

Definition 8. For elements @ and b in a lattice ordered automet-
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rized algebra, we write aLb tomean (a * 0)n (b * 0) = 0.
We observe the following:

Lemma 10. If J <& an ideal of a semiregular seminormal lattice or-
dered autometrized algebra A, then J* = {xc¢A | xLa for all a in J}

18 on ideal of A and J* 4is the pseudocomplement of .

Proof. Since OLa for all a in J, Qed*. Let xed* and yed*.
Then (x * 0)n(a* 0} =0 and (¥ » 0)n{a + 0) =0 for all a in J.

Now

(=]
1A

[+y) «0lnfa~0) <[(@+x0)+ (y~0]niax0)

A

[ >0) + (y»0]nl(®=+0)+ (@a=*0)]n
[(¥ « 0) + (@+ 0}]n[la*0) + (a=x 0)]
[(z*x0)nfa=*0)]+[(y=*0)n(a+0)]=0+0=0.

Hence [(x +y) » 0lnf{a » 0) = 0 for all ¢ in J so that = + y<dJ*.
Let zed* and y + 0 <2 » 0. xed* implies that (x * 0}nfa » 0) = O
for all ¢ in J. Now (y * 0)n(a + 0) = (y * O)n(x » 0)n(a * 0) =
(y »0)n0 =0 for all a in J. Hence yeJ*. Therefore J* is an
ideal of A.

Let xednd*. Then xed and zeJd* which implies {x * 0)n (x = 0)
= 0. Hence z % 0 =0 so that x = 0. Hence JnI* = {0}. Let I be
an ideal of 4 such that JnI = {0}, Let xe¢I. Take any acJd. Since
(x + 0)n(a +0) 20, wehave [(x +* 0)n{a = 0)] * 0= (x * 0)n(a* 0) <
£z * 0. Since x eI, it follows that (x + O)nfa * 0)el. Since a=d
and [(@x * O)nfa *0)] »0=(x=*0)na*=0) <a=* 0, it follows that
(x*0)n(a+0ed. Hence (x =+ Oynfa » O eInd = {0} so that

(@« 0)nfa=x=0)=0.



113

Hence xe¢J* which implies IcdJ*. Therefore J* is the pseudocomple-

ment of J. This completes the proof.
We now have the following

Theorem B. If ©(4) s the lattice of all ideals of a semiregular
seminormal lattice ordered autometrized algebra A then the mapping J
J**  is a closure operation on ©(4) and a lattice epimorphism of ©(4)

on to the Boolean lattice of closed elements of ©(A).
Proof. This follows from Theorem 7, Lemma 10 and Glivenko theorem.

Corollary 8. If ©(4) <s the lattice of all ideals of a semiregular
normal lattice ordered autometriszed algebra A then the mapping J -~ J**
is a closure operation on ©(4) and a lattice epimorphism of @Q(4) onto

the Boolean lattice of closed elements of ©(4).

I thank Dr. K. L. N. Swamy for his valuable guidance and encouragement

throughout the preparation of this paper.
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