
Kobe University Repository : Kernel

PDF issue: 2026-08-11

A Collection of Contractive Definitions

(Citation)
Mathematics Seminar Notes,6(2):229-235

(Issue Date)
1978

(Resource Type)
journal article

(Version)
Version of Record

(JaLCDOI)
https://doi.org/10.24546/E0001409

(URL)
https://hdl.handle.net/20.500.14094/E0001409

Rhoades, B. E.



MATHEMATICS SEMINAR NOTES 
Vol. 6 (1978) May 1978 

A Collection of Contractive Definitions 

By B. E. RHOADES* 

Numerous fixed point theorems have been established for mappings satis­

fying contractive definitions which are satisfied for all points x, z in 

a complete metric space X. In a recent paper (3] Fisher has proved sev-

eral fixed point theorems for contractive definitions which are satisfied 

only for points x, z = Ty, y E X. 

In this paper, we observe that many such contractive definitions exist, 

and we state theorems which extend those listed in [l]-[3]. 

In [5], 125 contractive definitions were listed, and the most general 

fixed point theorems were either stated or proved. Adding the number 500 

to each of those, to denote the corresponding contractive definitions in­

volving x and Ty, one obtains another 125 contractive definitions. For 

example, (524) would read: there exists a number h, 0 ~ h < 1 such that, 

for all x, y EX, 

d(Tx, T 2y) ~h-max{d(x, Ty), d(x, Tx), d(Ty, T 2y), d(x, T 2y), d(Ty, Tx)}. 

Each of the definitions (501)- (625) is a generalization of the corre­

sponding definition from the list (1)-(125). If Tis surjective the def­

initions are equivalent. 
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There are 125 additional definitions, which shall be numbered (626)­

(750), for pairs of mappings. 

The analogues of Theorems 1-19 and 27-29 of [SJ are true. Their proofs 

are immediate, since the substitution of y = T.c or iP x for some value 

of p, yields the first line of the proof of the corresponding theorem. 

The rest of the proofs are identical, except for one or two minor, obvious 

changes. For brevity only the lemma and two of the theorems are sated 

here. 

Lemma. Let T satisfy (624) or (625). If T has a fixed point, then 

it is unique. 

Theorem 1. Let T be a self mapping of a complete metric space X 

such that there exist positive integers p, q and a number h, 0 sh< 1 

such tha,t for all x, ye: X, 

(574) d(¥x, efl+Py) s hmax {d(x, r?y), d(x, #x), 

d('Ty, 'J!l+Py), d(x, efl+Py), dUf)y, flx)}. 

Then T has a unique fixed point z and Tnx 
O 

+ z for each x O e: X. 

The proof of Theorem 1 is similar to that of [5, Theorem 11]. Let 

x 
O 

e: X and define the sequence {x} by x = Tx, n ~ 0. 
n n+1 n 

Let j, k 

be positive integers satisfying j > k ~ p + q. By the division algorithm 

there exist unique integers m, n, r, s satisfying Os r, s < p + q, 

such that j = m(p + q) + r and k = n(p + q) + s. Since T satisfies 

(574), 

(1) d(x. x ) = d('Tx efl+Px ) 
J' k (m-1)(p+q)+q+r' (n-1)(p+q)+s 

s hmax {d(x x ) 
(m-1) (p+q)+q+r' (n-1) (p+q)p+s ' 



d(x x ) d(x x ) 
(m-1) (p+q)+q+r' m(p+q)+r ' (n-1) (p+q)+p+s' n(p+q)+s ' 

d (x x ) d (x x ) } . 
(m-1) (p+q) +q+r' n(p+q) +s ' (n- 1) (p+q) +p+s' m (p+q) +r 

Again using (574), we have 

(2) d(x(m-1)(p+q)+q+r' x(n-1)(p+q)+p+s) = d(Tpx(n-r.)(p+q)+s' 

,fl+P 
x(m-z)(p+q)+q+r) 

:;;; hmax {d(x x ) 
(n-i)(p+q)+s' (m-1)(p+q)+r' 

d(x(n-1)(p+q)+s' x(n-1)(p+q)+p+s)' d(x(m-1)(p+q)+r' x(m-1)(p+q)+q+r), 

d(x x ) d(x x ) } 
(n-1) (p+q) +s' (m-1) (p+q) +q+r ' (m-1) (p+q) +r' (n-1) (p+q) +p+s ' 

(3) d(x x ) = d(ifix 
(m-1) (p+q)+q+r' m(p+q)+r (m-1) (p+q)+q+r' 

,fl+P 
x(m-2)(p+q)+q+r) 

:;;; h max {d (x (m-1) (p+q)+q+r' x (m-1) (p+q)+r), d(x (m-1) (p+q) +q+r' xm (p+q) +r)' 

d (x x ) 0 d (x x ) } 
(m-1) (p+q)+r' (m-1) (p+q)+q+r ' ' (m-1) (p+q)+r' m(p+q)+r ' 

(4) d(x x ) = d(ifix 
(n-1) (p+q)+p+s' n(p+q)+s (n-1) (p+q)+s' 

,fl+P 
x (n-1) (p+q)+s) 
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:;;; hmax {d(x x ) d(x x 
(n-1) (p+q)+s' (n-1) (p+q)+p+s ' (n-1) (p+q)+s' (n-1) (p+q)+p+s), 

d(x(n-1) (p+q)+p+s' xn(p+q)+s), d(x(n-1) (p+q)+s' xn(p+q)+s), O}, 

(5) d(x x ) = d(#x 
(m-1) (p+q) +q+r' n(p+q) +s (n- 1) (p+q) +q+s' 

,fl+P 
x(m-2)(p+q)+q+r) 

:;;; hmax {d(x x ) 
(n-1)(p+q)+q+s' (m-1)(p+q)+r' 

d(x (n-1) (p+q)+q+s' xn(p+q) +s), d(x (m-1 )(p+q) +r' x (m-1)(p+q)+q+r)' 

d(x(n-1)(p+q)+q+s' .'.l\m-1) (p+q)+q+r), d(x(m-1) (p+q)+r' xn(p+q)+s)}, 
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(6) d(x x ) = d('f?x :f!+Px ) 
(n-1) (p+q)+p+s' m(p+q)+r (n-1) (p+q)+8' (m-1) (p+q)+r 

$ hmax {d(x x ) 
{n-1) (p+q)+8' (m-1) (p+q)+p+1' ' 

d(x (n-1) (p+q)+B' x (n-1 )(p+q)+p+s), d(x (m-1 )(p+q)+p+r' xm(p+q)+r), 

d (x x ) d (x x ) } 
(n-1) (p+q)+8' m(p+q)+s ' (m-1) (p+q)+p+r' (n-1) (p+q)+p+s ' 

Let O(x, n) = {x, Tx, ···, 1'1x}, and, for any set A, o(A) =sup{d(x, 

y) Ix, y E: A}. An examination of the right hand sides of inequalities (2)­

(6) shows that the smallest and largest subscripts present are 

(n - 1) (p + q) + s and m(p + q) + 1', respectively. Therefore (1) can be 

written 

d(xJ., xk) s h2 o(O(x( )( ) , (m-n+i)(p+q)+r-8)). n-1 p+q +8 

There exist integers a, b satisfying (n-1) (p+q)+s $ a < b $ m(p+q)+r, 

such that o (0 (x( ) (p ) , (m-n+ 1) (p+q)+r-8)) = d(xa, xb), where n-1 +q +8 

a = t (p+q)+u, b = v (p+q) +w. 

Repeating the argument which developed inequalities (1)-(6) one obtains 

d(xa, xb) = d(xt(p+q)+u' xv(p+q)+w) = d(xv(p+q)+w' xt(p+q)+u) 

$ h
2
o(O(x(t-i)(p+q)+u' (v-t+I)(p+q)+w-u)). 

Since (t-I)(p+q)+u ~ (n-2)(p+q)+s and (v-t+1)(p+q)+w-u s 

(m-n+2)(p+q)+r-8, d(x, xb) $ h2o(O(x( )(p ) , (m-n+2)(p+q)+r-s)), it a n-2 +q +8 

follows that o(O(x(n-i)(p+q)+s' (m-n+i)(p+q)+r-s)) s h2
o(O(x(n-

2
)(p+q)+8 , 

(m-n+2)(p+q)+r-s)), and hence that 

d h2 2 n-1 
(7) (xj' xk) $ (h ) o(O(x

8
, m(p+q)+1'-8)) 

s h2no(O(x, (m+1)(p+q)). 
0 

For any integer n there exist integers e and d, satisfying 

Os e < d s n, such that o(O(x , n)) = d(x , xd). 
o e 
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Suppose 13 ;,: p + q, and write 13 = e (p+q)+f, d = g(p+q)+h, where e :;; g 

and O:;; f, h < p + q. 

d(x13 , xd) = d(xe(p+q)+f' xg(p+q)+h) 

= d(iPx fl+Px ) 
(e-1) (p+q)+q+f' (g-1) (p+q)+h 

:;; h
2
o(O(x(e-i)(p+q)+f' (g-e+1)(p+q)+h-f)) 

2e 
:;; h o(O(xf, g(p+q)+h+f)). 

Therefore o(O(x
0

, n)) = d(x
13

, xd) for some value of 13 satisfying 

0 $ 13 < p + q. 

Suppose p + q < d. Then d(x, xd):;; d(x, x ) + d(x , xd), and 
13 13 p+q p+q 

from (574), 

d(xp+q' xd) = d(iPxq' fl+Pxd-(p+q)) 

Therefore 

so that, for each 

(8) 

:;; h max {d (x , xd ) , d (x , x ) , d (xd , xd) , 
q -q q p+q -q 

d(x, xd), d(xd , x )} 
q -q p+q 

:;; ho(O(x
0

, d)) :;; ho(O(x
0

, n)) = hd(x
13

, xd). 

n;,: p + q, 

:;; hd (x 13 , xp+q) 

1 - h 

where 13 satisfies O :;; 13 < p + q. 

Using (8) in (7) it is clear that {x } 
n 

is Cauchy, hence convergent. 

Call the limit z. Using the triangular inequality. 

(9) d(iPz, z):;; d(iPz, fl+Px ( )) + d(x )(p )' z). n p+q (n-1 +q 

From (574), 

(IO) d(iPz, ,y1+px (p )) :;; hmax {d(z, x ( ) , d(z, iPz), 
n +q n p+q +p 
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d(xn(p+q)+p' x(n+i)(p+q)), d(z, x(n+i)(p+q)), d(xn(p+q)+p' ~z)}. 

Taking the limit as n ➔ 00 in (10) and (9), it follows that d(iPz, z) 

~ hd(z, rz), which implies i_l}z = z. Using this fact and (574), we have 

d(z, :flz) = d('I?z, Tq+pz) 

::; hmax {d(z, #z), d(z, rz). d(#z, ,fl+Pz), d(z, :fl+Pz)} 

hd.(z, flz), 

and z is also a fixed point of fl. 

Let z and w be two nixed points of 'I?. Then they are also fixed 

points of fl. Using (574), 

d(z, w) = d(i_l}z, 'J!lw) = d(if?z, efl+Pw) 

::; hmax {d(z, r?q), d(z, if?z), d(if?w, fl+Pw), 

d(z, fl+Pw), d(#w, if?z)} 

= hd.(z, w), 

which implies z = w, and the fixed point of if? is unique. But iP(Tz) 

= T(f>z) = Tz, so that Tz is also a fixed point of f>. Uniqueness now 

follows from the Lemma. 

Theorem 2. Let S, T be self mappings of a complete met;r,ic space X, 

x 
O 

c: X, satisfying: there exists a number> h, 0 s h < I such tha.t, for, 

all x, y c: X, 

(64) d(Sx, TSy) :-;; hmax {d(x, Sy), d(x, Sx), d(Sy, TSy), 

[d(x, TSy) + d(Sy, Sx)]/2}. 

Then S and T have a cormion unique .fixed point z. 

Theorem 2 is Corollary 1 of [4]. 

Remark 1. Theorem 1 includes the two theorems of [3] and Theorem 7 of 

[2] as special cases. 
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Remark 2. Theorem 1, with the roles of x and y interchanged, con­

tains the four theorems of [l] as special cases. 

Remark 3. Theorem 2 includes Theorems 3-6 of [2] as special cases. 

Also the hypothesis of continuity can be deleted from Theorems 3-6 of (2). 
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