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Remarks on Commutative BCK-Algebras

By A. B. THAHEEM®

1. Introduction and preliminaries. K. Iséki [3] introduced the notion
of BCK-algebra and in his various papers he has developed the theory of
these algebras (seé for example [4], [5], [8], and [9]). Let X be a BCK-
algebra and x, y be any elements of X. Put xAay =y * (y *x x). If
Ay =yax then X is called a commutative BCK-algebra (see [11]). If
there is a greatest element 1 in X then X is called bounded BCK-algebra.
For any « in a bounded BCK-algebra X, set HNx = 1 » x. Define xvy =
NNz ANy). K. Iséki [4] proved that if X is a bounded commutative BCK-
algebra then (X, A, v) is a lattice. Recently, K. Iséki and S. Tanaka [9]
have proved another important result: If X is a bounded commutative impli-
cative BCK-algebra then (X, A, V) turns out to be a distributive lattice.
In this paper we present another proof of this result, and in this process
we explore some further properties of these algebras. Our proof combines
lattice theoretic techniques, properties of BCK-algebras and Griss algebras
- another class of algebras introduced by Y. Imai aﬁd K. Iséki [2].

We shall give here only those concepts of the theory of BCK-algebras

which are essential for the proof of results in section 2, and for details
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we refer to [4], [5], [8], and [9].

A BCK-algebra X 1is a general algebra <X, x, 0> of type (2, 0}
satisfying the following conditions:
BCK.I. (@ =y} » (¢ *28) <3 =y,

BCK 2. x = (x = y) £y,

BCK 3. x £z,
BCK 4. x <y and y sz imply zx =y,
BCK 5. 0=«

BCK 6. x <y if and only if = » y = O.

We summarize some properties of a BCK-algebra in the following proposi-

tion and for the proof we refer to [4].

Proposition 1.1. Let X be a BCK-algebra and «, y, z be any elements
of X, then

i) (@ xy) x (5 +xy) <«x

*
1]

i) @Ewxy) xz=(*2) =y
) x <y <dmplies 2+ y <z *rzx
iv) 2 <y implies z *» 2 <y » a

V) X xy sz

If x 1is a bounded BCK-algebra with greatest element 1 then x <1
for all « in X. The following inequality can easily be verified:
M = ly <y = x.
A BCK-algebra X is called implicative if (x % y) * y =% = y for
all =z, yeX (see [5], [6]).

In 1966, Y. Imai and K. Iséki [2] introduced the notion of a Griss
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algebra. A system G = G, Vv, », 0 is called a Griss algebra if and only
if:
Gl. G, v 1is an upper semilattice with the least element O,
G2, @wvy)=@xva)syyvas,
G3. wxy s (x*2a)Vv (z+y),
G4, xxy=0 T xzsy T xzVvy-=y.
N. P. Rao [10] replaced G2 by
G2'. (@ Vvy) «z=1(x=*2)Vv (y=*za)
Recently, K. Iséki [7] has replaced G2 by another condition
G2, (e vy) * (xVv3) <y * a.
Hence, there are three kinds of Griss-like algebras. The following theorem

is due to X. Iséki [7]:

Theorem 1.2. If each of the above three Griss algebras is a BCK-algebra

with respect to = then these notions coincide.
2. Results. We gegin with the following

Lemma 2.1. Any bounded commutative implicative BCK-algebra X t& a

Griss algebra.

Proof. Gl. For any x, yeX, x vy = N(Wc A~ Ny) defines an upper
semilattice (see [4, Theorem 3]).
G4. is immediate from the definition of BCK-algebra and the fact that
(X, A, v} 1is a lattice.

@vy * @2

Nl A Ny} = N(Ne A Nz)

A

(e A Nz) + (N A Ty)

(N » (Nx » Nz)) = (M « (Mo = Ny))
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< (M % Ny) » (Mo « Nz) (By BCK 1)

< Nz + Ny (By BCK 1)

< y * 2
which is G2" (and hence G2 follows from Theorem 1.2.). We shall now pro-
ceed to prove G3. By definition of upper semilattice, z * y < (x * 3) V
(z « y). Hence

@xy) > (@w*2)v (g+y))<(@=*y) *(3*y, (By Prop. 1)
<x + 2z (By Prop. 1).
Again
(@*y) » (x2)Vv(z*y)))* (&*2a)Vv (2+*y)

A

(x *2) = ((x*3)v (z~*y)

=0
Therefore,

(@xy)* @=*x2)v(2*y))) *(®*3)v(z*xy))=0
Since X is implicative, we obtain
(& +y) » (®x2)Vv(z*ry))) =0
or
(x«y) s (@+2)Vv(z*y)

which proves G3 and the proof of the lemma is completed.

Definition 2.2. [1] A lattice I is said to be modular if and only if

xA{yva)=(xAry) Vs, for all =z, y, 2 such that =z < x.

Lemma 2.3. Any bounded commutative implicative BCK-algebra X s a

modular lattice with respect to A, V.

Proof. (X, A, V) 1is a lattice [4]. To prove the modularity of

(X, A, v), let x, y, 3e¢X such that =z < x, Then
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xA(yvVva)s=(yva)

*

(yvaz)~a)

yva) > (ly+ =) v (z+x)) (ByG2")

=(yVve)«(yx~=a) (because z * x = 0)

y~ =*x))v(z=+(y*xx)) (ByG2")

@Ay v (z+ (y*zx))

Since z x (y * x) < 2, (By v) of Proposition 1.1) we have
(A) @A {ynz)s(@ay)Va.

Conversely, x Ay <% and x Ay £y £y Vv z. Thus

(B wray<ax A (yVva)

Also z<x and z £y Vv 3. Thus

€ z=<z A (yvVvaza)

(B} and (C) imply

M @Aray)vasx A (yVas)

From (A) and (D), we obtain

A (yva)=(xAy Vva.

Notation. We call a lattice I as a-gemidistributive if it possesses
the following property:
(SDA) For any x, y, 2e¢L, x Ay =x A2z =g, say implies

x A (yVv3)=s.

Lemma 2.4. Any bounded commitative implicative BCK-algebra possesses

(8D,) property.

Proof. Let X be a bounded implicative BCK-algebra. Let x, y, zelL
and suppase T Ay =X A Z = 8.
Now x <z and y <y v 2. This implies

(A) s=xnry=saAr(yVva)
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Conversely,

(B) (@A (yvza))s«s

(@va)x((yva) «x))+s

((y va)+s) » ((yvz)+x)(By Proposition 1.1)

((y+8) v(z=+38))* ((yxzx)v (3 +x))(By G2")

Now consider

(y*8)» (yerx) =(y* (y*xzx)) *s

@ Ay) e =0.

This means

0
1A

C) y = y*rx

A

Again s < x. This implies
(D) y*x <y s (By Proposition 1.1)
Thus from (C} and (D), we obtain

(B) y=*e

n

Yy * x.

Similarly

(F) 2 +s8=2%*ua.

(B), (E) and (F) imply (x A (y v 8)) * 8 =0 or
(G) zA{yvaz)<s

(A) and (G) imply = A (y v 8) = 8. This completes the proof of the lemma.

Definition 2.5. A lattice is called distributive if for all =z, y,

Be L,

xAyve)=(xAry)Vv (xaz)
The following lemma appears as an exercise in [1, p.79].

Lemma 2.6. ILet L be a modular lattice. Then L 1s distributive if

and only if L has (SDA).
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Proof. Suppose x, y, 3€L. Put
xXAy=x A3 =s.
Then the distributivity of L implies (SDA) as:
xA(yva)y=(@Ary) Vv @arz)=sVs-=s.
Conversely, suppose L possesses (SDA). We shall prove that L is dis-
tributive. Let x, y, 2¢L and suppose x Ay =2 A 3 =3s. Then

(xAy) VY (x A3)=s. Now x Az <x. By modularrity of L, we have

U}
il

AV @A) =(@AY V(@ Az)

S.

Similarly,

i

x A (zV (xAry)) @ A2)V @Ay

1
[v2)

Hence using (SD,), we obtain

(A A ((yvi@az))viEvEay))=s=(@EAy)Vv @Az)

But

B yvEaz)) vy Eary)=yVa.

Therefore, from (A) and (B), we obtain
TA(yVa)=(@Ay) VY (@Az)

and the distributivity of L 1is established.
The following theorem is a consequence of the above lemmas:

Theorem 2.7. Any bounded commutative implicative BCK~-algebra is a dis-

tributive lattice with respect to A, V.

In conclusion, I would like to thank Professor W. Poguntke for his sug-

gestions in proving Lemma 2.6.
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