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By Sucharita RANGANATHAN

1. In a recent paper, Jungck [2] investigates an interdependence be-

tween commuting mappings and fixed points and proves the following:

Theorem A. Let f be a continuous mapping of a complete metric space
(X, d) into itself. Then f has a fixed point in X <if and only if there
exist an oe (0, 1) and a mapping g:X » X which commutes with f and sat-
isfies
(1.1) gX) <fX) and dg@), g@) <od(f®), f¥)) for all =, yeX.
Indeed, f and g have a unique common fixed point if and only Zf (1.1)

holds for some ae (0, 1).
The above result was generalized by Singh [3] who proved the following:

Theorem B. Let two continuous and commuting mappings S and T from a
complete metric space (X, d) into itself satisfy the following conditions
(1.2) s(xX) <T(X)

(1.3) d(Sx, Sy) < ald(Tx, Sx) + d(Ty, Sy)] + b{d(T=, Sy) + d(Ty, Sx)]
+ ed(Tx, Ty)
for all x, y in X where a, b, ¢ are non-negative reals satisfying O

<2a+2+c<1. Then S and T have a unique common fixed point.
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In the proof of Theorem A, use is made of the continuity of ¢, which is
a consequence of (1.1), and in Theorem B, the continuity of S 1is assumed
and used in the proof. We shall prove in this paper a stronger theorem
which generalizes both the above results and shows that use need not be

made of these continuity arguments.
2. The main result is the following.

Theorem. Let T be a continuous mapping of a complete metric space
(X, d) into itself. Then T has a fized point in X if and only if
there exist a real wumber gqe (0, 1) and a mapping 5:X + X which com~
mutes with T satisfying
(2.1) S(X) <T(X)

(2.2) d(Sz, Sy) < g-max {d(Tx, Sx), d(Ty, Sy), d(Tx, Sy),
d(Ty, Sx), d(Tx, Ty)}
for all =, y in X.
Indeed commuting mappings T and 8 have a unique common fized point if

(2.2) holds for some qe (0, 1).

Proof. Let x, be an arbitrary point of X, and let 2z, be such that

0

Tz, = Sx,. In general, choose z, such that Ta:n = S:Cn L This can be

1

done because of (2.1). We now show that the sequence {Txn} is Cauchy.

(2.3) d(Twy, Tz) = d(S; |, S0, )

< q-max{d(’l’xi_l, Sxi_l), d(ij_l, S:ch_lj,
d(Txi_l, S:cj_l), d(ij_l, Sxi_l), d(Txi_l, T:cj_l)}
where 1 <, j <n. Denote the set {Tx,, Tw,, «--, T.rn} by O(x , n)

and let the diameter of O(z,, n) be d. Then from (2.3) it follows that

d(Tzci, ij) < qd <d where 1< 4, j <n. This means that there is a
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positive integer Kk < # such that d(Txo, Txk) = d. So we have

d(Txo, Txk) < d(Txy, Tx,) + d(Tz,, Tx

%

A

d(Txo, Tx,) + qd

d(Txo, Tx,) + qd(T=z,, Txk),
which impliesv d(Tz,, Txk) < I—%_ad(Txo’ Tx,). Hence &[0(x,, n)], the

diameter of O(xo, n), is not greater than E‘%‘ﬁd(Txu’ Tx,) for every n

2 1. Now let m > n. Then we have d(Txn, Tmm) < qG[O(xn_l, m-n+ 1)],

where O(xn_l, m-n+1) = {Tx Tz, s Tmm}. As before there exists

n-1’°
<

IA

a positive integer k,, n < k m, such that

1

d(Txn_l,

Txkl) = G[O(xn_l, m-n+ 1)].
On the other hand, since

d(Txn_l, Txkl) < qé[O(xn kl -n+ 2)]

-2

IA

810G, m-n+ 2],

we obtain

IA

d(Txn, Txm) qG[O(xn_l, m-mn+ 1)]

A

q26[0(xn m-n+ 2)]

-2?

IA

qn_IG[O(xl, m - 1)]

1A

q'8[0(,, m]
n
q

- qd(Tx

Since ¢ < 1, letting 7 > ® we see that {Txn} is a Cauchy sequence.

IA

0 1))

Since X 1is complete, {Txn} converges to some te€X, and hence {an}
also converges to . So the continity of T gives {TTmn} -+ Tt and
{Tan} + Tt. Since ST = TS, we also have {STxn} + Tt. We now prove
that {STxn} converges to St. We have

d(STxn, St) < q.max-{d(TTxn, STxn), d(rt, St), d(TTxn, St),
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d(Tt, 5Tx,) , d(TTa:n, Tt)}
< q[d(TTxn, Tt) + d(T¢, ST.’L‘n) + d(STxn, St)1,
and so we obtain
d(srz,, St} < ﬁ [d(rz,, T¢) + d(T¢, STx)],
which shows that {STxn} + 8%. Therefore St = T¢. Consequently, T(Tt) =
T(St) = TS(¢) = ST(t) = 8(T¢t) = S(St), and hence we have
d(st, S(8t)) < g-max{d(Te, St), d(ISt, SSt), d(Tt, SSt),
d(rst, St), d(Tt, T5t)}
= gd(5t, 85t),
which implies d(St, SSt) = 0 or 5SSt = St. Hence T(St} = S(St) = St.
Thus S¢ (= Tt) 1is a common fixed point of § and T. If =z is any
other common fixed point of S and T, then

dlz, 5t)

d(Sz, St}

IA

g-max { d(Tz, S=), d(Tt, St), d(Ts, St), d(Tt, Sz), d(Tz, Tt)}

qgd(z, St),

which yields 2z = S¢. Hence the common fixed point is unique. This proves
the sufficiency. The necessity can be proved readily: Suppose T(a) = a
for some a in X. Define the constant mapping S:X -+ X by letting S(x)

=a for all zelX. Then S(X)

{e} <) and ST = TS; condition (2.2)
holds trivially since d(Sx, Sy} = 0 for all =z, yeX. This completes

the proof.

Corollary 1. Let T and S be commuting mappings of a complete meiric
space (X, d) into itself. Suppose that T is continuous and S(X) cT(X).
If there exist a qe (0, 1) and a positive integer Kk such that

d(Sk.:c, Sky) < g-max {d(Tx, Skx), d(Ty, Sky), d(T«, Sky},

dy, 5%, de, 1)
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for all =z, y X, then T and S have a unique common fixed point.

Proof. We have Sk(X)<:S(X) cT(X) and Sk commutes with 7. So the
theorem ensures the existence of a unique common fixed point aeX of Sk
and T. Now since
S(a) = 5(Ta) = T(Sa)
and
ko _ ok
S(a) = S5(Ta) = 8(8a) = § (8a),

it follows that S{a) 1is a common fixed point of Sk and T. Thus the

uniqueness of «a implies a = Sa. Therefore a = Sa = Ta.

Corollary 2. Let (X, d) be a complete metric space, k a real number
greater than 1, and n  a positive integer. If § is a mapping of X onto
itself such that S™Y s continuous and
(2.4) kd(z, y) < max {d(%, x), Ay, y), dSx, ¥),

ds"y, =), A"z, '}

for all =, yeX, then S has a unique fixed point.

Proof. Since S(X) = X = Sn+1(X), the inequality (2.4) shows that the
theorem is applicable to S and §*'. Thus we have the desired conclu-

sion.

Remark. Let S be a mapping of a complete metric space (X, d) into
itself. A theorem of Cirié in [1] shows that if there exists a qe (0, 1)
such that
(2.5) d(Sz, Sy) < g-max {d(x, Sx), d(y, Sy),d(z, Sy), d(y, Sz), d{z, y)}
for all =z, yeX, then S has a unique fixed point. This follows also

from our theorem. In fact, it is clear that such an S commutes with the
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identity mapping T on X, S(X) cT(X), and that T is continuous. Hence
{2.5) shows that our theorem is applicable to & and 7. Thus S and T
have a unique common fixed point a eX. Since every point of X is fixed
under T, the mapping S cannot have any other fixed point, for this would
contradict the uniqueness of a. Therefore a is the unique fixed point

of 5.
The following example illustrates the theorem:

Example. Let X = {1, 2, 3}, and define the metric d on X by letting
d(l, 2) = 2, d(2, 3) = 3, and d(1, 3) = 4. Consider the mappings T and
S defined by 7(1) =1, 7(2) = 7(3) = 3, and S(x) =1 for all = in X.
Obviously T and S satisfy all the conditions of our theorem, and the
unique common fixed point is 1. Note that T does not satisfy €irié’s
condition (2.5). 1In fact, if it did, we have

4 =4d(1, 3)

d(r(), 72

IA

q-max{d{l, 1), d(2: 3), d(lx 3): d(zi 1)) d(l: 2)}

4g < 4,
a contradiction.
Moreover this example shows that the fixed point of the mapping 7 in

our theorem is not necessarily unique.

References

[1] Lj. B. Cirié: A generalization of Banach’s contraction principle,
Proc. Amer. Math. Soc., 45 (1974), 267-273.



357

[2] G. Jungck: Commuting mappings and fixed points, Amer. Math. Monthly,
83 (1976), 261-263.

[3] S. L. Singh: On common fixed points of commuting mappings, Math.
Seminar Notes, 5 (1977), 131-134.

Department of Mathematics
Faculty of Science
Banaras Hindu University
Varanasi 221005

India.



