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On the Bi-Ideal Semigroup of a Semigroup 

By Sandor LAJOS 

Let S be a semigroup. A subsemigroup A of S is said to be a bi-

ideal or (1, 1)-ideal of S if ASA cA. In 1961 the author [3] proved that 

a non-empty subset A of S is a bi-ideal of S if and only if it is a 

left [right] ideal of a right [left] ideal of S. Furthermore, the product 

of two bi-ideals of a semigroup S is again a bi-ideal of S. Thus the 

collection of all bi-ideals of a semigroup S is a semigroup with respect 

to set multiplication. This semigroup will be denoted by B(S). It is 

natural to inquire what classes of semigroups can be characterized by prop­

erties of the bi-ideal semigroup. In this note some results will be given 

in this direction. 

For the notation and terminology not defined here, the reader is refer-

red to [l], [2], and [11]. 

In what follows we need the following two lemmas. 

Lemma l (Luh [9]). A semigroup S is regular if and only if 

(1) QSQ = Q 

holds fo1• every quasi-ideal Q of S. 

Lemma 2 (Lajos [4]). A semigroup S is a semilattice of groups if and 

only if the condition 
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(2) A nB = AB 

holds for every aouple of bi-ideals of S. 

Theorem 1. A semigroup S is a semilattiae of groups if and only if 

the bi-ideal semigroup of S is a regular monoid. 

Proof. If S is a semilattice of groups, then Lemma 2 implies 

(3) L n R = RL 

for every left ideal L and every right ideal R of 

lows that S is regular. Hence, for any bi-ideal A 

(4) ASA = A, 

S, whence it fol­

of S, 

and B(S) is regular. On the other hand, Lemma 2 implies A= AS= SA 

for every bi-ideal A of S, i.e. S is the identity element of B(S). 

Conversely, if S is a semigroup whose bi-ideal semigroup B(S) is a 

regular monoid, then Lemma 1 implies that S is regular. We show that 

the identity of B(S) is S. If E is the identity of B(S), then 

S = ESE c E, whence E = S. Thus BS = SB = B for every (1, 1)-ideal B 

of S. Hence B is a two-sided ideal of S. It follows that S is a 

regular duo semigroup which is a semilattice of groups. 

Theorem 2. A semigroup S is a semilattice of groups if and only if 

the bi-ideal semigroup B(S) of S is a distributive lattiae with re­

spect to set product and set-theoretfoal union. 

Proof. If S is a semilattice of groups, then Lemma 2 implies that 

every bi-ideal of S is globally idempotent and AB= BA for any two bi­

ideals of S. Thus B(S) is a multiplicative semilattice. Lemma 2 im­

plies that B =BS= SB for every bi-ideal B, i.e. every bi-ideal of S 
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is a two-sided ideal of S. Thus B(S) is the collection of all (two­

sided) ideals of S, which is a semilattice with respect to set-theoreti­

cal union. Also the absorption laws and the distributive laws hold in 

B(S). Therefore B(S) is a distributive lattice. 

Conversely, if a semigroup S has a distributive lattice as the bi­

ideal semigroup, then B(S) is a commutative idempotent monoid with re­

spect to set product. Then Theorem 1. ensures that S is a semilattice of 

groups. Theorem 2 is completely proved. 

Lenma 3 (Lajos [5]). A semigroup S is a semilattice of left groups 

if and only if the condition 

(5) BnL=BL 

holds for every bi-ideal B and every left ideal L of S. 

Theorem 3. A semigroup S is a semilattice of left groups if and only 

if the bi-ideal semigroup B(S) of S is regular and S is a right 

identity of B(S). 

Proof. If S is a semigroup which is a semilattice of left groups, 

then Lemma 3 implies (3) for every left ideal L and every right ideal R 

of S, i.e. S is regular. Then, by Lemma 1, it follows that B(S) is 

regular. Finally, (5) implies B = BS for any bi-ideal B of S, that 

is, S is a right identity of B(S), indeed. 

Conversely, if B(S) is regular and S is a right identity of B(S), 

then Lemma 1 implies that S is regular (because ESB= B holds for 

every bi-ideal B of S). On the other hand, we have BS B for every 

bi-ideal B, whence B is a right ideal of S. Thus S is a regular 
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left duo semigroup which is a semilattice of left groups. 

Lemma 4 (Saito [10]). A semigroup S is a semilattiae of left simple 

semigroups if and only if the condition 

(6) Ll n£2 = Ll£2 

holds for every couple of left ideals of S. 

Theorem 4. A se,m'.group S is a semilattiee of left simple semigroups 

if and only if the collection of all left ideals of S is a distributive 

lattice with respect to set product and set union. 

Proof. If S is a semilattice of left simple semigroups, then Lemma 4 

implies £
1
£

2 
= L

2
L

1 
for any two left ideals and every left ideal of S 

is globally idempotent. Thus the set L(S) of all left ideals of S is a 

multiplicative semilattice. Lemma 4 implies L = LS, i.e. every left 

ideal is a right ideal of S, whence S is left duo. Thus L(S) is the 

collection of all (two-sided) ideals of S. This is a semilattice with 

respect to set union and the absorption laws as well as the distributive 

lwas hold. Therefore L(S) is a distributive lattice, indeed. 

Concersely, if a semigroup S has the property that the set of left 

ideals is a distributive lattice, then L(S) is a multiplicative semi­

lattice. Hence it follows that 

(7) 

for every couple of left ideals. On the other hand, L
1
L

2 
= L

2
L

1 
cL

1 
n L

2
, 

and we get (6) for any two left ideals of S. Thus, by Lemma 4, S is a 

semilattice of left simple semigroups. 

A semigroup S is called a homogroup if it has a subgroup which is a 
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two-sided ideal of S. For instance, every semigroup with zero element is 

a homogroup. 

Theorem 5. A semigroup S is a homogroup if and only if the bi-ideal 

semigroup of S has a zero element. 

Proof. Let S be a homogroup with the group-ideal G. Let B be a 

bi-ideal of S. Then the product BG is a right ideal of S, and BG c G. 

Hence it fol lows that BG = G, because a group has no proper right ideal. 

Similarly, we get GB= G and G is the zero element of B(S). 

Conversely, if S is a semigroup whose bi-ideal semigroup B(S) has a 

zero element, then 

(8) SZ =ZS= Z, 

where Z is the zero of B(S). I-Inece Z is a two-sided ideal of S. 

For any element z of Z, the product Zz is a bi-ideal of S. Thus we 

have Z(Zz) = Zz Z, because the set product is associative. Similarly. 

we get zZ = Z for any element z of Z. Therefore Z is a subgroup of 

S, and S is a homogroup. 

Theorem 6. For a semigroup S the bi-ideal semigroup B(S) is a 

monoid if and only if (i) every bi-ideal of S is a two-sided ideal of S, 

and (ii) every two-sided ideal I of S is aorrrplete (i.e. IS= SI= I). 

Proof. First, let S be a semigroup having the properties (i), (ii). 

Then B(S) is the multiplicative monoid of all two-sided ideals of S 

with identity S. 

Secondly, if the bi-ideals of a semigroup S form a monoid with iden­

tity A, then S = ASA cA, whence A = S. Thus BS= SB "'B for every 
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bi-ideal B of S, i.e. every bi-ideal is a complete ideal of S. 

Theorem 6 is completely proved. 
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