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Vol. 6 (1978) September 1978

Lattice Ordered Autometrized Algebras

By B. V. SUBBA RAO

Introduction. Prabhakara Rao [3] recently studied seminormal automet-
rized algebras in an attempt to obtain a unified theory of autometrized al-
gebras. He has studied the ideal theory of seminormal autometrized alge-
bras. Our aim now is to show that the notion of an ideal in anautometriz-
ed algebra can be successfully exploited to obtain the structure of auto-
metrized algebras. We show this by studying an extensive subclass, namely
the class of representable autometrized algebras, of seminormal autometriz-
ed algebras. This class includes DR&-semigroups [6], and consequently,
Brouwerian algebras, Boolean algebras and f-groups as special cases. Also
this class is wider than the class of DRZ-semigroups (see Example 2.3.1
below). We give a necessary and sufficient condition for representing any
member of this class as a subdirect product of totally ordered autometrized
algebras (sée Theorem 2.12 below). This theorem generalizes a correspond-
ing result for DR&-semigroups [8], and consequently it generalizes a well
known theorem of Stone that any Boolean algebra is a subdirect product of
two element Boolean algebras and also Clifford’s theorem (Theorem 22 of [1])
that any commutative &-group is a subdirect product of totally ordered
groups.

This paper is divided into two sections. In 81, we characterize lat-
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tice ordered groups and DRE-semigroups with least element among the class
of autometrized algebras. In §2, we introduce and study representable
autometrized algebras.

All the DR&-semigroups and £-groups considered in this paper are commu-
tative. We freely make use of the definitions and results regarding 2-

groups and DRA-semigroups from [1] and [6] respectively.

§ 1. We recall now the definitions of an autometrized algebra [4] and

of a semiregular autometrized algebra [4].

Definition 1.7. A system 4 = (4, +, <, %) is called an autometrized
algebra if and only if
Al) (A, +, £) is a commutative, partially ordered semigroup with addi-
tive identity 0, i.e., {4, +) 1is a commutative semigroup with addi-
tive identity O and (4, ) 1is a partially ordered set such that
a <b implies a+ax < b +x for any x in A.
A2) = 1is a metric operatiom on 4, i.e., = 1is a mapping from 4 x4 to
4 such that
M) a+~b =20 forall g, b in 4 and g * b = 0 if and only if
as=b
M2) axb=b+a forall a, b in 4

M3} a+*e<axb+Db+c¢ forall a, b, ¢ in A4.

Definition 1.2. An autometrized algebra A4 = (4, +, <, *) is called a
semiregular autometrized algebra if and only if @ 2z 0 implies a * 0 = a.
We now give below a characterization of lattice ordered groups among

the class of autometrized algebras.
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Theorem 1.3. Let A = (4, +, <, %) be an autometrized algebra. Then
A is an %-group with a * b = |a - b| if and only if A satisfies the
following:
(1.3.1) A s a semiregular autometrized algebra.
(1.3.2) a<a=*0 forall a in A.
(1.3.3) For every a in A, the mapping x + a + x, 18§ an isometry from
A onto A.
(1.3.4) 2a =0 implieé a =0, for each a in A.
(1.3.5) For every a in A, the equation a + (a * 0) = 2x 1is solvable

in A.

Proof. Assume that 4 = (4, +, £, %) satisfies the condition (1.3.1)
through (1.3.5). Clearly 4 = (4, +, <€) is a commutative partially or-
dered semigroup with additive identity 0. For each aed, let f& de-
note the mapping x P a + x. Let ae¢A. Since 0e¢4d and f& is an isof
metry onto A (by 1.3.3), there exists a unique « such that fa(x) =0
so that g + x =0 =x + a. We denote this unique « by -a. Thus -a
is the additive inverse of «a. Hence (4, +, <) 1is a commutative po-
group. In order to show that (4, +, <) 1is an %-group, it is enough, in
view of Lemma 1 ([1], page 292) to show that for all ae¢A4, the least

upper bound au0 = a*

of a and O exists in A. Let aeAd. Then by
(1.3.5), the equation a + a0 = 2x 1is solvable in A. Suppose a + a*0
=2r and a +a*0 =2y for x, y in A. Then 2xr - 2y = 0. This
implies 2(x - y) = 0 so that 2(x - y) 20 and 2(y - ) 2 0. Hence
x -y=20 and y -x 20 by (1.3.4). This implies x 2y and y = x.

Hence x = y. Thus, the equation a + a*0 = 2xr 1is uniquely solvable in
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4. Let x, be the unique solution of a + a*0 = 2x so that a + ax0

i

Zxa. We now prove that x, is the least upper bound of a and 0. 2ma
=ag+ax0 2a +a (by 1.3,2) = 2a. This implies Z(a:a - a) 20 which
implies x, - a 20 (by 1.3.4). Hence x, 2 q. Also, Zxa = g + ax0
=a+ (a@a-a) * (0-a) (by 1.3.3) =a + 0x(-a) 2a + (-a) (by 1.3.2) = 0.
Hence x =z 0 (by 1.3.4). Now, let a<y and 0<y. Then y -a =220
and y 2 0. So, Zma =a+ax0 2ag+arxy +yx0 (byM3) sa + (@-a)+ (y-a)
+y*0 (by 1.3.3) =a + 0+(y -a) + yx0 =a + (y - a) +y (by 1.3.1} = 2Zy.
Hence 2(y - aca) 2 0. This implies y - x, 2z 0 (by 1.3.4} which implies
that y =2 x . Thus x, is the least upper bound of @ and 0. Thus
aul = aqg* exists for all a in A. Hence 4 = (4, +, <) 1is a commuta-
tive f-group. Now, let acAd. We have a < g+x0 and -a < (-a}*0 = O0xa
(by 1.3.3) = a*x0, Let asb and -a<b. Then 2a<a+ b and

0 <a+ b. This implies (2a) u0 = g + b, which implies 2(au0) < a + b.
Hence a + a*0 < a + b. This implies a*0 < b. Thus a*0 is the least
upper bound of a and -a. Hence a*0 = au (-a) = |al|, the absolute val-
ue of a in the %-group 4. So, a*b = (a-b) = (b-b) = (a-b)+0 = l[a-b].
Conversely, assume that A4 = (4, +, £, %) 1is a commutative f£-group in
which a « b = |a-bl. Then a 2 0 implies that ax0 = lal = avu (-a)
=qulu(-a) = a (since -a £0)., Also a*0 = |lal = avu(-a) 2 a for

every a in A. Clearly for each a in A, the mapping 2z v a + 2 1is

onto and (a+x) * (a+y) Ila+x) - (a+y)l = lx-y| =2 « y for all =z, y
in A. Hence for each ae4, the mapping « » g + £ is an isometry from
A onto A. By Theorem 3 ([1], page 293) it follows that 2x = 0 implies

x 20 for all x in A. Also for each qged, a + a*0 =a + lal = (au0

+an0) + (au0 - an0) = 2(au0). Thus A4 satisfies all the conditions
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{1.3.1) through (1.3.5). This completes the proof.

Remark 1.4. The conditions (1.3.1) and (1.3.3) are independent of the
remaining conditions (1.3.2), (1.3.4) and (1.3.5) on an autometrized alge-

bra, in view of the following examples.

Example 1.4.1. Let G =G, ° G, be the lexicographic product of non-
trivial abelian 2-groups G1 and G, where G, is not a chain. Define
(al, az) * (bl, bz) = (|a1-b1[, ]az-bzl) for all (al, az) and (bl, bz)
in G. Then it can be easily seen that G = (G, +, <, *), where + 'is
the componentwise addition and < is the lexicographic ordering, is an
autometrized algebra in which all the conditions (1.3.2) through (1.3.5)
are satisfied while (1.3.1) is not satisfied. For, let a, > 0 in G,

and a, >0 in Gz' Then (al, -a,) > (0, 0). But (al, -az) = (0, 0)

= Ua,l, l-a,1) = (a,l, la,1) = (@, a,) # (a,, -a,) (since a, # -a,).

Example 1.4.2. Let A be the set of all nonnegative real numbers with
usual addition + and usual ordering <. Define axb = la-b| for all
a, b in A. Then it can be easily verified that 4 = (4, +, £, *) 1is an
autometrized algebra which satisfies all the conditions (1.3.1) through
(1.3.5) except (1.3.2) because, for any a in 4, the mapping x » a + x

is not onto.

We recall that a mapping f: 4 »~ 4 1is called a contraction mapping
with respect to a metric * on A if and only if f(x)+f(y) < x+xy for

all x and y in A.

The following theorem is a characterization of DR&-semigroups with
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least element among the class of autometrized algebras.

Theorem 1.5, Let 4 = (4, +, S, *) be an autometrized algebra. Then

A 18 a commutaiive DRi-gemigroup with least element 0 in which a*b

= {a-b) v (b-a) if and only if A satisfies the following:

(1.5.1) (4, £) tZs a lattice with 0 as the least element (where the
lattice operations are denoted by v and o) such that a + (buc)
= {a+b) u (ate) and a + (bne) = (a+th) n (ate) for all a, b, ¢
in A.

(1.5.2) For each ael, the mappings x » a + &, x »aux and TP anx
are contractions.

(1.5.3) ax(anbk) + {ank) =a forall a, b in A

Proof. Assume that A = {4, +, <, *) satisfies (1.5.1) through
(1.5.3). We observe that a+0 = a for all a in A4 since a = ax(an0)
+ (@an0) (by 1.5.3) = a*0 + 0 = g*0. From (1.5.1) it follows that A4 = (4,
+, £) 1is a commutative lattice ordered semigroup with identity 0 which
is also the least element of A. Define ag-b = (@ub)*b for all a and
b in A. Let a, bed. (a-b) + b= (aub)+b + bx0 = (aub)*0 = aub = a.
Let z+b=2a, Then a-b = (aub)sb = (@aub)*((anb)ud) < ax{anbd) (by

1.5.2)

((x+b) na)*(ank) s (x+b)*b (by 1.5.2) = (x+b)*(0+b) < x*0 (by

1.5.2) = x. Thus a-b is the least of all z such that x + b < a.
Also for any «, b in A we have (a-b)u0 + b = ({aub)«b) uld + b

= (aub)+h + b = (aub)x((@aub)nb) + (aub)nb =aub (by 1.5.3). Fur-
ther, a-a = (@va)+a = a*q = 0 for every ¢ in A, Hence 4 = (4, +, =,

-} is a commutative DR%-semigroup with least element 0. Write a0Gb

= (a-b) u (b-a). Now a-b = (aub)*b < g+b (by 1.5.2) and b-a = (aub)*a
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< bxa = axb (by 1.5.2). This implies a@b < a*b. Also a*b < ax(aub) +
(aub)sb = (b-a) + (a-b) = (b-a) u0 + (@-b) u0 = (b-a) v (a-a) +
(a-b) v (a-a) = (bua-a) + (a - bna) =bua - bna = (a-b) u (b-a) = abb.
Thus a*b = abb for all a, b in A. Conversely assume that A4 is a
DR&-semigroup with least element O in which ax*b = (a-b) u (b-a). Then
(1.5.1) follows from the definition of a DR&-semigroup, (1.5.3) follows
from Lemma 14 of [6] by putting anb in place of b. Now let aceA.
(@)= (avy) = ((@+x) - (a*)) v ((a*y) - (awx)) < (@-y) v (y-x) = z*y,
(aux)*x{avy) = (ave -~ auylvlavy - avx) £ (x-y)u (y-x) = x*y and

(@anz)*(any)

(anxz - anylu(any - anx) £ (z-y) v (y-x) for all =x

and y in A. Thus A satisfies (1.5.2) also. This completes the proof.

§ 2. We recall now the definition of a lattice ordered autometrized

algebra [7].

Definition 2.1. A system 4 = (4, +, <, *) 1is said to be a lattiee
ordered autometrized algebra if and only if
(2.1.1) (4, +, ) 1is a commutative lattice ordered semigroup with iden-
tity 0 i.e., (4, +) 1is a commutative semigroup with identity O
and (4, <) 1is a lattice (where the lattice operations are denoted
by u, n) such that

a+ (bue)

(a+b) v (a+e)

a+ (bne) (a+b) n (a+c)

for all a, b, ¢ in A4
(2.1.2) =+ 1is a metric operation on -4, i.e., * 1is a mapping from A X 4

to A satisfying M1, M2 and M3 of Definition 1.1.

We now introduce
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Definition 2.2. A lattice ordered autometrized algebra 4 = (4, +, <,
x) 1is called a representable automeirized algebra if and only if A4 sat-
isfies the following:
(2.2.1) (4, +, £, *) 1is a semiregular autometrized algebra.
(2.2.2) For every aed, all the mappings x b a+x, x > qux, x P anz

and & » g+xr are contractions.

Remark 2.3. Commutative DRR-semigroup (consequently Boolean algebras
and commutative £-groups) are representable autometrized algebras, but the
following example shows that the class of representable autometrized alge-

bras is wider than the class of DR&-semigroups.

Example 2.3.1. Let 4 be the set consisting of elements 0, a, b, ¢,

d, e. Define 0<a<b<e<d<e. Define + and = by the following

tables
+ 0 a b e d e * 0 a b ¢ d e
0 0 a b e d e 0 0 a b e d e
a a b b e e e a a 0 a e e e
b b b b e e e b P a 0 e ¢ e
e c e e e e e e ¢ e ¢ 0 a a
d d e e e e e d d ¢ ¢ a 0 a
e e e e e e e e e e ¢ a a 0

It is routine to verify that A = (4, +, <, ) 1s a representable auto-
metrized algebra. If there is a binary operation - such that 4 = (4,

+, £, =) 1s a DR&-semigroup, then that operation - must be as follows.
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Note that (d-a)u0 +a = (eu0) +a=c¢c +a=e¢e whereas duvue =d # e.
Hence the condition "(x-y) u0 +y =xuy for any z, y" of a DR&-semi-

group fails. Thus A 1is not a DR&-semigroup.

Remark 2.4. Any representable autometrized algebra is an abstract al-
gebra of species (2, 2, 2, 2, 0). This class of autometrized algebras is
closed under the formation of subalgebras and direct products. In fact,

if {Ai}ieI is any family of representable autometrized algebras and if

A=T]4

iel

e then for any a, b in A, if we define the operations +, u, n

and +* componentwise (i.e., (a+b)i =a, + bi’ (alJb)i =a, Ubi’ (afwb)i

= airwbi and (a*b)i = ai*bi for any %  in I), then A4 1is a represen-
table autometrized algebra. But the class of representable autometrized
algebras is not an "equational class'" since it is not closed under the
formation of homomorphic images. Specifically we give below an example of
a representable autometrized algebra A4 and an algebra B of species

(2, 2, 2, 2, 0) and a mapping f: A » B preserving all the operations.

but yet f(4) 1is not an autometrized algebra.

Example 2.4.1. Let A = Zu{u, v} where Z 1is the set of all inte-
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gers and u# and v are elements which are not in Z. Define + in 4
as follows: @ + b =usual sun of a and b for all a, b in 2, a + u
=yu=y +qag for all @ in Z,a+v=v =0 +a for all aq in Z,
u+v=u=v+u, u+t+u=u and v+ v =v. Define £ in 4 as fol-
lows: For the elements in Z, let < be the usual ordering. Define wu <
a <v for all a in Z. Define = in A as follows: a*b = |a-b| for
all a, » in Z, a*»u = v = yxq for all a in 2, a*v = v = vxa for all
a in Z, uxv = v = v« and wuxu = 0 = v+, Then it can be verified that
4= (4, +, £, *) 1is a presentable autometrized algebra. Let B = {u, 0}.

Define u < 0. Define + and =+ in B by the following tables

Then it can be seen that B = (B, +, u, n, *) 1is also an algebra of the
same species (2, 2, 2, 2, 0) as A. Define f: 4+ B by Ff(u) = u,

fw) =0 and f(a) = 0 for all « in Z. Then it can be verified that
f is a homomorphism from A onto B (i.e., a mapping preserving all the
operations +, u, n, » and 0). But B 1is not even an autometrized al-

gebra since wux0 = 0 whereas u # 0.

Remark 2.4.2. Every representable autometrized algebra is a seminormal
autometrized algebra [3]. We recall the following definitions of an ideal

and a congruence relation in an autometrized algebra from [4].

Definition 2.5. A nonempty subset I of an autometrized algebra
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A= {4, +, £, x} 1is called an Zdeal if and only if
(1) ael, beI imply a+hel

(I2) ael, bed, bx0 £ a*x0 imply bel.

Definition 2.6. An equivalence relation © on an autometrized algebra
A= (4, +, £, *) is called a congruence relation if and only if
(Cl1) a = Pb(©®), ¢ =d@) imply that a+c = b+d{0) for any a, b, ¢, d

in A4

(C2) a =2 b(©), ¢ =d(®©) imply that asc = bxd(0) for any a, b, ¢, d
in 4

(C3) a = b(0) and x+y < axb imply that =« = y(0) for any a, b, x, y

in A.

Remark 2.6.1. If © is a congruence relation on a representable auto-
metrized algebra 4 = (4, +, <, *) then one can very easily observe that
(C2) follows from (C1) and (C3). Further, in this case one can deduce the
following:

(C4) a = b(B), ¢ =d(®) imply that aquc = bud(0) for any a, b, ¢, d

in 4

bnd(©) for any a, b, e, d

(C5) a = b(O), ¢

d(®) imply that anc

in A4.

Now we have the following

Theorem 2.7. The lattice of ideals of a representable autometrized al-
gebra A = (4, +, <, *) 1is ilsomorphic with the lattice of congruence re-

Lationg of A.
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Proof. Obvious from Theorem 3 in [3] and Remark (2.4.2) above.
If © 1is any congruence relation on a set S, as usual S5/0 denotes
the quotient set (i.e., the set of all equivalence classes) and for any &

in S, x denotes the equivalence class containing .

Theorem 2.8. Let © be a congruence relation on a representable auto-

metrized algebra. For any a, b in A/® define a+b=a+ b, aub

=aub,anb=anb and a * D = axb. Also define a <D 4if and only if

aub =b. Then (4/0, +, <, +) 1is a representable autometrized algebra.

Proof. Let © be a congruence relation on a representable autometriz-
ed algebra 4 = (4, +, £, #). To show that the operations +, u, n and
» are well defined, let a=¢ and b =d. Then a = ¢(0) and b=d(0).

From (C1), (C4), (C5) and (C2) it follows respectively that a+b = c+d,

aub = cud, anb=cnd and axb = exd. Hence +, u, n and =* are
well defined. As a consequence, it follows that < 1is also well defined.
Since a+b=atb=b+a=Db+a,a+0=q+0=a and a+ (F + &)

=qg+hbtec=a+ (b+tc) = (abh)re =ab +c = (a+ b) + ¢ for any a, b

¢ in 4/0, it follows that (4/0, +) 1is a commutative semigroup with ad-

ditive identity 0. Since aua =a, aub=qub=Dbua=>Fua, av(Bue)

=aqubuc=au(bue) = @UbP)ue =auvbue = (@ub)ue, anb = anb

=bna=">bna, an(®Pne) =anbne =an(bne) = (anb)ne =anbne

= (@nb)ne, avu{@nb) =auvanb=av@nb) =a and an(aub) =anaub

=an(aub) =a for all a, » and ¢ in A4/0, it follows that (4/0, u,

n) 1is a lattice. Also a +buc=a +buc=a+ bue = (a+h) U (a+e)

=ag+buare = (@ +b)u(a+ec) and a+bne=ag+bnec=a+bne

={a+b)n(a+c)=a+bna+c=(a+b)n(a+ec) forall a,b and
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¢ in 4/©. Hence (4/0, +, <€) 1is a lattice ordered semigroup with iden-

tity 0. To show that = is a metric on A4/0, we observe that a * b = 0

for all a, b in A/©® since we have 0u {(a*h) = axb which implies that

Oua*b = a*b which implies O <a + b. If a * b = 0, then since a * b
=0, we have a * b = 0(0) which yields aEb(O)V (since a * b
=(a*b) » 0 implies a=Db (@) or a=>b. Let a, b, ¢ be in 4/0.
Then from a* b <ag*e¢ +c¢ * b, we have (a * Blu(a » ¢ + ¢ * D)

=ag* ¢ + ¢ * b, which implies

(a*D)u(@a*ec+c*b)=axbua*c+c*D
=qg*c+c *bh
=g*c+e*bh

or equivalently a * b < a * ¢ + ¢ » b. Further if a 2 0, then since

au0 =aul = g, we have au0 = g (0), and hence by (C2),

111
i

a * 0 (au0) = 0(O) auv 0 (©)

a (®) (since A 1is semiregular),

which implies a » 0 =a * 0 = g. Hence {(4/0, +, £, #) is a semiregular
lattice ordered autometrized algebra. For any a, x and y in A4/6, we
have (a + x)*(a + §) <x * y since (a+x)*(a+y) < xxy, (@ux)*{@auy)
<x *y since (aux)«(auy) <a*xy, (@nx)*(any) <x *+ y since
{anx)x(any) <x*y and (a * x)*(a * y) <z * y since (a*x)*(a*y) <
x*y. Thus for any a in 4/0, all the mappings zw» a + 2z, 2 » qux,
zrpanz and x % a *x are contractions. Hence (4/0, +, <, *} is a

representable autometrized algebra.

Following the well known concepts in Universal algebra [2], we intro-

duce the following:
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Definition 2.9. Let {Ai | eI} be a family of representable automet-
rized algebras. Let SCH(Ai |ZeI) be such that § is a subalgebra of
the direct product. $ is called a subdirect product of Ags eI, if
Sei = Ai for all < e I, where e, is the Z-th projection.

Also,

Definition 2.10. A representable autometrized algebra 4 1is called
subdirectly irreducible if A @i = W (Oi € C(4), the complete lattice of
el

congruence relation on 4) implies that Gi = w for some Zel. (Here

w denotes the diagonal of 4 wviz., {(a, @) |aec4)).

Hereafter, A = (A, +, <, *) stands for a representable autometrized

algebra.
Now, we prove the following

Theorem 2.11. A <s a subdirect product of subdirectly irveducible re-

presentable autometrized algebras.
We need the following lemmas.

Lemma 2.711.1. Let © be a congruence relation on A. Then there
exists a one to one correspondence between congruence relutions of A

econtatning © and congruence relations of A/0.

Proof. Let ¢ be a congruence relation on A4 <containing ©O. Define
0/0 on 4/ by [a]® = 1% (6/6) if and only if 4 = b (8) (Here [#]°
denotes the equivalence class containing « relative to ©0). It is easy

to verify that ¢/® 1is an equivalence relatiom on A4/0. Now let
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(1% = 121° (4/0) and [e1° = [d1° (6/0). Then @ = b (¢) and ¢ = d(4).
Hence @ +c = b+ d (§). This implies [a]® + [e1® = [@ + ¢1® = (b + 41®
00y = 1% + (1% et (1% = (0% o) amd [21%+ (11® < (@1®« (2%
Then @ = b (§) and [m+y]° < [a+b]. This implies that asb = 0 (¢) (by
(€2)) and (z*y) U (a*b) = (a*b) (@) and this implies that [ (z*y) u (a*b)]
* (q*b} = 0 (@). Since O < ¢, it follows that a*b = 0 (¢) and [(x*y)u
(a*b)] * (axb) = 0 (¢) so that axb + [(x*y) U (a*b)] * (a*b) + a*b = 0 ($).

Hence

Txy (x+y)}*0 (by semiregularity of =+ in &)

1A

(@xy)=[(@*y) v (@xb)] + [{z*y) u (@axb)] = 0

IA

[(e*y) u0] * [(exy) u (a*b)] + [(x*y) u {a=b)] » (axb) + (a*b) * O

A

0+ (a*b) + [(@+y) u (axB)] * (axb) + (a*h)*0 (by (2.1.2))

[(a+b} + ({m*y) u (a*xb)) * (a*b) + (axb)] = O

[°

1E]

(by semiregularity of =#) which implies = = y (¢} so that [1:]e
(¢/€). Thus ¢/0 1is a congruence relation on A/O.
Now let ¢ be a congruence relation on A4/0. Define a = b (¢e) if

[b]e (¢). Clearly ¢® is an equivalence relation

mn

and only if [a]e
having the substitution property for +. Let « = b [¢e) and x+y < a+b.

Then [a]e = [b]e () and (x*y) u (a*b) = a*b which implies [x}e * [y]e

IA

[a]9 * [b]e. Hence [m]e = [y]e (¢). Hence z = y [¢e). Thus ¢e is

a congruence relation on 4. Also O < ¢@' For if x = y (©) then [m]e

[y]e, and hence [:c]e = [y]e (¢) or =

Y (¢O). Let ¢ be a congru-
ence relation of A containing ©. Then since each of z = y {¢) and
x Sy {¢e) is equivalent to [m]@ = [y]e (¢/@), we see that = = y (¢)
and x = y (¢e] are equivalent. It follows that ¢ = ¢9' Moreover, if

¢ 1is a congruence relation of A/0, then [ac]e = [y]e ($) and [:x:]eEE[y]6
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{$/0) are equivalent, since each of them is equivalent to «x Z y (¢e);

and so we have ¢ = ¢/0. This completes the proof.

Lema 2.11.2. [ILet {ei}iel be a family of congruence relations on A
such that A 0, =w (the diagonal of A). Then A <s isomorphic to a
zel

subdirect product of representable autometrized algebras A/Oi, tel.

Proof. Define f'ae H(A/Oi | 2eI) by ifa = [a]Oi for ZeI (for each
xed, [x] O stands for the equivalence class containing x relative to
. . v . ,
the equivalence relation ©,). Let 4 {fa | aed}. Since i
[a + 1% = [a1%% « 1% = if % if, = i(f, + f,) for any ieI, we have
fa+b = fa + fb. Similarly we can show that faub = fa ufb, faﬂb = fa nfb
and fa*b = fa * fb' Hnece A' is a subalgebra of the direct product.
. . 0, .
= - 7 e, = - -
Since faei 7'fa [a] "%, we have A4 e, A/Gi (37: denotes the Z-th pro
jection). Hence A' is a subdirect product of A/@i. Define ¢: 4 + A
by ay = fa . Clearly ¢ is an epimorphism. To show that ¥ 1is one to

one, let ay = byY. Then fa = fb' Hence ?lfa = ifb for every <el.

Thus aEb(Gi] for every ZelI. Hence a = b (A @i). Since /\G)i=w,

zel el

it follows that a = b. Hence ¥ 1is one to one. This completes the proof.

Lemma 2.11.3. ZLet {ei}iel’ be a directed family of congruence rela-

tions on A. Then U(O,£ |ieD) = Ve, [Ze D).
Proof. Routine as for Lemma 3, page 51, [2].

Lemma 2.11.4. If a, bed and a # b, then there exists a congruence
relation O(a, b) such that a 2 b (@(a, B)) and 0O(a, b) is maximal

with respect to this property.
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Proof. Let P={¢eC@) |azb (¢)}. P is nonempty since we P.
Let ¢ be achain in P. Then 0 =V (¢ [¢e C) 1is a congruence relation
on A. By Lemma 2.11.3, we have @ = | (¢ |¢€ €). Hence x =y (©) if
and only if « = y (¢) for some ¢eC. Hence a #b (0) and so OeP.

Now, by Zorn's lemma, it follows that P has a maximal element O(a, b).

Lemma 2.11.5. A4 <s subdirectly irreducible if and only if C(4A) has
one and only one atom which is contained in every congruence relation

other than w.
Proof. Routine (see [2], p. 124).

Now by using the same argument as in [2] (see p. ]24), the proof of
Theorem 2.11 is clear.

Now, we prove the following main theorem.

Theorem 2.12. A lattice ordered autometrized algebra A is a subdi-
rect product of representable totally ordered autometrized algebras if and
only if A is representable and for all a, b in A,

(ax(aub)) n (bx(aub)) = 0.
We need the following lemmas.

Lemma 2.12.1. If a > 0 in a representable autometrized algebra A
= (A, +, <, *), then the set
g, = {xed | 2+0 < na for some positive integer n}

s an ideal of A.

Proof. Since 0+%0 = 0 < a, we have O¢ Ja. Hence J& is nonempty.
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Now, if =, yeJa then %0 < ma and y*0 < na for some positive inte-
gers m and #»n, and so (x+y}*0 < (x+y)*y + y+0 < x*0 + y=0 (by 2.1.2)

< ma + na = (m+n)a, which shows x + yeJa. Also if’ era and y+0=s2%0
then we have y*0 £ x*0 < na for some positive integer #n proving yeJa.

Hence Ja is an ideal of A.

Lemma 2.712.2. Let A4 = (4, +, £, *) be a subdirvectly irreducible re-
presentable autometrized algebra such that (ax*(aub))n(bx(aub)) =0

for all a, b in A. Then A 18 a chain.

Proof. Suppose A is not a chain. Then there exists a pair of incom-
parable elements a, b in A4 so that aub # a and aub # b. Hence
(aub)*a # 0 and (aub)*b # 0. This implies (aub)*a > 0 and bx(qaub)
> 0. Let J, o= Ja*(aub) and J, = Jb*(
in Lemma 2.12.1). By Lemma 2.12.1, it follows that J, and J, are

(with the same notation as
aub)

ideals of 4. Since (a*{aub))}*0 = ax(aub) (by semiregularity of ),
we see that ax{(aub}ed, and since ax{aub) # 0, it follows that J;

# {0}. sSimilarly we can show that J, # {0}. Let zed nd,. Then zed,
and xeJd . Hence x+0 < m(a*(aub)) and x+0 < n(bx(aub)) for some
positive integers m and n. This implies «*0 < (m+n)(a*{avb)) and
zx0 £ (mn) (b*x{aub)). Hence xx0 < ({m+n) (ax{aubd))) n ((m+n)(b*x(aub)))

= 0 (since (a*{aub))n(bx(@ub}) =0 and (4, +, £) is a lattice or-

dered semigroup). This implies z = 0. Thus o, nd, = {0} whereas o,
# {0} and J, # {0}. Since from Theorem 2.7 there exist congruence rela-
tions O, and 0O, respectively corresponding to J, and J,, it follows

that @1/\92 = ® whereas 91 # w and 92 # w. Hence A 1is subdirectly

reducible. This completes the proof.
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Lemma 2.12.3. Let A be a representable autometrized algebra such
that (a*{aud))n (b*(aub)) =0 for all a, b in A. Let 0O be a con-
gruence relation on A. Then A/Q <is a representable autometriszsed alge-
bra and

(@* (@uB))n( % (@ub)) =0 forall a, b in 4/0

(x stands for equivalence class containing x relative to 0).

Proof. By Theorem 2.8, it is clear that (4/0, +, <, +} 1is a rcpre-

sentable autometrized algebra. For all a, b in 4/0, we have

n

@+ @ub)n(@=* (@ub)) =(a* (aub))n (P = auh)

a* (aub)ynb » (avb)

@+ (@ubn(d* (@ub))

0 (by hypothesis),

proving the lemma.

Proof of Theorem 2.12. Suppose A 1is a representable autometrized al-
gebra and (a*(eub))n (bx(aub)) =0 for all «, b in A. Then by The-
orem 2,11 and Lemmas 2.12.2 and 2.12.3, it is c¢lear that 4 is a subdi-
rect product of representable totally ordered autometrized algebras. For
the other part, assume that 4 1is a subdirect product of representable
totally ordered autometrized algebras Ai’ Ze¢I. Since A 1is a subalge-
bra of the direct product of representable autometrized algebras A'L’ iel,
it follows that A 1is a representable autometrized algebra. Let a, bcA.
Let a, and b@. denote the Z-th components of @ and b respectively
in the subdirect product. Since each Ai is a chain, a£Ubi =a, or bi
for every <ZeI. This implies a, * (ai Ubi) = 01: or bi * (ai Ubi] =0,

Z
for every ieI. Thus (a*(aub))n (bx(aub)) =0 for all a, b in A.



448

This completes the proof.

I thank Dr. K. L. N. Swamy for his valuable guidance and encouragement

throughout the preparation of this paper.

[1] G.
(2] G.
{3]

[4] N.
[5] K.
[6] K.
[7] X.
[8] «.

References

Birkhoff: Lattice theory, Amer. Math. Soc. Colloq. Publ., Vol. XXV,
Third edition, 1973.

Gratzer: Universal algebra, Van Nostrand, Princeton, 1968.

N. Prabhakara Rao: Seminormal autometrized algebras, Math., Seminar

Notes, 6 (1978), 91-114.

Prabhakara Rao and K. L. N. Swamy: Ideals in autometrized algebras,
to appear in Jour. Australian Math. Soc.

L. N. Swamy: A general theory of autometrized algebras, Math.
Annalen, 157 (1964), 65-74.

L. N. Swamy: Dually residuated lattice ordered semigroups, Math.
Annalen, 159 (1965), 105-114.

L. N. Swamy: Dually residuated lattice ordered semigroups II, Math.
Annalen, 160 (1965), 64-71.

L. N. Swamy: Dually residuated lattice ordered semigroups I, Math.
Annalen, 167 (1966), 71-74.

Department of Mathematics
Andhra University

Waltair,
India.



