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Lattice Ordered Autometrized Algebras 

By B. V. SUBBA RAO 

Introduction. Prabhakara Rao [3] recently studied seminormal automet­

rized algebras in an attempt to obtain a unified theory of autometrized al­

gebras. He has studied the ideal theory of seminormal autometrized alge­

bras. Our aim now is to show that the notion of an ideal in anautometriz­

ed algebra can be successfully exploited to obtain the structure of auto­

metrized algebras. We show this by studying an extensive subclass, namely 

the class of representable autometrized algebras, of seminormal autometriz-

ed algebras. This class includes DR,Q,-semigroups [6], and consequently, 

Brouwerian algebras, Boolean algebras and ,Q,-groups as special cases. Also 

this class is wider than the class of DR,Q,-scmigroups (see Example 2.3.l 

below). We give a necessary and sufficient condition for representing any 

member of this class as a subdirect product of totally ordered autometrized 

algebras (see Theorem 2.12 below). This theorem generalizes a correspond­

ing result for DR,Q,-semigroups [8], and consequently it generalizes a well 

known theorem of Stone that any Boolean algebra is a subdirect product of 

two element Boolean algebras and also Clifford's theorem (Theorem 22 of [ 1]) 

that any commutative ,Q,-group is a subdirect product of totally ordered 

groups. 

This paper is divided into two sections. In § 1, we characterize lat-
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tice ordered groups and DR£-semigroups with least element among the class 

of autometrized algebras. In §2, we introduce and study representable 

autometrized algebras. 

All the DR£-semigroups and l-groups considered in this paper are commu­

tative. We freely make use of the definitions and results regarding£­

groups and DRi-semigroups from [1] and [6] respectively. 

§ l. We recall now the definitions of an autometrized algebra [4] and 

of a semiregular autometrized algebra [4]. 

Definition l. l. A system A= (A,+, 5, *) is called an a:utometr>ized 

algebra if and only if 

Al) (A,+, 5) is a commutative, partially ordered semigroup with addi-

tive identity 0, i.e., (A,+) 

tive identity O and (A, 5) 

a 5 b implies a+ x 5 b + x 

is a commutative semigroup with addi­

is a partially ordered set such that 

for any x in A. 

A2) * is a metric operation on A, i.e., * is a mapping from Ax A to 

A such that 

Ml) a* b ~ 0 for all a, b in A and a* b = 0 if and only if 

a = b 

M2) a* b b * a for all a, b in A 

M3) a* a 5 a* b + b * a for all a, b, a in A. 

Definition 1.2. An autometrized algebra A= (A, +, 5, *) is called a 

semiregular a:utometrized algebra if and only if a~ 0 implies a* 0 = a. 

We now give below a characterization of lattice ordered groups among 

the class of autometrized algebras. 
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Theorem 1.3. Let A= (A, +, s, *) be an autometr>ized algebra. Then 

A is an £-group with a* b = la - bl if and only if A satisfies the 

following: 

(1.3.1) A is a semiregular autometr>ized algebra. 

(1.3.2) as a* 0 for all a in A. 

(1.3.3) For every a in A, the mapping x 1+ a+ x, is an isometry from 

A onto A. 

(1.3.4) 2a 2 0 implies a 2 0, for each a in A. 

(1.3.5) For every a in A, the equation a+ (a* 0) 

in A. 

2x is solvable 

Proof. Assume that A= (A,+, s, *) satisfies the condition (1.3.1) 

through (1.3.5). Clearly A= (A, +, s) is a commutative partially or­

dered semigroup with additive identity 0. For each aEA, let fa de­

note the mapping x 1+ a + x. Let a EA. Since OE A and fa is an iso-

metry onto A (by 1.3.3), there exists a unique x such that f (x) = 0 
a 

so that a+ x = 0 = x + a. We denote this unique x by -a. Thus -a 

is the additive inverse of a. Hence (A, +, s) is a commutative po­

group. In order to show that (A,+, s) is an £-group, it is enough, in 

view of Lemma 1 ( [ 1), page 292) to show that for al 1 a EA, the 1 east 

upper bound a u 0 = a+ of a and 0 exists in A. Let a EA. Then by 

(1.3.5), the equation a+ a*0 2x is solvable in A. Suppose a + a*0 

= 2x and a + a*0 = 2y for x, y in A. Then 2x - 2y = 0. This 

implies 2 (x - y) = 0 so that 2(x - y) 2 0 and 2 (y - x) 2 0. Hence 

X - y 2 0 and y - X 2 0 by (1.3.4). This implies X 2 y and y 2 :x:. 

Hence X = y. Thus, the equation a + a*0 = 2x is unjquely solvable in 
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A. Let x be the unique solution of a+ a*0 = 2x so that a+ a*0 a 

2x . We now prove that x is the least upper bound of a and 0. 2x a a a 

a+ a*0 ~a+ a (by 1.3.2) = 2a. This implies 2 (x - a) ~ 0 which a 
implies x - a~ 0 (by 1.3.4). Hence x ~ a. Also, 2x =a+ a*0 a a a 

=a+ (a - a) * (0 - a) (by 1.3.3) =a+ 0*(-a) ~a+ (-a) (by 1.3.2) = 0. 

Hence x ~ 0 (by 1.3.4). Now, let a=,; y and O:,; y. Then y - a~ 0 
a 

and y ~ O. So, 2x = a + a*0 =,; a + a*y + Y*0 (by M3) s a + (a - a) * (y - a) 
a 

+ Y*0 (by 1.3.3) a+ 0*(Y - a)+ Y*0 =a+ (y - a)+ y (by 1.3.1) = 2y. 

Hence 2 (y - X ) ~ 0. This implies y - X ~ 0 (by 1.3.4) which implies a a 

that y ~ X • Thus X is the least upper bound of a and 0. Thus 
a a 

au0 = a+ exists for all a in A. Hence A = (A, +, =,;) is a commuta-

tive 9,-group. Now, let a EA. We have a=,; a*0 and -a '.', (-a)*0 = 0*a 

(by 1.3.3) = a*0. Let a~ b and -a=,; b. Then 2a =,;a+ b and 

0 =,; a + b. This implies (2a) u 0 :,; a + b, which implies 2(a u 0) :,; a+ b. 

Hence a+ a*0 s a+ b. This implies a*0 =,; b. Thus a*0 is the least 

upper bound of a and -a. Hence a*0 = au (-a) = lal, the absolute val­

ue of a in the £-group A. So, a*b = (a-b) * (b-b) = (a-b)*0 = la-bl. 

Conversely, assume that A= (A,+, ::;;, *) is a commutative £-group in 

which a * b = la-bl. Then a~ 0 implies that a*0 = la[ =au (-a) 

= a u 0 u (-a) = a (since -a ::;; 0) . Al so a*0 = I a I = a u ( -a) ~ a for 

every a in A. Clearly for each a in A, the mapping x 1-->- a+ x is 

onto and (a+x) * (a+y) I (a+x) - (a+y) I = lx-yl = x * y for all x, y 

in A. Hence for each a EA, the mapping x 1-->- a + x is an isometry from 

A onto A. By Theorem 3 ([l], page 293) it follows that 2x ~ 0 implies 

x ~ 0 for all x in A. Also for each a EA, a+ a*0 =a+ lal = (au0 

+ a n 0) + (a u 0 - an 0) = 2 (au 0). Thus A satisfies all the conditions 
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(1.3.1) through (1.3.5). This completes the proof. 

Remark 1.4. The conditions (1.3.1) and (1.3.3) are independent of the 

remaining conditions (1.3.2), (1.3.4) and (1.3.5) on an autometrized alge­

bra, in view of the following examples. 

Example 1.4. 1. Let G = G
1 

° G
2 

be the lexicographic product of non­

trivial abelian f-groups G
1 

and G
2 

where G
1 

is not a chain. Define 

(a1 , a 2) * (b1 , b 2) = (Ja 1-b1 J, Ja2-b 2 I) for all (a 1 , a 2) and (b1 , b 2) 

in G. Then it can be easily seen that G = (G, +, ~, *), where + is 

the componentwise addition and ~ is the lexicographic ordering, is an 

autometrized algebra in which all the conditions (1.3.2) through (1.3.5) 

are satisfied while (1.3.1) is not satisfied. For, let a > 0 
1 

in 

and a 1 > 0 in G2. Then (a1, -aJ > (0, 0). But (a1, -a2) * (0, 0) 

cla1I, l-a2I) = cla1l, la2i) = (al, a2) 'f, (al, -a2) (since a2 f' -a2). 

Example 1.4.2. Let A be the set of all nonnegative real numbers with 

usual addition + and usual ordering ~. Define a*b I a-b I for all 

a, b in A. Then it can be easily verified that A= (A, +, ~, *) is an 

autometrized algebra which satisfies all the conditions (1.3.1) through 

(1.3.5) except (1.3.2) because, for any a in A, the mapping x ~a+ x 

is not onto. 

We recall that a mapping f: A ➔ A is called a contraction mapping 

with respect to a metric * on A if and only if f(x)*f(y) ~ X*Y for 

all x and y in A. 

The following theorem is a characterization of DRf-semigroups with 
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least element among the class of autometrized algebras. 

Theorem 1. 5. Let A = (A, +, s:, *) be an autometrized algebra. Then 

A is a commutative DRl-semigroup with least element O in which a*b 

(a-b) u (b-a) if a-nil only if A satisfies the following: 

(1.5.1) (A, s) is a lattice with O as the least element (where the 

lattice operations are denoted by u a-nil n) such that a + (bu c) 

= (a+b) u (a+c) a-nil a + (b n c) = (a+b) n (a+c) for all a, b, c 

in A. 

(1. 5. 2) For each a EA, the mappings x 1+ a + x, x 1+ a u x a-nil x f+ an x 

are contractions. 

(1.5.3) a*(anb) + (anb) = a for all a, bin A. 

Proof. 

(1.5.3). 

Assume that A = (A, +, s:, *) satisfies (1.5.1) through 

We observe that a*0 = a for all a in A since a = a* (a n O) 

+ (an 0) (by 1.5.3) = a*0 + 0 = a*0. From (1.5.1) it follows that A= (A, 

+, s) is a commutative lattice ordered semigroup with identity O which 

is also the least element of A. Define a-b = (au b)*b for all a and 

bin A. Let a,bEA. (a-b)+b=(aub)*b+b*0;,:(aub)*0=aub;,:a. 

Let x+b;,:a. Then a-ba: (aub)*b= (aub)*((anb)ub) s:a*(anb) (by 

1.5.2) ((x+b)na)*(anb) s; (x+b)*b (by 1.5.2) = (x+b)*(0+b) s:x*0 (by 

1.5.2) = x. Thus a-b is the least of all x such that x + b s; a. 

Also for any a, b in A we have (a-b) uO + b = ((aub)*b) uO + b 

= (aub)*b+b= (aub)*((aub)nb) + (aub)nb=aub (byl.5.3). Fur­

ther, a-a = (a ua)*a = a*a = 0 for every a in A. Hence A= (A, +, s, 

-) is a commutative DR2-semigroup with least element 0. Write a0b 

= (a-b) u (b-a). Now a-b = (aub)*b:,; a*b (by 1.5,2) and b-a = (aub)*a 
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s b*a = a*b (by 1.5.2). This implies a0b s a*b. Also a*b s a*(a ub) + 

(au b)*b = (b-a) + (a-b) = (b-a) u O + (a-b) u O = (b-a) u (a-a) + 

(a-b) u (a-a) = (bu a-a) + (a - b n a) = bu a - b n a = (a-b) u (b-a) = a0b. 

Thus a*b = a0b for all a, b in A. Conversely assume that A is a 

DR2-semigroup with least element O in which a*b = (a-b) u (b-a). Then 

(1.5.1) follows from the definition of a DR2-semigroup, (1.5.3) follows 

from Lemma 14 of [6] by putting an b in place of b. Now let a EA. 

(a+x)*(a+y) = ((a+x) - (a+y))u((a+y) - (a+x)) s (x-y)u(y-x) x*y, 

(aux)*(auy) 

(a nx)*(a n y) 

and y in A. 

(aux a uy) u (a uy aux) s (x-y) u (y-x) X*Y and 

(an x any) u (any an x) s (x-y) u (y-x) for all x 

Thus A satisfies (1.5.2) also. This completes the proof. 

§ 2. We recall now the definition of a lattice ordered autometrized 

algebra [7]. 

Definition 2. 1. A system A= (A, +, s, *) is said to be a lattice 

ordered a:utometrized algebra if and only if 

(2.1.1) (A, +, S) is a commutative lattice ordered semigroup with iden­

tity O i.e., (A,+) is a commutative semigroup with identity 0 

and (A, s) is a lattice (where the lattice operations are denoted 

by u, n) such that 

a + (b u e) 

a + (b n e) 

for all a, b, c in A 

(a+b) u (a+e) 

(a+b) n (a+e) 

(2.1.2) * is a metric operation on -A, i.e., * is a mapping from Ax A 

to A satisfying Ml, M2 and M3 of Definition 1.1. 

We now introduce 
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Definition 2.2. A lattice ordered autometrized algebra A= (A, +, ~. 

*) is called a representable autometrized algebra if and only if A sat­

isfies the following: 

(2.2.1) (A, +, ~, *) is a serniregular autornetrized algebra. 

(2.2.2) For every aEA, all the mappings xi+a+x,x1-+aux,xi+anx 

and x 1+ a*X are contractions. 

Remark 2.3. Commutative DR£-sernigroup (consequently Boolean algebras 

and commutative £-groups) are representable autornetrized algebras, but the 

following example shows that the class of representable autometrized a1ge­

bras is wider than the class of DR£-sernigroups. 

Example 2.3.1. Let A be the set consisting of elements 0, a, b, a, 

d, e. Define O <a< b <a< d < e. Define + and * by the following 

tables 

+ 0 a b a d e * 0 a b a d e 

0 0 a b a d e 0 0 a b a d e 

a a b b e e e a a 0 a a a a 

b b b b e e e b b a 0 a a a 

e a e e e e e e a a e 0 a a 

d d e e e e e d d a a a 0 a 

e e e e e e e e e e a a a 0 

It is routine to verify that A= (A, +, ~. *) is a representable auto­

metrized algebra. If there is a binary operation - such that A= (A, 

+, ~. -) is a DR£-semigroup, then that operation - must be as follows. 
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0 a b C d e 

0 0 0 0 0 0 0 

a a 0 0 0 0 0 

b b a 0 0 0 0 

C C C C 0 0 0 

d d C C a 0 0 

e e C C a a 0 

Note that (d-a) u 0 + a = (cu 0) + a = c + a = e whereas due = d -fa e. 

Hence the condition "(x-y) u 0 + y = x u y for any x, y" of a DRJl,-semi­

group fails. Thus A is not a DRJl,-semigroup. 

Remark 2.4. Any representable autometrized algebra is an abstract al­

gebra of species (2, 2, 2, 2, 0). This class of autometrized algebras is 

closed under the formation of subalgebras and direct products. In fact, 

if {A.}. I is any family of representable autometrized algebras and if 
'2, t,e: 

A = nA., then for any a, b in A, if we define the operations +, u, n 
ie:I i, 

and * componentwise (i.e.' (a+b) . = a. + b ., (a u b) . = a. u b ., (an b) . 
'2, '2, '2, '2, '2, '2, '2, 

= a. n b. and (a*b) . = a ·*b. for any i in I), then A is a represen-
t, '2, '2, '2, '2, 

table autometrized algebra. But the class of representable autometrized 

algebras is not an "equational class" since it is not closed under the 

formation of homomorphic images. Specifically we give below an example of 

a representable autometrized algebra A and an algebra B of species 

(2, 2, 2, 2, 0) and a mapping f: A ➔ B preserving all the operations 

but yet f(A) is not an autometrized algebra. 

Example 2. 4.1. Let A = Z u {u, v} where Z is the set of all inte-
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gers and u and v are elements which are not in Z. Define + in A 

as follows; a+ b = usual sum of a and b for all a, b in Z, a+ u 

u = u + a for all a in Z, a+ v = v = v + a for all a in z, 

U + V u = v + u, u + u = u and v + v = v. Define s in A as fol-

lows; For the elements in Z, let s be the· usual ordering. Define u < 

a< v for all a in Z. Define * in A as follows: a*b = la-bl for 

all a, b in Z, a*u v = U*a for all a in Z, a*V = v = v*a for all 

a in Z, U*V = v = V*U and U*U = 0 = V*V. Then it can be verified that 

A= (A,+, s, *) is a presentable autometrized algebra. Let B = {u, O}. 

Define u < O. Define + and * in B by the following tables 

+ 0 u 

0 0 u 

u u u 

* 

0 

u 

0 

0 

0 

u 

0 

0 

Then it can be seen that B = (B, +, u, n, *) is also an algebra of the 

same species (2, 2, 2, 2, 0) as A. Define f: A ➔ B by f(u) = u, 

in z. Then it can be verified that f(v) = 0 and f(a) ~ 0 for all a 

f is a homomorphism from A onto 

operations +, u, n, * and 0). 

B (i.e., a mapping preserving all the 

But B is not even an autornetrized al-

gebra since U*O = 0 whereas up O. 

Remark 2.4.2. Every representable autometrized algebra is a seminorrnal 

autornetrized algebra [3]. We recall the following definitions of an ideal 

and a congruence relation in an autometrized algebra from [4]. 

Definition 2.5. A nonempty subset I of an autornetrized algebra 



A= (A,+, $, *) is called an ideal if and only if 

(Il) aEI, hEI imply a+hEI 

(I2) a EI, b EA, b*O $ a*O imply b EI. 
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Definition 2.6. An equivalence relation 0 on an autometrized algebra 

A= (A,+, $, *) is called a congruenee relation if and only if 

(Cl) a= b(0), c = d(0) imply that a+c = b+d(G) for any a, b, c, d 

in A 

(C2) a= b(0), c = d(0) imply that a*C = b*d(0) for any a, b, c, d 

in A 

(C3) a= b(0) and X*Y $ a*b imply that x - y(0) for any a, b, x, y 

in A. 

Remark 2.6.l. If 0 is a congruence relation on a representable auto­

rnetrized algebra A = (A, +, :S, *) then one can very easily observe that 

(C2) follows from (Cl) and (C3). Further, in this case one can deduce the 

following: 

(C4) a= b(0), c = d(0) imply that au c - b ud(0) for any a, b, a, d 

in A 

(CS) a = b(0), c = d(0) imply that an c - b n d(0) for any a, b, c, d 

in A. 

Now we have the following 

Theorem 2. 7. The lattice of ideals of a representable autometY'ized al­

gebra A = (A, +, $, *) is isomorphic with the lattice of congruence re­

lations of A. 
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Proof. Obvious from Theorem 3 in [3] and Remark (2.4.2) above. 

If 0 is any congruence relation on a set S, as usual S/0 denotes 

the quotient set (i.e., the set of all equivalence classes) and for any x 

in S, x denotes the equivalence class containing x. 

Theorem 2.8. Let 0 be a eongruenee relation on a representable auto­

metrized algebra. For any a, b in A/0 define a + Fi = a + b, au b 

= au b, an Ii= an b and a* b = a*b, Also define a:. Ti if and only if 

au b = Ii. Then (A/0, +, :. , *) is a representable autometrized algebra. 

Proof. Let 0 be a congruence relation on a representable autometriz­

ed algebra A= (A,+, s, *). To show that the operations +, u, n and 

* are well defined, let a= e and Ii= d. Then a= e(0) and b=d(0). 

From (Cl), (C4), (CS) and (CZ) it follows respectively that a+b = e+d, 

au b = cua, an b = and and a*b = e*d, Hence +, u, n and * are 

well defined. As a consequence, it follows that :. is also well defined. 

Since a+ b = a+b b + a = b + a, a+ o a+O = a and a+ (b + c) 

= a + b+a = a + Cb + a) = (a+b)+e = a+b + c = (a+ Ii) + c for any a, Fi 

a in A/0, it follows that (A/0, +) is a commutative semigroup with ad­

ditive identity o. Since aua = a, aub= aub = bua = Fua, au(Dua) 

au b u e = a u (b u e) = (a u b) u a = a"'ub u c = (au b") u a, an Ti = ao1i 

b n a = Fin a, an (Fin c) = an 7ina = a n Cb n e) = (a n b) n a = an75 n a 

(an b") n c, au (an b) = au a n b = a u (a n b) = a and an (au b) = an a u b 

an (au b) = a for all a, b and c in A/0, it follows that (A/0, u, 

n) is a lattice. Also a+ buc =a+ b ue =a+ bue = (a+b) u (a+e) 

a+b u a"+c = (a + b) u (a + c) and a + Fin a = a + 7ina = a + b n a 

(a + b) n (a + e) = a+7i n a'+o = (a + o) n (a + a) for all a, Ti and 
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c in A/0. Hence (A/0, +, s) is a lattice ordered semigroup with iden­

tity 0. To show that * is a metric on A/0, we observe that a* b ~ 0 

for all a, b in A/0 since we have Ou (a*b) = a*b which implies that 

o u a*b = a*b which implies o s a * b. If a * b = 0, then since ~ 

0, we have a * b = 0 (0) which yields a - b (0) (since a * b 

(a * b) * 0 implies a - b (0)) or a = b. Let a, b, c be in A/0. 

Then from a * b s a * c + c * b, we have (a * b) u (a * c + c * b) 

=a* c + c * b, which implies 

(a * b) u (a * C + C * b) = ~ u a * C + C * b 

=a*c+c*b 

a*c+c*b 

or equivalently a* b s a* c + c * b. Further if a~ 0, then since 

auO = auO = a, we have auO - a (0), and hence by (C2), 

a * 0 _ (a u O) * 0 (0) = a u O (0) 

- a (0) (since A is semiregular), 

which implies a* O = ~ a. Hence (4/0, +, s, *) is a semiregular 

lattice ordered autometrized algebra. For any a, x and y in A/0, we 

have (a+ X)*(a + y) s X * y since (a+X)*(a+y) s X*Y, (aux)*(auy) 

s X * y since (aux)*(auy) s X*Y, (anx)*(any) s X * y since 

(a nx)*(a n y) s X*Y and (a* x)*(a * y) s X * y since (a*X)*(a*y) s 

X*Y. Thus for any a in A/0, all the mappings x 1+ a + x, x 1+ a u x, 

x 1+ a nx and x 1+ a * x are contractions. Hence (A/0, +, s, *) is a 

representable autometrized algebra. 

Following the well known concepts in Universal algebra [2], we intro­

duce the following: 
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Definition 2.9. Let {A. Ii EI} be a family of representable automet­
i, 

rized algebras. Let Sc IT(A. I i EI) be such that S is a subalgebra of 
"l, 

the direct product. S is called a subdirect product of Ai, iEI, if 

Se. = A. for all 
"l, "l, 

Also, 

i e I, where e. 
"l, 

is the i-th projection. 

Definition 2.10. A representable autometrized algebra A is called 

subdirectly irreducible if /\ 0. = w (0. E C (A), the complete lattice of 
iEI i, i, 

congruence relation on A) implies that 0. = w for some i e I. 
'Z, 

w denotes the diagonal of A viz., {(a, a) laEA}). 

(Here 

Hereafter, A= (A,+,~.*) stands for a representable autometrized 

algebra. 

Now, we prove the following 

Theorem 2.11. A is a subdirect product of subdirectly irreducible re­

presentable autometrized algebras. 

We need the follow:i.ng lemmas. 

Lemma 2. Tl. l. Let 0 be a congruence relation on A. Then there 

exists a one to one correspondence beween congl'uence relations of A 

containing 0 and congruence relations of A/0. 

Proof. Let ¢ be a congruence relation on A containing 0. Define 

¢/0 on A/0 by [a] 8 = [bJ8 (¢/0) if and only if a= b (0) (Here [x]
8 

denotes the equivalence class containing x relative to 0). It is easy 

to verify that ¢/0 is an equivalence relation on A/0. Now let 
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and [c] 8 = [d] G (¢/0). Then a = b (¢) and c = d (¢). 

Hence a+ c = b ~ d (¢). 

(¢/0) = [b]
8 

+ [d]
8

. Let 

This implies [a] 8 
+ [c] 8 = [a+ c] 8 = [b + d]

8 

[a] 8 = [b] 8 (¢/0) and [x]
8

* [y]
8 

:<:; [a]
8 

* [b]
8

. 

Then a= b (¢) and 0 0 
[x*y] :<:; [a*b] . This implies that a*b = 0 (¢) (by 

(C2)) and (x*y) u (a*b) = (a*b) (0) and this implies that [ (x*y) u (a*b)] 

* (a*b) = 0 (0). Since 0 $ ¢, it follows that a*b = 0 (<P) and [ (x*y) u 

Hence 

X*Y (x*Y)*O (by semiregularity of * in A) 

:<:; (X*Y)*[(x*y) u (a*b)] + [(x*y) u (a*b)] * 0 

:<:; [ (x*y) u O] * [ (x*y) u (a*b)] + [ (x*y) u (a*b) J * (a*b) + (a*b) * 0 

:<:; O* (a*b) + [ (x*y) u (a*b)] * (a*b) + (a*b) *O (by (2 .1. 2)) 

[ (a*b) + ( (x*y) u (a*b)) * (a*b) + (a*b)] * 0 

(by serniregularity of *) which implies x = y (<P) so that 

(¢/0). Thus ¢/0 is a congruence relation on A/0. 

0 0 
[x] = [y] 

Now let f be a congruence relation on A/0. Define a= b (¢0) if 

and only if [a] 8 = [b] 8 
(¢). Clearly ¢

0 
is an equivalence relation 

having the substitution property for +. Let a= b (¢0) and X*Y $ a*b. 

Then [a]
8 = [b] 8 

(¢) and (x*y) u (a*b) = a*b which implies [x]
8 

* [y]
8 

:<:; [aJ
8 

* [b] 8 . Hence [x] 8 = [y] 8 ($). Hence x = y (¢0). Thus ¢0 is 

a congruence relation on A. Also 0 :<:; ¢
0

. For if x = y (0) then [x] 
8 

= [y]
8

, and hence [x] 8 = [y]
8 

(¢) or x = y (¢0). Let ¢ be a congru­

ence relation of A containing 0. Then since each of x = y (<P) and 

is equivalent to 
0 0 

[x] = [y] (¢/0), we see that x = y (<P) 

and x = y (¢
0

) are equivalent. It follows that ¢ = ¢0 . Moreover, if 

iii' is a congruence relation of A/0, then [x] 8 = [y]
8 

($) and [x]
8 = [y]

8 
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(¢/0) are equivalent, since each of them is equivalent to x = y (¢
0
); 

and so we have ¢ ¢/0. This completes the proof. 

Lemna 2. 11.2. Let {0.}. I be a family of congruence relations on A 
1, ·u: 

such that /\ 0. = w (the diagonal of A). 
iEI 1, 

Then A is isomorphic to a 

subdirect product of representable autometrized algebras A/0., i EI. 
1, 

Proof. Define f E II (A/0. I i E I) a 1.. 

0· by if = [a] 1, for 
a 

0· 
x EA, [x] 1, stands for the equivalence class containing x 

i E I (for each 

relative to 

the equivalence relation 0i). Let A' = {fa I a EA}. Since if a+b 

0· 0· 0· 
[a + b] 1, = [a] 1, + [b] 1.. = ifa + ifb = i(fa + fb) for any i EI, we have 

Similarly we can show that f b = f u fb, f b = f n fb au a an. a 

and fa*b =fa* fb. Hnece A' is a subalgebra of the direct product. 

0· Since f e. = if = [a] 1.., we have A'e. = A/0. (e. denotes the i-th pro-a 1.. a 1, 1, 1, 

jection). Hence A' is a subdirect product of A/0 .. 
1, 

Define l/J: A -+ A' 

by al/! = fa. Clearly l/1 is an epimorphism. To show that l/1 is one to 

one, let al/J = bl/!. 

Thus a= b (0.) 
1, 

Then fa= fb. 

for every i EI. 

Hence if = 
a 

Hence a= b 

ifb for every i EI. 

(/\ 0.). Since 
iEI 1, 

/\ 0. = w 
iEI 1, , 

it follows that a b. Hence ¢ is one to one. This completes the proof. 

Lemma 2.11.3. Let {0.}. I be a directed family of congruence rela-
1, 1..E 

tions on A. Then U (0. I i E I) = V (0. I i E I). 
1, 1, 

Proof. Routine as for Lemma 3, page 51, [2]. 

LenJ11a 2.11.4. If a, b EA and a F b, then there exists a congruence 

relation 0(a, b) such that a F b (0(a, b)) and 0(a, b) is maximal 

with respect to this property. 
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Proof. Let P = {¢ E C (A) I a 1- b (¢)}. p is nonempty since w E P. 

Let C be a chain in P. Then 0 = V ( ¢ j ¢ E C) is a congruence relation 

on A. By Lemma 2.11.3, we have 0 = LJ ( ¢ I ¢ E C) . Hence X = y (0) if 

andonlyif x=y(c/>) for some q>EC. Hence a1-b(0) and so 0EP. 

Now, by Zorn's lemma, it follows that P has a maximal element 0(a, b). 

Lenma 2. 11.5. A is subdirectly irreducible if and only if C(A) has 

one and only one atom which is contained in every congruence relation 

other than w. 

Proof. Routine (see [2], p. 124). 

Now by using the same argument as in [2] (seep. ]24), the proof of 

Theorem 2.11 is clear. 

Now, we prove the following main theorem. 

Theorem 2.12. A lattice ordered autometrized algebra A is a subdi­

rect product of representable totally ordered autometrized algebras if and 

only if A is representable and for all a, b in A, 

(a*(a ub)) n (b*(a ub)) = 0. 

We need the following lemmas. 

Lemma 2.12.1. If a> 0 in a representable autometrized algebra A 

(A, +, :-:;, *), then the set 

J = {x EA I X*O ,.:; na for some positive integer n} a 

is an ideal of A. 

Proof. Since O*O = O < a, we have 0 E J . a 
Hence J is nonempty. 

a 
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Now, if x, y EJ then X*O:,; ma and y*O :,; na for some positive inte­
a 

gers m and n, and so (x+y)*O:,; (x+y)*y + y*O Sx*O + Y*O (by 2.1.2) 

:,; ma + na = (m+n)a, which shows x + y E J . Also if x E J and Y*D $X*0 
a a 

then we have Y*O :,; x*O :,; na for some positive integer n proving y E J . 
a 

Hence J is an ideal of A. 
a 

Lemma 2. 12.2. Let A= (A,+, s, *) be a subdireatly irreduaible re­

presentable a:utometrized algebra sueh that (a* (au b)) n (b* (au b)) = 0 

for all a~ b in A. Then A is a ehain. 

Proof. Suppose A is not a chain. Then there exists a pair of incom­

parable elements a, b in A so that a ub ,- a and a ub ,- b. Hence 

(aub)*afO and (aub)*bl-0. This implies (aub)*a>O and h*(aub) 

> 0. Let J 1 = Ja*(aub) and J 2 = Jb*(aub) (with the same notation as 

in Lemma 2.12.1). By Lemma 2.12.1, it follows that J 1 and J 2 are 

ideals of A. Since (a*(a-ub))*O = a*(a ub) (by serniregularity of *L 

we see that a*(a u b) E J
1 

and since a*(a u b) f 0, it follows that J 1 

;.{o}. Similarlywecanshowthat J 2 f{O}. Let XEJ
1

nJ
2

. Then XEJ
1 

and x E J . Hence X*O :,; m(a* (au b)) and X*O :,; n(b* (au b)) for some 

positive integers m and n. This implies X*O :,; (m+n) (a*(a uh)) and 

X*O :;; (m+n){b* (au b)). Hence x*O s ((m+n) (a* (au b))) n ((m+n)(b* (au b))) 

= 0 (since (a*(a uh)) n (b*(a uh)) 0 and (A,+, :;;) is a lattice or-

dered semigroup). This implies x 0. Thus J 1 n J 2 = {O} whereas J 1 

,- {O} and J
2 

f {O}. Since from Theorem 2.7 there exist congruence rela­

tions 0
1 

and 0
2 

respectively corresponding to J
1 

and J
2

, it follows 

that 0
1 

"0
2 

= w whereas 0
1 

f w and 0
2 

f w. Hence A is subdirectly 

reducible. This completes the proof. 
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Lemma 2. 12.3. Let A be a representable autometrized algebra such 

O for aU a, b in A. Let 0 be a con­

gruenee relation on A. Then A/0 is a representable autometrized alge­

bra and 

(a * (au b)) n Ch * (au b)) 0 for all a, b in A/0 

(x stands for equivalence class containing x relative to 0). 

Proof. By Theorem 2.8, it is clear that (A/0, +, s, *) is a repre­

sentable autometrized algebra. For all a, b in A/0, we have 

(a * Ca u b) ) n (b * Ca u b)) 

proving the lemma. 

(a * Cau1i") ) n Cb * aub) 

a* (aub) nb * (aub) 

(a * (au b)) n (b * (a u b)) 

0 (by hypothesis), 

Proof of Theorem 2.12. Suppose A is a representable autometrized al­

gebra and (a* (a u b)) n (h* (a u b)) = 0 for all a, b in A. Then by The­

orem 2 .. 11 and Lemmas 2.12.2 and 2.12.3, it is clear that A is a subdi­

rect product of representable totally ordered autornet.rized algebras. For 

the other part, assume that A is a subdirect product of representable 

totally ordered autornetrized algebras A., i EI. Since A is a subalge-
i. 

bra of the direct product of representable autornetrized algebras Ai, i EI, 

it follows that A is a representable autometrized algebra. Let a, b e:A. 

Let a. and b. denote the i-th components of a and b respectively 
1, 1, 

in the subdirect product. Since each A. is a chain, a. u b. = a. or b. 
1, 1, 1, 1, 1, 

for every i EI. This implies a. * (a.ub.) = 0. or b. * (a. u b .) 0. 
1,, 1, 1,, 1, 1, 1, 1, 1, 

for every i EI. Thus (a* (au b)) n (b* (au b)) = 0 for all a, b in A. 
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This completes the proof. 

I thank Dr. K. L. N. Swamy for his valuable guidance and encouragement 

throughout the preparation of this paper. 
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