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On Aliasing in Fractional " Factorial

Designs of Even Resolution

*
By Teruhiro SHIRAKURA

1. Introduction. Consider an experiment with m factors each at two
levels. An assembly or treatment combination is represented by (jl, jz,

., jm) where jk, the level of kth factor, equals 0 or 1. As unknown
effects, eq), Bt, and in general th.__tk denote the general mean, main
effect of t¢th factor, and k-factor interaction of corresponding factors,
respectively. For a fixed integer £ (2 < 2 < mf2), let b be the wvxl1
vector composed of the effects up to %-factor interactions and let 0* be
the v*x1 vector of the remaining effects, where v = Eézo(rg) and V* =
Zm - v, i.e.,
6'=(6¢;61,62,---,6-6 ce+, 0

%1 = (912---SZ.+1’ e Ot S

)’

.o 3]
12-..8° ? mefw1--em

The expected value of the observation ¥y(J,, ---, d,) for an assembly (J,,

*» d,) can then be expressed as
(1.1) Exply(d,, ~--»d,)] = e’ 0+ e 0%,
where the elements of (?', e*') corresponding to etltz"'tk are given
by d(jtl)d(jtz) d(jtk), and in particular the element to 6¢ is equal
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to 1 (see, e.g., Yamamoto, Shirakura and Kuwada [9]). Here d(j) = -1 or
1 according as § =0 or 1.

Let T be a fraction with ¥ assemblies. (Note that T can be con-
sidered as a (0, 1) matrix of size mXxN whose columns denote assemblies.)
Consider the ¥ x1 observation vector Yy of 7 whose elements are inde-
pendent random variables with common variance o%. Then from (1.1), the

expected value of Yp can be expressed as
(1.2) Exp[giT] =EO + E*6*,

where E and Z* denote the ¥xv and ¥xv* design matrices for § and
0* of T, respectively, whose elements are -1 or 1. let O, be the pX1
vector composed of the main effects, two-factor interactions,:s.,and (-1)-
factor interactions, where p = v - ();f) - 1. Then a fraction T is called
a fractional 2" factorial (briefly, 2"-FF) design of resolution 28 if 8,
is estimable ignoring 6*. It is known (cf. [5]) that T is a 2M_FF design

of resolution 2% if and only if there exists a pXv matrix X satisfying

(1.3) XM =[0 : Ip s 01 (=0, say),

where M = E'E 1is called the information matrix of T. Here Ip denotes
the identity matrix of order p, and 0 and O denote respectively the
vector and matrix of appropriate sizes with all elements 0. In this case,
the best linear unbiased estimate §D of 8, and its covariance matrix

Var[gu] are given by

(1.4} XE'

1<y
=)
i}

yp  and Var[@o] = X;0%,

respectively, where X, CX'. However, under model (1.2), the expected

~
value of 90 becomes
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(1.5) Exp[8,] = 8, + 40%,

where A = XE'E*. The matrix 4 gives an aliasing relation of 8, and 6*
for §0 in a 2M-FF design of resolution 2%. Therefore, 4 is called the
alias matrix of T. "In view of (1.5), Hedayat, Raktoe and Federer [1] have
introduced the norm || 4| = {tr(AA')}% of A as a measure for determining
alias goodness. Also, they have introduced the concept of alias balanced
(AB) designs in order to classify designs.

In this paper, we investigate some properties of the norm || 4] for a
2M.FF design of resolution 2%. Furthermore, we introduce the concept of
alias partially balanced (APB) designs as a generalization of AB designs.
In Section 2, a connection between || 4 || and Var[@o] is given. Section 3
shows that orthogonal arrays of strength 2%-1 yield AB designs and some
balanced arrays of strength 22 yield APB designs. Section 4 shows that
(2™ -1) AB (or APB) designs can be generated from an AB (or APB) design by
level permutations. To avoid repetition, therefore, assume throughout this
paper that a fraction 7T 1is a 2M-FF design of resolution 28 (i.e., assume
the existence of a matrix X in (1.3)). It may be noted that similar re-

sults for a 2™-FF design of odd resolution have been given in [3, 7].

2. The norm || 4] and covariance matrix Var[8,]. Suppose that T is
a fraction composed of » distinct assemblies =Zc; = (j1q’ qu, ce jmq),
(g=1,-+,n), with each multiplicity rq (i.e., N=ZZ=1rq). For any in-
teger o with 1 <a g s=max{r1,--'-,rn}, let Ty ={jé s Tg =0, g=1,---,n}

and Ny = |Tm! , where |+« | stands for the cardinality of a set. Consider
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T, as an m*DN, matrix whose columns are assemblies. Then T can be ex-

pressed as

T =7, :7y Ty : «vo : Tg 1 ... @ Tg],
—y N

Note that if Ty= ¢ as a set, then T, vanishes from 7. Suppose E, is
the N ,xv design matrix for 8 of Ty- Then we have
Lemma 2.1. For a fraction T,
(2.1) AAT = 2™Mx, + XHX'} - Ip »
where X, is given in (1.4) and

S
(2.2) B o= ], 0(a-1)E{Ey

Froof. Let E§ 1is the Nyxv* design matrix for 0* of Ty. Then we
have
[By : ES)[Ey : BE]' = 2’"1Na, [By tEZ1[Bg < E§)’ = 0, (o # B).

Therefore, from (1.2) we have

[E:E*][E:E*]' = EE' + E*E*'

zmdiag(INI: G2 4 INZ’.." GS ® INS) [= D: SaY)’

where G, denotes the rXy matrix with all elements 1 and ® denotes

the Kronecker product. Thus it follows from (1.3) that

A4’

XE'E*E*'EX' = XE'(D - EENEX'

il

XE'DEX' - Ip .
Since E'DE = 2”72';:] o’ElE, and M = Zzzlo"EO’tEot’ it is easy to see that

(2.1) holds.
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Theorem 2.2. For a fraction T,

Il 41F = 2™tr(var(8,])/0% + tr(XHX")} - p .
Proof. The proof follows immediately from Lemma 2.1.

Corollary 2.3. For a fraction T,
4P 2 2" tr(var[8,1)/0® - p,

with equality if s =1 (Z.e., r| = r, =-+-=1, = 1).
Proof. Since tr(XEGEyX') > 0, the proof follows from Theorem 2.2.

Corollary 2.4. Consider a fraction T such that r,=r,=---=14, = 1.
If T minimizes the trace of covariance matrix of ’Q\o, then it also mini-

mizes the norm of alias matrix.

Proof. For convenience, we write 4p and VarT[QU] for the alias matrix
and covariance matrix of T, respectively. Suppose T; is another fraction
with ‘¥ assemblies. Then from the assumption and Corollary 2.3, it can

easily be shown that

nv

||AT1 I3 2’”tr(VarTl[/9\(,])/(52 - p

nv

2’”tr(Var_,Z,[§0])/o2 - p

4z {12

This completes the proof.

3. AB and APB designs. Let a(vtl---tu; t{.-th), (LSu<, +1<vm,
be the element of A corresponding to effects O -r-ty, and  Bpro..pr.

Then (1.5) is equivalent to that for each étl"'tu in @0,



488

Exp[B{;I...tu] = Btl...tu
m .
+ szﬁﬂz{t{,...,té} EMva(tl'"tu’tll"'tv')etl""té
where M denotes the family of all subsets of {1,2, -+- ,m} with cardi-

nality k. We first define an AB design, due to [1].

Definition 1. A fraction T is called an AB design if

{ztn;=5_l+1z{t;',- -,th) € Mvaz (Byr byt -typ) }%

is constant for all substes {t,,---,t,}, (1suglk-1).
As a generalization of Definition 1, we may make

Definition 2. A4 fraction T <is called an APB design if

i . 3
Wpenalieg, oo agy e Gr o tuitis )

is dependent only on u, (1<ugi-13.

Consider now a balanced array of strength ¢, m constraints and index
set Ag={p;;2=0,1,-+-,2} which may yield an AB or APB design. See, for
example, Shirakura [4] for its definition. The above array is denoted sim-
ply by B-array[m, ¢; Az]. In particular, a B-array[m, t; Ag] is called an
orthogonal array of strength ¢,m constraints and index A (denocted simply

by O-array[m, £; X]) if w, =y, = == = u; (= A, say).

Theorem 3.1. If a fraction T is an O-array[m, 2% -1; A], then T 4is

an AB design.

Proof. For an O-array[m, 2% -1; A], its information matrix M can be

expressed in the form ¥ = diag[pr+1, 7}, where p=22%-1) and F is some
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(’E) X (’[L’) matrix (see [9]). Hence it is easy to see that a matrix X sat-
isfying (1.3) is given by X = [0: b'le :0]. Therefore X, = CX'= b‘le.
Since the diagonal elements of XHX' in (2.1) are equal to ZZ:Z a(a-1)
- - s - .
b 2IVOL, those of AA' are equal to 27(b™! + ZOL:ZOL(OL— b 2ZVOL) - 1, which

completes the proof.

Recall an (2+1) sets TMDPB association algebra A generated by some
v XV symmetric matrices which has been introduced in [9]). From the prop-

erties of A, we can easily obtain

Lemma 3.2. PFor the alias matrix A of a fraction T, if the vXxv ma-

trix diag(0, 44", 0) belongs to A, then T <is an APB design.

Theorem 3.3. If a fraction T <is a B-array[m, 2%; A,y] whose colums

are all distinct, then T <is an APB design.

Proof. It has been shown in [5] that the matrix X; in (1.4) satisfies
diag(0, X,, 0) €A. By Lemma 2.1, therefore, diag(0,44', 0) € A, since H

of (2;2) vanishes. This completes the proof, because of Lemma 3.2.

Theorem 3.4. Let T be a B-array[m, 2%; Aygl as a fraction. If EgEy
€ A, where Ey <& the design matrixz for 8 of To(# ¢}, then T <is an APB

design.

Proof. From [5], it is also seen that for a B-array[m, 2%; AZR] T, a
matrix X in (1.3) can be determined to satisfy [0:X':0] (= X°, say) €A,
Since H of (2.2) belongs to A, X°'HX° = diag(0,XHX', 0) also belongs
to A. Hence it follows from (2.1) that diag(0, 44’ ,0) belongs to A,

This completes the proof, because of Lemma 3.2.
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Corollary 3.5. Let T* be the balanced array of Theorem 3.3. Let T
be a fraction obtained by replicating T* r (22) times ({.e., r, = 2,= ...

=r, =r). Then T is an APB design.

Proof. Clearly, T is a balanced array of strength 22, By the assum-
tion, 8 =r and Ty= ¢ for a=1,---,8-1. Also Eg is the design matrix

of 7% . This means EJE; € A, which completes the proof.
Let 1 be the mx1 vector whose elements are all one.
Corollary 3.6. For integers ¢, 2 2 and ¥,2 2, let

T=1[0:0:"
2;1 Cz

(ool
—
=
.
1=

T*],

where T* is a B-arraylm, 2%; A5, = {u}}] whose colums ave all distinet

and exclusive of 0 and 1. Then T s an APB design.

Proof. It is clear that I is a B-array[m, 2&; Ayp] with u,=pj + L,
Wop = “32 + 7, and Yy = u,z (“=1,++-,20-1). From (1.1), the vx1 coef-
ficient vectors e, and e, for 0 according to the assemblies 0' and

1’ , respectively, are given by

el = (1 -1, -1,-+,-15 1, 1,00, 15 oo 5 (-1%, (D4, --0, (-DD),

ef = (1; 1, 1,o-, 151, 1,0ee, 15 eee 3 1, 1 ,ees, 1),

m 7 ¢y

This implies that ee{ € A and e,e] € A (see [9]). Therefore if I, =
= U -

z,s then E'é]E'Cl =e.e; *ee) €A, If [, #1C,, then EEIECI = g

and Eé Er = e,e, € A. This shows that T is an APB design.
2 2 -
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Note that for each pair (Z,, ,) with (g, > 2; ¢, =0, 1) and (¢, =
0, 1; T, 2 2), it can be shown similarly that T in (3.1) is also an APB
design. See also Theorem 3:3 for &,, Z, = 0, 1.

Consider now a simple array with parameters|m; Ay, Ap---, >‘m] as a frac-
tion (see, e.g., [4]). This array is a special case of a balanced array.
For practical values of m and ~N, however , most of balanced arrays of

strength 4 or 6 are simple arrays.

Corollary 3.7. Let T be a simple array with parameters[m; Ay, Ay, -+,

Ayl. Then T 4is an APB design.

Proof. By the definition of a simple array, it can easily be shown that
E{Ey € A for every o with 1 <a<s and Ty # ¢. This completes the

proof.

As noted in Section 1, we assume a fraction T to be a design of reso-
lution 2%. Designs of resolution 22+1 in which 0 1is estimable ignoring
8*, of course, are also of resolution 22. A design of resolution 2% +1 is
equivalent to the non-singularity of the information matrix. As seen from
(1.3), however, it is in general difficult to verify that a fraction is a
design of resolution 2& which is not of resolution 22+1. For a B-array
[m, 22; A9l T such that the information matrix ¥ is singular, Shirakura
[2, 4] has given sufficient conditions for T to be a 2”-FF design of res-
olution 2&. Subsequently, Shirakura [5] has given a necessary and suf-

ficient condition for this.

4. AB and APB designs generated by level permutations. Consider a set

Q={w" = (W, wy, »++, Wy) ; wg=0or1l1, i=1,2,---,m}. For a fraction
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T with ¥ assemblies and any ® in R, define
Tw) =T + J{w) , (mod 2),
where J(w) denotes the mx¥ matrix with all columns w, An element

w in 2 is called a level permutation and T(w) is called a generated

fraction by w. The following lemma has been established in [8]:

Lemma 4.1. Let T and T(w) be a fraction and ite gemerated fractiom,
respectively. Let E(w) and E*(w) be the design matrices for © and 6*
of T{(w), respectively. Then
(4.1) E(w) = ED(w) and E*(w) = E*P*
hold where P* is some v*xVv* orthogonal matrix and D(w) is the VXV
matrix given by

D) = diag(l; (-1, .-, D™ DO, )t

; (_1)“’1"" : ""("2’ cee, (_1)‘1’m-l+1+' ‘ '””m) .

Theorem 4.2, If T <s an AB (or APB) design, then for every w in %,

T(w) <s also an AB (or APB} design.
Proof. Let M(w)} be the information matrix of T(w). Then by Lemma 4.1
we have Mw) = D(w) ¥MD(w). From (1.3), it.is easy to see that
Dy(w) XD(w) M(w) = Dy (W) CD(w) = C ,

where Dy(w) = CD(w) C’. Define X(w) = Dy(w) XD(w). Then X(w)Mw) = C.

This implies that Z(w) 1is also a design of resolution 22. Moreover,
A@W) = X(W) E(®) "F* (@) = Dy (W) XE' B*P*

where A(w) 1is the alias matrix of T(w). By Lemma 4.1, it is clear that
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AW AW’ = D) 44" Dy ().

This shows that the diagonal elements of AA’ are invariant under a level

permutation. The proof is completed.

It is easy to verify that if T is an O-array[m, 2R-1; A], then T(w)
is also an O-array[m, 22-1; A]. In this case, the result of Theorem 4.2
has been mentioned in Theorem 3.1. However, for a balanced array (or sim-
ple array) I of Theorem 3.3 and Corollaries 3.5-3.7, T(w) can not be a
balanced array of strength 2% for every w in & - {(_), _1_} as long as 7T
is neither an O-array[m, 2%; A’'] nor O-array[m, 28-1; A], (see [6]). This
implies that (2™ -2) distinct APB designs which are not balanced arrays of
strength 2% can be generated from such an array T by level permutations.
For any two fractions T, and 7, with N assemblies, I; is said to be
distinct from 7, if T, # T, as sets of assemblies. Finally, note that
for a B-array[m, 2%; Apg] T, T(1) 1is also a B-array[m, 24%; Kzg ={{; =

Yog g i:o,...,zg}]_
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