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1. Introduction. It is customary to call an upper semilattice (S; v) 

distributive (modular) if, whenever x :;; y v z (and z :;; x), there exist y 
1 

:;; y and z
1 

:;; z (there exists y
1 

:;; y) such that x y
1 

v z
1 

(x = y
1 

v z). 

A distributive semilattice is modular and, most importantly from the point 

of view of this note, a modular semilattice is downwards directed. More-

over, amongst downwards directed semilattices, the distributive and modular 

semilattices are precisely those, whose lattices of non-empty ideals are 

respectively distributive and modular, in the usual terminology of Lattice 

Theory. Such semilattices have been studied intensively; see the papers in 

the References and [2], in particular, for many characterizations. 

In [4; Definition 4), Katri~ak considered a generalization of distribu-

tivity which applies to all upper semilattices. 

corresponding generalization of modularity. 

Our purpose is to give a 

2. Generalized modular semilattices. An upper semilattice S is said 

to be generalized distributive if, whenever x, y, z ES are such that x :;; 

y v z, x t y, and x t z, there exist y
1 

:;; y and z
1 

:;; z such that x 

In [4], Katrinak uses the term "distributive" in place of our 

"generalized distributive"; we reserve the former term for those semilat-

tices mentioned in the Introduction. Our generalization of modularity is 
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a first order condition having a somewhat different appearance. 

An upper semilattice S is said to be generalized modular if, whenever 

x, y, z E: S are such that x s y v z and z < x, then there exists y
1 

s y 

such that x = y
1 

v z. 

In [4; 1.5], Katri~ak showed a semilattice is distributive if and only 

if it is both generalized distributive and downwards directed. Correspond­

ingly, we have: 

Proposition 2.1. An upper semilattiee S is modular if and only if it 

is both generalized modular and dowrMa:f'ds direeted. 

Proof. Suppose z s x s y v z in a downwards directed, generalized 

modular semilattice S. If z < x then, by generalized modularity, x 

Yi V z 

of S 

for some y
1 

s y. If z = x then use the downwards directedness 

to obtain y
1 

such that y
1 

s y, x. Thus, x = y
1 

vx = y
1 

v z and 

y
1 

s y. Hence, S is modular. 

A modular semilattice is well known to be directed below, see, for ex-

amp! e, [ 1; Proposition 1. 1] . Hence, the converse holds. 

An ideal of an upper semilattice S is a non-empty subset K such 

that z E: K whenever z s x and x E: K, and av b E: K whenever a, b E: K. 

Ordered by set-inclusion, the set J(S) of all ideals of S forms an 

upper semilattice wherein the suprernum 

is given by K
1 

v K
2 

= {x E: S: x :;; y v z 

of two ideals K
1 

and 

y c K
1 

and z c K
2

}. 

is well known and easy to see, the following conditions are equivalent: 

□ 

(1) S is downwards directed; (2) J(S) is a lattice wherein the in­

firnum is set-intersection; (3) J(S) is a lattice. In order to overcome 
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the above restrictions, we follow Katrinak by introducing the set J (S) = 
0 

J(S) u {,0}. In other words, we admit the empty set, .0, as an ideal and re-

fer to it as the empty ideat. Ordered by set-inclusion, J (S) 
0 

a lattice and J(S) is an upper subsemilattice of it. 

is always 

In [4; 1.6], Katri~ak proved that an upper semilattice S is general­

ized distributive if and only if J
0

(S) is a distributive lattice. The 

related result is: 

Theorem 2.2. An upper semilattice S is generalized modular if and 

only if J
0

(S) is a modular lattice. 

Proof. Suppose S is generalized modular. Let I, J, KE J
O 

(S). Con­

sider I n ((In J) v K). If this is the empty ideal then In J = .0 I n K 

and so I n ( (I n J) v K) = (I n J) v (I n K), as required. If I n J .0 then 

In ((InJ) vK) = In (,elvK) = InK = (InJ) v (InK), as required. If K = 

.0 then In ((In J) v K) = In (In J) = In J = (In J) v (In K), as required. 

Thus, we can assume that In ((In J) v K), In J and K are all non-empty. 

Let x E In ((In J) v K) so that x E I and x :,; y v z for some y E I n J 

and 2 EK. Then, y s y v x :,; y v 2. If y = y v x then x :,; y and so 

XEinJ, and consequently XE (InJ) v (InK). If y < yvx then, by 

generalized modularity y v x = y v 2
1 

for some 2
1 

:,; 2. But !f v x EI and 

2
1 

s y v x. Hence 2
1 

EI n K. Then, x s y v z
1 

implies that 

x E (In J) v (In K). Once again, it follows that In ((In J) v K) 

(I n J) V (I n K) . 

Conversely, suppose J 0(S) is a modular lattice. Let z < x:,; yv2. 

For t E S, let (t] = {r ES: r :,; t} be the principal ideal generated by 

t. Then, (2] c (x] c (yv2] = (y] v (2]. Using the modularity of J
0

(S), we 
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obtain (x] = (x] 11 ((y] v (z]) = ((x] 11 (y}) v (z]. But (x] n (y] f ¢, as 

otherwise (x] = ~ v (z] = (z] and x = z. Hence, there exists 

y
1 

e: (x] n (y] such that x,,,; y
1 

vz for some z
1 

e: (z]. Of course, y
1 

vz,,,; 

x and so x = y
1 

v z, as required. □ 

It is an immediate corollary of 2.2 and [4; 1.6] that generalized dis­

tributivity implies generalized modularity. However, this also follows 

from a simple direct argument. 

3. Ordinal sums. With Theorem 2. 2, we have plugged a gap in the 1 it­

crature. We now turn to the significance of generalized modular and dis­

tributive semilattices. 

Let S and T be two partially ordered sets. The ordinal swn Se T 

of S and T is their disjoint union Su T, together with the partial 

order defined by: for x, y ES u T, x ,,,; y if and only if either x, ye: S 

and x ,<; y in S, or x, y e: T and x ,,,; y in T, or x E S and y E T. 

The ordinal sum is a partially ordered set and it is an upper semilattices 

if and only if both S and T are upper semilattices. 

Theorem 3.1. Let s and T be two upper semilattiaes and R =Se T 

be their ordinal sum. Then, R is generalized modular (generalized dis­

tributive) if and only if both S and T are generalized modular (gener­

alized distributive), 

Proof. Suppose R is generalized modular. Since s is an ideal in 

R, it is clear that s is generalized modular. Now let x, y, z e:. T be 

such that z <x:<;yvz. Let Y1 E: R be such that Yr s y and x=y
1

vz. 

Now Yr t. S; otherwise Y1 e: S and so Y1 < z and X = z, an impossibility. 
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Thus, y 
1 

E T and T 

Suppose S and 

that z < x :.,; y v z. 

is generalized modular. 

T are generalized modular. Let x, y, z ER be such 

If z ET then x E T and in this event y i S since 

otherwise yES,y<z and z<x:<,;z. 

and so there exists y
1 

ET such that 

z E S and x E T" As x :.,; y v z, y "- T. 

with y
1 

= x :.,; y. Suppose z ES and 

Hence, ZET implies x, yET 

y
1

:.,; y and x = y
1 

vz. Suppose 

Thus, y v z y and x y 
1 

v z, 

x ES. If y ES then, because S 

is generalized modular, there is nothing to prove. Consequently, suppose 

y ET. Hence, x < y. Then, x = y
1 

v z, where y
1 

= x :<,; y. Hence, R is 

generalized modular. 

A similar argument holds in the generalized distributive case; we omit 

details. O 

Coronary 3. 2. Let S and T be upper semi lattices and R = s EB T 

be thei1° ordina,l swn. Then, R is a modular (distributive) if and only if 

S is a modular (dist;r,ibutive) and T is a generalized modular (general­

ized dist;r,ibutive). 

Pr>oof. R is directed below if and only if S is directed below. 0 

Corollary 3.3. Let L be a lattice with a smallest element O. Let 

S = L \ {O} be endowed with the partial order inherited from L, so that 

S is an upper semi lattice. Then, S ls generalized modular (generalized 

dist;r,ibutive) if and only if L is a modular (dist;r,ibutive) lattice. 

Proof. L is as an upper semilattice, the ordinal sum {O} EB S. More­

over, L is a modular (distributive) lattice if and only if its underlying 

upper semilattice is modular (distributive). □ 
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Corollary 3.4. Let S be an upper semitattiae. Then, S is generaZ.­

ized modullil' (generalized distrilYutive) if and only if J(S) is a gener­

alized modular (generalized distrilYutive) upper semilattiae. 

Pl'oof. J 0 (S) is always a lattice and the ordinal sum {0} e J(S), 

where 0 is the smallest element of J
0
(S) and J(S) is the upper semi­

lattice J 0(S) \ {0}. Thus, the result follows from 3.3, 2.2 and [4; 1.6] . □ 

Corollary 3.5. Let S be a finite semiZattiae. Then, S is general­

ized modular (generalized distributive) if and only if the ordinal sum 

{0} e S, 0 r/. S, is a modular (distributive) Z-attiae. 

Proof. If S is generalized modular, {O} e S is a finite modular 

semilattice. Also, a directed below, finite semilattice is a lattice. D 

Thus, Theorem 3.1 is quite fertile. Corollary 3.5 enables us to des­

cribe all finite generalized modular (generalized distributive) semilat­

tices. In particular, the dual trees or root systems which consist of a 

largest element 1 and a finite number, n ~ 2, of incomparable elements 

whose suprema are all 1, are all generalized modular and generalized dis­

tributive if and only if n ~ 3 and n = 2, respectively. By forming the 

ordinal sum Ne T of the upper semilattice N of natural numbers, en-n 

dowed with the usual order, with the above type of dual tree T , having n 

n incomparable elements, we obtain a modular or distributive semilattice 

according to whether n ~ 3 or not, due to Corollary 2.2. This type of 

construction has appeared in the literature frequently; in [4; Fig. 2, 

p.134] Katri~ak mentioned the case where n = 2 as a distributive semi­

lattice, while in [I; p.241] and [3; p.67] the author, and Hofmann, 
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Mislove and Stralka, respectively, cite the case where n = 3 as an exam­

ple of a modular but not distributive semilattice. Also, on the basis of 

3.2 and 3.5, we can easily ·find a rationalization for Ne P, with N as 

above and P equal to the four element dual tree obtained from the five 

element non-modular lattice by eliminating its smallest element, being the 

"simplest" downwards directed upper semi lattice which is not modular. 

Because of the literature, it seems that modular and distributive semi­

lattices are interesting objects and so, 3.2 says that generalized modular 

and distributive semilattices have some interest. However, in the next 

section, we show that these 1 at ter cl asses a damning feature. 

4. Retractions. Recall that a subsernilattice T of an upper s.emilat­

tice S is a retract of S, and f: S ➔ T is a retraction, if there is a 

function f mapping S onto T such that the restriction of f to T 

is identity on T and, of course, f preserves the supremurn of a pair of 

elements of S. 

The main theorems of Rhodes' paper [5] give the generalizations of the 

famous Dedekind and Birkhoff criteria for modularity and distributivity of 

a lattice in terms of semilattice retractions instead of sublattices. In 

[2; Theorems 3.4, 4.2, 4.4 and their corollaries], the author used Rhodes' 

Theorems to obtain apparently difficult results. For non-downwards di­

rected semilattices, the appropriate modifications of Rhodes' Theorems are: 

Theorem 4. l. Let S be an upper serrrilattice. Then, 

( i) S is generalized modular if and only if neither the upper semilat­

tice which is the five element non-modular lattice nor its four element 

subsemilattice, obtained by deleting the smallest element, is isomorphic, 
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as an upper subsemilattice, to a retract of S, 

(ii) S is generalized modular but not generalized distributive if and 

only if the five element modular non-distributive lattice nor its four el­

ement subsemilavtiee, obtained by deleting the smallest element, is iso­

morphic, as an upper subsemilattiee, to a retract of S. 

Proof. Adjoin a new smallest element to S and apply Rhodes' Theorems 

in the light of 3.2. It should be noted that the proper semilattices men­

tioned in (i) and (ii) are non-modular and non-distributive respectively, 

c.f. 3.5 and the fact generalized modularity and distributivity are pre-

served under retractions. □ 

It should be mentioned that both possibilities in (i) and (ii) of 4.1 

can occur. For example, let S be the non-modular non-lattice obtained 

from the five element non-modular lattice by adjoining a new element whose 

supremum with all elements, except itself, is the largest element of the 

original lattice. Then, this semilattice is not downwards directed, yet 

it has the original lattice as a retract. 

Finally, let I, KE J(S), S being as upper semilattice. Define a 

semilattice congruence ¢(I) by: x := y (<I>(S)) if and only if x, y €. I 

or x, y € S\ I. Then, S/iP(I) is isomorphic to the two-chain, 2, provided 

S \ I f. 0, and the two-chain becomes a semilattice retract of S. If In K 

= 0 then IP (I) n \P (K) has I, K and S \ (I u K) as distinct congruence 

classes and the three element semilattice, A, obtained by deleting the 

smallest element from the four element Boolean lattice becomes a retract 

of S. Of course, Ax 2 is not generalized modular. Hence, we are lead 

to a result, which was pointed out to me by my student Robert C. Hickman. 
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Proposition 4.2. Let S and T be upper semilattices such that S 

and T have at least two elements. Then, the semilattice direct product 

S x T is downwa:r>ds directed if and only if Ax 2 is not a retract of 

S x T. Consequently, S x T is generalized modular (generalized distribu­

tive) if and only if both S ,1nd T are modular (distributive), and in 

which case S x T is actually modular (distributive). 

Proof. The first statement follows from our preliminary comments and 

the fact that the direct product of retracts is itself a retract, while 

the second is routinely verifiable. □ 

In conclusion, what can be said about categorical products of non-down­

wards directed generalized modular semilattices? 
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