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Analytic Tableaux for 6-Valued Propositional Logic

By Alexandru FILIPOIU

The 6-valued Lukasiewicz algebras were introduced by Professor Gr. C.
Moisil in 1968 [3](see also [2]). In [1] the 8-valued Propositional Logic
was formulated. The purpose of this paper is to give an application of the

method of Analytic Tableaux (see [4]) to this logic.

§ 1. Formulas of B-valued propositional logic. Let J be a chain with
a first element (0) and a last element (1), with the order type ©. We
shall use the following symbols:

(i) An infinite set V of symbols, called propositonal variables.

(11) The logical connectives: v, A, ¢ for every aced.

o’ ¢0L
(ifi) The two symbols (, ) respectively called the left parenthesis and

the right parenthesis (they are used for purposes of punctuation).

Definition 1.1. By a formation sequence, we mean any finite sequence
such that each term of the sequence is either a propositional variable or
of the forms (4VvB), (4AB),where A, B are ecarlier terms of the sequence,
or of the forms (boc(A)’ acx(A) for some aed, where A is an earlier ferm
of the sequence. We define 4 to be a formula if there exists a formation

sequence whose last term is 4, and such a sequence is also called a forma-

tion sequence for A.
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We shall use the letters 4, B, X to denote formulas. It can be
proved that every formula can be formed in only omne way, i.e. for every
formila X, one and only one of the following conditions holds:

(1) X is a propositional variable,

(2) There is a unique pair (Xl, X,) such that X = (X, vX,) or X
= (X, 7X,).

(3) There is a unique formula Y and a unique oaed, such that X
= 4, (1) or X = (V).

The notion of immediate subformula, subformula and of formation tree is

given as in the case of propositional logic in [4].

§ 2. ©-valued valuations and truth-sets. We shall consider the B-val-
ued Lukasiewicz algebra DL, = {f: J + L, |a < B implies F(a) = F(B)} with
the operations given by:

(Fugl@) = flw)ug(a), (Fngl)(a) = fl@)ng(a),
(5, (®) = £, G N® = F@.

Definitfon 2.1. A function v: F » DL,, where F is the set of formu-
las, is called a 6-valued valuation if for every X, YeF and oed, the
following conditions hold:

a) vAvY) =v@vuv(Y), vXAY) =vE)nv(T)

b) v[¢, (] =pp ). ?J[%Uf) 1= §5uv(X)

It can be easily proved that every function v V- DL, can be extend-

ed in exactly one way to a 8-valued valuation of F.

Definition 2.2. a) XecF is an a-tautology (ved) iff for every 6-val-
ued valuation of F, v(X)(a) = 1.

b) ScF is called a-satisfiable if there is at least one 6-valued val-
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vation v such that v(X)(a) =1 for every XeS.
¢) A set Sef a-implies a fornmla X if vX)(w) =1 for every O-
valued valuation v which a-satisfies S.
If v: F+ DL, isa 6-valued valuation and V = XeFlo@ () = 1}
we have:
XAYelV iff X, Yel ,
o o
XvY¥ell iff X or YeV ,
o o
¢B(X) € Va iff Xe UB’
Y iff
¢B(X) € Vu i ¢B(X) £V

if o<B, Xel, then XsUa.

B

Definition 2.3. A family {Voc | wedl), VOLCF’ ded will be called sat-
urated (or truth-set) if the following conditions hold:

1) for every oaed, XAYe VOL iff X and Ye VOL.

2) for every aecd, XVvY¥e V(x iff X or Ye VOL.

3) for every B, aed, cI)B(X) € Vot iff Xe VB.
4) for every o, Bed, $S(X) eV, iff ¢8(X) ¢ Voc'

5) for every o < Bed, VuDUB'

Remark 1. If Taut = {¥eF]X a-tautologyl then Taut = ﬂ{VOL | »

8-valued valuation}

Remark 2. If v: F+ DL is a function and v, = {XeFlo@(w = 1}
then the following conditions are equivalent:
a) v is a 0-valued valuation.

b) {Voc | aed} is a saturated family.

Remark 3. If we have a family {V | e dl, V,cF and we define v: F
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-+ LZJ by »(X)(a) =1 1iff Xe Va, then the following conditions are

equivalent:
a) {VOL |aed} is a saturated family.

b) v 1is a ©-valued valuation.

§ 3. The method of analytic tableaux. We now describe a proof proce-
dure for O-valued propositional logic. We introduce the symbols Ta, ™
for every aeJd to our object language, and define a signed formula as
an expression TQ(X) or f’a(}(), where XefF.

Rules for the construction of tableaux. For every aeJ and each log-
ical connective there are two rules; one of which concerns with a formula

preceded by 7% and the other concerns with a formula preceded by 7,

_a
*(@ave) T vB) Ta(d:s(/l)) T (9g(4))

) | %) 7%4) ) )
7%B)
s Pluan)  Panm) P@,4) T @a4))
o —0 =0 4) 3 =B
T(4) T4 | TB) T (4) T"(A)
7%B)

Signed formulas, other than signed variables, are of two types:
(A} those which have direct consequences (Ta((A vB)), Ta((A AB)),
(95 ()), T 954)), @A), T'(F,(4))); (B) those which branch
(Tu((A vE)), Ta((/l AB})). We use the letter 2 to stand for any signed
formula of type (A), and the letter I to stand for any signed formula of
type (B); all our tableaux rules can be succinctly lumped into the follow-
ing two:
Rule A: 49— Rule B: —————
M - T
§22

T and 1"2 as follows:

where we define Ql, 92, L

if @=1%AT) then 9 = 7°(X) and Q, = °(n;
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if Q=T7'(vY) then R, =T0(X) and 2, = T°(¥);
if Q= To‘ch(X) then @ =0, = ™y,
if Q= T%B(X) then Q, =9, = 70 (xy;
if 0 =-T%,00 then 9, -0, = ) ;
if Q= :70‘$B(X) then Q. = 0. = T5(x);

if T

(X AY) then T, = T°(X) and T, = T(1);

(7).

|
—
k)
~
4]
=
[N
—
N
1]

if T =1%XvY) then T, =

Lemma. Let S be a set of signed formulas which is of the form 8

(UHvyH, where

oed aed o
S ={xes|x

3

such that for every o < Bed, we have S&DS’é and §&':§*, where 5&

TOL(Y) for some YeF},

n
[0}

{(XeS|x = T*Y) for some YeF}

xeF | W eS* and S = XeF| 7)) ¢ S¥}.  Then {s:locdt isa
saturated family 1ff the following conditions hold:

a) for every aed and every XeF, exactly one of TOL(X), f(x(X) be-
longs to S.

b) QeS iff @ and 9,¢S

c) TeS <ff T, or T eS.

Proof. 1If we define v(X)(0) =1 iff TOL(X) eSOL and v(X)(a) = 0
iff T0(x) €S, it is immediate that v: F » 20 is a 8-valued valuation

'iff the conditions a), b) and c) hold.

DEfinition 3.1. A set S of signed formulas is called saturated if it

satisfies the conditions a), b), c¢) of the lemma.

Definition 3.2. An analytic tableau for a signed formula X 1is an or-
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dered dyadic tree (see [4]), whose points are formulas, which is con-
structed as follows: We start by placing X at the origin. Now suppose
T is a tableau for X which has already been constructed; let Y be an
end point. Then we may extend T by either of the following two opera-
tions:

{A) 1If some § occurs on the path P_, then we may adjoin either £
or f{l, as the sole successor of Y.

(B) If some T occurs on the path P_, then we may adjoin Fl as the

Y’
left successor of Y and T, as the right successor of Y.
A branch of a tableau for signed formulas is closed if it contains

Ta(Y) and fB(Y) for some o = Bed and YeF. A tableau is called to

be closed if every branch of the tableau is closed.

Definition 3.3. A branch P of a tableau is called complete, if for
every { which occurs in P, both & and , occurs in P, and for
every [ which occurs in P, at least one Fl, Tz occurs in P. We call

a tableau T completed if every branch of T is either closed or complete.
§ 4. Consistency and completeness. We need the following definitiens:

Definition 4.1. Let wv: F+ DL, be a O-valued valuation. A signed
formula Ta(X) (resp. fq{X]] is said to be true under v if v(X} () =1

(resp. v(X) (@) = 0).

Definition 4.2. By an a-procf of a formula Xe¢F is meant a closed

tableau for EG(X).

Theorem 4.3. The following statements hold:

a) If fa(X] has a closed tableau, then X <8 an o-tautology.
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b) If Ta(X) has a closed tableau, then X is not d-satisfiable.

Proof. a) Consider a tableau T and an interpretation v, whose do-
main includes at least all the propositional variables which occur in any
point of T. Let us call a branch P of T true under v, if every
term of P is true under Vyo and we shall say that the tableau T is
true under v, iff at least one branch of T 1is true under v, If T
is a direct extension of T (i.e. T' can be obtained from T by one ap-
plication of the operation (A) or (B)), then T' must be true in every
interpretation in which T is true. From this it follows by mathematical
induction that for any tableau T, if the origin is true under a given in-
terpretation v , then T must be true under v,. Now a closed tableau
T cannot be true under any interpretation, because every branch contains
(), T5(¥) for some o> Bed, YeF, hence v(¥) (@) = I, v(X)(a) = 0
if this branch is true under a 9-valued valuation. From this it follows
that if fa(X) has a closed tableau (i.e. Xe¢F has an o-proof), then for
every O-valued valuation v we have v(X)(a) = 1.

b) If Tu(X) has a closed tableau, for every o-valuded valuation v,
v{X)(@) = 0, and so X is not a-satisfiable.

It therefore further follows that the tableau method is consistent in
the sense that no Ta(X) and fa(X) are both o-provable (since no Ta(X)

and fu(X) can both be a-tautologies).

Definition 4.4. We shall call Hintikka set a set S of formulas which
satisfies the following conditions:
1) for every B < aecd and XelV it is not the case that Tu(X) €S

and fB(X) eS.
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2) if QeS, then @, ¢S and Q,eS.

3) if T'eS8, then FIeS or T’zeS-

Lemma 4.5. ZEvery Hintikka set is satisfiable, ©.e. there exists a 0~
valued valuation v such that if TOL(X) €S then vX)(@) =1 and if

i’g(X) €S then »(X)(a) =0

Proof., We remark that Lemma is equivalent to the statement that every
Hintikka set can be extended to a saturated set.

Let v : V> DL2 be the interpretation given by

1, if %) e,

v (X) (@) =14 0, if () eS,

0 or 1 if T'(X) ¢S and T(x)¢S.
v, can be extended to a O-valued valuation v: F -+ DLz‘ It is immediate
that every signed variable which is in S, is true under wv. Now consider
an element X of § of degree greater than 0, and suppose all elements
of S of lower degree than X are true under v. We wish to show that
X must be true. Since X 1is of degree greater than zero, it must be ei-
ther some §I or some T;

a) X is some . Then 91 and st S, 91 and , are of lower de-
gree than X, hence by inductive hypothesis Ql and Qz are true under
v. This implies that X must be true.

b) X is some T. Then I or eS8, T, and T, are of lower de-
gree than X, hence T or [, must be true under o. Hence X must

1 2

be true.

Lemma 4.6. 4Any complete open (not closed) branch of any tableau is sat-

isfiable.
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Proof. Let P be a complete open branch of a tableau T and S be
the set of terms of P. Then the set S is by construction a Hintikka

set, hence it is satisfiable by virtue of Lemma 4.5.

Theorem 4.7 (Completeness). The following statements hold:
a) If X <s an o~tautology, then every completed tableau starting
with Tu(X) must be closed.

b) Bvery o~tautology is provable by the tableau method.

Proof. Let T be a complete tableau starting with fa(X). If T is
not closed, there is a complete open branch P of T. By Lemma 4.6, the
set of terms of P 1is satisfiable; then there is a 6-valued valuation v:
T~ DL2 which satisfies the terms of P. It follows that fa(X) is true
under v, i.e. v(X)(a) = 0, hence X cannot be an o-tautology. Hence if

X is an a-tautology, then T must be closed.

Remark 1. 1f 8 ={s,5,, =", Sn} is a finite set of signed formulas,

by a tableau for S is meant a tableau starting with

and then extended using Rules A, B. Then S is unsatisfiable iff there

exists a closed tableau for S.

Remark 2. Let us call a tableau atomically closed if every branch con-
tains fa(X) and TB(X) for some o < Bed and some propositional vari-

able X. Then S is unsatisfiable iff there exists an atomically closed



526

tableau for S.
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