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Analytic Tableaux for 8-Valued Propositional Logic 

By Alexandru FILIPOIU 

The 0-valued Lukasiewicz algebras were introduced by Professor Gr. C. 

Moisil in 1968 [3](see also [2]). In [l] the 0-valued Propositional Logic 

was formulated. The purpose of this paper is to give an application of the 

method of Analytic Tableaux (see [4]) to this logic. 

§ l. Formulas of 8-valued propositional logic. Let J be a chain with 

a first element (O) and a last element (1), with the order type 0. We 

shall use the following symbols: 

( i) An infinite set V of symbols, called propositonal variables. 

(ii) The logical connectives: v, A, <Pa, ¢a for every aEJ. 

(ili.) The two symbols (,) respectively called the left parenthesis and 

the right parenthesis (they are used for purposes of punctuation). 

Definition 1.1. By a formation sequence, we mean any finite sequence 

such that each term of the sequence is either a propositional variable or 

of the forms (Av B), (A AB), where A, B are earlier terms of the sequence, 

or of the forms <Pa (A), 4i"c/A) for some a E J, where A is an earlier term 

of the sequence. We define A to be a formula if there exists a formation 

sequence whose last term is A, and such a sequence is also called a forma­

tion sequence for A. 

517 



518 

We shall use the letters A, B, X to denote fonnulas. It can be 

proved that every formula can be formed in only one way, i.e. for every 

formula X, one and only one of the following conditions holds: 

(1) X is a propositional variable, 

(2) There is a unique pair (X
1

, X
2

) such that X = (X
1 

vX
2

) or X 

(Xl "X2). 

(3) There is a unique formula Y and a unique a E J, such that X 

~ (Y) or X = $ (Y). a a 

The notion of immediate subforrnula, subformula and of formation tree is 

given as in the case of propositional logic in [4]. 

§ 2. 8-valued valuations and truth-sets. We shall consider the 0-val­

ued Lukasiewicz algebra DL
2 

= {f: J-+ L
2 

I a ::a: S implies f(a) ~ f(S)} with 

the operations given by: 

(f u g)(a) = f(a) u g(a), (f n g)(a) = f(a) n g (a), 

(f
0
f) (B) = f (a), (~J) CS) = f(o:) . 

Definition 2.1. A function v: F-+ DL
2

, where F is the set of formu­

las, is called a 8-valued valuation if for every X, YE F and a€ J, the 

following conditions hold: 

a) 

b) 

V (X v Y) = V (X) u V (Y), V (X " Y) = V (X) n V (Y) 

v[$o:(X)] = fo:V(X). v[f
0

(X)] = po:v(X) 

It can be easily proved that every function v : V-+ DL, can be extend-
o 2 

ed in exactly one way to a 0-valued valuation of F. 

Definition 2. 2. a) XE F is an a-tautology (a E J) iff for every 8-val­

ued valuation of F, v(X)(a) = 1. 

b) Sc F is called a-satisfiable if there is at least one 8-valued val-
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uation v such that v (X) (a) = 1 for every XE S. 

c) A set Sc F a-implies a formula X if v (X) (a) 

valued valuation v which a-satisfies S. 

1 for every 6-

If v: F + DL is a 6-valued valuation and V = {XE FI v(X)(a) l} 
2 0\ 

we have: 

XAYEV iff X, y E VO\, 
0\ 

XV y EV iff X or YE V , 
0\ 0\ 

<lis(X) i: Va iff XE V8, 

~8cx) Eva iff 4>~/X) i Va' 

if a s S, X e VB then XE (/ . 
0\ 

Definition 2.3. A family {l/ jaEJ}, V cF, 0\ E J will be called sc.t-
0\ 0\ 

u:r>ated (or truth-set) if the following conditions hold: 

1) for every 0\ E J, XAYEVO\ iff X and y E (;I • 
0\ 

2) for every a E J, XV YE V iff X or y EV . 
0\ 0\ 

3) for every S, 0\ E J, qi s (X) E V 0\ iff XE V
13

. 

4) for every a, l3 E J, <ji"S(X) E Va iff ij)S (X) i Va' 

5) for every as: SeJ, Va=>VS-

Remark l. If Taut = {X E F l X a-tautology} th.en Taut = n { V I V 
a a a 

6-valued valuation} 

Remark 2. If v: F-.. DL is a function and V = {XE FI v(X)(a) 1} 
2 0\ 

then the following conditions are equivalent: 

a) v is a 6-valued valuation. 

b) {V I a E J} is a saturated family. 
0\ 

Remark 3. If we have a family {Va I a.EJ}, VacF and we define v: F 
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iff XE V , then the following conditions are 
a 

equivalent: 

a) { V I a E J} is a saturated family. 
a 

b) v is a 0-valued valuation. 

§ 3. The method of analytic tableaux. We now describe a proof proce­

dure for 0-valued propositional logic. We introduce the symbols ef'-, rf' 

for every a E J to our object language, and define a signed formula as 

an expression r(x) or T°'(X)' where XE F. 

Rules for the construction of tableaux. For every etEJ and each log­

ical connective there are two rules; one of which concerns with a formula 

preceded by Ta and the other concerns with a formula preceded by r'. 

1) 
l"((A VB)) T°'( (A v B)) 

3) 
r(4>f/A)) rc4>

13
CA)) 

Ta(A) I i"(B) f_°t'.:rA) TB(A) °T13(A) 
T B) 

2) 
f1'( (A AB)) 'r((A AB)) 

4) 
r c4i

13 
CA)) 'r (4JS (A)) 

Ta(A) Ta(A) I Ta(B) pi3 (A) J13 (A) 
rcB) 

Signed formulas, other than signed variables, are of two types: 

(A) those which have direct consequences (~ ( (A v B)), r'-((A AB)), 

rc<P13CA)), ~C4>13(A)), flcl_s(A)), ~(ii>B(A))); (B) those which brancli 

cl\cA vB)), ~((A AB))). We use the letter .11 to stand for any signed 

formula of type (A), and the letter r to stand for any signed formula of 

type (B); all our tableaux rules can be succinctly lumped into the follow­

ing two: 

Rule A: 
.11 Rule B: r 

lli r 1 I r2 
.112 

where we define .111 • .112' fl and r2 as follows: 

if .11 = Ta(XAY) then Ql = i"cx) and .11 
a 

2 
= T (Y); 
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if n=r(XvY) then ltl = r(X) and n 2 = r(Y); 

if n l\tiscx) then ltl n2 T(3(X); 

if n lx4>s (X) then ltl n2 TS(X); 

if n = r<j)S(X) then ltl n2 TS(X); 

if 
-;;;(),-

n = T <t>sCX) then ltl n2 T(3(X); 

if r ="°r(XAY) then fl "°r(X) and r2 = r(Y); 

if r lxcx v Y) then fl fi'(X) and r z = Ta.(Y). 

Lemma. Let S be a set of signed forrrru las which is of the form S = 

c U l) u c u ~), where 
UEJ UEJ 

Sa. {XE s IX Ta. (Y) for some y E F}, 

~ {XE s IX r(Y} for some y E F} 

such that for every a. :<; f3 E ,J, we have s;:, Ss 

{x E F I Ta.(X) E Sa} and S* = {x E F I rcx) E s°'L 
a 

and S* C S* where s* = 
a f3' a. 

Then { S* I a E J} is a 
a 

satUY'ated family iff the following conditions hold: 

a) for every UEJ and ever•y XE F, exactly one of Ta(X), r(X) be-

longs to s. 

b) lt ES iff ltl and lt2 ES 

c) fES iff fl OT' fl ES. 

Proof. If we define v (X) (a.) = 1 i ff Ta (X) E Sa and v (X) (a.) = 0 

iff ""jP-(X) Es°", it is immediate that v: F ->- 2J is a 8-valued valuation 

iff the conditions a), b) and c) hold. 

DEfinition 3.1. A set S of signed formulas is called saturated if it 

satisfies the conditions a), b), c) of the lemma. 

Definition 3.2. An analytic tableau for a signed formula X is an or-
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dered dyml,ie tree {see [4]), whose points are formulas, which is con­

structed as follows: We start by placing X at the origin. Now suppose 

T is a tableau for X which has already been constructed; let Y be an 

end point. Then we may extend T by either of the following two opera­

tions: 

(A) If some .11 occurs on the path Py, then we may adjoin either .111 

or .112 as the sole successor of Y. 

(B) If some r occurs on the path Py, then we may adjoin f
1 

as the 

left successor of Y and f
2 

as the right successor of Y. 

A branch of a tableau for signed for~ulas is elosed if it contains 

l\n and ~ (Y) for some a ~ a E J and y E F. A tableau is called to 

be elosed if every branch of the tableau is closed. 

Definition 3.3. A branch p of a tableau is called complete, if for 

every .11 which occurs in P, both .111 and n2 occurs in P, and for 

every r which occurs in P, at least one fl, r2 occurs in P. We call 

a tableau T completed if every branch of T is either closed or complete. 

§ 4. Consistency and completeness. We need the following definitions: 

Definition 4.1. Let v: F + DL
2 

be a 0-valued valuation. A signed 

formula Ta(X) (resp. T°'(X)) is said to be tX'Ue under v if v(X)(a) ~ 1 

(resp. v(X)(a) = 0). 

Definition 4. 2. By an a-procf of a formula X E F is meant a closed 

tableau for T°'(X). 

Theorem 4.3. The following statements hold: 

a) If r(X) has a closed tableau, then X is an a-tautology. 
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b) If Ta(X) has a closed tableau, then X is not a-satisfiable. 

Proof. a) Consider a tableau T and an interpretation v 0 whose do­

main includes at least all the propositional variables which occur in any 

point of T. Let us call a branch P of T true under v
0 

if every 

term of P is true under v
0

, and we shall say that the tableau T is 

true under v
0 

iff at least one branch of T is true under v
0

• If T1 

is a direct extension of T (i.e. T1 can be obtained from T by one ap­

plication of the operation (A) or (B)), then T1 must be true in every 

interpretation in which T is true. From this it follows by mathematical 

induction that for any tableau T, if the origin is true under a given in­

terpretation v
0

, then T must be true under v 0 . Now a closed tableau 

T cannot be true under any interpretation, because every branch contains 

Ta(Y), TS(Y) for some a~ SEJ, YEF, hence v(Y)(a) = 1, v(X)(a) = 0 

if this branch is true under a 8-valued valuation. From this it follows 

that if :f°'(X) has a closed tableau (i.e. XE F has an a-proof), then for 

every 8-valued valuation v we have v(X)(a) = 1. 

b) If Ta(X) has a closed tableau, for every a-valuded valuation v, 

v(X)(a) = 0, and so X is not a-satisfiable. 

It therefore further follows that the tableau method is consistent in 

the sense that no Ta(X) 
-;;;a 

and T (X) are both a-provable (since no Ta(X) 

and T°'(X) can both be a-tautologies). 

Definition 4.4. We shall call Hintikka set a set S of formulas which 

satisfies the following conditions: 

1) for every S :,; a E J and XE V it is not the case that Ta(X) ES 

and ¥13 (X) E s. 
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3) if r Es, then f ES 
l 

or f E $. 
2 

Lemma 4. 5. Ever>y Hintikka set is satisfiable, i.e. ther>e exists a 0-

valued valuation v sueh that if Ta.(X) ES then v (X) (a) = 1 and if 

,P (X) ES then v (X) (a) = 0 

Pr>oof. We remark that Lemma is equivalent to the statement that every 

Hintikka set can be extended to a saturated set. 

Let Vo; V-->- DL 
2 

be the interpretation given by 

a { 

1, if Ta.(X) ES, 

v O (X) (a) 0, if 7-Pcx) "s, 

0 or 1 if T'1cx) 1.s and T°(X) {. S. 

v
0 

can be extended to a 6-valued valuation v: F ➔ DL
2

. It is immediate 

that every signed variable which is in S, is true under v. Now consider 

an element X of S of degree greater than 0, and suppose all elements 

of S of lower degree than X are true under v. We wish to show that 

X must be true. Since X is of degree greater than zero, it must be ei-

ther some Q or some r· , 

a) X is some n. Then n1 and n2 "S, n1 and n2 are of lower de­

gree than X, hence by inductive hypothesis Q
1 

and Q
2 

are true under 

v. This implies that X must be true. 

b) X is some r. Then f
1 

or f
2

" S, f
1 

and r
2 

are of lower de-

gree than X, hence f
1 

or r
2 

must he true under v. 

be true. 

Hence X must 

Lemma 4.6. Any eomplete open (not elosed) branch of any tableau is sat­

isfiable. 
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Proof. Let P be a complete open branch of a tableau T and S be 

the set of terms of P. Then the set S is by construction a Hintikka 

set, hence it is satisfiable by virtue of Lemma 4.5. 

Theorem 4.7 (Completeness). The following statements hold: 

a) If X is an a-tautology, then every corrrpleted tableau starting 

with r(X) must be closed. 

b) Every a-tautology is provable by the tableau method. 

Proof. Let T be a complete tableau starting with r(X). If T is 

not closed, there is a complete open branch P of T. By Lemma 4.6, the 

set of terms of P is satisfiable; then there is a 0-valued valuation v: 

T ➔ DL
2 

which satisfies the terms of P. It follows that r(X) is true 

under v, i.e. v(X)(a) = 0, hence X cannot be an a-tautology. Hence if 

X is an a-tautology, then T must be closed. 

Remark l. If s = {s s • • • s } 
1' 2' ' n is a finite set of signed formulas, 

by a tableau for S is meant a tableau starting with 

s n 

and then extended using Rules A, B. Then S is unsatisfiable iff there 

exists a closed tableau for S. 

Remark 2. Let us call a tableau atomically closed if every branch con­

tains r (X) and TS (X) for some a ,,; f3 E J and some propositional vari­

able X. Then S is unsatisfiable iff there exists an atomically closed 
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tableau for S. 
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