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Fixed Point Theorems for a Contractive Type Mapping 

Dedicated to Professor Kiyoshi Iseki on his 60th birthday 

By B. E. RHOADES 

Two fixed point theorems are established for functions satisfying a gen­

eral contractive type condition. These theorems generalize the correspon­

ding results of Ciric, Guseman, Iseki, Khazanchi, and Sehgal. 

Let N denote the set of all positive integers. In this paper we shall 

concern with a self mapping f of a complete metric space (X, d) satisfy­

ing the following contractive type condition: 

(1) There exist nonnegative real valued functions a, 13, y, o, s on 

Xx X and a mapping n:X ➔ N such that 

and 

sup [2(a(x, y) + S(x, y) + o(x, y) + s(x, y)) + y(x, y)] 
x, yEX 

A < 1 

d(/"(x) (x), f"(x) (y)) ::s; a(x, y)d(x, f"(x) (y)) + i3(x, y)d(y, f"(x) (x)) 

+ y(x, y)d(x, y) + o(x, y)d(x, f"(x)(x)) + s(x, y)d(y, f"(x)(x)) 

for all x, y in X. 

First it shall be noted that (1) has two other equivalent forms: 

(2) There exist a number A, 0::,; A < 1, and a mapping n:X + N such that 
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d(r(x)(x), r(x)(y)) 5 >,.max{d(x, y), 

[d(x, r(x) (y)) + d(y, r(x) (x))]/2, 

[d(x, r(x)(x)) + d(y, r(x)(y))]/2} 

for all x, y in X. 

(3) There exist a number A, 0 5 >,. < l, and a mapping n:X ➔ N such 

that 

d(r(x) (x), r(x) (y)) 5 (A/2) max {2d(x, y), 

for all x, y in X. 

One may write 

d(x, r(x)(y)), d(y, r(x)(x)), 

d(x, rCx)(x)), d(y, rCx)(y))} 

cui(x, rCx) (y)) + Sd(y, rCx) (x)) 

= 2ad(x, r(x) (y))/2 + 2(3d(y, r(x) (x))/2 

5 (2a. + 2(3) max {d(x, rCx) (y))/2, d(y, rCx) (x))/2L 

Using a similar argument for od(x, r(x)(x)) + sd(y, r(x)(y)) it easily 

follows that (1) implies (3). Clearly (3) implies (2). To show that (2) 

implies (1), we set 

M(x, y) =max{d(x, y), [d(x, r(x)(y)) + d(y, r(x)(x))]/2, 

[d(x, r(x)(x)) + d(y, r(x)(y))]/2}, 

and define A
1 

= {(x, y) EX x XI M(x, y) = d(x, y)}, A
2 

= {(x, y) EX x XI 

M(x, y) [d(x, r(x) (y)) + d(y, r(x) (x))]/2}, and A = {(x, y) EX x XI 
3 

M(x, y) = [d(x, r(x)(x)) + d(y, r(x)(y))]/2}. Then it is possible to 

choose a partition 

Hence letting 

f A/2 
a.(x, y) = (3(x, y) = l 0 

S.cA., i = l, 2, 3. 
'l, 'l, 

if (x, y) E S2 

otherwise, 
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{ 

;\ if 
Y(x, y) = 

0 otherwise, 
o(x, y) 

{ 

A/2 
E(x, y) = 0 

if (X, y) ES 
3 

otherwise, 

we obtain (1). Thus (1), (2), and (3) are equivalent to each other. 

As a consequence of Lemma of [l], we have the following: 

Lemma 1. If f: X + X satisfies (1), then, for> each x EX, r>(x) 

sup d(/1'(x), x) is finite. n 

We need the following lemma. 

Lemma 2. Suppose that f: X+X satisfies (3). If {x } 
m 

is a 

quence in X such that x = /1'(xm) (x ) 
n+i m for> all m EN u {O}, then 

(4) sup{dex , lex )) I k EN} 
m 

m m 
s ;\ rex

0
). 

for> all mENu{O}. 

PY'oof. Clearly e4) is true for m = 0. Assume (4) holds for an 

mENu{O}. Then for each kEN, 

aex lex )) = aef1'Cxm)ex) f1'Cxm)/ex )) m+i, m+i m , m 

$ }max {dexm, lexm+i)), aelexm), xm+l), aexm, xm+l), 

aelexm), lexm+l)), 2dexm, lexm))} 

A I s -2 max {[dex, x ) + aex , ex ))], m m+i m+i m+l 

[aclex ), X) + aex, X )] aex X ) m m m m+ 1 ' m' m+i , 

[de/ex), x) + dex, lex ))], 2dex, lexm))} m m m m+i m 

= -z"max {[dex , 11'exm) ex )1 + aex 
1 

lex ))], m m 1 m+ , m+1 

raelex ), X) + aex' 11'exm)ex ))], m m m m 

se-
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d(x I( )) 
m+l 

which implies x < A P(x) 
m+1' m+1 - o • 

Theorem 1. If f: X ➔ X satisfies (1), then f has a unique fixed 

point z and lim f1'cx ) = z for> eaeh XO EX. 
n o 

PY'oof. Define {x } by x = f1'Cxm) (x ) for all m in Nu {o}. 
n m+1 m 

Since A< 1, from Lemma 2, it follows that {x} is Cauchy, hence conver­
n 

gent. Call the limit z. Suppose E = d(z, f1'(z)(z)) > 0. Then we can 

find an m E N such that 

for all n ~ m. Therefore using (3) and (4) we have 

E = d(z, f1'(z) (z)) 

$ d(z, xm) + d(xm, f1'(z)(xm)) + d(/1'(z)(xm)' /1'(z)(z)) 

< (1 -
2 

A)E + (1 -
2 

A)E + d(/1'(z) (xm), f1'(z) (z)) 

$ (1 - A)E + }max {d(z, /1'(z) (xm)), d(xm, f1'(z) (z)), 

d(z, /1'(z)(z)), d(xm, f1'(z)(xm)), 2d(z, xm)} 

$ (1 - A)E + ~
2 

max {d(z, x ) + d(x , f1'(z) (x )) , 
m m m 

Since d(z, x) < s/2 
m 

E < 

and 

< E, 

a contradiction. Thus 

d(x , m 
z) + d(z, /1'(z)(z)), 2d(z, xm)}. 

d(xm, f1'(z)(xm)) $ Amr>(x
0

) < s/2, this implies 

= z. 

Suppose z and w are distinct fixed points of /1'(z)_ Then, from (1), 

d(z, w) = d(/1'(z)(z), f1'(z)(w)) 

$ [a(z, w) + S(z, w) + y(z, w)]d(z, w) < d(z, w), 

a contradiction. Therefore z is unique. z = ;i(z)(z) implies f(z) = 
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jl(z)(f(z)) so that f(z) is also a fixed point of jl(z). Hence z = 

f(z). It remains to show that lim /l(x) = z. n o 

Let p(x) =max{d(x, lex)) lk 1, 2, ···, n(x)} and set n = n(z). 

For each integer m > n, write m qn + s, where q ~ l and Os s < n. 

Assume /1(x
0

) ,f, z for each m. From (1), with a - E evaluated at 

(f(q-1)n+s(x ), z), 
0 

d(/1(x 0), z) = d(I'n+s(x0), /l(z)) 

s ad(f(q-i)n+ 3 (x
0
), f"Cz)) + Sd(z, f1cx

0
)) 

+ yd(f(q-l)n+s(xo), z) + od(f(q-1)n+s(xo), t1cxo)), 

so that d(/1(x 0), z) s Ad(f(q-i)n+s(x 0), z), and hence d(/1(x 0), z) s 

Aq(x
0
), which tends to zero as q ➔ oo. 

An analysis of the proof of Theorem 1 shows that one needs only to have 

f and its iterates belong to some subset B of X and f satisfy (1) 

on B. We state this observation formally. 

Theorem 2. Let f be a selfmapping of a complete metric space (X, d). 

Suppose there exists a subset B c X such that 

( i) f(B) CB, 

(ii) f satisfies (1) over B, 

(ili) for some x
0 

EB, cl{/l(x
0
): n ~ 1} cB, where cl denotes the 

closure. 

Then there is a unique z EB satisfying f(z) = z and rcyo) ➔ z for 

each y O EB. Furthermore, if f satisfies (1) over X, then z is unique 

in X and rcxo) ➔ z for each XO EX. 

Remark l. The contractive definition (2) of this paper is contractive 
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definition (94) of [5]. 

Remark 2. The special case of Theorem 1 with a= S = o = s = 0, y a 

constant, and the added assumption that f be continuous, appears in [6]. 

Remark 3. The special case of Theorem 2 with a= S = o = s = 0 

appears in [2]. 

Remark 4. The special cases of Theorems 1 and 2 for o s 0, a, S, y 

constants, appears in [3]. 

Remark 5. It is easy to see that Theorems 1 and 2 remain valid if 

(X, d) is f-orbitally complete. Hence Theorem 5 of [l] is then a special 

case of Theorem 2 with B the closure of the orbit of a point x
0

• 

Remark 6. To show that (1) is more general than the definitions appear­

ing in [3] and [4] observe that Iseki's definition is included in the fol­

lowing: 

(5) There exist a real number >.., 0 s A < 1, and a mapping n: X ➔ N 

such that for all x, y EX, 

d(/1(x)(x), r(x)(y)) s >..max {2d(x, y), 

[d(x, rCx) (x)) + d(y, rCx) (y))]/2, 

[d(x, f1Cx) (y)) + d(y, r(x) (x))]/2}, 

and that Khazanchi's definition is included in the following: 

(6) There exist a real number A, 0 s A < 1, and a mapping n: X ➔ N 

such that, for all x, y EX, 

d (r (x) (x) , r (x) (y)) s h max {d (x, y) , 

[d(x, r(x)(y)) + d(y, r(x)(x))]/2}. 

Both (5) and (6) are special cases of (2). 
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I wish to thank Professor Kasahara for his careful reading of the orig­

inal version of this paper, and for supplying the proof of Lemma 2, there­

by shortening the original proof of Theorem 1. 
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