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Fixed Point Theorems for a Contractive Type Mapping
Dedicated to Professor Kiyoshi Iséki on his 60th birthday

By B. E. RHOADES

Two fixed point theorems are established for functions satisfying a gen-
eral contractive type condition. These theorems generalize the correspon-

ding results of Cirié, Guseman, Iséki, Khazanchi, and Sehgal.

Let N denote the set of all positive integers. In this paper we shall
concern with a self mapping f of a complete metric space (X, d) satisfy-
ing the following contractive type condition:

(1) There exisp nonnegative real valued functions o, B8, v, §, € on

XxX and a mapping #n:X > N such that

sup [2(a(x, y) + Bz, y) + 8(x, y) + €(x, y)) + v(x, y)] = A <1
x, YyeX

and
A @), @) < a@, pde, o) + b, Ny, £ @)
e v, Nd, ¥) + 8@ nde, £ @) + e, Py, £ @)

for all x, y in X.

First it shall be noted that (1) has two other equivalent forms:

(2) There exist a number A, 0< X <1, and a mapping »n:X » ¥ such that
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P @), 71 @) < Amax dz, v),
de, 7P + dy, £ @i,
@, @ @) + dy, £ @)1z}
for all x, y in X.
(3) There exist a number A, 0 < A < 1, and a mapping n:X -~ N such
that
AF® @y, 7@ )y < 0/2) max {2d(z, y),
i@, 7w, dw, 1@,
d@, @), dw, O e
for all =z, y in X.
One may write
W@, @ @) + [y, @)
20d(z, '@ )72 + 2640y, £ @)/2
(20 + 28) max {d(z, " @))/2, diy, 7@ @72

A

Using a similar argument for 8d(z, ') (@) + ed(y, '™ (y)) it easily
follows that (1) implies (3). Clearly (3) implies (2). To show that (2)
implies (1), we set
MGz, y) =maxld(z, ), [d@ ) +dw, P eni/e,
[z, 7@ @) + dy, 9 ynisal,
{(, y)ex x x|

and define 4, = {(x, ) eX x X| Mz, y) = d, 1, 4,
e, PP+ dy, £ @12, ad 4, = L@, ex x x|
[d(ex, fn(x) x)) + d(y, fn(:x:) (¥))1/2}. Then it is possible to

Mz, y)

Mz, y)

choose a partition {31’ s, 53} of X such that Si(:Ai’ =1, 2, 3.
Hence letting
A2 o if (w, y)eS,
ax, y) = Bz, y) =

0 otherwise,
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A if (x, y) €5 A2 1if (z, y) €5,
Y(CC, y) = 6(.’1?, y) = E(.’XI, y) =
0 otherwise, 0 otherwise,

we obtain (1). Thus (1), (2), and (3) are equivalent to each other.
As a consequence of Lemma of [1], we have the following:

Lemma 1. If f: X > X satisfies (1), then, for each xecX, r(x) =

supnd(fn(x), x) <s finite.
We need the following lemma.

Lemma 2. Suppose that f: X + X satisfies (3). If {xm} 18 a se~

quence in X such that =x = fn(x’”) (x ) for all meNu{0}, then

7n+1

(4) sup{d(:z: f'k(:x: 1) [kel} < A r(a: ).

for all meNu{o0}.

Proof. Clearly (4) is true for m = 0. Assume (4) holds for an

me Nu{0}. Then for each keW,
o e, ) = @y, )
X max {d(z_, fk(m 0, dff @), = ), des

a @), fk(ac

m+1

IA

),

m+1

), 2d(,, @)}

IN

3

%max{[d(xm, acmﬂ) +d(x fk(x

m+1 m+1

[ @), =) + d@, = )], d,

m+1 m +1

)s

A @), ) + dw, Fe, N1, 2, K@)

%max{[d(mm, fn(x”’)(xm)} + d(mm 1, f (x_ .J)1,

m+1

4 @), ) + dz,, £ @ 31,

W@y, =) + de,, P @ 3, e, K )
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< %max{[lmr(xo) s d fk(xm+1))], 2@ )3,

which implies d(:z:m+l, fk(xm+1)) < )\m“r(xo).

Theorem 1. IFf f: X +~ X satisfies (1), then f has a unique fized

point z and limnfn(xo) =z for each x <X.

Proof. Define {xn} by x =fn(xm)(xm) for all m in WNu{o0}.
Since A < 1, from Lemma 2, it follows that {xn} is Cauchy, hence conver-
gent. Call the limit z. Suppose € = d(z, fn(z) (2)) > 0. Then we can
find an me N such that d(z, xn) < (1 - A)e/2 and )\nr(xo) < (1 - MNe/2
for all »n = m. Therefore using (3) and (4) we have

e = dea 1® @)
e, z) +de, FPDe) +dP e, 76

. a -2 Me , ( -2 S d(fn(z) =), sz(z) (2))

A

IA

(- ne + Anaxtae, P @), de,, PP e,
i, 7B @), de, P @), 2, =)
(- Ne + dmax d(z, 2) + diz, PP @),

In

d@ . =) +de, 1® @), 20, )

Since d(=z, xm) < g/2 and d(acm, fn(z) (xm)) < )\mr(xo) < g/2, this implies

€< (1 - MNe +%—max{%+ %, £2:—+ g, €1}
< g,
a contradiction. Thus fn(z) () = =.
Suppose z and w are distinct fixed points of fn(z). Then, from (1),
dz, ) = AP @), 71wy

la(z, ) + B(z, w) + Y(z, w)]ld(z, w) < d(z, W),

IA

a contradiction. Therefore =z is unique. =2 =f'n(z)(z) implies f(z) =
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fn(z) (f(2)) so that f(z) is also a fixed point of fn(z). Hence 2z =
f(z). It remains to show that limnf'n(xo) = 3.

Let p(x) = max{d(x, fk(ac)) | %

1, 2, ---, n(x)} and set n = n(z).
For each integer m > n, write m = qn + s, vhere g 21 and 0 < s < n.
Assume f(z,) # z for each m. From (1), with a - € evaluated at
@My, o,
df" =), 3 = AT, =)
<ad(f @M@y, @) + Bz, @)
ey I @y, 2y« 8Ty, e ),

so that d(f(z,), 2) < MEFET %@ 3, 2), and hence 4" (x,), #) <

)\q(xo), which tends to zero as ¢ + =,

An analysis of the proof of Theorem 1 shows that one needs only to have
f and its iterates belong to some subset B of X and f satisfy (1)

on B. We state this observation formally.

Theorem 2. Let f be a selfmapping of a complete metric space (X, d).
Suppose there exists a subset BcX such that

(i) f(B) <3,

(ii) f satisfies (1) over B,

(iii) for some =z ¢B, cl{fn(xo) :n 2 1} ¢ B, where cl denotes the

closure.

Then there is a unique z€B satisfying f(z) = z and fn(yoj + 2z for
each y,€B. Furthermore, if f satisfies (1) over X, then z is unique

in X and fn(xo) + & for each =z, c¢X.

Remark 1. The contractive definition (2) of this paper is contractive
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definition (94) of [5].

Remark 2. The special case of Theorem 1 with & = B = §=€=0,Y a

constant, and the added assumption that f be continuous, appears in [6].

Remark 3. The special case of Theorem 2 with o = B=8=¢e=0

appears in [2].

Remark 4. The special cases of Theorems 1 and 2 for §=e=0, 0, B, Y

constants, appears in [3].

Remark 5. It is easy to see that Theorems 1 and 2 remain valid if
(X, d) is f-orbitally complete. Hence Theorem 5 of [1] is then a special

case of Theorem 2 with B the closure of the orbit of a point .

Remark 6. To show that (1) is more general than the definitions appear-
ing in [3] and [4] observe that Iséki’s definition is inciuded in the fol-
lowing:

(5) There exist a real number A, 0 £ XA < 1, and a mapping n:X > n
such that for all x, yelX,

A" @), 1P ) < Amax{2d@, ),

dw, 7@ @)+ dy, D enisz,
[d@, @) + dy, 15 @nisa,
and that Khazanchi’s definition is included in the following:

(6) There exist a real number A, 0 < X <1, and a mapping n:X > ¥
such that, for all x, yelX,

i @), P ) < hnax d@, ),
[de, @) + di, 7F @)1r2).

Both (5) and (6) are special cases of (2).



I wis

19

h to thank Professor Kasahara for his careful reading of the orig-

inal version of this paper, and for supplying the proof of Lemma 2, there-

by short
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[5] B.
[6] V.

ening the original proof of Theorem 1.
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