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MATHEMATICS SEMINAR NOTES
Vol. 7 (1979)

Generalizations of Hegediis® Fixed Point Theorem
Dedicated to Professor Kiyoshi Iséki on his 60th birthday

*
By Shouro KASAHARA

Recently Hegedus has obtained in [1] the following interesting general-
ization of the Banach contraction theorem, in which w denotes the set of

all nonnegative integers.

Let f be a mapping of a nonempty complete metric space (X, d) into
itself. If the diameter G(Of.(ac)) of the orbit Of(x) = {f'x) |z ew} is
finite for each xeX, and if there exists an o such that 0 <o <1 and

dif ), f¥)) < Ot'5(0f(x) Uof(y))
for all =z, yeX, then f has a unique fixed point acX and the sequence

{fn(ac)}new converges to a for each xeX.

The purpose of this note is to state two generalizations of this theo-

Trem.

Let f be a mapping of a metric space (X, d) into itself. A point &
of X is said to be regular for f if rS(Of(.’L‘)) is finite.

One of our main results is the following:
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Theorem 1. Let f be a mapping of a metric space (X, d) into itself,
and ¢ a nondecreasing nonnegative real valued function on R,, the set of
all nonnegative real numbers, which is upper semicontinuous from the right
and satisfies the inequality (t) < t for every t > 0. Suppose there
exists a regular point x €X for f such that some subsequence of the se-
quence {fn(xo)}néw converges to a regular point ae X for which the fol-
lowing inequality holds
*) d(fx), fy) < 99(5(0f(m) UOf(yJ))
for all =z, y eOf(xo) UOf(a). Then a <s a fized point of f and the se-
quence {fn(xo)}nsw converges to a. Moreover if (*) holds for all regular

points =z, yeX for f, then a is a unique fized point of f.

Proof. Since z, is regular for f, cSn = 6(0f.(fn(ac0))) is finite for

each new. Clearly the sequence {671}716 is nonincreasing, and hence it

w
converges to some & 20. Suppose § > 0. Then ¢(8) < &, and so 9>(<‘Sn) <
8§ for some new since ¢ is upper semicontinuous from the right. How-
ever we have, for all %, j 2n + 1,
at @), £ @) = dr @y, P @)
S PO (@) u0, (7 0)))
P80 (2,)))

which implies 6n+1 < ¢(8,) < 6, a contradiction. So we have § = 0 which

IA

shows that {fn(mo)}new is a Cauchy sequence. Therefore {fn(xo)}new con-

verges to a. Suppose now ¢ cS(Of(a)) > 0. Then, sicne @(¥) < ¢, we can
find an o with ¢(£)/t < a < 1. Since ¢ 1is upper semicontinuous from
the right, there exists a 7y > 0 such that Pt + €)/(t + €) < a for all
€ with 0 <€ <vy. Choose an € with 0 < e <min{(1 - a)z/(1 + o), v}.

We can find then an new such that d(a, fm(aco)) < g for all m=mn. So
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if m 2 1, we have

(**) d(a, (@)

IA

dia, " @) + A =), @)
P8O (,)) w0 (@)
p(max { 2¢, G(Of(a)) + el

< €

+

AN
+

€
=€+ Pt + €)
< e+ oa(t + g).
On the other hand, it follows from
8(0p(a)) = max { sup{d(a, @) | mewl, 8(04(f(@))) }
and  §(0,(f(a))) < 6(0p(a)), that
t = 8(0p@) = supld(a, @) | mewk.

Hence from (**), we obtain ¢ < € + o(¢f + €) which yields a contradiction

Thus we have ¢ = 0 or equivalently f(a) = a. Suppose now that (*) holds
for all regular points x, yeX for f. If x, yeX are distinct fixed
points of f, then they are regular for f, and so we have

d{z, y) = d(f(), f@) < ?(G(Of(x) UOf(y))) =@d, y)) <d, y),

a contradiction. This completes the proof.

We shall now state another main result which is a consequence of Theo-

rem 1.

Theorem 2. Let f be a mapping of a nonempty complete metric space
(X, d) into itself and ¢ a nondecreasing nonnegative real valued func-
tion on R, _ which is upper semicontinuous from the right and satisfies the
inequality @(t) < t for every t > 0. If every point of X is regular

for f and (*) holds for all =x, yeX, then f has a unique fixed point
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converges to the fixed point for each =xeX.

and the sequence 1f° (x)}new

Proof. Let xz, be an arbitrary point of X. Then, since x, is reg-
ular for Ff, {fn(xo)}new is a Cauchy sequence as is shown in the proof of
Theorem 1. Therefore {fn(xo)}new converges to some «e¢X. Thus the con-

clusion follows from Theorem 1.

Let o be in [0, 1). Then it is obvious that the function ¢ on IR+
defined by (£} = at for all teR, is nondecreasing, upper semicontin-
uous from the right and satisfies the inequality (%) < £ for every ¢ >
0. Thus Hegedus’ theorem is a consequence of Theorem 2. The following

example shows that Hegedis’ theorem is in fact a special case of Theorem 2.

Example 1. Let X = [0, 1] and let d(z, y) = |lx - y| for all =z, y

in X. Consider the functions f and ¢ defined as follows:

n+ 2 1 . 1 1
f(x)={(1——2m—)x+~27;2— if n—:—ls.’rs’z (n?l),
0 if =20,
fx) if xeX,
Plx) ={ 3

vy if xe [R+ \X.
Obviously ¢ is a continuous nondecreasing function satisfying the inequal-
ity o(¢) <t for every ¢ > 0. Since 6(0f(x)) =x for each xeX, if
y <& then
d(f =), F)) < F@) = P) = PBOp) VOLH))).

Thus Theorem 2 can be applied. However f 1is not a generalized Banach con-
traction in the sense of Hegedus [1]. In fact, for each ae [0, 1) we can
find an »n > 1 such that

n+ 2

o<1 - s
an*e




and hence we have

1 =2 n+ 2
0 8(0p(Z) v0L(0)) = = (1- > )

1 1
£ - £ = d(F ), £O)).
As the following example shows, Theorem 1 essentially extends Theorem 2.

Example 2. Let X denote the set of all rationals in [0, 1], and let
d(x, y) = |x - y| for all =, y in X. Then the mapping f in Example
1 defines a mapping of X into itself which will be denoted by the same

symbol f. Since the sequence {fn(o)}new converges to 0, Theorem 1 can

be applied, but not Theorem 2.
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