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On Some Recent Results on Fixed Points II
Dedicated to Professor Kiyoshi Iséki on his 60th birthday
*
By Shouro KASAHARA
The purpose of this note is to prove two common fixed point theorems in

L-spaces which extend recent results obtained by Fisher [1], Park [4], and

Singh [5].

For terminologies and notations not defined here the reader may consult
{2], {3] and [5}. By an o-metric on a set X, we mean a nonnegative real

valued function d on XXX with the property that d(x, y) = 0 if and

only if x = y.

Theorem 1. Let (X, ») be an L-space, d a continuous o-metric on X,
and P, @, S, T be mappings of X into itself such that PS = SP and QT
= TQ. Suppose there exists an upper semicontinuous fumction gy:Rf >R,
such that

max {@(¢, ¢, t, 0, 0), (0, O, &, &, 0), (0, ¢, 0, 0, £)} < ¢
for all t > 0 and such that

d(Px, Qy) <sp{d{Sx, Ty), d(Sz, Qy), d(Pz, Ty), d(Px, Sx}, d(Ty, Qy))

for all =,y in X. If there exist sequences {mn}new and {y 3} . in
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X and points a, b in X such that S is continuous at a, T 1is contin-
uous at b, and such that Px, > a, Sx, >a, Qy, > Db, and Ty, ~ b, then
Pa (= @b = Sa = Tb) is a unique common fixed point of P and S, and at
the same time, it is a unique common fixed point of @ and T (hence Pa

is a unique common fixed point of P, @, S, and T).

Proof. The continuity of S at a ensures the existence of a subse-

3. . . . > a, .
quence {nﬁ}%(}J of {n}new with Sani Sa Since Pxnz a, there is

a subsequence S of {xni}iew such that SPS -+ Saz. Clearly we may assume
without loss of generality that Sani - Sa and SP:L‘ni » Sa. Since Tyni
+ b and Qyni + b, the same argument shows that TTt > Tb and 7@t - 7D

for some subsequence t of {yn,} Thus we may assume that Sani > Sa,
i

1ew’
Pani > Sa, TTyni ~ Th, and QTyni-> Th. Since d is continuous, by choos-
ing subsequences repeatedly, we can conclude that

d(PSzy;s QTyp ) + d(Sa, TH), d(8Szy,, TTyp ) > d(Sa, Th),

d(S5ey, AMyp) > d(Sa, Tb), d(PSz,, TTy, ) + d(Sa, b),

d(Pani, Sani) -+ d(8a, Sa) = 0, and d(TTyni, QTyni) - d(Th, Th) = 0
for some subsequence {n;}, .

d(Pani, QTyni) < p(d (Sani, TTyni) s d(Sani, QTyni) , d (Pani, T.’Z’yni) s

of {n}new‘ On the other hand, we have

d(PSay,, 852, d(ITyy,, QTyy,,))
for all Zecw. Hence the upper semicontinuity of ¢ yields
d(Sa, Th) < ¢(d(Sa, Tb), d(Sa, Tb), d(Sa, Th), 0, 0))
which implies d(Sa, Th) = 0 or ©Sa = Tb. Similarly since
d(Pa, QTyni) + d(Pa, Th), d(Sa, TTyni) ~ d(Sa, Th) = 0,
d(Sa, QTyni) > d(Sa, Th) = 0, d(Pa, TTyni) + d(Pa, Th), and
d(TTyp,> Ayy.) > d(Ib, ) = 0

for some subsequence {ni}iew of {n}mw, it follows from
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d(Pa, QTyni) < p(d(Sa, TTyni), d(Sa, QTyni), d(Pa, TTyn,;)’
d(Pa, 5a), d(TTyy_, @Tyy))
that
d(Pa, Tp) < 9(0, 0, d(Pa, Tb), d(Pa, Tb), 0)
which shows Pa = Th. Hence we have
d(Pa, Qb) <@ (d(Sa, Tb), d(Sa, @), d(Pa, Th), d(Pa, Sa), d(Th, &b))
= (0, d(Pa, @b), 0, 0, d(Pa, &b)),
and so Pa = @b. Consequently S@b = SPa = PSa = P@b, and hence we have
d(Peb, Qb) < p(d(SQb, Tb), d(Seb, Qb), d(PQb, Tb), d(PEb, Sgb),
d(Tp, Qb))
= ¢(d(Peb, @b), d(PEb, Qb), d(PQb, Qb), 0, 0)
proving P@b = gb. Since TPa = TQb = QTb = @Pa, we obtain
d(Pa, gPa) < 9(d(Sa, TPa), d(Sa, QPa), d(Pa, TPa), d(Pa, Sa),

d(TPa, QPa))

¢(d(Pa, QPa), d(Pa, QPa), d(Pa, QPa), 0, 0)

which yields @Pa = Pa. Therefore we have

S5¢b = SPa

PSa = PQb = Qb and TQb = QTb = QPa = Pa = @b,

and thus @b(= Pa = Tb = Sa) is a common fixed point of P, &, S, and T.
It will suffice only to prove that @b is the umique common fixed point of
P and S. To this end, let x€X be a common fixed point of P and S.
Then

d(x, gb) = d(Px, @b) <p(d(z, @b), d(x, @b), d(z, &b), 0, 0),

and therefore « = @b.

Corollary 1. Let P,@ and T be mappings of a nonempty L-space (X, )
into itself such that PT = TP, QT = TQ, P(X) uQ(X) cT(X) and T is con-

tinuous. Suppose that (X, ») is d-complete for some continuous semimetric
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d on X. If there exists an o.¢ [0, 1) such that
(*) d{(Px, Qy) < a-wax {d(Tx, Ty), d(Px, Tx), d(Ty, Qy)}
for all x, y in X, then each of pairs {P, T} and {9, T} has a unique

common fixed point and these two points coineide.

Proof. Let xoeX. Then, since P(X) u@(X) <T(X), one can find a se-

quence {xn}new in X such that Tz, =P, and Tz, =@, for

all new. By virtue of the inequality (*), it is not hard to show that

d(Tz

7
e T:r:n) < o -d(Txl, T:z:o)

for all new (see the proof of Theorem 1 of Singh [5]). Consequently we

0
have 272:0 d(Tx, Tx,) < =, and hence {Txn}new converges to some a in

+1°

X. Since me > a, sz +a, Tx_ -~ a, and Tx + a, putting

n+1 2n 2n+1

P(t,, t,s tys by, tg) = amax{t,, t,, ts}

for each (%¢,, t,, 5, t,, %) elRf_, Theorem 1 can be applied to obtain the

1 2° 3 y

required conclusion.
We shall derive a strengthened version of Theorem 2 of Singh({5]:

Corollary 2. Let P, @ and T be mappings of an L-space (X, >) into
itself such that PT = TP, QT = TQ, P(X) vQ(X) CTt(X), and T 18 continu~
ous, where t 1is a positive integer. Suppose that (X, ») <s d-complete
for some continuous semimetric d on X. If there exist positive integers
ps q and an o€ [0, 1) such that

d(Ux, Vy) < a-max {d(Ux, Sx), d(Vy, Sy), d(Sx, Sy}
for all x, y in X, where U = Pp, V= Qq and S = Tt, then each of pairs
{P, T} and {Q, T} has a unique common fixed point and these two points

coincide.
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Proof. Since U(X) uV(X) cP(X) v@(X) CTt(X), Corollary 1 shows that U
and S have a unique common fixed point ae¢X which is the unique common
fixed point of V and S. Obviously Pa is a common fixed point of U and
S. Hence we have Pa = a. Similarly Qa = a and Ta =a. If x2eX 1is a
common fixed point of P and T, then x 1is also a common fixed point of
U and S, and so x = a. Thus a is the unique common fixed point of P
and T. A similar argument shows that a is the unique common fixed point

of € and T.
The following is the main result of Park [4].

Corollary 3. Let f, g be commting mappings of a metric space (X, d)
into itself, and ¢ an upper semicontinuous mapping of IRi into R, which
is nondecreasing in each coordinate variable and satisfies the inequality
P(t, t, t, t, t) <t for every t > 0. Suppose that the following condi-
tions are satisfied:

(1) df(x), f@) <s9dg), g@)), df®), gx)), df ), g,

aify), g)), df ), g®)))
for all =,y in X.

(2) There exists a sequence {xn}new in X such that g(::cm_1

) = fl=)
for all neuw, SUP{d(g(aci), g(xj)) | 2, 5 ew} < =, and such that {xn}new
has a subsequence converging to an aeX at which g is eontinuous.

Then g(a) is a unique common fixed point of f and g.

Proof. The same argument used in the proof of Theorem 1 of [3] estab-
lishes that {g(:cn) }new is a Cauchy sequence in X. Hence g(acn) + a and
f(xn) + a, where - denotes the convergence with respect to the metric d.

It is clear that d is a continuous o-metric on the L-space (X, +). Thus
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applying Theorem 1 to P =@ =f and S =T = g, we have the desired con-

clusion.

We shall now derive a strengthened version of the essential part of the

main theorem of Fisher [1].

Corollary 4. Let S and T be continuous mappings of a nonempty com-
plete metric space (X, d) into itself, and A a mapping of X into S(X) v
T(X) which commutes with S and T. If there exists an ae [0, 1) such
that
") d(Az, Ay) < ad(Sz, Ty)
for all =, y in X, then each of pairs {4, S} and {4, T} has a unique

common fixed point and these two points coineides.

Proof. Let w, eX. Then we can find a sequence {x } = in X such

that sznﬂ = Axm and szmz = A.'x:2n+1 for all =zneuw. Using the in-

equality (**), it is easy to see that

n
d(Aan, Axn) <o d(Axl, Amo)

for all #new (see the proof of Theorem 2 of Fisher [1]). It follows that
{Axn new is a Cauchy sequence in X, and hence it converges to some aceX.

+a, Sx -+ a, where - denotes the con-

Then Ax__ ->a, Tx__ - a, Ax
2n ’ 291 3 2 2n+1

n+1
vergence with respect to the metric d. Since d is a continuous o-metric

on the L-space (X, »), Theorem 1 yields the conclusion of the corollary.
The following result extends a theorem of Singh [5]:

Theorem 2. Let P, Q, S, and T be mappings of a separated L-space
(X, ») into itself such that PS = SP and QT = TQ, and d a mnonnegative

real valued function on XXX such that d(x, ) = 0 for all «x in X.
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If
1) d(Px, Qy) < max {d(Sx, Ty), d(Sz, Qy), d(Px, Ty), d(Px, Sx),

d(Ty, Qy)}
whenever Px ¢ Qy, and if there exist sequences {xn}new and 1y n}new in

X and points a, b in X such that P and S are continuous at a, § and
T are continuous at b, and such that Pz, ~ a, Sx, + a, Qy,, > b, and Ty,
+ b, then Pa (=@Qb = Sa = Tb) is a unique common fized point of P and S,
and at the same time, it is a unique common fixed point of @ and T (hence

Pa s a unique common fized point of P, @, S, and T).

Proof. Since S 1is continuous at a, we can find a subsequence S of
{xn}new for which SPS ~ Sa. Then since S$ - a, the continuity of P at
a implies the existence of a subsequence t of S such that PS5t » Pa.
But then PSt=5Pt 1is a subsequence of 5PS, and so PSt - Sa. Since the
space is separated, it follows therefore that Pa = Sa. Similarly we have
@b = Th. 1If Pa # @b then we have

d(Pa, @b) < max{d(Sa, Th), d(Sa, @b), d(Pa, Tb), d(Pa, Sa), d(Th, @b)}

= d(Pa, @b),
a contradiction. Hence Pa = ¢b. Consequently TPa = T@b = @Tb = QPa, and
so Pa # QPa implies

d(Pa, QPa) < max{d(Sa, TPa), d(Sa, QPa), d(Pa, TPa), d(Pa, Sa),

d(TPa, QPa)}
= d(Pa, QPa),
a contradiction. Therefore @Pa = Pa. Similarly, since S@b = SPa = PSa
= Pob, if P@b # ¢b then we have also a contradiction
d(Pgb, @b) < max{d(Seb, Tb), d(Seb, &b), d(PQb, Tb), d(Pgb, SQb),
d(Th, @b)}
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= d(P@b, @Qb).
It follows that P@b = §b. Hence SPa = PSa = Pgb = Qb = Pa and 7TGb =
QTb = @Pa = Pa = Qb. Thus Pa (= @b = Sa = Tb) is a common fixed point of
P, Q, S,and T. If zeX\{@b} is a common fixed point of P and S,
then we have

dl{z, &b)

d(Pz, @b)

A

max { d(Sz, Tb), d(Sx, §b), d(Px, Th), d(Px, Sx), d(Th, @b)}
d{x, @b).

This shows that @b is the unique common fixed point of P and S. Sim-

ilarly we can show that Pa is the unique common fixed point of § and T.

As an immediate consequence of this theorem, we have the following re-

sult which slightly improves Theorem 1 of Singh [5].

Corollary 5. Let P, @, and T be continuous mappings of a nonempty
separated L-space (X, ») into itself such that PT = TP, QT = TQ, P(X) u
Q(X) cT'(X). Suppose that (X, ») is d-complete for some semimetric d on
X. If there exists an 0 e [0, 1) such that

d(Pz, Qy) < a-max {d(fw, Ty), d(Px, Tx), d(Ty, Qy)}
for all =z, y in X, then each of pairs {P, T} and {Q, T} have a unique

eommon fixed point and these two points coincide.

Proof. The same argument used in the proof of Corollary 1 ensures the

existence of a sequence {z }

i € Px +>a
inew 1D X and an ae€X such that - ,

me” -+ a, Txm + a, and Tac.'me1 + a. Thus Theorem Z can be applied.

Remark. If a = b in Theorem 2, then (1) can be replaced with the fol-

lowing inequality
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d(Px, Qy) < max {d(Px, ¢x), d(Px, Sx), d(Pz, Tx), d(Pzx, Ty),
d{Py, Sy), d(Qz, Qy), d(@z, Tz), d(@z, Ty),
d(Qy, Ty), d(Sx, Px), d(Sx, @x), d(Sx, Qy),
d(Sy, Py), d(Sx, Tx), d(Sx, Ty), d(Tz, Qx),

d(Tx, Qy), d(Tx, Ty) }.

References

. Fisher: Mappings with a common fixed point, these NOTES, 7 (1979),

81-84.

. Kasahara: On some generalizations of the Banach contraction theo-

rem, Publ. RIMS, Kyoto Univ., 12 (1976), 427-437; or these NOTES,
3 (1975), 161-169.

. Kasahara: On some recent results on fixed points, these NOTES, 6

(1978), 373-382.

. Park: An extension of a fixed point theorem of Kasahara: these

NOTES, 7 (1979), 85-89.

. L. Singh: Some common fixed point theorems in L-spaces, these NOTES,

7 (1979), 91-97.





