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On Some Recent Results on Fixed Points II 

Dedicated to Professor Kiyoshi Iseki on his 60th birthday 

* By Shouro KASAHARA 

The purpose of this note is to prove two common fixed point theorems in 

L-spaces which extend recent results obtained by Fisher [l], Park (4], and 

Singh [5]. 

For terminologies and notations not defined here the reader may consult 

[2], [3] and [5]. By an o-metric on a set X, we mean a nonnegative real 

valued function d on xxx with the property that d(x, y) = O if and 

only if x = y. 

Theorem 1. Let (X, ➔) be an L-space, d a continuous o-metric on X, 

and P, Q, S, T be mappings of X into itself such that PS = SP and QT 

= TQ. Suppose there exists an upper semicontinuous function g,:IR! ➔ IR+ 

such that 

max { p(t, t, t, 0, O), g,(0, 0, t, t, O), p(0, t, 0, 0, t)} < t 

for all t > 0 and such that 

d(Px, Qy) ~<f(d(Sx, Ty), d(Sx, Qy), d(Px, Ty), d(Px, Sx), d(Ty, Qy)) 

for all x, y in X. If there exist sequences {x} and {y} in n nEw n nEw 
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X and points a, b in X such that S is continuous at a, T is contin­

uous at b, and such that Pxn-+ a, Sxn-+ a, Qyn-+ b, and Tyn-+ b, then 

Pa ( = Qb = Sa = Tb) is a unique corronon fixed point of P and S, and at 

the same time, it is a unique common fixed point of Q and T (hence Pa 

is a unique common fixed point of P, Q, S, and T). 

Proof. The continuity of S at a ensures the existence of a subse-

quence {n .} . of 
-Z. -Z.EW 

{n} with SSxn.-+ Sa. Since Pxn.-+ a, there is 
nEW -z. -z. 

a subsequence s of {xn.}. such that SPS-+ Sa. Clearly we may assume 
-Z. -Z.EW 

without loss of generality that SSxni-+ Sa and SPxni-+ Sa. Since Tyni 

-+ b and Qyn. -+ b, the same argument shows that TTt -+ Tb and TQt -+ Tb 
'Z, 

Thus we may assume that SSxn.-+ Sa, 
'Z, 

PSxn. -+ Sa, TTyn. -+ Tb, and QTyn.-+ Tb. Since d is continuous, by choos-
-z. 'Z, 'Z, 

ing subsequences repeatedly, we can conclude that 

d(PSxn ., QTyn.) -+ d(Sa, Tb), d(SSxn ., TTyn.) -+ d(Sa, Tb), 
'Z, 'Z, 'Z, 'Z, 

d(SSxn ., QTyn.) -+ d(Sa, Tb), d(PSxn., TTyn.) -+ d(Sa, Tb), 
'Z, 'Z, 'Z, 'Z, 

d(PSxn., SSxn.) -+ d(Sa, Sa) = 0, and d(TTyni' QTyni) -+ d(Tb, Tb)= 0 
'Z, 'Z, 

for some subsequence {n} . 
nEW 

On the other hand, we have 

d(PSxn., QTyn.)$ p(d(SSxn., TTyn.), d(SSxn., QTyn.), d(PSxn., TTyn.), 
'Z, 'Z, 'Z, 'Z, 'Z, 'Z, 'Z, 'Z, 

d(PSxn., SSxn.), d(TTyn., QTyn.)) 
'Z, 'Z, 'Z, 'Z, 

for all i E w. Hence the upper semicontinuity of 'J' yields 

d(Sa, Tb) $ g:,(d(Sa, Tb), d(Sa, Tb), d(Sa, Tb), 0, 0)) 

which implies d(Sa, Tb)= 0 or Sa= Tb. Similarly since 

d(Pa, QTYn.)-+ d(Pa, Tb), d(Sa, TTYn.)-+ d(Sa, Tb) 0, 
'Z, 'Z, 

d(Sa, QTyn.) -+ d(Sa, Tb) = 0, d(Pa, TTyn.) -+ d(Pa, Tb), and 
'Z, 'Z, 

d(TTyn ., QTyn.) -+ d(Tb, Tb) = 0 
'Z, 'Z, 

for some subsequence {n.}. of {n} , it follows from 
-Z. -Z.EW nEW 



d(Pa, QTyn,) s '.J'(d(Sa, TTYn.), d(Sa, QTyn_), d(Pa, TTyn_), 
'2, '2, '2, '2, 

d(Pa, Sa), d(TTyn., QTyn_)) 
'2, '2, 

that 

d(Pa, Tb) s_p(0, 0, d(Pa, Tb), d(Pa, Tb), 0) 

which shows Pa= Tb. Hence we have 

d(Pa, Qb) sp(d(Sa, Tb), d(Sa, Qb), d(Pa, Tb), d(Pa, Sa), d(Tb, Qb)) 

= g>(0, d(Pa, Qb), 0, 0, d(Pa, Qb)), 
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and so Pa= Qb. Consequently SQb = SPa = PSa = PQb, and hence we have 

d(PQb, Qb) s '.:f'(d(SQb, Tb), d(SQb, Qb), d(PQb, Tb), d(PQb, SQb), 

d(Tb, Qb)) 

= p(d(PQb, Qb), d(PQb, Qb), d(PQb, Qb), 0, 0) 

proving PQb = Qb. Since TPa = TQb = QTb = QPa, we obtain 

d(Pa, QPa) s ;f(d(Sa, TPa), d(Sa, QPa), d(Pa, TPa), d(Pa, Sa), 

d (TPa, QPa)) 

= '.:f(d(Pa, QPa), d(Pa, QPa), d(Pa, QPa), 0, 0) 

which yields QPa = Pa. Therefore we have 

SQb = SPa = PSa = PQb = Qb and TQb = QTb = QPa =Pa= Qb, 

and thus Qb( = Pa = Tb = Sa) is a common fixed point of P, Q, S, and T. 

It will suffice only to prove that Qb is the unique common fixed point of 

P and S. To this end, let x EX be a common fixed point of P and S. 

Then 

d(x, Qb) = d(Px, Qb) sp(d(x, Qb), d(x, Qb), d(x, Qb), 0, 0), 

and therefore x Qb. 

Corollary l. Let P, Q and T be mappings of a nonempty L-space (X, ➔) 

into itself such that PT = TP, QT = TQ, P (X) u Q (X) c T (X) and T is con­

tinuous. Suppose that (X, ➔) is d-complete for some continuous semimetric 



126 

d on X. If ther>e exists an a. E [ 0, 1) such that 

(*) d(Px, Qy) $ a.•max{d(Tx, Ty), d(Px, Tx), d(Ty, Qy)} 

for> all x, y in X, then each of pai:r>s {P, T} and {Q, T} has a unique 

common fixed point and these two points coincide. 

Pr>oof. Let x
0 

EX. Then, since P(X) u Q(X) c T(X), one can find a se-

quence {x } in X such that Tx = Px and Tx
2
n+

2 
= Qx

2
n+i n nEW 2n+1 2n for 

all n E w. By virtue of the inequality (*), it is not hard to show that 

d(Tx , Tx) :5 an•d(Tx, Tx
0

) 
n+1 n 1 

for all n E w (see the proof of Theorem 1 of Singh [5]). Consequently we 

have '

00 

d(Tx , Tx) < 00 • and hence li=o n+1 n , 

X. Since Px 2n ➔ a, Qx
2
n+i ➔ a, Tx 2n ➔ a, and Tx 2n+i ➔ a, putting 

gi ( t 
1 

, t 
2

, t 3' t 4 , t 5) = a· max { t 1 , t 4 , t 5 } 

for each (t
1

, t
2

, t 3 , t 4 , t 5 ) EIR!, Theorem 1 can be applied to obtain the 

required conclusion. 

We shall derive a strengthened version of Theorem 2 of Singh[SJ: 

Coro 11 ary 2. Let P, Q and T be mappings of an L-space (X, ➔) into 

itself sueh that PT = TP, QT = TQ, P (X) u Q (X) c Tt (X) , and T is continu­

ous, wher>e t is a positive integer>. Suppose that (X, ➔) is d-complete 

for> some continuous semimet:r>ia d on X. If ther>e exist positive intege:r>s 

p, q and an a. E [O, 1) such that 

d(Ux, Vy)$ a·max {d(Vx, Sx), d(Vy, Sy), d(Sx, Sy)} 

for> all x, y in X, whe:r>e V = iP, V = Qq and S = Tt, then each of pai:r>s 

{P, T} and {Q, T} has a unique common fixed point and these two points 
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Proof. Since U(X) u V(X) c P(X) u Q(X) c Tt (X), Corollary 1 shows that U 

and S have a unique common fixed point a E X which is the unique common 

fixed point of V and S. Obviously Pa is a common fixed point of U and 

S. Hence we have Pa = a. Similarly Qa = a and Ta = a. If x EX is a 

common fixed point of P and T, then x is also a common fixed point of 

U and S, and so x = a. Thus a is the unique common fixed point of P 

and T. A similar argument shows that a is the unique common fixed point 

of Q and T. 

The following is the main result of Park [4]. 

Corollary 3. Let f, g be commuting mappings of a metric space (X, d) 

into itself, and cp an upper semicontinuous mapping of IR! into IR+ which 

is nondecreasing in each coordinate variable and satisfies the inequality 

p(t, t, t, t, t) < t for every t > 0. Suppose that the following condi­

tions are satisfied: 

(1) d(f(x), f(y)) ~ '.:f'(d(g(x), g(y)), d(f(x), g(x)), d(f(y), g(y)), 

d(f(y), g(x)), d(f(x), g(y))) 

for all x, y in X. 

(2) There exists a sequence {x } in X such that g (x ) 
n nEW n+1 

for all nE w, sup{d(g(x.), g(x.)) Ii, j EW} < 00
, and such that 

1, J 

has a subsequence converging to an a E X at which g is continuous. 

Then g(a) is a unique common fixed point of f and g. 

Proof. The same argument used in the proof of Theorem 1 of [3] estab-

lishes that {g(x )} is a Cauchy sequence in X. Hence g(xn) ➔ a and 
n nEW 

f(x ) ➔ a, where ➔ denotes the convergence with respect to the metric d. 
n 

It is clear that d is a continuous o-metric on the L-space (X, ➔). Thus 
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applying Theorem 1 to P = Q = f and S = T = g, we have the desired con­

clusion. 

We shall now derive a strengthened version of the essential part of the 

main theorem of Fisher [1]. 

Corollary 4. Let S and T be oontinuous mappings of a nonempty oom­

plete metric spaoe (X, d) into itself, and A a mapping of X into S(X) u 

T(X) whioh oommutes with S and T. If there exists an a E [O, 1) suoh 

that 

(**) d(Ax, Ay) s ad(Sx, Ty) 

for all x, y in X, then eaoh of pairs {A, S} and {A, T} has a unique 

common fixed point and these ti.Jo points ooinoides. 

Proof. Let x
0

EX. Then we can find a sequence {xn}nEW in X such 

that Sx 2n+i = Ax2n and Tx
2
n+z = Ax2n+i for all n E w. 

equality (**), it is easy to see that 

n d(Ax , Ax ) s a d(Ax
1

, Ax
0

) 
n+1 n 

Using the in-

for all n E w (see the proof of Theorem 2 of Fisher [l]). It follows that 

{Axn}nEW is a Cauchy sequence in X, and hence it converges to some a EX. 

Then Ax
2
n ➔ a, Tx

2
n ➔ a, Ax

2
n+i ➔ a, Sx

2
n+I ➔ a, where ➔ denotes the con­

vergence with respect to the metric d. Since d is a continuous o-metric 

on the L-space (X, ➔), Theorem 1 yields the conclusion of the corollary. 

The following result extends a theorem of Singh [5]: 

Theorem 2. Let P, Q, S, and T be mappings of a separated L-spaoe 

(X, ➔) into itself suoh that PS = SP and QT = TQ, and d a nonnegative 

real valued funotion on xxx suoh that d(x, x) = 0 for all x in X. 



If 

(t) d(Px, Qy) < max { d(Sx, Ty), d(Sx, Qy), d(Px, Ty), d(Px, Sx), 

d(Ty, Qy)} 
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whenever Px f Qy, and if there exist sequences {x} and {y} in n nEw n nEw 

X and points a, b in X such that P and S are continuous at a, Q and 

T are continuous at b, and such that Pxn ➔ a, Sxn ➔ a, Qyn ➔ b, and Tyn 

➔ b, then Pa (= Qb = Sa = Tb) is a unique common fixed point of P and S, 

and at the same time, it is a unique common fixed point of Q and T (hence 

Pa is a unique common fixed point of P, Q, S, and T). 

Proof. Since S is continuous at a, we can find a subsequence s of 

{x } for which SPS ➔ Sa. Then since Ss ➔ a, the continuity of P at 
n nEW 

a implies the existence of a subsequence t of s such that PSt ➔ Pa. 

But then PSt = SPt is a subsequence of SPs, and so PSt ➔ Sa. Since the 

space is separated, it follows therefore that Pa= Sa. Similarly we have 

Qb = Tb. If Pa f Qb then we have 

d(Pa, Qb) < max{d(Sa, Tb), d(Sa, Qb), d(Pa, Tb), d(Pa, Sa), d(Tb, Qb)} 

= d(Pa, Qb), 

a contradiction. Hence Pa Qb. Consequently TPa TQb QTb QPa, and 

so Pa# QPa implies 

d(Pa, QPa) < max{d(Sa, TPa), d(Sa, QPa), d(Pa, TPa), d(Pa, Sa), 

d(TPa, QPa)} 

= d(Pa, QPa), 

a contradiction. Therefore QPa = Pa. Similarly, since SQb = SPa = PSa 

= PQb, if PQb f Qb then we have also a contradiction 

d(PQb, Qb) < max{d(SQb, Tb), d(SQb, Qb), d(PQb, Tb), d(PQb, SQb), 

d(Tb, Qb)} 
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d(PQb, Qb). 

It follows that PQb Qb. Hence SPa = PSa = PQb = Qb = Pa and TQb = 

QTb = QPa = Pa = Qb. Thus Pa ( = Qb = Sa = Tb) is a common fixed point of 

P, Q, S, and T. 

then we have 

If x EX\ {Qb} is a common fixed point of P and S, 

d(x, Qb) d(Px, Qb) 

< max { d(Sx, Tb), d(Sx, Qb), d(Px, Tb), d(Px, Sx), d(Tb, Qb)} 

= d(x, Qb). 

This shows that Qb is the unique common fixed point of P and S. Sim­

ilarly we can show that Pa is the unique common fixed point of Q and T. 

As an immediate consequence of this theorem, we have the following re­

sult which slightly improves Theorem 1 of Singh [5]. 

Corollary 5. Let P, Q, and T be oontinuous mappings of a nonempty 

sepaPated L-space (X, ➔) into itself such that PT= TP, QT= TQ, P(X) u 

Q(X) c T(X). Suppose that (X, ➔) is d-complete for some semimetric d on 

X. If there exists an a E [O, 1) suoh that 

d(Px, Qy) < a-max { d(Tx, Ty), d(Px, Tx), d(Ty, Qy)} 

for all x, y in X, then eaoh of pairs {P, T} and {Q, T} have a unique 

common fixed point and these two points ooincide. 

Proof. The same argument used in the proof of Corollary l ensures the 

existence of a sequence in X and an a E X such that Px ➔ a, 
2n 

Tx ➔ a. 
2n+1 

Thus Theorem 2 can be applied. 

Remark. If a= b in Theorem 2, then (t) can be replaced with the fol­

lowing inequality 
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d(Px, Qy) < max { d(Px, Qx), d(Px, Sx), d(Px, Tx), d(Px, Ty), 

d(Py, Sy), d(Qx, Qy), d(Qx, Tx), d(Qx, Ty), 

d(Qy, Ty), d(Sx, Px), d(Sx, Qx), d(Sx, Qy), 

d(Sy, Py), d(Sx, Tx), d(Sx, Ty), d(Tx, Qx), 

d(Tx, Qy), d(Tx, Ty) }. 
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