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On Some Problems on BCK-Algebras 

~ * By Kiyoshi ISEKI 

About ten years ago, we introduced a new notion which is cal led a BCK-

algebra (for detail, see [2]). 

Various authors have obtained interesting and important results about 

BCK-algebras, which have been published in these Notes and Mathematica Ja­

ponica. A list of publications on BCK-algebras and its related topics may 

be found in [6]; it includes the publications until 1977. 

In this Note, we shall state some unsolved problems on BCK-algebras. 

§ l. On the definition of BCK-algebras. 

H. Yutani [11] showed that the class of commutative BCK-algebras is an 

equational class (a variety). Other important classes, for instance, the 

classes of positive implicative BCK-algebras are also equational classes. A 

bounded BCK-algebra X is a BCK-algebra with largest element 1, i.e., x s; 

1 for every x E X; then 1 * x wi 11 be denoted by Nx. 

Let X be a bounded BCK-algebra with condition (S). As is well known, 

(a * b) * c = a * (b O c) 

holds for any BCK-algebra with condition (S), so we have 
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and 

b * (a O (b * a)) = (b * a) * (b * a) 0. 

Hence X satisfies the condition(*). 

On the other hand, a~ b implies 

b~aob~bob b, 

which shows a O b = b. 

Let x be an element with a O x = b. Then we have 

(b * a) * x = b * (a 0 x) = b * b = 0. 
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Hence b *a~ x. Moreover x ~ b. Therefore, b * a is the smallest el­

ement satisfying a ox = b, and b is the largest element satisfying 

a 0 x = b in a positive implicative BCK-algebra with condition (S). 

From the above proof, we know that b * a is the smallest element sat­

isfying a O x = b under condition (*). 

If X is bounded, then for any element a, there is the smallest ele­

ment x satisfying a ox = l. The smal 1 est element x is given by Nx. 

The present author proved that any bounded, commutative BCK-algebra is 

a lattice with respect to ", and v, where av b is defined by N(Na "Nb). 

Quite recently, T. Tracyzk [8] showed that any commutative BCK-algebra 

that any two elements have an upper bound is a distributive lattice. This 

result is a fundamental one on a commutative BCK-algebra. From this basic 

result, we have many important theorem. 

As an easy result, we know that any bounded, commutative ECK-algebra is 

a de Morgan algebra. Further, any commutative ECK-algebra with condition 

(S) is a distributive lattice with respect to the original order ~. 

§ 3. 0-distributivity of a BCK-algebra. 
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It is easily seen that any aorrmutative ECK-algebra X with aondition 

(S) is 0-distributive with respect to 11, 0 , i.e. a II b = a and a II a = 0 

imply a 11 (b O a) = O. 

To prove this, we first remark that a II b is given by a* (a* b). 

Then we have 

(a* ((a* b) * a)) * (a* (a* b)) ~(a* b) * ((a* b) * a) 

(a*b)11a~a11a=0. 

Since a11b = 0, we obtain a* ((a* b) * a) 0. This implies O = 

a * (a * (b O a)) = a 11 (b O a). This means that X is 0-distributive. 

If a commutative BCK-algebra with condition (S) satisfies 

a 11 (b O a) = ( a II b) 0 ( a II a) , 

then it is positive implicative. 

Let a = b = a in the above relation. Then we have a 11 (a O a) = 

(a II a) 0 (a II a). Hence a O a = a, which means that the algebra is positive 

implicative (for more detail, see [7]). 

The notion of 0-distributivity in a lattice was introduced by 

J.C. Varlet [9) as a generalization of the notion of pseudo-complemented­

ness. It has been studied by J.C. Varlet [10) and W. H. Cornich [l). 

We shall define a relation ~ like in a lattice as follows. a~b if 

andonlyif a11x=0 is equivalent to b11x=O(see[9]). 

Then ~ is an equivalence relation on a commutative BCK-algebra with 

condition(S). Let a~b. Then (a110)11x=0 

Hence b11 (a11x) = 0, which means (b11a) 11x = O. 

a~d imply a 11a~b 11d. Moreover, if a~b, and 

implies a 11 (a II x) = 0. 

Therefore a ~ b and 

(a o a) 11x = 0, then, we 

have a11x=0,011x=0. Hence b11x=0 and 011x=O,whichimplies 

(boa)11x=0 byO-distributivity. This shows that a~b and a~d im-
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ply a O c ~ b O d. Therefore ~ is a congruence relation with respect to 

11 and o 

If a Ax = 0, then by 0-distributivity, (a O a) 11x O. Hence a~a O a. 

In general we have a ~ n a (n = 2, 3, • • • ) . 

Next we shall consider the quotient algebra X/~. Then the class con­

tatining O consists of the only element O. We denote the class contain­

ing a EX by A. We define A "B, A o B by the classes containing a II b, 

a 0 b (aEA, bEB) respectively. 

X/~ is a semilattice with respect to 11. Moreover it is semilattice 

with respect to o, as by a ~ a o a (a E A) we have A o A = A. 

Weshallshow (a11b)oa~a,whichmeans (A11B)oA=A. Let 

((a11b) oa) 11x = 0. Then a11x = 0. Conversely, let a11x = 0. Then 

(a11b) 11x = 0. Hence, by 0-distributivity, we obtain ((a11b) oa) 11x = 0. 

Therefore (a II b) o a~ a. 

Next we shall show (a ob) 11a~a, which means (A oB) 11A = A. Let 

a11x=0. Then ((aob)11a)11x~a11x=0. Let ((aob)11a)11x=0. 

Since a~ aob, we have a11x = (a11a) 11x $ ((a ob) 11a) 11x = 0. Hence 

(a ob) 11a~a. 

From the above result, .we know that X/~ is a lattice. 

Moreover, we shall show (a 0 b) 11c~ (a11c) 0 (b11c), which means 

(A 0 B)11C= (A11C)o(B11C). Let ((aob)11c)11x= O. Then (a11c)11x= 

(b11c) 11x = 0. By 0-distributivity, we have ((a11c) o (b11c)) x = 0. 

Let ((a11c) o (b11c)) 11x = 0. Then (a11c) 11x = (b11c) AX= 0. Hence, by 

0-distributi vi ty, a 11 (c II x) = b" (c 11x) = 0 implies (a ob) 11 (c II x) = 0, 

which is ((a ob) 11c) 11x = 0. This shows that XI~ is a distributive 

lattice with respect to 11, o. 
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