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MATHEMATICS SEMINAR NOTES
Vol. 7 (1979)

On Some Problems on BCK-Algebras

. *
By Kiyoshi ISEKI

About ten years ago, we introduced a new notion which is called a BCK-
algebra (for detail, see [2]).

Various authors have obtained interesting and important results about
BCK-algebras, which have been published in these Notes and Mathematica Ja-
ponica. A list of publications on BCK-algebras and its related topics may
be found in [6]; it includes the publications until 1977.

In this Note, we shall state some unsolved problems on BCK-algebras.
§ 1. On the definition of BCK-algebras.

H. Yutani [11] showed that the class of commutative BCK-algebras is an
equational class (a variety). Other important classes, for instance, the
classes of positive implicative BCK-algebras are also equational classes. A
bounded BCK-algebra X is a BCK-algebra with largest element 1, i.e., & <
1 for every xeX; then 1 » & will be denoted by UNx.

Let X be a bounded BCK-algebra with condition (S). As is well known,

(@a*b) xe=a=* (boc)

holds for any BCK-algebra with condition (S), so we have
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Nb x ¢ =HNboc).
If X satisfies NNx =x for every xzeX, then
boc = NWIb + ¢).
Hence the o operation is definable from the operations N and =.
Therefore the class of bounded, commutative BCK-algebra with condition (8)
is an equational class, as a commutative BCK-algebra with 1 satisfies
Nlx = x.
On classes of BCK-algebras, there are the following unsolved problems

which are very important to develop the theory of BCK-algebras.

Problem 1. 1Is the class of BCK-algebra an equational class ?
Problem 2. 1Is the class of BCK-algebra with condition (S) an equational
class ?

On the condition MNNx = z, we have the following
Problem 3. 1Is there a non-commutative BCK-algebra satisfying WNix = x ?
§ 2. On BCK-algebras satisfying condition (*):a<b impliesq - (b*a) =b.

There is a commutative BCK-algebra with condition (S) not satisfying (*).

A BCK-algebra X is positive implicative, if X satisfies (z * y) =
=x » y for every x, yeX. If a positive implicative BCK-algebra X is
commutative, then it is called to be <mplicative.

If X 1is positive implicative, then X satisfies condition (*). But
the converse is not always true.

Let X be a positive implicative BCK-algebra with condition (S). If
a £ b, then, by Theorem 1 in [3],

ac(( xa) <aesb<beb =b,
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and
b* (ae(b*a)) =B =xa) « (bx*a) =0.

Hence X satisfies the condition (*).

On the other hand, a < b implies

b<aobs<beb =0,

which shows aqob = b.

Let x be an element with aox = b. Then we have

®*a) *xx=Db=x* (aex) =b b = 0.

Hence b * ¢ < x. Moreover x < b. Therefore, b * a is the smallest el-
ement satisfying aex = b, and b 1is the largest element satisfying
aecx =b 1in a positive implicative BCK-algebra with condition (S).

From the above proof, we know that b » a <s the smallest element sat-
isfying acx = b under condition (*).

If X 1is bounded, then for any element a, there is the smallest ele-
ment & satisfying ageox = 1. The smallest element x is given by MNr.

The present author proved that any bounded, commutative BCK-algebra is
a lattice with respect to A, and v, where aqvb is defined by N(Na AND).
Quite recently, T. Tracyzk [8] showed that any commutative BCK-algebra
that any two elements have an upper bound is a distributive lattice. This
result is a fundamental one on a commutative BCK-algebra. From this basic
result, we have many important theorem.

As an easy result, we know that any bounded, commutative BCK-algebra is
a de Morgan algebra. Further, any commtative BCK-algebra with condition

(S) is a distributive lattice with respect to the original order <.

§ 3. O-distributivity of a BCK-algebra.
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It is easily seen that any commutative BCK-algebra X with condition
(S) is 0-distributive with respect to A, o, i.e. aqab =c¢ and arec =0
imply aA (beec) = 0.

To prove this, we first remark that a A b 1is given by a * (a * b).
Then we have

(@ ((@axb) »e)) » (@ax (@a=*Db)) < (axh)*((@a=bhb)xc)

(@ *Dyre canrc =0.
Since aab = 0, we obtain a+ ((¢ » b) » ¢) = 0. This implies 0 =
ax (@ax (bee)) =ar(bec). This means that X is O-distributive.

If a commutative BCK-algebra with condition (S) satisfies

anr(beoe) = (arb) e (ane),
then it is positive implicative.

Let a =b = ¢ in the above relation. Then we have aA(acq) =
(anra) e (ara). Hence aoa = a, which means that the algebra is positive
implicative (for more detail, see [7]).

The notion of O-distributivity in a lattice was introduced by
J. C. Varlet [9] as a generalization of the notion of pseudo-complemented-
ness. It has been studied by J. C. Varlet [10] and W. H. Cornich [1].

We shall define a relation ~ 1ike in a lattice as follows. a~b if
and only if aAz = 0 is equivalent to baAx = 0 (see [9]).

Then ~ 1is an equivalence relation on a commutative BCK-algebra with
condition (S). Let a~b. Then (aAc)Ax =0 implies an(cazx) = 0.
Hence baA (eAz) = 0, which means (bae)ax = 0. Therefore a~% and
e~d imply aac~bad. Moreover, if a~b, and (ao¢) Ax = 0, then, we
have anax =0, cax =0. Hence bax =0 and c¢azxz = 0, which implies

(boc) Ax = 0 by O-distributivity. This shows that g~p and c~d im-
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ply aec~bed. Therefore ~ 1is a congruence relation with respect to
A and o,

If aax = 0, then by 0-distributivity, (aca)ax = 0. Hence a~aoaq.
In general we have a~na(n =2, 3, ---).

Next we shall consider the quotient algebra X/~. Then the class con-
tatining 0 consists of the only element 0. We denote the class contain-
ing aeX by A. We define AAB, 4B by the classes containing aab,
aob (aed, beB) respectively.

X/~ is a semilattice with respect to A. Moreover it is semilattice
with respect to o, as by a~aoca (acd) we have A4 = 4.

We shall show (aAb)ea~a, which means (A AB) o4 =A. Let
((@aab)oa)ax = 0. Then aax = 0. Conversely, let aazx = 0. Then
{(aadb) sz = 0. Hence, by O0-distributivity, we obtain ((aab)ea) ax = 0.
Therefore (aAb)ca~a.

Next we shall show (a°b) Aa~a, which means (4°B) A4 = A. Let
arx = 0. Then ({(aeb)ara)rz <sarx =0. Let ({aob)ra)arx = 0.
Since a < aob, we have aax = (@ara)rx < ((@eb) Aa) Az = 0. Hence
(aeb) ra~a.

From the above result, we know that X/~ <s a lattice.

Moreover, we shall show (aeb)Aac~ (are)o (bac), which means

(AoBYAC = (AAC) o (BAC). Let ((@aoh)Ae)Aax = 0. Then (ane) ax =

(bae)yazxz = 0. By O-distributivity, we have ((@anc)o(barec)) = =0.
Let ((anrc)o (bac))ax = 0. Then (aac)Ax = {(bac)ax = 0. Hence, by
0-distributivity, aa(cax) = ba(caz) = 0 implies (aeb)Aa(cax) =0,

which is ((@eb) Ac) Ax = 0. This shows that X/~ is a distributive

lattice with respect to A, o.
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