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Lattice Ordered Autometrized Algebras 1II

*
By B. V. SUBBA RAO

Introduction. This paper is a continuation of [9], in which we intro-
duced the notion of a representable autometrized algebra and proved the the-
orem: A lattice ordered autometrized algebra A is a subdirect product of
totally ordered representable autometrized algebra if and only if 4 is re-
presentable and (a « (aub))n (b = (@aub)) = 0 for all a, b in A. In
this paper, we study the geometry of a representable autometrized algebra,
by imposing two more natural conditions (1) {(a * (@ub))n (b » (@ub)) = 0
and (2) a + (anb) + anb = a, on any such algebra. The class of represent-
able autometrized algebras satisfying (1) and (2) is, still, a wider class
than that of DR&-semigroups in whcih (a - D) n (b - a) < 0 (see Example 1
below). We obtain almost all geometric results that were obtained by Rama
Rao [8] for commutative Boolean-2%-algebras (which are commutative DRL-semi-
groups in which (a - b} n (b - a) < 0). The geometric results obtained in
this paper generalize the geometric results of Swamy [10], [11] for commu-
tative %-groups and those of Blumenthal [2], [3] and Ellis [4], [5] for
Boolean algebras.

In this paper, we freely use the definition, results and notation of [9].
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§ 1. We, first, recall the definition of representable autometrized

algebra.

Definition 1. A lattice ordered autometrized algebra 4 = (4, +, £, *)
is called a representable autometrized algebra if and only if
(1.1) 4 1is a semiregular autometrized algebra,
(1.2) For every a in A, all the mappings X b a + Z,X P aux,x P anx
and x b axx are contractions. (a mapping f: 4 >4 1is called a
contraction mapping with respect to a metric * on A if and only

if flx) *f(y) <xxy for all x, y in A4)

Throughout this paper, 4 = (4, +, <€, *) stands for a representable
autometrized algebra satisfying the conditions
(1.3) (a*x(aub))n(b*(aub)) =0 for all a, b in A4, and

(1.4) (a*(anb)) + (anb) = a for all a, b in 4.

Any commutative DR&-semigroup A4 = (4, +, <, -) which satisfies the
condition (a-b)n(d-a) <0 for all a, b in 4, is a representable
autometrized algebra satisfying (1.3) and (1.4). Consequently, Boolean
algebras and commutative f-groups are representable autometrized algebras
satisfying (1.3) and (1.4). The following example shows that the class of
representable autometrized algebras satisfying (1.3) and (1.4) is wider
than the class of DRL-semigroups, in which (a-b)n(b-a) < 0 for all
a, b.

Example 1. Let A4 = Zu{u} where Z is the set of all integers and
u is an element which is not in Z. Define + in A4 as follows:

a +b = usual sumof a and b, for all a, b in Z,

a+u=u=u+a forall a in Z, and
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U+t u=u
Define < in 4 as follows: For the elements in Z, let < be the usu-
al ordering. Define a < u for all a in Z. Define * in 4 as fol-
lows: axb = |a-b| for all a, b in 2, a*u =u =u*a for all a
in Z, and u=*u = 0. Then, it can be verified that 4 = (4, +, £, *) is
a representable autometrized algebra satisfying (1.3) and (1.4). But, 4
is not a DR&-semigroup since there exists no least element x in A such

that ¢ + u 2 g for any a in 2.

The following examples show that the conditions (1.3) and (1.4) are in-

dependent on a representable autometrized algebra.

Example 2. Let A be the lattice of all closed subsets of the space
of real numbers with usual topology. Then A 1is a Brouwerian algebra and
hence is a representable autometrized algebra. It can be verified that A4
satisfies (1.4). But A does not satisfy (1.3). For, let X and Y
denote the closed intervals [0, 2] and [2, 3] respectively. Then

X*xXu))n(¥*xEXuvY)) = {2} # # (where @ is the empty set).

Example 3. Let 4 = Zu{u, v}, where Z 1is the set of all integers
and u and v are elements which are not in Z. Define + in A4 as
follows: a + b =usual sumof a and » for all a, b in Z, a+u =u
=u+qaqg forall a in Z,a +v =v =v +a forall a in Z, u + v =
u=v +u, u+r+u=u and v +v =v, Define < in A4 as follows: For
the elements in Z, let < be the usual ordering. Define u <a <v for
all a in Z. Define % in 4 as follows: axb = |a—b[ for all a,
b in Z, a*u=v =u%xa for all a in Z, a*v =v = vxa for all a

in Z, usv =v=v*yuy and u*u =0 = vxv. Then, it can be verified
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that 4 = (4, +, <, *) 1is a representable autometrized algebra satisfying
(1.3). But A4 does not satisfy (1.4), because, v* (vnu) + (Vnu) =vV*u

+ U=V +uUu+ufo.

Now, we show that A4 turns out to be distributive lattice.

Theorem 1. (4, <) is a distributive lattice.

We need the following

Lemma 1. a*(aub) =bx*{(anb) forall a, b in A.

Proof. We have a=* (aub) = (au(anb)) *(aub) < (anb) xb =
(anb) * ({aub)nb) <ax(aqub). Hence a=*(aub) = b*(anb) for all

a, b in 4.

Proof of Theorem 1. Clearly (4, <} 1is a lattice. In order to show
that A4 is a distributive lattice, it is enough to prove that anx=any
and agaux = aquy implies x =y for a, x, y in 4 (see p. 39 of [1]).
So, assume that for a, x, y in 4, anx =any and aux = aquy. Then
x=xx*x(@xna) +xna (by (1.4)) =ax{aux) +anx=a*(auy) +auvy =

y* (yna) + yna =y (by (1.4)). This completes the proof.

Remark 1. One can observe that the above theorem is true even when A4
= (4, +, £, x) is a lattice ordered autometrized algebra satisfying (1.4)
and in which, for each a, the mappings x » qux and x b anx are con-
tractions. Example 3 shows that there exists a representable autometrized
algebra 4 = (4, +, <, *) such that (4, <) is a distributive lattice

and A does not satisfy (1.4).
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§ 2. In this article, we begin a study of the geometry of a represen-
table autometrized algebra 4 = (4, +, <, *) satisfying (1.3) and (1.4).

Following the terminology introduced in [6], we introduce the following

Definition 2. A subset S of an autometrized algebra 4 = (4, +, <, *)
is said to be a subgeometry if and only if g and b belong to S im-

plies axb belongs to S.

We shall treat any three distinct elements a, b, ¢ of an autometrized
algebra A = (4, +, <, *x) as the vertices of a triangle with sides a=x*b,
bxe and c¢*a and we denote this triangle by A(a, b, ¢). A triangle
A{a, b, ¢) 1is said to have fixty if and only if axb = ¢, b*xc = a and
e*xa = b,

Swamy {10] proved that in a commutative %-group, for a A(a, b, ¢), the
following three conditions are equivalent.

(i) A(a, b, ¢) has fixty.

(ii) aub =bue =cua and anbne = 0.

(iii) A(a+b, bxe, exa) has fixty and the set (0, a, b, ¢) is a
subgeometry.

Rama Rao [8] proved that the conditions (i), (ii) and (di) are equiva-
lent for a A(a, b, ¢) in a commutative Boolean-%-algebra L = (I, u, n,
-) (which is a DR&-semigroup in which (a-b)n (b-a) < 0). We generalize
this result, in the following theorem, to a representable autometrized al-

gebra 4 = (4, +, <, *x) satisfying (1.3) and (1.4).

Theorem 2. The following are equivalent in A.
(1) A(a, b, ) has fizty.

(2) aub=bue=cua and anbne = 0.
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(3) Aaxb, bxc, exa) has fixty and the set (0, a, b, ¢) 1is a

subgeometry.

We need the following

Lenma 2. a*b = (aub) x(anb) forall a, b in A.

Proof. We have a*b < ax (aub) + (aub)*xb = a* (@ub) +
(aubub) * ((@anb)ub) <ax{aub) + (aub)* (anb) (by (1.2)) and simi-
larly a*b =b*a < bx*{aub) + (aub)* (anb). Hence, axb < [a*x (aub)
+ (aub)*x (@anb)In[bx (@aub) + (@aub)*(anb)] = (a*x (@ub))n (b* (aub))
+ {(aub)x(anb) = (@aub) * (anb) (by (1.3)). Further, (aub) x (anb) <
(@anb)*a + a* (anb) < (aub)xa + axb and similarly (aub) * (@anb) <
(@ub)*b + axb. Hence (aub)+* (@anb) < [(@aub)xa +axb]ln[(@aub)*b
+axb] = ((aub)*a)n ((@aub)*Db) + axb =axb (by (1.3)). Thus

(aub) * (anb) = axb for all a, b in A.

Lemma 3. aqub =a*b +anb forall a, b in A.

Proof. We have aub = (aub) * ((aub)n(anb)) + (aub)n (anb) (by

(1.4)) = (aub) *(@anb) + anb =a*b + anb (by Lemma 2).

Proof of Theorem 2. We show that (1) < (3) and (1) < (2). The impli-
cation (1) = (3) is obvious.

(3) = (1): Assume that A(a*xb, bxe, ¢xa) has fixty and (0, a, b,
e¢) 1is a subgeometry. Now, g*b should be any of a, b, ¢. Let axb =

a. If b*c =a, then axc = (a*b)* (b*xe) =a*a = 0, so that a = c.

So bxc# a. Hence bxe=b or c¢. If bxe =D, then axec

1
o
-

(@axb) *(bxc) = a*b = a, so that bxc = (@a*xb)x(axc) = a*a
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which implies b =c¢. Hence bxc #b. So, let b*c =c. Then a*c
should be any of a, b, ¢c. If a*e =a, then ¢ =b*xc = (a*xb) * (axc)

= axa = 0, which implies b =¢ = 0. So, axe # a. If axc = b, then

Q
i

U

axb = (axe)* (exb) =bxc=c. So axec #b. If axc = ¢, then

a=a*b=(axe)x(exb) =cx*e

il

0, which implies a = b = 0. Thus
bxc # ¢. Hence axb # a. Similarly, we can show that a=xb different
from b. Hence a#*b = c¢. Similarly bxc =a and e¢*a = b. Hence

A (a, b, ¢) has fixty. Thus (3) implies (1). Hence (1) and (3) are equi-
valent.

(1) = (2): Assume that A(a, b, ¢) has fixty. So, we have a*b = ¢,
bxec=a and exa=>b. Clearly a>0,b >0 and ¢ > 0. Now, a b=
aub + a*b (by Lemma 3) = ¢ + anob 2 ¢ (since anb 2 0). Similarly
bue 2a and ceua =2 b. Hence aub =hbue=cua. Now, a=hbxec <
bx (aub) + (aub)*e =bx (aub) + (aue)*e and ¢ =a*b <ax(ave) +
(aue)xb =bx(aub) + (aue)*xa. Hence anc < [bx(aub) + {(aue)*xc]n
[bx(@aub) + (aue)*xal =b*(aub) + ((ave)*c)n ((ave)*xa) = bx (aub)

(by (1.3)). Further, b

axe < ax(aub) + (aub) xe = ax* (aub) +
(bue)xe, and ec=a*b <ax(aub) + (aub)*b = ax (aub) + (bue) xb.
Hence bne < [ax {(aub) + (bue)*e]nlax(aub) + (bue)*b] = ax* (avub)
+ ((bue)xe)n((bue) *b) =ax*(aub) (by (1.3)). Hence anbne <
(bx(aub))nax(aub)) =0 (by (1.3)). Since anbne = 0, we have
anbne = 0. Thus (1) implies (2).

(2) > (1): Assume that aub =bue =cua and anbne = 0. Clearly
az20,b>0 and ¢ = 0. So, we have, ¢ = ¢*0 (by (1.1)) =¢x*x (cnanb)
= (en(aue)) *(enanb) < (aue)*(anb) (by (1.2)) = (aub) * (anb) =

a*b (by Lemma 2). So, e < axbh. Now, axb < ax* (aue) + (@aue) *b =
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(au0)x (aue) + (aub)*b < 0xe + (aub) *b (by (1.2)) = ¢ + (aub) *b
(by (1.1)), and axb <ax (bue) + (bue)*b =ax(aub) + (bue) x(bu0)
<agx(aub) + ex0 (by (1.2)) =a=*(aub) + ¢ (by (1.1)). Hence, axb <
[e+ (@auby*blnlax(@aub) +¢c] =c+ ((aub) *bP)n(a*x (aubd)) = c (by
(1.3)). Thus axb < e. Hence axb = ¢. Similarly, bxc =a and c*a
= b, Hence A(a, b, ¢) has fixty. Hence (2) implies (1). Thus (1) and

(2) are also equivalent.

Rama Raoc (See Corollary 10, p. 194 of [8]) has shown that if 4 is a
commutative DR&-semigroup in which (a-»b)n (b-a) < 0, such that
a-anbne =a implies anbne = 0, then A(a, b, ¢) has fixty if and
only if aqub =bue =cua and anbne = 0. In fact, we now have the

following

Corollary 1. If 4 <is a commutative DRI-semigroup in which
(a-bP)yn(b-a) <0 for all a, b, then, A(a, b, ¢) has fixty if and only

2f aub=buec =cua and anbone = 0.

Remark 2. The condition (1.3) is crucial in the hypothesis of Theorem
2. For, in Example 2, A is a representable autometrized algebra which
satisfies (1.4) but does not satisfy (1.3). Here, let P = [0,2], @ =
[1, 3] and R = [0,1]u[2,3]. Then, it is easy to observe that A(P, &,

R) has fixty while Pn@nR # @ (empty set).

In any Boolean geometry, since the metric operation is a group opera-
tion, there do not exist any isosceles triangles. In commutative %-groups
also, Swamy [11] has shown that equilateral triangles do not exist.

Rama Rao [8] has shown that in any commutative Boolean-%-algebra, there do



201

not exist equilateral triangles. We now extend Rama Rao’s result in the

following way.
Theorem 3. There exist no equilateral triangles in A.

Proof. Assume that axb = bxc =cxa. Now, e =c* (ena) + cna (by

(1.4)) sexa+a (by (1.2)) =axb+a and e =cx(cnb) +cnb (by

(1.4)) <exb + b (by (1.2))

axb +b. Hence e < (a*b +a)yn{a*b + D)
=gxb+anb=aub (by Lemma 3). Thus ¢ < qub. Similarly, b < avc
and a < bue. Hence qub =bue =cua. Now, ax*b <ax*(aue) +
(@aue) *b = ax(aue) + (aub) *xb and axb =Dbxec sbx{aub)+(aub)+*e
=bx*x(aub) + (aue) *c. Hence ax*b < [ax{aue) + (aub) *bln[b*(aue)
+ (aue)*e]l = (ax{aue))n(e*(auve)) + (aub) *b = (aub) b (by (1.3)).
Similarly, we can prove that a*b < {(aub) ra. Hence ax*b < ((aub) *b)n
{((aub) xa) = 0 (by (1.3)). So we have a*xb = bxc = ¢+a = 0, which im-
plies a = b = ¢. Hence the triangle, A(a, b, ¢) degenerates (i.e. a, b,

¢ are not distinct).

Corollary 2. There exist no equilateral triangles in a commutative

DR%-semigroup which satisfies (a-b)n(b-a) <0 for all a, b.

Theorem 4. A <s a chain if and only if it is free of triangles with

fixty.

Proof. Assume that A is not a chain. So, there exist a, b in 4
such that a # b, avb #a and aub #b. Then (aub)xa, (aub)+b
and a*b are three distinct elements in A such that the triangle
A((@aub)*xa, (aub) xb, a+b) has fixty (routine verification), contra-

dicting the hypothesis. Hence if 4 is free of triangles with fixty,
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then 4 is a chain. Conversely, if A is a chain, then by Theorem 2, no

triangle can have fixty.

Corollary 3. If A <is a commutative DRA-semigroup which satisfies
(@a-byn(b-a) s0 forall a, b in A, then, 4 is a chain if and only

if it is free of triangles with fixty.

Theorem 5. If all triangles in A are isosceles, then A is a chain.

Proof. For any a, b in A, consider the triangle Alaub, anb, a).
By Lemmas 3and 1 {(aub)* (anb) = (aub) xa implies aub =axb +anb
= (qub)xa + anb = b* (anb) + anb =b (by (1.4)). (aub)=* (anb) =
(@nb) xa implies aub = axb + anb = (aub)* (anb) + (anb) =
ax(anb) +anb =a. (aub)xa = (anb)*a implies p =b=*(bna)+bna
=ax(aub) + anb =ax{anb) + anb = a. Hence the triangle A(aub,
anb, a) degenerates (i.e., aub, anb, a are not distinct) and hence

A 1is a chain.

Remark 3. As any simply ordered commutative R-group is a representable
autometrized algebra satisfying (1.3) and (1.4), it follows that the con-

verse of the above theorem is false.

Corollary 4. If 4 <is a commtative DRi-semigroup such that
(a-Byn(b-a) <0 forall a, b in A4 and all triangles in it are iso-

sceles, then A is a chain.

§ 3. We shall begin with the following

Definition 3. An element x in 4 is said to lie metrically between

a and b (in symbols (a, x, b) M) if and only if axx + x*xb = axb.
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This betweenness does not, in general, satisfy the special inner point
property (B): (a, b, e)M and (a, ¢, b)) ¥ if and only if b = ¢ (See
[7]1). But this being the metric betweenness, it has the other basic pro-

perty symmetry in the outer points (0): (a, b, ¢)M implies (e, b, a)M.

Any betweenness relation K& is said to have transitivity ¢,, if and
only if (a, b, ¢)R and (a, d, bR imply (d, b, ¢)R, and is said to
have transitivity ¢, if and only if (a, b, ¢)R and (a, d, b} R imply

(a, d, ¢) R. Now, we have the following

Lemma 4. In A, three points a, b, ¢ fail to have the special inner
point property, if a, b, ¢ are the vertices of an isosceles triangle in

which the sum of any two sides 18 equal to their union.

Proof. Assume that a, b, ¢ are the vertices of an isosceles triangle,
for which (a*b)u (axe) =a*xb +axe, (axb)u(bxec) =a*b + b*c,
(axc)u(bxe) =axe + bxe, and axb = a*ce. Then, axb + bxc =
(axBP)uB*c) < (axb)ubra+axe) = (a*blud*ra)ularxe) = axe.
Hence a*b + bxe = axc. So, axe + ¢cxb =axb + exb =axc-= axh.
Thus, we have (a, b, e}JM and (a, ¢, b)M. But b # ¢, since a, b, c

are the vertices of a triangle.

Lemma 5. If the metric betweenness has transitivity t,, then, A is
free of isosceles triangles for which the sum of any two sides is equal to

their union.

Proof. 1If A(a, b, ¢) is such an isosceles triangle, where a*b =
a*c, then (a, b, ¢} M and (a, ¢, b) M hold. Hence by the transitivity

t, follows that (e, b, e)M, i.e., ¢ =b. Since a, b, ¢ are the ver-



204

tices of a triangle, ¢ # b.
Lemma 6. In A, the metric betweenness has transitivity ¢t,.

Proof. (a, b, )M and (a, d, b)M imply axb + bxc = a*xc and
axd + dxb = a*xb which yield axd + d«b + bxc = a*xb + bxe = a*e,

and hence axc >axd +d*c. But axec <saxd +d=*e. Thus (a, d, e)M.

Remark 4. Lemmas 4, 5 and 6 true even when 4 is simply a lattice

ordered autometrized algebra.

Since 4 is a distributive alttice (by Theorem 1), there is already
the notion of lattice betweenness [7], according to which (a, b, e) L if
and only if ane < b < ave.

In Boolean algebras and commutative %-groups, lattice betweemness and
metric betweenness are equivalent. In general, it is not the case. But,

we have the following
Theorem 6. In A, lattice betweenness implies metric betweenness.
We need the following Lemmas.
Lenma 7. a*b + bxe = (ane)xb+bx*(aue) for all a, b, ¢ in A.

Proof. Using Lemma 1 we have axb + bxe < a*x (aue) + (ave) *b +
bx(ane) + (ane)*c = [(aue) b + bx (ane)] + [a* (aue) + a* (ave)]
= [(aue)*b + b (anc)] + 2(ax (aue)), and simplarly, a*b + bxc <
[(@ue) *b + b* (anc)] + 2(c* (aue)). Hence a*b +bxc < [((ave) *xb
+bx(ane)) + 2(ax (aue))ln[((@aue)*xb + bx(anc)) + 2(e* (ave))] =

[(@ue)*b + b*{ane)] + 2(ax(aue))n2(e*(aue)) = (aue)*b+bx(anc)
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(since in any lattice ordered semigroup anx =0 and any =0 imply
an (x+y) = 0). Further, (auc)*b + bx(ane) £ (aue)*xa +a*b + bxc +
e*x (ane) + (axb + bxe) + 2(ax (auec)) (by Lemma 1), and similarly
(aue)*b + bx(aneg) < (axb + bxe) + 2(e* (aue)). Hence (aue)*xb +
bx(anec) < [(axh + bxe) + 2(a*x (aue))]nflaxb + bxe) + 2(e* (ave))]
= (axb + bxec) + 2(a*(aue))n2(ex(aue)) =axb + bxc (by (1.3)).
Hence, we have a*xb + bxe = (anc)*b + b* (aue) for all a, b, ¢ in

A.
Corollary 5. In A4, (a, b, &) M <if and only if (anc, b, ave) M.
Proof. This follows from Lemmas 2 and 7.
Lemma 8. In 4, a<b <c¢ implies (a, b, c) M

Proof. Assume that a < b < ¢. Then, ¢*b = [ex (cna) + ¢na] *
[bx{bna) + bnal = (exa + ay~(brxa +a) < {exa)* (b*a) (by (1.2)).
But (exa)x(bxa) <exb (by (1.2)). Hence, ecxa = (cxa) * (bxa). And,
bxa < cexa since bxa = (bne)x(anb) < exa (by (1.2)). So, exb +

bxa

(exa)x(bxa) + (bxa) = (exa) *» ((exa)n(brxa)) + (exa}n (b*xa)

=¢cx*xa (by (1.4)).

Proof of Theorem 6. Assume that (a, b, ¢)L. So, anec<b<avue.
Hence (ane)*b + bx(aue) = (ane) * (aue) (by Lemma 8). This implies

axb + bxec =axc¢ (by Lenma 2 and 7). Hence (a, b, ¢) M.

Corollary 6. In a commutative DR-semigroup satisfying (a-b)n (b-a)

< 0, lattice betweenness implies metric betweenness.

Lattice betweenness and metric betweenness are not equivalent in 4.
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However, we have the following

Theorem 7. In A, lattice betweenness and metric betweenness are

equivalent if and only if metric betweenness has tramsitivity t,.
The proof depends on the following theorem which we collect from [7].

Lemma 9 (Pitcher and Smiley). If L <is a lattice and R is a triadic
relation defined for all triples of elements of L, then R is a lattice

betweenness provided that the following conditions hold.

(i) R satisfies the postulates
(@): (a, b, )R <mplies (c, b, a)R
(B): (a, b, &R and (a, ¢, )R <if and only if Db = c;
(ii) R has the transitivity t;
(1) a<b<c implies (a, b, e)R;
(iv) (a, ave, &) R and (a, anc, ¢} R hold for every a, c; and
(v) If {a, b, ¢) L, then, in the sublattice generated by (a, b, ¢)

the transitivity t, holds for R.

Proof of Theorem 7. Assume that metric betweenness has transitivity
tl. It is enough if we verify (i) through (v) of Lemma 9 for the metric
betweenness. Clearly metric betweenness satisfies (a) and (ii). Since
the metric betweenness has transitivity ¢2,, (B) holds, because, {a, b, c)¥M
and (a, e, bYM implies (e, b, ¢) M, i.e., ¢ = b. By Lemma 8, (iii) is
also satisfied. Since we have (anc, ave, aue)¥ and
(ane, ane, ave)M, by Corollary 4, (iv) is also satisfied. By Lemma 6,

(v) is also satisfied. Hence metric betweenness and lattice betweenness

are equivalent. Conversely, assume that lattice betweenness and metric
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betweenness are equivalent. Since the lattice betweenness has transitivity
¢, 1in any lattice (See [7]), it follows that metric betweenness has the

transitivity ty.

Corollary 7. In a commtative DRR-semigroup satisfying (a-b)n (b-a)
£ 0 for all a, b, lattice betweenness and metric betweenness are euqiv-

alent if and only if metric betweenness has transitivity t,.

Blumenthal [2] introduced the notion of B-linearity and D-linearity in
a Boolean geometry: An m-tuple (n 2 3) of distinct points of 4 1is said
to be B-linear if and only if there exists a labelling (pl, Pys "7 pn)
of its elements such that B(pi, pj, pk) holds whenever 1 <7 < j < k <
n; and is said to be D-linear if and only if there exists a labelling
(Py» Pps ***» p,) of its elements such that d(p,, p,) = zz;id(pi, Pl
where d(pi, pj) is the metric operation and B(pi, pj, pk) means that
pj lies between p; and Py (lattice betweenness). There is no diffi-
culty in extending this definition to a representable autometrized algebra

and we have the following
Theorem 8. B-linearity implies D-linearity, in A.

Proof. Assume that an n-tuple P 1is B-linear. Then, there exists a
labelling (pl, P,s " pn) of elements of P such that B(pi, pj, pk)
holds whenever 1 < 4 < j < k < n, from which follows, in particular
B(pi, Piyr> pn) (£ <« nm-1) holds so that (pi, Piyy? pn)ﬂd(by Theorem 6),

which implies P;*P, = P;*Psy, TP *P, for i < mn-1. Hence p, *p,

n'l(p.*piﬂ), s0

=Py *Pa,y PP, TP %D, Y, %P, *pyxp = e = L (o)

that P 1is D-linear.
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§ 4. Throughout this section, 4 = (4, +, £, *) stands for a represen-
table autometrized algebra satisfying (1.3), (1.4) and (1.5): a 2 buec

and a*b 2 axc implies b < ¢. Now, we have the following

Theorem 9. ILattice betweenness and metric betweenness are equivalent

in A.

Proof. Lattice betweenness implies metric betweenness in 4 (by Theo-
rem 6). Now, assume (a, b, ¢) M. We may assume that a < ¢ (by virtue of

Corollary 4). So, b=bx(bna) + bna (by (1.4)) <bxa + a (by (1.2)) <

e*xa + a (since (a, b, ¢) M implies ax*xb + bxc =a*ec) =cx(cna) +

ena =c (by (1.4)). Thus a<c¢ and b <c and hence ¢ < aqub. But

e*a > exb. Hence by (1.5) it follows that a <b. Thus a < b < c.

Hence (a, b, ¢) L.

Corollary 8. ILattice betweenness and metric betweenness are equivalent

in a commutative {-group.

Corollary 9. ILattice betweenness and metric betweenness are equivalent

in a Boolean geometry.
Corollary 10. Metric Betweenness has transitivity t, in A.
Proof. This follows from Theorems 7 and 9.

Blumenthal [3] introduced the notion of a metrically convex Boolean al-
gebra and following him, Swamy [10] introduced a metrically convex Boolean

2-group. Following them, we introduce the following

Definition 4. A representable autometrized algebra is said to be
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metrically convex if and only if given a # b, there is an « such that
atx#b and a*x +x*b = axb. We say that an element ¢ in 4 (0 #
¢) 1is an gtom if and only if 0 < ¢ and 0 <x < ¢ 1is impossible for an

any x.
Now, we have the following algebraic characterization.

Theorem 10. If A <s totally ordered, then A <is metrically convex

if and only if A is atomfree.

Proof. Let A Dbe totally ordered. Assume that 4 is metrically con-
vex and 0 < ¢. Then, there is an x such that 0 #x # ¢ and
(0, 2, ¢) ¥ which implies (0, x, ¢) L (by Theorem 9). Hence 0 < x < c.
So, ¢ is not an atom and hence A4 1is atomfree. Conversely, assume that
A 1is atomfree. Let a # b. We may assume that a < b. Then, there is
an x such that 0 <x <axb and so, a<sa+x<ag+a*xb=anb +

(anb)xb =Db (by (1.4)). Put a+x=y. If y

a, then (axb)*0 =
a*b = (a+x)x (bxa+a) <z*(bxa) = (axb)*x. But a+b >xu0. So,
by (1.5) it follows that & < 0, contradicting « > 0. Hence a < a + x.
If y=D>b, then axb =ax*x(a+x) < 0xx (by (1.2)) ==z (by (1.1)), which
contradicts axb > x. Hence y < b. Thus, a <y < b. Hence (a, y, b} M

(by Theorem 6) and a # y # b. Hence 4 is metrically convex.

I take this opportunity to thank Dr. K. L. N. Swamy, for his valuable

guidance and encouragement throughout the preparation of this paper.
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