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Distributive Semilattices 

* By U. Maddana SWAMY 

Distributive semilattices were first introduced by Gratzer and Schmidt 

(see [5], [6], [7] and [15]}. In the present paper, we introduce the con­

cept of an ideal in a (meet} semilattice as a directed (above} initial seg­

ment which is motivated towards the result that a subset P of a lattice L 

is a prime ideal if and only if its set theoretic complement is a prime 

filter. Previously Frink [4] and Venkatanarasimhan [19], [20] have intro­

duced different concepts of an ideal in a semilattice (poset} which are 

easily seen to be different from the present one. Also, our definition co­

incides with the usual ideal concept in lattices and extends almost all 

known results on ideals of a distributive lattice to the case of a distri-

butive semilattice. The proofs in most cases are not routine, though not 

difficult, since the ideals of a semilattice don't form a lattice in gen­

eral under set inclusion; in fact, the ideals of a semilattice S form a 

lattice under set inclusion if and only if S is a lattice under the par­

tial order induced by the semilattice operation on S. 

A major part of this paper is a base for the investigations undertaken 

by the author [9]- [11] on the representation of distributive semilattices 
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by means of continuous sections of sheaves. In §1, we define ideals and 

filters in a semilattice and give a few necessary and sufficient conditions 

in terms of ideals and filters for a semilattice to be distributive. In 

§2, we study the distributive semilattices by means of prime ideals and 

prime filters and §3 is devoted to exhibit a distributive and permutable 

sublattice of the lattice of all congruences on a distributive semilattice 

which plays a vital role in proving a "Grothendieck type' of representation 

theorem for distributive semilattices by sections of sheaves [10]. In §4, 

the space of prime filters of a distributive sernilattice with the hull-ker­

nel topology has been studied. 

Throughout this paper, S denotes a meet semilattices (S, A) and s 

denotes the partial order on S induced by the binary operation A. For 

elementary results on partially ordered sets, semilattices and lattices we 

refer to [2]. 

§ l. Semilattices. We begin with the following 

Definition 1. 1. A subset T of S is said to be directed ahove 

(below) if, for any a and b ET, there exists c ET such that a s c 

and b s c (cs a and cs b). A subset I of S is said to be an 

initial (final) segment if, for any a EI and x ES, x s a (as x) im­

plies x EI. An initial (final) segment is said to be an ideal (filter) 

of S if it is directed above (below). 

Note that S is an ideal of itself if and only if S is directed 

above and S is always a filter of itself. A final segment F of S is 

a filetr of S if and only if F is a subsemilattice of S. Let F(S) 

and 1(8) denote respectively the set of all filters of S and the set 
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of all ideals of S. For any a ES, let (a] denote the ideal 

{x ES Ix ~ a} and [a) denote the filter {x ES I a ~ x}. Clearly, 

a !*[a) is an anti-monomorphism of S into F(S) and hence we can con­

sider S as a join subsemilattice of F(S). The following propositions 

are direct verifications (also see [12]). 

Proposition 1.2. F(S) is closed under arbitrary intersections and has 

smallest and greatest elements and hence F(S) is a complete lattice under 

set inclusion. Further, for any Tc S, the smallest filter of S contain­
n 

ing T is given by [T) = {x ES I .A ai ~ x for some a 1, • • ·, an E T}. 
'Z-=l 

For any filters F and G, the join [Fu G) of F and G in the lattice 

F(S) will be denoted by FvG. 

Proposition 1.3. S has a largest (smallest) element if and only if the 

intersection of all non-empty filters (ideals) is again non-empty. 

Proposition 1.4. 1(S) is closed under finite intersections. 

We observe that 1(S) need not be closed under arbitrary intersection. 

In fact, we have following 

Theorem 1.5. The following are equivalent in any semilattice S: 

( i ) (S, ~) is a lattice. 

(ii) 1(S) is closed under arbitrary intersections. 

(iii) For any FE F (S), n (a] is an ideal of S. 
aEF 

(iv) 1(S) is a lattice under set inclusion. 

Proof. The implications (i) => (ii) and (ii) => (iii) are clear. If we 

assume (iii) and I and J E 1 (S), then U {x E S I x ~ y for all 
aEI 
bEJ 
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y E [a) n [b)} is the smallest ideal of S containing I and J, and 

hence (iii) implies (iv) (observe that, since the empty set is a filter of 

S, (iii) implies that S is an ideal of itself and hence directed above). 

Now, assume (iv) and let a and b ES. Let I be the least upper bound 

of (a] and (b] in 1 (S). Then, there exists a E I such that a $ c 

and b $ c and hence I= (c]. It follows that c is the least upper 

bound of a and b in S. Hence (iv) implies (i). 

Definition 1.6. An ideal (filter) P of S is said to pPoper if Pf 

S and P f 9). A proper ideal (filter) P of S is said to be pY'ime if 

S - P is directed below (above). A proper ideal (filter) of S is said 

to be maxunal if it is not contained in any proper ideal (filter) of S 

other than itself. 

Lemma l. 7. Let Pc S. Then P is a pY'ime ideal (filter) of S if 

and only if S - P is a pnme filteP (ideal) of S. 

Lemma 1.8. An ideal (filteP) P of S is pnme if and only if P 1 S 

and P 1 91 and, foP any ideals (filters) I and J of S, In Jc P im­

plies IcP OP JcP. 

Definition 1.9. (Gratzer and Schmidt). S is said to be distPibutive 

if, for any a, b and c ES such that a Ab $ e, there exists x and 

y E S such that a $ x, b :;; y and x A y = c. 

If S is distributive, then it can be easily seen that S is directed 

above and hence a finite distributive meet semilattice is a lattice. For 

any ideal I of S and a and b ES, let 

* <a, I > = {x E S I x A a E I} 
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and < a, b) = {x E S I x A a = x A b } . 

* * 
If I= (b], we simply write <a, b> for (a, (b]). We now prove the 

following 

Theorem 1. 10. The following are equivalent in any semilattice S: 

( i ) S is distributive. 

(ii) F(S) is a distributive lattice. 

(iii) S generates a distributive sublattice in F(S). 

* (iv) For any ideal I of S and a ES, <a, I> is an ideal of S. 

* ( v) For any a and b ES, <a, b> is an ideal of S. 

(vi) For any a and b ES, <a, b> is an ideal of S. 

(vii) Every filter which is maximal w.r.t. not containing an element is 

prime. 

6,rili) Every filter> F of S is the intersection of all prime filters 

of S containing F. 

Proof. The equivalence of (i) and (ii) is established by Schmidt and 

the implication (ii) ~ (iii) is obvious. 

* (iii) ~(iv): Let a ES and I an ideal of S. Clearly <a, I> is 

an initial segment of S. Let x and y ES, such that x A a and y A a E I. 

There exists bEI such that xAa5'b and yAa :,;, b' so that 

b E ([x) v [a)) n ([y) v [a)) = ([x) n [y)) v [a) 

and therefore there exists ZES such that X 5, z, y 5, z, and Z Aa $ b 

* * which implies that Z E {a, I). Hence <a, I> is an ideal of s. 

The implication (iv) ~ (v) is trivial and the equivalence of (v) and 

(vi) follows from Proposition 1.4 and from the facts that, for any a and 

* * * b E S, < a, b > = ( a , b > n < b , a> and <a, b > = < a A b, a>. 
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(vi) ::;, (vli): Let F be a filter of S which is maximal w. r. t. not 

containing an element a of S. Let x and y E S - F. Then 

a E (F v [x)) n (F v [y)) and therefore there exists b E F such that 

* b "x .,:_ a and b A y .,:_ a and hence x and y E < b, a) which is an ideal 

* of S. It follows that there exists z E <b, a) such that x '>- z and 

y .,:_ z. Now, z Eb .,:_ a and therefore z ES - F. Hence S - F is directed 

above and F is prime. 

The implication (vii) ::;, (viii) is obvious. 

(viii) ::;, (ii): Let I, J and K be filters of S. For any prime 

filter F of S, we have (In J) v (In K) c F =In Jc F and In Kc F<;:;-I c F 

or J v Kc F = I n (J v K) c F, from which it fol lows that (I n J) v (In K) = 

In (J v K). 

Remark l. 11. A part of the above theorem has been generated recently 

to partially ordered sets by the author and Krishna Murty [12]. In [l], 

Balbes defined a prime semilattice and obtained a necessary and sufficient 

condition which is analogous to (vii) above, for a semilattice to be a 

prime semilattice. In the case of lattices, the equivalence of (i) and 

(v) has been proved by Mandelkar [13]. 

Corollary l. 12. If S is a distributive semilattiae with smallest el­

ement 0, then, for any aES, (a)*= (a, o.>*={xESlaAx = O} is an 

ideal of S. 

Corollary l. 13 (E.T. Schmidt [15]). If S is an implicative semilat­

tiae [14], then S is distributive. 

§ 2. Ideals and filters in distributive semilattices. In this section, 
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we prove some preliminary results on distributive semilattices, in partic­

ular, on prime ideals and prime filters. The interesting factor is that 

almost all results of prime ideals of a distributive lattice are valid 

in distributive semilattices also. 

Throughout this section, let S denote a distributive meet semilattice, 

unless otherwise stated. If L is a subsemilattice of S, then L need 

not be distributive. For example, if 

tive integers, where, for any a and 

S is the semilattice of all posi­

b ES, a Ab is the greatest common 

divisor of a and b, and if L is the subsemilattice consisting of all 

prime powers, then L is not distributive, even though S is distribu­

tive. It follows that the class of all distributive semilattices is not 

equational. However, we have the following 

Proposition 2.1. Let I be an ideal of S and J a filter of s 

such that In J t- 0. Then, In J is a distributive subsemilattice of S. 

Proof. Clearly In J is a subsemilattices of S. Let a, b and 

cEinJ such that a Ab :s; c. There exist x and yES such that a :s; x, 

b :s; y and x Ay = c. Since I is an ideal of S, there exists z EI 

such that a :s; z, b :s; z and c :s; z. Now, we have, c=cAz= (xAz)A(yAz), 

a :s; XAZEinJ and b :s; yAzEinJ. Hence InJ is distributive. 

Corollary 2.2. Every non-errpty ideal (filter) of S is a distributive 

subsemilattice of S. 

Corollary 2.3. For any a and b ES such that a :s; b, [a, b] 

{x ES I a :s; x :s; b} is a distributive subsemilattice of S. 

For any a and b ES, if the least upper bound of a and b exists 
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in S, then we say that av b exists in S. The following proposition 

follows from (v) of Theorem 1.10. 

Proposition 2.4 (Balbes [l]). Let b and a 1 , a
2

, • • ·, an ES. Then, 

( i ) if a v a v • • • v a exists in S, then 
l 2 n 

exists in S and is equal to (a1 A a 2 v • • • van) Ab. 

(ii) if a. vb exists in S for all i, then 
-z, 

exists in S and is equal to (a vb) A (a vb) A • • • A (a vb). 
1 2 n 

Corollary 2.5. Let (L, A, v) be a lattice. Then the following are 

equivalent: 

( i) (L, A, v) is a distributive lattice. 

(ii) (L, A) is a distributive meet semilattice. 

(ill) (L, v) is a distributive join semilattice. 

The following theorem and its proof are analogous to that of a well 

known Stone's theorem. A similar result for semigroups was proved by Kist 

(Lemma 1.2 of [8]) in which the definition of an ideal is different from 

our definition. 

Theorem 2.6. Let I be an ideal of S and L a subsemilattice of S 

such that In L = j!l. Then, there exists a prime ideal P of S such 

that I c P and P n L = j!l. 

Pr>oof. Let T = {x ES I a :;; x for some a EL}. Then T is a filter 

of S and Tn I= yl and hence, by Zorn's lemma, there exists a filter F 

of S which is maximal among all filters containing L, and disjoint from 

I. Now, IcS-F and (S-F) nL = 0. By Lemma 1.7, it is enough if we 

prove that F is a prime filter. Let x and y ES - F. By maximality of 
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F, there exist a EI n (F v [x)) and b EI n (F v [y)) and therefore there 

exists c EI such that a:,; c and b :,; c. Hence c E In (Fv[x)) n (Fv[y)) 

=In(Fv([x)n[y))) whichimpliesthat [x)n[y)¢F. Thus F isa 

prime filter of S. 

Remark 2.7. The converse of the above theorem is also true: i.e., if 

S is any semilattice in which, for any ideal I and any subsemilattice 

L such that In L = 0, there exists a prime ideal P of S such that 

I c P and P n L = 0, then S is a distributive semilattice. This follows 

from Theorem 1.10 and Lemma 1.7. 

Corollary 2.8. Let L be a subsemilattice of S and P a prime 

ideal (filter) of L. Then, there exists a prime ideal (filter) Q of S 

such that Qn L = P. 

Proof. Let P be a prime ideal of L and P 1 = {x E S I x :,; a for 

some a E P}. Now, P
1 

is an ideal of S and L - P is a subsemilattice 

of S and P 
1 

n (L - P) = 0. By the above theorem, there exists a prime 

ideal Q of S such that P
1 

cQ and Qn (L-P) = 0. Now, clearly QnL 

= P. The dual result follows from the above and from Lemma 1.7. 

In general, the intersection of an arbitrary family of prime ideals of 

S need not be an ideal (see Corollary 2.14 below); however, we have the 

following which is dual to (viii) of Theorem 1.10. 

Corollary 2.9. Let I be an ideal of S. Then the intersection of 

all prime ideals of S containing I is again an ideal of S and is 

equal to I. 
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Proof. If a ES and a ,f. I, then In [a) = 0 and therefore by Theorem 

2. 6, there exists a prime ideal P of S such that I c P and P n [a) = 

0 and hence a ,f. P. 

Corollary 2.10. Every proper ideal (filter) of S is contained in a 

prime ideal (filter) of S and henae disjoint from a prime filter (ideal) 

of S. 

Corollary 2.11. 

Corollary 2.12. 

Every maximal ideal (filter) of S is prime. 

Let I be an ideal and {I I a.EM a family of ideals a. 

of S. Then I is the smallest ideal containing every Ia., a. E t, if and 

only if, for any prime ideal P of S, I c P is equivalent to 

every a. E !::,. 

I cP for a. 

Corollary 2.13. If a and b Es and a 1 b, then there exists a 

prime ideal of S containing a and not containing b or vice-versa. 

Corollary 2.14. (S, ~) is a lattice if and only if the intersection 

of an arb-ltrary family of prime ideals of S is an ideal of S. 

Proposition 2. 15. S has smallest (greatest) element if and only if 

the intersection of all prime ideals (filters) of S is non-empty. 

Proof. If a belongs to every prime ideal of S and if x E S, then, 

by Corollary 2.9, a~ x and hence a is the smallest element of S. The 

converse is obvious, since the smallest element (if it exists) belongs to 

every prime ideal. 

Proposition 2. 16. Suppose S has smallest element O and Ac S. 
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Then n {p j P is a prime ideal of S not containing A} = {x ES j x" a = 0 

foY' all a EA}. Also, if S has g:l'eatest element 1, then n{F j F is a 

pY'ime fi ltey, of S not containing A} = {x E S I x v a exists in S and is 

equal to 1 foy, all a EA}. 

Pr>oof. This follows from the definition of prime ideals (filters) and 

from the above proposition. 

Definition 2. 17. If S has smallest element O and L is a subsemi­

lattice of S, then define O(L) = {xES jxAy = 0 for some yEL}, i.e. 

O(L) = LJ (y)*. 
yEL 

By Corollary 1.12, it follows that O(L) is an ideal of S. 

Proposition 2. 18. Suppose S has smallest element O and F is a 

pPopey, filtey, of S. Then the following ay,e equivalent: 

( i) F is a maximal filte:l'. 

(ii) S - F is a minimal pPime ideal. 

(iii) O(F) = S - F. 

PY'oof. The equivalence of (i) and (ii) follows from Lemma 1.7 and the 

equivalence of (ii) and (fil) is a direct verification. 

Corollary2.19. Suppose S has smallest element O and dES. Then 

(d)* = {o} if and only if d belongs to evey,y maximal filtey, of S. 

Corollary 2.20. Suppose S has smallest element O and gy,eatest ele­

ment 1. Then the intey,section of all maximal filte:l's of S is {1} if 

and only if I is the only element with the pPopeY'ty that (1)* = {O}. 
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§ 3. A calss of congruences on a semilattice. For any subsemilattice 

L of a semilattice S, define 

eL = {(x, y)ESxslxAa = yAa for some aEL}. 

Then eL is a congruence on S and L is contained in a single equiva­

lence class of eL. We denote the natural epimorphism of S onto the 

quotient semilattice S/eL by 'TTL. 

Throughout this section, let S denote, unless otherwise stated, a 

distributive semilattice. If S is a distributive semilattice and F is 

a filter of S, then Katrinak ([10]) has proved that BF is the smallest 

congruence on S containing F in a single equivalence class and that 

S/0F is distributive. More generally, we have the following. 

Theorem 3.1. Let S be any semilattiae whiah is direated above. Then 

the following are equivalent: 

( i) S is distributive. 

(ii) S/0F is distributive for every su,bsemilattiae L of S. 

(ili.) s;eF is distributive for every filter F of S. 

Proof. (i) ⇒ (ii): Let S be distributive and L a subsemilattice 

of S. Let x, y and z ES such that 'ITL(x) "'ITL(y) :,; 1TL(z). This im­

plies that there exists a EL such that x "y "a = x "y "z "a and there­

fore (x "a) " (y "a) 5. z so that there exist b and a E S such that 

x "a :,; b, y "a :,; a and b" a = z. Now, 'IT L (x) = 1T L (x "a) 5. 'IT L (b), 'IT L (y) = 

,rL(yAa):,; ,rL(a) and TTL(b) A1TL(a) = 'ITL(z). 

The implication (ii) ⇒ (ili.) is obvious. 

(:iii) ⇒ (i): Let a, b and a ES such that a" b :,; a. Choose d ES 

such that a, b and a E (d] and let F = [d). Now, since S/0F is dis-
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tributive, there exists e and f ES such that 7TF(a) s 7TF(e), 7TF(b) s 

7TF(c). Again there exist x, y and ZEF 

such that e II f II x = c II x, e II a II y = a II y and f II b II z = b II z which 

imply that e II f II x = c, e II a = a and f II b = b and therefore a s e II x, 

bsf11x and (e11x)11(f11x)=c. Hence S isdistributive. 

Note that the above theorem becomes trivial if S has largest element 

1; for 0[ 1) is the diagonal ns of S. The following theorem and its 

proof are analogous to that of T. P. Speed [16]. 

Theorem 3.2. Let S1 and S2 be two distributive semilattices and 

L 1 and L 2 subsemilattices of S1 and S2 respectively. If f: S 1 -+ S2 

is a homomorphism such that f(L 1 ) c L 2 , then there exists a unique homo-

morphism f12 such that 
1TL1 

SI Sl/0L 

fl 
1TL2 

vl: 
s2 S2/8L 

2 

is corrmutative. Moreover, if f is an epimorphism, then f 12 is also an 

epimorphism and if f is a monomorphism such that f(L 1 ) = L 2 , then f 12 

is also a monomorphism. 

Theorem 3.3. Let L be a subsemilattice of S. If I' is an ideal 

of S/0£3 then I = {x ES I 7T L (x) EI'} is an ideal of S. I' is a proper 

ideal of S/0L if and only if In L = !il. Also, if P is a prime ideal 

of S such that P n L = !il, then P' 

ideal of S/0L. Further, P ~ P' is an order-preserving bijection between 

the set of all prime ideals of S which are disjoint from L and the set 

of all prime ideals of S/0L. Moreover, the lattice of all filters of 
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S/SL is isomorphic to the lattice of all filters of S containing L. 

Proof. Let I' be an ideal of S and I = {x ES I 1rL (x) EI'}. Clearly 

I is an initial segment of S. Also, if 1TL(a) and 1TL(b) EI', then 

there exists /JES such that 1TL (c) EI', 1T L (c) :,; 1TL (b) and 'IT L (b) :,; 'IT L (c) 

and there exist x and y EL such that a II c 11x = a 11x and b II c II y = 

b II y so that a 1113 11 x II y = a II x II y and b II c II x II y = b II x II y and hence, 

by (vi) of Theorem 1. 10, there exists d ES such that a :,; d, b :,; d and 

d11c11x11y = d11x11y. 1'Jow, 1TL(d):,; 1TL(c) and hence dEI. Thus I' is 

an ideal. If aEinL, then, for any XES, 1rL(x) = 1rL(x11a) and hence 

S/SL = I'. Conversely if S/SL = I', then for any x EL, 1TL (x) EI' and 

therefore I n L # ~. 

Now, it is a direct verification to prove that I'~ I induces an 

oredr-preserving bijection between the set of all prime ideals of S/SL 

and the set of all prime ideals of S which are disjoint from L and 

that F ~ F' = {'ITL(x) ES/SL Ix E F} is an isomorphism of the lattice of 

all filters of S containing L and the lattice of all filters of S/SL. 

Theorem 3.4. Let L
1 

and L
2 

be two subsemilattices of S such that 

Ll c L2 and let f12 : s;eL + s;eL be the epimorphism defined by 
l 2 

f 12 1TL (x) =1TL (x) for aU XE S. Then the foll(Jl,)ing are equivalent: 
l 2 

( i ) f 12 is an isomorphism. 

(ii) For any prime ideal P of S, P n L 1 = 0 implies P n L 2 = ~-

(iii) The filter generated by L
2 

is 1Jontained in the filter generated 

by Ll. 

(iv) For any a E L , there exists b E L 
2 l 

such that b:,; a. 

Proof. (i) ~ (ii): If P is a prime ideal of S such that P n L
1 
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0, then, by the above theorem {'ITL (x) E S/0L Ix E P} is a prime ideal of 
1 1 

s;eL and hence {TIL (x) E s;eL IX E P} is a prime ideal of s;eL , so 
1 2 2 2 

that P n L
2 

= 0. The implication (ii) ::- (:iii.) follows from Lemma 1. 7 and 

(v:iii.) of Theorem 1.10. The implication (:iii.) ::- (iv) is obvious. Now assume 

(iv). It follows that eL c eL and hence f 12 is an isomorphism. 
2 1 

Theorem 3. 5. Let L be a sub semi lattice of S and P' a prime ideal 

of S/0£" Let P = {x ES J 1rL(x) E P' }. Then 

818s-P = cs;eL) I 8s;e -P'. 
L 

Proof. Since p and P' are prime ideals of s and S/0L respec-

tively, S-P and S/0L-P' are subsemilattices of s and s;eL respec-

tively. Now, the theorem follows from Theorem 3.2 and from the following 

commutative diagrams 

where a. is the map induced by the map 1T L : S + S/0 L as in Theorem 3. 2. 

Theorem 3 .6. Let F be a filter of S. Then the following are equiv­

alent: 

( i ) F is a prime filter. 

(ii) hix) Ix ES - F} is an ideal of S/0F. 

(:iii.) S/0F has a unique maximal ideal. 

Proof. The implication (1) ::- (ii) follows from Lemma 1.7 and from 

Theorem 3.3. 

(ii) ::- (:iii.): We first observe that for any a E F, 1TF(a) is the great-
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est element of S/0F. Hence, every proper ideal of S/0F is contained in 

{ 7TF (x) I x E S - F} and therefore S/0F has a unique maximal ideal, viz. , 

{1TF(x) I x ES - F}. 

(ill.) => (i): Let G be the unique maximal ideal of S/0F and let x 

and yES-F. Since the principal ideals of S/0F generated by 7TF(x) 

and 1TF(y) are proper, it follows that 1TF(x) and 'ITF(y) E G and there­

fore there exists 1TF(z) E G such that 1TF(x) $ 1TF(z) and 1TF(y) $ 1TF(z), 

so that x A z A a = x A a and y A z A a = y A a for some a E F. By Theorem 

1.10, there exists bES such that x $ b, y $ b and bAzAa = bAa 

and hence b ES - F; for otherwise z E F and hence G = S/0r Thus F is 

a prime ideal. 

Theorem 3.7. Let F be a filteP of S. Then F is a maximal filteP 

if and only if S/0F is the two element chain. 

PPoof. Suppose F is a maximal filter. We know that for any x and 

implies y E F. Now, let x and y E S - F. Since F is maximal, there 

exist a and b E F such that a Ax $ y and b I\ y $ x and hence 7TF(x) 

= 1TF(a Ax) $ 1TF(y) = 1TF(b Ay) $ 1TF(x), so that 1TF(x) = 1TF(y). Converse-

ly, suppose that S/0F is the two element chain. Suppose x and y E 

S - F. Choose an element z E F. 

hence 1TF(x)=rrF(y) sothatthereexists aEF suchthat xAa=yAa 

and therefore y EFv [x). Hence, for any xJF, Fv [x) = S. Thus F is 

maximal. 

Now, we prove the following theorem which plays a vital role in proving 

a 'Grothendieck type' of representation theorem for distributive semilat-
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tices by means of sections of sheaves (10], [11]. A part of this theorem 

was proved by Katrinak [7]. 

Theorem 3.8. The map F ~ eF is an isomorphism from the lattice F
0

(S) 

of all non-empty filters of S into a pernrutable suhlattice of the lat­

tice. C(S) of aU congruences on S. Hence {eF IF E F 
O 

(S)} is a dis­

tributive and pernrutable sublattice of C(S). Moreover, for any family 

G = V Fa, is the join of {eFla EM in 
ad, 

C(S). 

Proof. Katrinak (3.3, [7]) has proved that, for any filters I and J 

of S, 8Iv8J = 8IvJ = 8I 0 8J and now we prove that 8InSJ = 8InJ" Clear­

ly SinJ C SI n eJ. Let (x, y) E eI n e J' There exist a EI and b E J such 

that x11a = y11a and x11b = y11b. By Theorem 1.10, there exists cES 

such that a :-;; c, b :-;; c and x II c y II c. Now, since c E In J, we have 

(x, y) E SinJ" Hence F ~ eF is a lattice homomorphism. Also, let I and 

JEF
0

(S) and 0IcSJ. Let xEI. Choose yEJ and then ZEB such that 

x :-;; z and y :-;; z. Now, (x, z) E SI c 8 J and since z E J, we have x E J. 

Thus I c J. Hence F tr ep is a lattice isomorphism of F 
O 

(S) onto the 

sublattice {SF IF E F 
O 

(S)} of C(S). Finally let {Fa I a El',} c F 
O 

(S) and 

F = VF a· 
ad, 

Clearly V Sp c Sp. 
ad:,. a 

On the other hand, suppose 

so that there exists a E F such that x A a = y II a. Now, a E F implies 

there exists a • • • a E l1 such that a E G = V .n F rv. and hence (x, y) 
l' ' n '2-=l "''2, 

E SG = vi:1 Sp C V Sp . This completes the proof of the theorem. 
ai ad, a 

Remark. Note that, as in lattices, the lattice C(S) of all congruences 

on a semilattice S need not be distributive, even when S is distributive; 

for, consider the following example: Let I= {l, 2, 3, ... } and S = 
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{0, a, b} u I with the partial order given by 0 < a < n, 0 < b < n for 

all n EI and m < n whenever m - n is positive for all m and n EI. 

Then S becomes a distributive meet semilattice. Let 

8 {(a, b), (0, a), (0, b), (b, a), (a, 0). (b, 0)} u{(x, x) I XES} 

a = { (x, y) E S x S I x A a = y A a} and 13 = { (x, y) E S x S I x Ab = y Ab}. 

Then (8 v a) AB -1- (8 A 13) v (a AB); for, (1, b) E 13 = (8 v a) AB and (1, b) 1-

(8 A 13) v (a AB) . 

Following Katrinak [10], a congruence 8 on S is said to be V-partial 

if (a, b) ES, (e, d) ES imply that (ave, bvd) ES whenever ave and 

b v d exist in S. It can be easily seen that SL is v-partial for any 

subsemilattice L of 
I 

S. For any ideal I of S, let 8 = {(x, y) ESxS I 

[x) n [a) = [y) n [a) for some a EI}. Then SI is a v-partial congrunece 

on S. Also, for any a ES, if I = (a] 
I 

and F = [a), then e V SF = s X s 

and ~S' the diagonal of S. This observation is significant in 

the study of meet irreducible congruences on S; for if S is a bounded 

distributive semilattice and 8 is a meet irreducible congruence ((SJ is a 

prime ideal in C(S)), then, for any a ES, (0, a) Ee or (a, 1) Ee. 

§ 4. Space of prime filters. In this section, we prove that every dis­

tributive semilattice is isomorphic to a subsemilattice of the semilattice 

of all open subsets of a topological space. As before, let S denote a 

distributive semilattice and X the set of all prime filters of S. For 

any a ES, let X = {F E X I a E F} . 
a 

Clearly, for any a 

= XaAb and if av b exists in S, then Xa uXb = Xavb" 

and b Es, Xa n Xb 

It follows that 

{X I a ES} forms a base for some topology V on X, which will be called 
a 

the hull-kernel topology on X (The name hull-kernel topology is usually 
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used and is more reasonable when one considers the set Y of all prime 

ideals of S with the topology for which {y I a Es} 
a 

is a base, where 

Y = {PE Y I a¢ P}, since in this topology, the closure of any z c Y is 
a 

{p E Y In z c P}. However, by Lemma 1 . 7, Y is homeomorphic with X) . Al so, 

for any a ES, let X' {FE XI a¢ F}. It can be easily seen that 
a 

{X' I a ES} also forms a base for some topology on X and we call this a 

topology the dual hull-kernel topology and denote it by V•. Now, the 

following theorem is a consequence of Theorem 1.10. 

Theorem 4. l. S is isomorphic to the meet subsemilattiee {x I a Es} 
a 

of the lattice of all open subsets of (X, V). 

Theorem 4.2. Let aE S. Then the subspace X of (X, V) is homeo­
a 

morphic to the space X[O, a] of all prime filters of [O, a] with the 

hull-kernel topology. 

Proof. Using Corollary 2.8, it can be easily seen FI+ Fn [O, a] is a 

homeomorphism of X a 
onto X[O, a]. 

The following theorem and its proof are analogous to a similar theorem 

on distributive lattices proved by T. P. Speed [17]. 

Theorem 4.3. Let S has smallest element O and Y the set of all 

ma.ximal filters of S. Then Y is a Hausdorff and totally disconnected 

subspace of (X, V). Moreover, the following are equivalent: 

( i ) (Y, V) is compact. 

(ii) The restriction of V to Y is equal to the restriction of V' 

to Y. 

(ili) For each a ES, there exist a
1

, a
2

, , a E S such that X' n Y 
n a 
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n 
= U (Xa. n Y). 

i=l -z. 

A semilattice S with O is said to be pseudocomplemented if, for 

each a ES, there exists a* ES such that a Ab = 0 if and only if 

b :;; a* for all b ES. An element a ES is said to dense if a* = 0 and 

is said to be closed if (a*)*= a. It is well known that the set of 

closed elements of S forms a Boolean algebra under the partial ordering 

induced from that of S (see [3]). 

Corollary 4.4. Let S be a pseudocomplemented distr>ibutive semilat­

tice. Then the space Y of all ma:ximal filters of S with the hull­

kernel topology is a Boolean space, i.e., a compact Hausdorff and totally 

disconnected space. In fact, Y is homeomorphic to the Stone space of the 

Boolean algebra of all closed elements of S. 

Proof. The first part follows from the above theorem and for the sec­

ond part, F f+ F n C(S) gives a homeomorphism of Y onto the Stone space 

of C(S), the Boolean algebra of closed elements S. 

The following proposition is a direct verification. 

Proposition 4.5. Let S be a distributive semilattice with O and X 

the space of prime filters with the hull-kernel topology. Then the fol­

lowing are equivalent: 

( i ) X is Hausdorff. 

(ii) X is a T
1 
-space. 

(iii) Every prime filter of S is maximal. 

(iv) For every pr>ime filter F of S, F is the only pr>ime filter of 
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S sueh that O(F) n F ~-

Definition 4.6. An element a ES is said to be semi-eompaet if, for 

any Ac S, (a] is the smallest ideal containing A implies there exists 

a finite subset B of A such that (a] is the smallest ideal contain­

ing B. 

The following proposition follows from Corollary 2.12. 

Proposition 4. 7. Let a Es. 

iff a is semi-eompaet. 

Then X is a compaet subspaee of (X, V) 
a 

Proposition 4.8. If (X, V) is compaet, then S has largest element. 

Pl'oof. Suppose (X, V) is compact. There exists a
1

, a 2 , • • ·, an E S 
n 

such that X = LJ Xa.· 
i=I -Z.. 

Since s is directed above, there exists aES 

such that a. ::;:_ a for 1 :5. i :5. n so that a is the largest element of 
-z.. 

s. 

Remark 4.9. The compactness of (X, V) is still an open question, 

even if S has largest element 1. However, by the above two propositions, 

(X, V) is compact if and only if S has largest element which is semi­

compact. On the other hand, the space (X, V') is compact if and only if 

S has smallest element 0. 
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