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Distributive Semilattices

*
By U. Maddana SWAMY

Distributive semilattices were first introduced by Gratzer and Schmidt
(see [S], [6], [7] and [15]). In the present paper, we introduce the con-
cept of an ideal in a (meet) semilattice as a directed (above) initial seg-
ment which is motivated towards the result that a subset P of a lattice I
is a prime ideal if and only if its set theoretic complement is a prime
filter. Previously Frink [4] and Venkatanarasimhan [19], [20] have intro-
duced different concepts of an ideal in a semilattice (poset) which are
easily seen to be different from the present one. Also, our definition co-
incides with the usual ideal concept in lattices and extends almost all
known results on ideals of a distributive lattice to the case of a distri-
butive semilattice. The proofs in most cases are not routine, though not
difficult, since the ideals of a semilattice don’t form a lattice in gen-
eral under set inclusion; in fact, the ideals of a semilattice S form a
lattice under set inclusion if and only if S is a lattice under the par-
tial order induced by the semilattice operation on 3.

A major part of this paper is a base for the investigations undertaken

by the author [9]-[11] on the representation of distributive semilattices
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by means of continuous sections of sheaves. In §1, we define ideals and
filters in a semilattice and give a few necessary and sufficient conditions
in terms of ideals and filters for a semilattice to be distributive. In
§2, we study the distributive semilattices by means of prime ideals and
prime filters and §3 is devoted to exhibit a distributive and permutable
sublattice of the lattice of all congruences on a distributive semilattice
which plays a vital role in proving a '"Grothendieck type' of representation
theorem for distributive semilattices by sections of sheaves [10]. In §4,
the space of prime filters of a distributive semilattice with the hull-ker-
nel topology has been studied.

Throughout this paper, S denotes a meet semilattices (S, A) and <
denotes the partial order on S induced by the binary operation A. For
elementary results on partially ordered sets, semilattices and lattices we

refer to [2].

§ 1, Semilattices. We begin with the following

Definition 1.1. A subset T of S is said to be directed above
(below) if, for any a and beT, there exists ceT such that a<e¢
and b<c (¢c<a and e <b). A subset I of S is said to be an
initial (final) segment if, for any aeI and xze¢S, x < a (a <x) im-
plies xel. An initial (final) segment is said to be an ideal (filter)

of § if it is directed above (below).

Note that S is an ideal of itself if and only if S 1is directed
above and S is always a filter of itself. A final segment F# of S5 is
a filetr of S if and only if F 1is a subsemilattice of S. Let F(S)

and I(S) denote respectively the set of all filters of S and the set
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of all ideals of S. For any aeS, let (a] denote the ideal

{xeS|x <a} and [a) denote the filter {xeS|a < x}. Clearly,

a »[a) is an anti-monomorphism of S into F(S) and hence we can con-
sider S5 as a join subsemilattice of F(S). The following propositions

are direct verifications (also see [12]).

Proposition 1.2. F(S) is closed under arbitrary intersections and has
smallest and greatest elements and hence F(S) is a complete lattice under
set inclusion. Further, for any TcS, the smallest filter of S contain-

n
ing T is given by [T) = {xes | 'A1a7: <& for some a,, .-+, a T}
1=

For any filters F and G, the join [Fu®) of F and G in the lattice
F(8) will be denoted by FVG.

Proposition 1.3. 8 has a largest (smallest) element if and only if the

intersection of all non-empty filters (ideals) is again non-empty.
Proposition 1.4. 1(S) <is closed under finite intersections.

We observe that I(S) need not be closed under arbitrary intersection.

In fact, we have following

Theorem 1.5. The following are equivalent in any semilattice S:
(i) (8, € s a lattice.
(ii) 1(58) s closed under arbitrary intersections.

(L) For any FeF(S), [l (a] is an ideal of &.
aeF

(Av) 1I(S) <s a lattice under set inclusion.

Proof. The implications (i) = (ii) and (ii) = (iii) are clear. If we

assume (iii) and I and JeI(S), then |J{xeS|x <y for all
ael
bed
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yela)n[b)} 1is the smallest ideal of S containing I and J, and
hence (iii) implies (iv) (observe that, since the empty set is a filter of
S, (iii) implies that S 1is an ideal of itself and hence directed above).
Now, assume (iv) and let a and beS. Let I be the least upper bound
of (a] and (b] in 1I(S). Then, there exists c¢eI such that a < ¢
and b <c¢ and hence I = (¢]. It follows that ¢ is the least upper

bound of a and b in S. Hence (iv) implies (i).

Definition 1.6. An ideal (filter) P of S 1is said to proper if P #
S and P # P. A proper ideal (filter) P of S is said to be prime if
S-P is directed below (above). A proper ideal (filter) of S is said
to be maximal if it is not contained in any proper ideal (filter) of S

other than itself.

lemma 1.7. Let PcS. Then P <is a prime ideal (filter) of S if

and only if S-P <is a prime filter (ideal) of S.

Lemma 1.8. A4n ideal (filter) P of S is prime if and only if P # S
and P # @ and, for any ideals (filters) I and J of S, InJcP im-

plies IcP or JcP.

Definition 1.9. (Gratzer and Schmidt). S 1is said to be distributive
if, for any a, b and c¢e¢S such that aAb < ¢, there exists « and

yeS such that a<x, b<sy and xAy = c.

If S is distributive, then it can be easily seen that S is directed
above and hence a finite distributive meet semilattice is a lattice. For
any ideal I of S and a and bedS, let

*
¢a, I> ={xeS|xraecl}
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and <a, b> = {xeS|xra =zabl.
* *
If I = (b], we simply write <a, b> for <(a, (b]> . We now prove the

following

Theorem 1.10. The following are equivalent in any semilattice S:

(i) S is distributive.

(i1) F(S) 4s a distributive Llattice.

(iii) S generates a distributive sublattice in F(S).

(iv) For any ideal I of S and aeS, (a, I)* 18 an ideal of S.

(v) Forany a and beS, <a, b>* 18 an tdeal of S.

(vi) Forany a and be S, (a, b> is an ideal of 5.

(i) PEvery filter which is maximal w.r.t. wnot containing an element is
prime.

i) Every filter F of S 1is the intersection of all prime filters

of S containing F.

Proof. The equivalence of (i) and (ii) is established by Schmidt and
the implication (ii) = (iii) is obvious.

(iii) = (iv): Let aeS and I an ideal of S. Clearly <a, I>* is
an initial segment of S. Let x and yeS, such that xaa and yaael.
There exists beI such that zAa < b and yaa < b, so that

be ([z) vIa))n ([y) vIa)) = ([x) n[y)) Vv [a)
and therefore there exists ze¢S such that x <z, y <z, and zAaq <D
which implies that 3ze<{a, I)*. Hence <«a, I>* is an ideal of S.

The implication (iv) = (v) is trivial and the equivalence of (v) and

(vi) follows from Proposition 1.4 and from the facts that, for any a and

*
beS, (a, by = <a, bY n<b, a> and <a, b> = <aAb, as.
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(vi) » (vii): Let F be a filter of S which is maximal w.r.t. not
containing an element g of S. Let z and yeS-F. Then
ae (Fv[x))n (Fv[y)) and therefore there exists beF such that
bax <a and bAy <a and hence & and ye(b, a>* which is an ideal
of S. It follows that there exists ze(b, a>* such that x < 2 and
y < 3. Now, 3e¢b £ a and therefore z2e¢S-F. Hence S-F 1is directed
above and F is prime.

The implication (vii) = (viii) is obvious.

(viii) = (ii): Let I, J and X be filters of S. For any prime
filter F of S, we have (Ind)Vv({InK)cF< IndJcF and InKcF<sIcF

or JVKcF<In(JVK)cF, from which it follows that (Ind)Vv (InKk) =

In(JVK).

Remark 1.11. A part of the above theorem has been generated recently
to partially ordered sets by the author and Krishna Murty [12]. In [1],
Balbes defined a prime semilattice and obtained a necessary and sufficient
condition which is analogous to (vii) above, for a semilattice to be a
prime semilattice. In the case of lattices, the equivalence of (i) and

(v) has been proved by Mandelkar [13].

Corollary 1.12. If S <s a distributive semilattice with smallest el-
ement 0, then, for any acsS, (@)* =¢a, 0)*={xesS | arxz =0} is an

ideal of S.

Corollary 1.13 (E. T. Schmidt [15]). If S <s an implicative semilat-

tice [14], then S <is distributive.

§ 2. Ideals and filters in distributive semilattices. In this section,
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we prove some preliminary results on distributive semilattices, in partic-
ular, on prime ideals and prime filters. The interesting factor is that
almost all results of prime ideals of a distributive lattice are valid
in distributive semilattices also.

Throughout this section, let S denote a distributive meet semilattice,
unless otherwise stated. If I 1is a subsemilattice of S, then L need
not be distributive. For example, if S is the semilattice of all posi-
tive integers, where, for any a and beS, aab is the greatest common
divisor of a and b, and if I is the subsemilattice consisting of all
prime powers, then I is not distributive, even though S is distribu-
tive. It follows that the class of all distributive semilattices is not

equational. However, we have the following

Proposition 2.1. Let I be an ideal of S and J a filter of S

such that Ind # 0. Then, Ind is a distributive subsemilattice of 8.

Proof. Clearly IndJ 1is a subsemilattices of S. Let a, b and
ceInd such that aAb < e. There exist & and yeS such that a < z,
b<y and xAy =c. Since I is an ideal of S, there exists ze T
such that a <z, b <z and ¢ < 3. Now, we have, c=caz={xA3)A(yArz),

as<xazelInd and b <yazelnd. Hence Ind is distributive.

Corollary 2.2. Every non-empty ideal (filter) of 8 is a distributive

subsemilattice of 8.

Corollary 2.3. For any a and beS such that a < b, [a, b] =

{xeS|a <z =< b} is a distributive subsemilattice of S.

For any a and be S, if the least upper bound of a and b exists
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in S, then we say that avb) exists in S. The following proposition

follows from (v) of Theorem 1.10.

Proposition 2.4 (Balbes [1]). Let b and a,, a,, ***, aneS. Then,

(i) <Zf ayva,v---va, exists in S, then (alAb)v”-v(anAb)
exists in S and is equal to (a, na, v--- Van) AD.

(i1) <Zf a vb exists in S for all i, then (a, ra, n--- Aan) vb

exists in S and is equal to (alvb)A(azvb)A--'A(anvb).

Corollary 2.5. Let (L, A, V) be a lattice. Then the following are
equivalent:

(i) (@, A, V) 1s a distributive lattice.

(i1) (L, A) s a distributive meet semilattice.

(i) (Z, v) <is a distributive join semilattice.

The following theorem and its proof are analogous to that of a well
known Stone’s theorem. A similar result for semigroups was proved by Kist
(Lemma 1.2 of [8]) in which the definition of an ideal is different from

our definition.

Theorem 2.6. Let I be an ideal of S and L a subsemilattice of S
such that InlL = p. Then, there exists a prime ideal P of S such

that I<P and PnL = §.

Proof. Let T ={xreS|a s x for some acL}. Then T is a filter
of 8§ and TnI =§ and hence, by Zorn’s lemma, there exists a filter F
of S which is maximal among all filters containing L, and disjoint from
I. Now, IcS-F and (S-F)nL =@. By Lemma 1.7, it is enough if we

prove that F is a prime filter. Let x and yeS-F. By maximality of
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F, there exist aeIn (Fv[x)) and belIn (FVv[y)) and therefore there
exists c¢el such that a < e and b < e, Hence ceIn (Fvlz))n (Fvly))
=In(Fv ([x)n[y))) which implies that [x)n[y)¢F. Thus F is a

prime filter of S.

Remark 2.7. The converse of the above theorem is also true: i.e., if
S 1is any semilattice in which, for any ideal I and any subsemilattice
L such that InlL = @, there exists a prime ideal P of S such that
IcP and PnL =@, then S is a distributive semilattice. This follows

from Theorem 1.10 and Lemma 1.7.

Corollary 2.8. Let L be a subsemilattice of S and P a prime
ideal (filter) of L. Then, there exists a prime ideal (filter) @ of S

such that @nlL = P.

Proof. Llet P be a prime ideal of L and P, = {zxe S |x < a for
some aeP}. Now, P, is an ideal of S and L-P is a subsemilattice
of S and P on (L-P) = §. By the above theorem, there exists a prime
ideal € of S such that P <@ and gn(L-P) = @§. Now, clearly @nkL

= P. The dual result follows from the above and from Lemma 1.7.

In general, the intersection of an arbitrary family of prime ideals of
S need not be an ideal (see Corollary 2.14 below); however, we have the

following which is dual to (viii) of Theorem 1.10.

Corollary 2.9. Let I be an ideal of S. Then the intersection of
all prime ideals of S containing I is again an ideal of S and is

equal to I.
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Proof. If aeS and a¢ I, then Inf[a) = § and therefore by Theorem
2.6, there exists a prime ideal P of S such that ITcP and Pnla) =

@ and hence af¢ P.

Corollary 2.10. Every proper ideal (filter) of S <is contained in a
prime ideal (filter) of S and hence disjoint from a prime filter (ideal)

of 8.
Corollary 2.11. Every maximal ideal (filter) of S <is prime.

Corollary 2.12, Let I be an ideal and {Ia |ae A} a family of ideals
of 8. Then I <is the smallest ideal containing every T oech, if and
only if, for any prime ideal P of S, I<P 1is equivalent to IOLCP for

every O cA.

Corollary 2.13. If a and beS and a # b, then there exists a

prime ideal of S containing a and not containing b or vice-versa.

Corollary 2.14. (S, <) <s a lattice if and only if the intersection

of an arbitrary family of prime ideals of S is an ideal of S.

Proposition 2.15. S has smallest (greatest) element if and only if

the intersection of all prime ideals (filters) of S <s non-empty.

Proof. If a belongs to every prime ideal of S and if xe¢ S, then,
by Corollary 2.9, a < x and hence a is the smallest element of S. The
converse is obvious, since the smallest element (if it exists) belongs to

every prime ideal.

Proposition 2.16. Suppose S has smallest element 0 and AcS.
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Then ([{P | P 4is a prime ideal of S not containing A} = {xeS|xnra =10
for all acA}. Also, if S has greatest element 1, then [{F|F 4is a
prime filter of S not containing A} = {xeS|xva exists in S and is

equal to 1 for all acAdl}.

Proof. This follows from the definition of prime ideals (filters) and

from the above proposition.

Definition 2.17. If S has smallest element O and I is a subsemi-
lattice of S, then define O0(L) = {xeS|xAy = 0 for some yelL}, i.e.

oy = U =
yel

By Corollary 1.12, it follows that O0(L) is an ideal of &S.

Proposition 2.18. Suppose S has smallest element 0 and F is a
proper filter of S. Then the following are equivalent:

(1) F <s a maximal filter.

(ii) §-F s a minimal prime ideal.

(i) o) = S-F.

Proof. The equivalence of (i) and (ii) follows from Lemma 1.7 and the

equivalence of (ii) and (iii) is a direct verification.

Corollary 2.19. Suppose S has smallest element O and de 8. Then

(d* = {0} if and only if d belongs to every maximal filter of S.

Corollary 2.20. Suppose S has smallest element 0 and greatest ele-
ment 1. Then the intersection of all maximal filters of S is {1} <if

and only if 1 <s the only element with the property that (1)* = {0}.
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§ 3. A calss of congruences on a semilattice. For any subsemilattice

L of a semilattice S, define
QL={@,weSXS|an=yAa for some aeL}.

Then SL is a congruence on S and L is contained in a single equiva-
lence class of GL. We denote the natural epimorphism of S onto the
quotient semilattice S/SL by LIx

Throughout this section, let § denote, unless otherwise stated, a
distributive semilattice. If S is a distributive semilattice and F is
a filter of S, then Katrinak ([10]) has proved that SF is the smallest
congruence on S containing F in a single equivalence class and that

S/SF is distributive. More generally, we have the following.

Theorem 3.1. Let S be any semilattice which is directed above. Then
the following are equivalent:

(i) S <s distributive.

(ii) S/GF 18 distributive for every subsemilattice L of 5.

(i) S/SF i distributive for every filter F of 5.

Proof. (i) = (ii): Let S be distributive and L a subsemilattice
of S§. Let x,y and 3¢S such that nL(x)/\ﬂL(y) < ﬂL(z). This im-
plies that there exists aeL such that xAyAa =xAyAazAaa and there-
fore (xAra)a(yaa) <z so that there exist » and c¢e¢S such that
xAa<bh, yrase and bac =z, Now, TTL(x) = 1rL(:x:Aa) < TrL(b), 'er(y) =
'rrL(yAa) < 'ITL(G) and TrL(b) A'!TL(C) = 1TL(Z).

The implication (ii) = (iii) is obvious.

(fii) ® (1): Let a, b and c¢eS such that aAb < e¢. Choose deS

such that a, b and ce (d] and let F = [d). Now, since S/GF is dis-
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tributive, there exists e and feS such that WF(a) < TrF(e), TrF(b) <
ﬂF(f) and ﬂF(e) AﬂF(f) = TTF(C). Again there exist %, y and z¢F
such that eafax =cAx, erary =anry and fabaz = baz which
imply that eafax = ¢, eana=a and fAb =D and therefore a < enz,

b<fax and (enrx)A(faz) =c. Hence S 1is distributive.

it

Note that the above theorem becomes trivial if S has largest element
1; for 6[1) is the diagonal AS of §. The following theorem and its

proof are analogous to that of T. P. Speed [16].

Theorem 3.2. Let 8, and S, be two distributive semilattices and
L, and L, subsemilattices of 5, and S, respectively. If f:5,+5,
is a homomorphism such that f(L,) cL,, then there exists a unique homo-

morphiem f,, such that -

Iy
s, ———— S5 /6
VoL
T

Lo

S, = 5,18,

is commutative. Moreover, if f is an epimorphism, then f,, <is also an
eptmorphism and if f is a monomorphism such that f(L,} = L,, then f,,

18 also a monomorphism,

Theorem 3.3, ILet L be a subsemilattice of S. If I' <s an ideal

of 5/8,, then I = {zes| () € I'Y is an ideal of S. I' is a proper

ideal of S/SL if and only if InlL =P, Also, if P is a prime ideal
of S such that PnL =@, then P' = {'lTL(.’L‘) €5/8, |xeP} is a prime
ideal of S/GL‘ Further, P+ P' s an order-preserving bijection between

the set of all prime ideals of S which are disjoint from I and the set

of all prime ideals of S/GL. Moreover, the lattice of all filters of
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S/8. is isomorphic to the lattice of all filters of S containing L.

L

Proof. Let I' be an ideal of S and I = {xe S | (%) eI'}. Clearly
I 1is an initial segment of S. Also, if 'ITL(CZ) and TTL(b) e I', then
there exists c¢eS such that TTL(C) eI, TTL(C) < 1TL(b) and 'ITL(b) snL(c)
and there exist x and yelL such that aaAcAx = aax and bacAay =
bay so that aAcArxAy =arxAy and baeAxay = DAz Ay and hence,
by (vi) of Theorem 1.10, there exists deS such that a<d, b <d and
dacrx Ay =dArxay. Now, 'nL(d) < TrL(c) and hence deI. Thus I' is
an ideal. If aeInlL, then, for any x e, 'IrL(x) = 'nL(:x:Aa) and hence
S/GL = I', Conversely if S/GL = I', then for any =x¢ L, 1TL(ac) eI' and
therefore InL # §.

Now, it is a direct verification to prove that I' » I induces an
oredr-preserving bijection between the set of all prime ideals of S/GL
and the set of all prime ideals of S which are disjoint from L and
that F » F' = {nL(:L‘) eS/eL [2eF} is an isomorphism of the lattice of

all filters of S containing I and the lattice of all filters of S/GL.

Theorem 3.4. Let L, and L, be two subsemilattices of S such that
L cL, and let f,: S/6L1-> S/@L2 be the epimorphism defined by
leTTLI {x) =TTL2 () for all xeS. Then the following are equivalent:

(i) fy, <s an isvmorphism.

(ii) For any prime ideal P of S, PnL, = § implies PnL, = P.

(iii) The filter generated by L, tis contained in the filter generated
by IL,.

(iv) For any ac Lz, there exists be L1 such that b < a.

Proof. (i) = (ii): If P is a prime ideal of S such that PnL, =
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%, then, by the above theorem {T[L () 65/9L |xeP} is a prime ideal of
1 1

5/6 and hence {'ITL (=) ES/GL | ze P} is a prime ideal of S/GL , SO
2 2 2

L

that Pnl, = #. The implication (ii) = (iii) follows from Lemma 1.7 and
(viii) of Theorem 1.10. The implication (ii) = (iv) is obvious. Now assume

(iv). It follows that GLZCGL1

and hence f,, 1is an isomorphism.

Theorem 3.5. Let L be a subsemilattice of S and P' a prime ideal

of S/SL. Let P = {xe5| ﬂL(x) eP'}. Then
5/0¢ p = (S/GL)/BS/eL-P'.

Proof. Since P and P' are prime ideals of S and S/GL respec-
tively, S-P and S/GL-P' are subsemilattices of S and S/GL respec-
tively. Now, the theorem follows from Theorem 3.2 and from the following

commutative diagrams

™
5-p R

578y, > (5/8,)/85/4 P

w
S/GL-P'

where o is the map induced by the map 1 S > S/SL as in Theorem 3.2.

A
Theorem 3.6. Let F be a filter of S. Then the following are equiv-
alent:
(1) F <is a prime filter.
(ii) {1TF(.'L‘) |xe5-F} is an ideal of S/SF.

(iid) S/GF has a unique maximal ideal.

Proof. The implication (1) = (ii) follows from Lemma 1.7 and from

Theorem 3.3.

(ii) = (i): We first observe that for any acPF, TrF(a) is the great-
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est element of S/SF. Hence, every proper ideal of S/SF is contained in
{TrF(:zc) ]xe S-F} and therefore S/GF has a unique maximal ideal, viz.,
{nF(x) | x e 5-F}.

(i) = (i): Let & be the unique maximal ideal of S/SF and let =
and yeS-F. Since the principal ideals of S/GF generated by TTF(ac)
and ﬂF(y) are proper, it follows that TrF(x) and TrF(y) € G and there-
fore there exists ‘ITF(Z) € G such that TrF(x) < TTF(Z) and ﬂF(y) < ﬂF(Z),
so that xAzAaa =xAaa and ysazra =yasa for some aeF. By Theorem
1.10, there exists beS such that < b, y<bh and bazra =Dhbaa
and hence be S-F; for otherwise 2eF and hence G = S/GF. Thus F is

a prime ideal.

Theorem 3.7. Let F be a filter of S. Then F <is a maximal filter

if and only if S/GF is the two element chain.

Proof. Suppose F is a maximal filter. We know that for any « and
yeF, 1TF(.’X,') = ﬂF(y) and that for any xe¢F and yeS, ﬂF(ac) = TTF(y)
implies yeF. Now, let x and yeS - F. Since F 1is maximal, there
exist a and beF such that aAx <y and bAy < x and hence 1TF(.2:)
= 'rrF(a AZ) < WF(y) = nF(b AYy) < 1TF(.’L'), so that TTF(.’E] = ﬂF(y). Converse-
ly, suppose that S/GF is the two element chain. Suppose x and ye
S - F. Choose an element 2z ¢F. Then, we have TTF(Z) # TrF(:r:) and
hence TrF(:)c) = TrF(y) so that there exists aeF such that zAaq = yaa
and therefore yeFv [x). Hence, for any x£F, Fviz) = 8. Thus F is

maximal.

Now, we prove the following theorem which plays a vital role in proving

a 'Grothendieck type' of representation theorem for distributive semilat-
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tices by means of sections of sheaves (10], [11]. A part of this theorem

was proved by Katrinak [7].

Theorem 3.8. The map F =~ GF is an isomorphism from the lattice F (5)
of all non-empty filters of S into a permutable sublattice of the lat-
tice. C(S) of all congruences on §. Hence {GF | Fe Fo (5} is a dis-
tributive and permutable sublattice of C(S). Moreover, for any family

{F |aelA}cF (S), 6, where G =\ F_, is the join of {0_lae A} in C(S).
o ° G OLeAOL F

Proof. Katxinak (3.3, [7]) has proved that, for any filters I and J

of S, GIVGJ =9 = SIOGJ and now we prove that eInSJ = 0 . Clear-

Ind
ly eInJceIneJ. Let («, y)eeIneJ. There exist ae¢I and bed such

Iivd

that xAqg =yAa and xAb = yAb. By Theorem 1.10, there exists ceS
such that a < e, b < ¢ and xAec =yAc. Now, since celInd, we have
(x, y) e eInJ. Hence F » GF is a lattice homomorphism. Also, let I and
J e FD(S) and eIc SJ. Let xelI. Choose yed and then ze¢S such that
x <z and y < 2. Now, (r, z)eSIceJ and since =z ed, we have xed.
Thus IcdJ. Hence F & GF is a lattice isomorphism of F (S) onto the
sublattice {6, | Fe Fo(8)} of C(5). Finally let {F, faedlcF (5) and

F= \F . Clearly V 6y c6p. On the other hand, suppose (x, y) € ©
o F
oeh oaeh O

so that there exists ae¢F such that xAa = yasa. Now, aeF implies

n

there exists a,, «--, o €A such that qeG = Vi—1

L’ Fo. and hence (x, y)

7
n .
€6, =Vi=1 eFoc. eV SFOL. This completes the proof of the theorem.
7 Ol
Remark. Note that, as in lattices, the lattice C(S) of all congruences

on a semilattice S need not be distributive, even when S is distributive;

for, consider the following example: Let I = {1, 2, 3, ---} and S =
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{0, a, b} uI with the partial order given by 0 <a <mn, 0 <b <n for
all neI and m <n whenever m-n is positive for all m and nel.
Then S becomes a distributive meet semilattice. Let

e

{(a, b), (0, @), (0, b), (b, @), (a, 0), (b, }u{(x, ) |xcS}

o=1{(x, y) eSxS|xra=yra} and B = {(z, y) eSxS|xAb = yAb}.
Then (6Vva)AB # (8AB)V (aaB); for, (1, ) eB = (6va)AB and (1, D) ¢

(6AB) vV (anaB).

Following Katrinak [10], a congruence B on S is said to be V-partial
if (a, b) €9, (e, d) €6 imply that (ave, bvd) e8 whenever ave and
bvd exist in S. It can be easily seen that GL is v-partial for any
subsemilattice L of S. For any ideal I of §, let ol = {(x, y) eSxS|
[z) ala) = [y) nla) for some aeI}. Then BI is a V-partial congrunece
on S. Also, for any ae¢S, if I = (@] and F = [a), then SIVGF =3xS
and GI n GF = AS’

the study of meet irreducible congruences on S; for if § is a bounded

the diagonal of S. This observation is significant in

distributive semilattice and & is a meet irreducible congruence ((6] is a

prime ideal in C(S)), then, for any aeS, (0, a) €6 or (a, 1) €6.

§ 4. Space of prime filters. In this section, we prove that every dis-
tributive semilattice is isomorphic to a subsemilattice of the semilattice
of all open subsets of a topological space. As before, let S denote a
distributive semilattice and X the set of all prime filters of S. For
any aeh, let X = {Fex|acF}. Clearly, for any a and beS, X nX,
- Xa/\b
{Xa | eS8} forms a base for some topology D on X, which will be called

and if avb exists in S, then X uX, =X .. It follows that
a “b avb

the hull-kernel topology on X (The name hull-kernel topology is usually
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used and is more reasonable when one considers the set Y of all prime
ideals of S with the topology for which {Ya | e S} is a base, where
Y = {PeY|a¢P}, since in this topology, the closure of any zcY is
{Pey |ﬂch}. However, by Lemma 1.7, Y is homeomorphic with X). Also,
for any ae S, let Xc'z ={FeX | adF}. 1Tt can be easily seen that

{Xc'z | ae S} also forms a base for some topology on X and we call this
topology the dual hull-kernel topology and denote it by D'. Now, the

following theorem is a consequence of Theorem 1.10.

Theorem 4.1. 5 is isomorphic to the meet subsemilattice {X | ae s}

of the lattice of all open subsets of (X, D).

Theorem 4.2. Let acS. Then the subspace Xa of (X, D) is homeo-
morphic to the space X[0, al of all prime filters of [0, a] with the

hull-kernel topology.

Proof. Using Corollary 2.8, it can be easily seen Fb Fn0, a] is a

homeomorphism of Xa onto X[0, al.

The following theorem and its proof are analogous to a similar theorem

on distributive lattices proved by T. P. Speed [17].

Theorem 4.3. Let S has smallest element 0 and Y the set of all
maximal filters of S. Then Y <g a Hausdorff and totally disconnected
subspace of (X, D). Moreover, the following are equivalent:

(i) (¥, D) <s compact.

(i1) The restriction of D to Y 4is equal to the restriction of D'
to Y.

(iil) For each aceS, there exist Ays Gps "%, aneS such that Xc'lnY
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i
= x,. nY).
=1 a’b

A semilattice S with 0 is said to be pseudocomplemented if, for
each ae¢ S, there exists a*e¢S such that aAb =0 if and only if
b < a* for all beS. An element aeS 1is said to dense if a* = 0 and
is said to be closed if (a*)* = a. It is well known that the set of
closed elements of S forms a Boolean algebra under the partial ordering

induced from that of S (see [3]).

Corollary 4.4. Let S be a pseudocomplemented distributive semilat-
tice. Then the space Y of all maximal filters of S with the hull-
kernel topology is a Boolean space, i.e., a compact Hausdorff and totally
disconnected space. In fact, Y <is homeomorphic to the Stone space of the

Boolean algebra of all closed elements of S.

Proof. The first part follows from the above theorem and for the sec-
ond part, Fb Fn(C(S) gives a homeomorphism of Y onto the Stone space

of (C(S), the Boolean algebra of closed elements S.
The following proposition is a direct verification.

Proposition 4.5. Let S be a distributive semilattice with 0 and X
the space of prime filters with the hull-kernel topology. Then the fol-
lowing are equivalent:

(i) X <s Hausdorff.

(ii) X s a T, -space.

(iil) Bvery prime filter of S <s maximal.

(iv) For every prime filter F of S, F <is the only prime filter of
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S such that O0(F)nF = §.

Definition 4.6. An element ae¢ S is said to be semi-compact if, for
any AcS, (a] 1is the smallest ideal containing A4 implies there exists
a finite subset B of A such that (a] is the smallest ideal contain-

ing B.
The following proposition follows from Corollary 2.12,

Proposition 4.7. Let aecS. Then Xa 18 a compact subspace of (X, D)

iff a <is semi-compact.
Proposition 4.8. If (X, D) <s compact, then S has largest element.

Proof. Suppose (X, D) 1is compact. There exists Qs Gy "T7, A€ S

n
such that X = | X, . Since S is directed above, there exists ae S
7::1 1

such that a; <a for 1 << <n sothat a 1is the largest element of

S.

Remark 4.9. The compactness of (X, D) is still an open question,
even if S5 has largest element 1. However, by the above two propositions,
(X, D) 1is compact if and only if S has largest element which is semi-
compact. On the other hand, the space (X, D') is compact if and only if

S has smallest element O.
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