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Higher Order Boundary Value Problems for 

Differential Equations with Deviating Arguments 

* ** By P. R. KRISHNAMOORTHY and R. P. AGARWAL 

This paper deals with nth order differential equations with deviating ar-

gument with suitable boundary conditions. The first result, Theorem 1 is 

an application of Schauder-Tychonoff fixed point theorem to establish the 

existence of a solution. In Theorem 2 contraction mapping principle is em-

ployed to determine an interval of uniqueness of the solution. An itera-

tive scheme is provided in Theorem 3 which converges to the maximal solu­

tion, and it is used to compare the solutions in Theorem 4. 

1. Introduction. In this paper, we are concerned with the following 

boundary value problem 

x(n)(t) + F(t, x(t), x($1(t)), x'(t), x'($2(t)), 

x(r)(t), x(r)($r+1 (t))) 0 

defined on the interval I= [a, b] with the boundary condition 

{ 
x(i)(t) = A(i)(t), i = 0, 1, ···, n - 2, for t:,; a, 

(2) 
x(p) (t) = µ (p) (t) for t ~ b, 
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where p is fixed and 0 5 r 5 p 5 n - 1, ~.(t) (1 5 j 5 r + 1) are given 
J 

continuous functions defined on a suitable interval including I. The func-

tion F:I x1R 2r+ 2 ➔ IR is assumed to be continuous. A solution of the 

boundary value problem (1), (2) is a continuously n times differentiable 

function satisfying (1) and (2) on the open interval (a, b). 

Let E = I a u I u I b, where I a 

{b} u ( LJ1'.+ 1 ~ .(I) n [b, +00)), and 
J=l J 

where 

k { n - 2, if r 5 n - 2 

n - 1, otherwise. 

Define the norm II II by llull = max{ lu(j)(t)I : tEE and 0 5 j 5 r} for 

UEB. Then (B, 1111) is a Banach space. 

Let ;\ E C(k) [Ia] and µ E cCP) [Ib]. Consider a subset B' of B such 

that fo1' u E B 1 , 

)i) (t) 

u (p) (t) 

l\.(i)(t), 

= /P)(t), 

i = 0, 1, 

i.e., u satisfies the boundary condition (2). 

n - 2 , t E I , and 
a 

It can be easily seen that the Green's function associated with the 

boundary value problem 

- x(n) (t) = 0; x(i) (a) = 0, i = 0, 1, n - 2; x (p) (b) = O 

is gjven by 

n-1 (b - sJ n-p- 1 
n-1 

{ 

(t - a) b _ a - (t - s) , a 5 s 5 t 5 b, 

G(t, s) = ( Jn-p-i 
( ) n- 1 b - 8 a 5 t 5 s 5 b 
t-a b-a 

and all its derivatives with respect to t up to order p are nonnegative. 

Define 
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{ 

G(t, s) for t EI, 
X(t, s) = O 

for t /_I. 

Then straightforward computations show that 

Ib\ ix\ fb ·ix Cl. max -. ds = max -. ds 
J astsb a atJ astsb a atJ 

{ 

(n - j - l)n-j-1 rb - a]n-j 
if n - 1 > p = j, 

(n - j) ! ln - p 

b - a if n - 1 = p = j, 
n-j 

(p - j)(b -· a) if n - 1 ?.p?.j+ 1. 
(n - p)(n - j) ! 

Put 

A(t) if t s a, 

,n-2 A(r)(a) a)r + [µ(p)(b) 
lr=o r! (t -

(p+k) 
_ ,n-p-2 A (a)(b 

l k=O k! 
k - a) ] X 

C (t) (n-p-1)! (t-a)n-I 

(b - a)n-p-1 (n - 1) ! 
if t EI, 

µ(t) if t?. b. 

2. Existence Theorem. We can prove the following result by a standard 

application of Schauder-Tychonoff fixed point theorem similar to that for 

n = 2 (see [4], [5]) and for n = 3 (see [l], [2]). 

ing 

Theorem 1. Let M. (j = 0, 1, • • ·, r) be positive real nwnbers satisfy­
J 

max IA(i)(t)I s M., 
1, 

tEia 
max 
tEI 

s M. 
1, 

for every i E { 0, 1, • • • , r}, and let 

Q = sup { IF(t, x
0

, y
0

, xr, Y)I: tEI, lxil S2Mi and 

IY-1 s 2M. for i = 0, 1, r}. 
1, 1, 

Then the boundary value problem (l), (2) has a solution provided that 
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[ 

(n - j) ! M· ] i/(n-j) 

I 
(n - p) ~ 

Q(n - j - l)n-J-1 
M· J b - a:::, Q 

(

(n - j)! (n - p)Mj]i/(n-j) 

Q(p - j) 

if n - 1 > p = j, 

if n - 1 = p = j, 

if n - 1 2: p 2: j + 1, 

for j = 0, 1, ···, r. 

3. Uniqueness Theorem. The following theorem follows from contraction 

mapping principle (for particular cases see [l], [2], [4], and [SJ). 

Theorem 2. Let K. (j = 0, 1, ···, r) be positive real nwnbers such 
J 

that max IA(i)(t)I i = 0, 1, 
tEia 

···, r. Let F satisfy a uniform Lipschitz condition 

IF(t, XO, Yo, ••• ' xr, Yr) - F(t, XO, Yo, ••• ' xr, Y) I 

:5, l·r [L-lx- - x-1 + c.1y. - Y-1] ~=o ~ ~ ~ ~ ~ ~ 

on D = { ( t, x 
O 

, y 
O 

, • • • , x , y ) : a E I, I x -1 5. K • and I y -1 5. K • for r r ~ ~ ~ ~ 

every i = 0, 1, ···, r}. Then the boundary value problem (1), (2) has at 

most one solution x(t) with lx(j)(t)I :5. K. for every j = 0, 1, ···, r 
J 

4. Maximal Solution. Here we shall consider the case of 0 :::, r :::, n - 2. 

Let B c B be the closed convex cone of functions having nonnegative de­
e 

rivatives up to order r and let Sc B be such that, for u ES, 
a 

(3) { 

u(i)(t) = a(i)(t), i = 0, 1, 

u(p) (t) = s(p) (t), t E Ib 

···, n - 2; 

Define S = {x ES 
p llx 11 :::, p}, and cr(t) same as e(t) 

to a(t) and µ(t) to S(t). 

changing A(t) 
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Theorem 3. Suppose that the following conditions 1°-3° are satisfied: 

1° f(t, x
0

, y
0

, ···, xr, yr) is continuous nonnegative and satisfies 

f(t, XO, Yo,···, xr' Y) <!f(-t, XO, Ya,···, xr, yr) foraU (t, XO, 

- ) (t • · · y ) EI x IR 2r+z h th t - d -Yr' 'xo, ' r + sue a xi;;: xi an Yi;;: Yi 

for every i = 0, I, ···, r. 

2° O\(i) (t) ;;: 0, t E Ia; sCi) (t) ;;: 0, t E Ib; i = 0, 1, ••• ' r; O\(j) (a) ;;: 

0, j = 0, 1, ···, n - 2; s(p)(b) ;;: l~=~-z O\(p+k)(a)(b a)k/k!. 

3° There exists a p > 0 such that for aU t EE 

a(j)(t) + fa aj~ f(s, P, ···, p)ds ~ p 
b atJ 

for every j 0, 1, ···, r. 

Define for each t EE the iterates 

x
0 
(t) I: K(t, s) f(s, p, • • ·, p)ds + a(t), 

xn(t) = I: K(t, s) f(s, xn-i (s), xn-i C<I\ (s)), • • ·, 

x(r)(s), x(r)(¢ (s)))ds + a(t) 
r+1 

for each n = I, 2, •••. Then the sequence {x} converges to the maximal 
n 

solution of the equation 

(4) x(n)(t) + f(t, x(t), x(¢
1
(t)), 0 

satisfying the boundary condition (3) in Sp. 

Proof. The fixed points of T defined by 

(5) Tx(t) = a(t) + I: K(t, s) f(s, x(s), x(¢
1 
(s)), • • ·, 

x(r)(s), x(r)(¢r+
1
(s)))ds 

for each x ES are solutions of the boundary value problem (3), (4). Now p 

x
0 

belongs to Sp, since x~j)(t) ~ p for every j = 0, 1, ···, r. From 

1°-3° we have 
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for each j = 0, 1, ···, r, where we have used 

which follows from 3°. Using an inductive argument it is easily seen 

that Next, from the uniform con-

tinuity of iKJ3tj, 0:,; j:,; r, on IxI, given E > 0, there exists a 

ol(E) > 0 such that ltl - t21 < ol(E) implies 

E 
IIK(t1, s) - K(t2, s)II < 2(b - a) sup f(t, P, ... , p) , 

tEI 

and for the same E, there exists a o2 (E) > 0 such that llo(t1) - o(t
2

)11 

Hence we have, for all n = 0, l, •··, 

E E 
<z+z=E 

3j K(t2: s) lf(s, P, ... , 
ail 

+ io(j)(t1
) - o(j)(t

2
)1 

p)ds 

whenever lt1 - t 2I < min{o 1(E), o
2

(E)} uniformly in n for all j = 0, l, 

···, r. This shows that {xn} is equicontinuous. Thereofore by Arzela's 

theorem {x} is precompact and being monotonic, converges uniformly to 
n 

some x ES . From the continuity of f, x is a solution of the operator 
p 

equation (5) or equivalently of (3), (4). Now let y ESP be any other so-

lution of (3), (4). Then 

- f(s, y(s), 

~ 0. 

In fact, induction shows that for each n, x(j) (t) - y(j)(t) ~ 0, j = 0, l, 
n 

···, r. Thus we have x(j)(t) - y(j)(t) ~ 0, proving the theorem. 
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5. Comparison Theorem. 

Theorem 4. In addition to 1°-3° of Theorem 3, suppose that the foZlow­

ing aonditions are satisfied: 

40 IA (i) (t) I $ Cl,(i) (t) for tEI a and lµCi)Ct)I $ r/i) Ct) for t Eib, 

i = 0, 1, ... , r. 

50 IA(i)(a)i $ a(i) (a), i = 0, 1, ... , n - 2 and 

lµ(p)(b) - ,n-p-2 A(p+k)(a)(b - a)kl 
lk=o k! 

(p+k) 
$ s(p) (b) - I~:~- 2 

Cl, k! (a) (b - al 
6° !F(t, x 0 , Y 0, xr, Yr) I $ f(t, lx 0 I, IYO I, • • ·, lxrl, !Yr!) 

for au (t, XO, Yo, 

If z ES is any solution of the boundary vaiue problem (1), (2), then 
p 

lz(j)(t)j $ x(j)(t), j = 0, 1, ···, r, for tEI, where x is the maximal 

solution of (3), (4). 

Proof. For n = 1, 2, ···, set 

yn(t) = t K(t, s) f(t, yn-I (s), Yn-i (Q\ (s)), • • ·, y!~~ (s), 
a 

/r) (<P (s)))ds + a(t) 
n-1 r+1 

lz(¢
1
(s))!, lz(r)(s)I, 

lz(r)(<P (s))l)ds + a(j)(t) 
, r+1 

•··, z(r)(s), z(r)(<Pr+i(s)))!ds 

<! lzCj)Ct)I 

on using the relations ia(j)(t)I 2! la(j)(t) I, j = 0, 1, 

tively, it can readily be seen that 

r. Induc-
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As in Theorem 3, {yn} is equicontinuous and, in view of the monotonicity, 

converges uniformly to a solution y E Sp of (3), ( 4). But the maximality 

of x completes the proof of Theorem 4. 

Similar results to Theorems 3 and 4 have been obtained for a particular 

case n = 2, p = 0 in [3], [6]. Also in [6] F is taken as a positive 

function, whereas in our result it is not necessary. 
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