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Higher Order Boundary Value Problems for

Differential Equations with Deviating Arguments

* *%
By P. R. KRISHNAMOORTHY and R. P. AGARWAL

This paper deals with nth order differential equations with deviating ar-
gument with suitable boundary conditions. The first result, Theorem 1 is
an application of Schauder-Tychonoff fixed point theorem to establish the
existence of a solution. In Theorem 2 contraction mapping principle is em-
ployed to determine an interval of uniqueness of the solution. An itera-
tive scheme is provided in Theorem 3 which converges to the maximal solu-

tion, and it is used to compare the solutions in Theorem 4.

1. Introduction. In this paper, we are concerned with the following

boundary value problem

MW 2@+ F, w51, 26, (0D, &' (8), & (0,(£)),

2w, s, @) =0
defined on the interval I = [a, b] with the boundary condition
o { Py =Py, i=0,1, -+, n-2, for t=<a,

m(p)(t) = u(p)(t) for t =z b,
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where p 1is fixed and 0 <r<p <n -1, ¢j(t) (14 £2r + 1) are given
continuous functions defined on a suitable interval including I. The func-
tion F:IxR”'? + R is assumed to be continuous. A solution of the
boundary value problem (1), (2) is a continuously » times differentiable
function satisfying (1) and (2) on the open interval (a, b).

Let E=1I uIuIl,, where I, = {a} U(lj§:i ¢j(I)f1(-m, al) and I, =
Yo (U%) 0,0 0 (b, *)), and let B = ¢ (23 nc™ 1 nc® ),

where
n-2,1if r <n - 2
k= {
n - 1, otherwise.
Define the norm || || by llu}l = max{ Iu(‘ﬂ(t)l : teE and 0 < J < »r} for
ueB. Then (B, |l I) is a Banach space.

Let Ae C(k)[Ia] and Ue C(p)[lb]. Consider a subset B' of B such
that for wueB',

u(i)(t)

Ay, s=0,1, -, n-2, tel, and
u(p)(t) =u(p)(t)’ tel,,
i.e., u satisfies the boundary condition (2).

It can be easily seen that the Green’s function associated with the
boundary value problem

~xM)w)=O; xUJW)=0,i=O,1,~-,n-2; x@)®)=0

is given by

n-p-1 _
(t-a)”‘l(zg—g—z -@-a"Y, assstsb,
G(t, &) = N
{ n-1{p - g)"P?
(t - a) - a ,aStSsSb

and all its derivatives with respect to ¢t up to order p are nonnegative.

Define
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G(t, 8) for telI,
K(t, s) = {
0 for t¢1I.

Then straightforward computations show that

Dy ~d b
0, = max J —a—]?-ds: max J 3—de
I astsh o |ot? ast<b ‘a 3!
n-4 - 1)n_j_1{b—a]n_j . .
TR ln—pj if n-1>p =4,
=< b-a if n-1=p-=4,
p-H-a"? F o
n-p)n- 4! if n-12p=z2zg+1
Put
AE)  if t <
(=) {(p+k)
zn 2 A (a) ¢t - a)F (p) ®) - Z”P 2 A _(a) (b-a)k]x
el = (n-p-1! (- “)n_l if tel,

n-1nt B-a)tP!
u(®) if ¢ z b.

2. Existence Theorem. We can prove the following result by a standard
application of Schauder-Tychonoff fixed point theorem similar to that for

n = 2 (see [4], [5]) and for = = 3 (see [1], [2]).

Theorem 1. Let Mj (=0, 1, ---, v) be pogitive real numbers satisfy-
ing

max |>\( )(t)l < M,, max |u(7’)(t)| <M., and max |c(7’)(t)| <M,
tel, ter tel

for every ie{0, 1, -+, v}, and let
Q = sup{ |F(z, Ty Yos s T yr)] : tel, qu’l < 2, and
|y$| <2M, for i=0,1, -, r}.

Then the boundary value problem (1), (2) has a solution provided that
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(n_ j)' Mz 1/(n'j) . o
Mj .
b-a<| if n-1=p-=4,
¢ / (n-3)
. 1/ (n-g
(n—;)(!(n--)-P)Mj if n-12p=2g+1,
p-4J

for 3 =0,1, ¢+, p.

3. Uniqueness Theorem. The following theorem follows from contraction

mapping principle (for particular cases see [1], [2], [4], and [5]).

Theorem 2. Let Kﬁ (=0, 1, ---, ») be positive real numbers such

that max ]A(z)(t)] < K., and max |u($)(t)| < K., for every i =0, 1,
i i
tely tely,

*, ». Let F satisfy a uniform Lipschitz condition
IPCts @00 Bos s @y 4,) = P, g, Ggn o0 By 3]
s Xi::o[Lilxi - ";"fbl * Cilyi - gtl]
on D= {(t, s Yoo **s T, y) tacl, ;| < k; and Iyil <k, for
every % =0, 1, *--, v}, Then the boundary value problem (1), (2) has at
most one solution x(t) with |x(j)(t)| < Kﬁ for every § =0,1, o+, r

provided that Z.fo(Li +C;) max o < 1.
v= 0sisy

4., Maximal Solution. Here we shall consider the case of 0<r s<n-2,
Let Bcz:B be the closed convex cone of functions having nonnegative de-
rivatives up to order r and let S<:Bc be such that, for ueS,

Dty =aPw, 1201, o, n-2; ter
) {u(p)(t) 8P, cer,
Define Sp ={xeS :llzll < pl}, and o(¢t) same as e(£) changing A(%)

to o) and u(¢) to B(¥).
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Theorem 3. Suppose that the following conditions 1°-3° are satisfied:
1° f(t, Lo Yoo "0t s Tps yr) 18 continuous nonnegative and satisfies
f(t: "1_"0: Z;o, ttt :EI" ‘Z—/Z’) 2 f(t, xO’ yO’ "t xr) yr) fOP all (ts 3-70:

= 2r+2
*ts yr,), (t: xO: ftt, yr) €IXIR+

such that Ty 2T, and y; 2 Y;
for every i =0,1, -+, r.

2° a(i)(t) 20, ¢t ela; B(i)(t) 20, ¢ elb; 2=0,1, *«+, r; a(j)(a) =
0,5=0,1, -, n-2 8P @) 2 P2 PP g0 - ar.

3° There exists a p > 0 such that for all te¢E
. a o

@) + f XX f(s, p, "+, p)ds < p
» otd

for every 4 =0, 1, -+, »,

Define for each teE the iterates

xz, (8) = [Z K(t, 8) f(s, p, --+, p)ds + 0(2),
a
x, () = fb K(t, &) f(s, x,_ (&), z (b (s)), "~
2™ (o), s (o, (61))ds + 02
for each n =1, 2, ---. Then the sequence {xn} converges to the maximal

solution of the equation
@ =M@+ £ 2@, 20,0, -, 2@, 2P 6, ($)) = 0

satisfying the boundary condition (3) in Sp.

Proof. The fixed points of T defined by

(4]
(5) Tx(t) = o(t) + jb K(¢, 8) f(s, x(s), (¢ ,(s)), -,
=™ (o), = (o

r+i

(s)))ds

for each xezSp are solutions of the boundary value problem (3), (4). Now
x, belongs to Sp, since xgg)(t) <p for every j=0,1, -++, r». From

1°-3° we have
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. b NJ )
29 () - f ggf(s, @ (8), =, (9, (8)), -+, 2@ (©)Nds + oD ()
a

r+l

3K pis, p, oo, s + 0P (&) = &P (1)
atd

b ~d
S! K
a
for each § = 0, 1, :-+, », where we have used xga)(¢j+l(t)) < p and
which follows from 3°. Using an inductive argument it is easily seen
that p 2 xgg)(t) 2 xga)(t) R xiJ)(t). Next, from the uniform con-

tinuity of BJK/BtJ, 0<js», on IxXI, given € > 0, there exists a

§,(€) > 0 such that |t - t,| < 8§, (e) implies

€

(b - a) sup f(t, p, =+, 0) °
tel

and for the same €, there exists a §,(¢) > 0 such that ||c(t1) - c(tzﬂl

Kz, 8) - K(£,, &)l <3

< g/2 whenever [tl -t} < 82(5). Hence we have, for all n =0, 1, :--,

b

2‘
¥K(t:, 8)  8/K(z,, s
atd atd

+ lo-(j) (tl) _ O-(j)(tz)'

)f(s, p, ", p)ds

lxéj)(tl) - xéj)(tz)‘ : [

a

< + = g

N|m
[Ty

whenever |t, - t,| < min{§, (), §,(e)} uniformly in n for all 4 =0, 1,
", r. This shows that {x, } is equicontinuous. Thereofore by Arzela’s
theorem {xn} is precompact and being monotonic, converges uniformly to
some xezSp. From the continuity of f, x is a solution of the operator
equation (5) or equivalently of (3), (4). Now let y eSp be any other so-

lution of (3), (4). Then

. , b
D) -y P =[ %t—f (Fls, 0, ~==» P)
a
- fles ye), oo, 30, ()))1ds
> 0.
In fact, induction shows that for each w#, xéj)(t) - y(j)(t) >0, =0, 1,

+++, r. Thus we have x(J)(t) - y(J)(t) > 0, proving the theorem.
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5. Comparison Theorem.

Theorem 4. In addition to 1°-3° of Theorem 3, suppose that the follow-

ing conditions are satisfied:

4° IA(i) )| = o(®) (¢) for tel and |u(i) @] = s(i) (t) for tely,
1=0,1, -, p.
5° lk(i)(a)l < a(i)(a), £=0,1, -+, n-2 and

e ) PR
U(P) ®) - 2233 2_>‘__.kl_(a.)_(b _ a)k‘

e (p+k) k
< B(p) (b) - zz_-_—li Z.Lﬁ_l_(ia_).(b - a) .
60 |F(t: xo) yo, Y ml", yr,)‘ Sf(t: lxoli |ygl’ Tt lxrl’ Iy!’|)

2042
for all (t,xo,yo,---,xr,yr)eIXR .

If = eSp is any solution of the boundary value problem (1), (2), then
|zm)WH wa)wL,i=0,1,-n,r,ﬁm t eI, where x is the maximal

solution of (3), (4).

Proof. For mn =1, 2, +--, set

b
5, (£) = f Kt 8) £t 3, (@), 1, ,(6,()), <o 5 (),
a
y 6, (6)))ds + 9(t)

1
with ygg)(t) = ]z(J)(t)l. Then we have

. ]
yDey = [ 2 s, s, 20,601, -, 2P @),
a o9t

Iy 129 0, 61 s + oD &)
J
> f §;§1F(s, 28), 2(0,(8), 0, 537 (), 29 (0, (6))) |ds
(4
+ 16D @]
> 129 (1]

on using the relations IG(J)(t)I b3 Ic(J)(t)|, j=0,1, ---, ». Induc-

tively, it can readily be seen that
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lz(j)(t)l < yfj)(t) < ygj)(t) < rer g yéj)(t) < p.

As in Theorem 3, {yn} is equicontinuous and, in view of the monotonicity,
converges uniformly to a solution Yye Sp of (3), (4). But the maximality

of x completes the proof of Theorem 4.

Similar results to Theorems 3 and 4 have been obtained for a particular
case n =2, p =0 in [3], [6]. Also in [6] F 1is taken as a positive

function, whereas in our result it is not necessary.
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