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The Augmentation Subgroup of a Pretzel Link

By Taizo KANENOBU

1. Introduction

Let LcS® be a tame oriented link and let G = W1(83—L). I1f we define
a homomorphism © from G to the additive group of integers, Z, by sending
the homotopy class of any loop to the sum of the linking numbers of this
loop with the various components Li of L, then the kernel of 0 is called
the augmentation subgroup of L. If L 1is a knot, then the augmentation
subgroup is just the commutator subgroup ([1], [6]).

In the following we do not distinguish exactly between knots and links.
Therefore by a link (with ¥ components) is meant a knot or link according
as U=1 or >1. Moreover the reduced Alexander polynomial [2] will be de-
noted by A(¢). If the link is a knot, this is just the Alexander polynomial.

In Section 3, we will study the structure of the augmentation subgroup
of a pretzel link (see Section 2). From this result, in Section 4, we will
define a p-surface, which is an extension of an s-surface in [5], and will
prove that the link which spans a p-surface has a free augmentation sub-
group of finite rank. Then we will give some examples of links which span

p-surfaces.
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2. Pretzel links and surfaces

For (pl,---,pn) an n-tuple of integers, 1let us consider a surface
F(pl,-~-,pn) in 53, as is shown in Figure 1, consisting of two disks

th band in

joined by n twisted but unknotted vertical bands, where the <
order has p; half-twists, right- or left-handed according to the sign of
p;- Let K(pl,~°',pn) be the link formed by the boundary of F(pl,---,pn).
We will call the link of this form a pretzel limk, and call the surface a
pretzel surface. ([10])

Let us say that (ql,--°,qn) is a cyelic rearrangement of (pl,---,pn)
if there is some k such that 9;=Pin for all < interpreting the sub-
scripts modulo #n. Obviously two links K(pl,---,pn) and K(ql,---,qn)
are equivalent.

Figure 2 illustrates an equivalence between the links X(-+,p,1,*) and
K(e+,1,p,**). More generally, any p; equal to 1 or -1 can be permuted
freely in the wn-tuple without changing the equivalence class of the

associated link,

Definition 1. Two pretzel links K(pl,--~,pn) and K(ql,---,qn) are
p~equivalent, denoted by K(pl,---,pn) ~ K(ql,'--,qn), iff (ql,°",qn)
can be Changetho (pl:.'.,pn): ('p1’°""pn); (pn:'..’pl) or (_pn’...,'pl)
by a cyclic rearrangement and some permutations of some qi's which are

equal to 1 or -1.

A pretzel link K(pl,---,pn) is said to be degenerated if there are p;
and pj which are equal to 1 and -1 wvrespectively. This pretzel link is
clearly equivalent to K(pl,--,ﬁi,vo,ﬁj,°-,pn) ( ﬁi means that p;, is

omitted ).
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In this paper we will consider only an orientable pretzel surface, that
is, all the p; have the same parity, and consider the pretzel link which

spans an orientable pretzel surface,.

Definition 2. A pretzel surface E’=ETpl,---,pn) (n=22) is a primitive
p-surface if (i) for n 2 3, the pretzel link OF = K(pl,-'-,pn) is not
degenerated and its augmentation subgroup is free of finite rank, (ii) for

n=2, F=F(1,1) or F(-1,-1).

Remark. 1If the augmentation subgroup & of a 1link L is finitely

generated, then L is fibered ([9]), and H is free of finite rank ([1],

(61).
3. Primitive p-surfaces

Let K be K(l+2p1, 1+2p2,---,1+2p (n=2,3,**) which is not

n+l)
degenerated and let H be its augmentation subgroup. Let F be
F(1+2p1, 1+2p2,--°,l+2pn+1) which spans X and let U be an open regular
neighborhood of the interior of F in S3. The boundary of S3®-U is the
union of two surfaces F# and Fb whose intersection is X and which span
K. The sets F and S3-(UuK) are strong deformation retracts of c1(U)

and S3-F respectively. We define a homomorphism # by composition of

mappings as shown in the diagram:

@) > MG -1 = m(SP- (Uuk)

=] d | =

T (F) m,(8% - F)

(A1l mappings are induced by inclusion except for d and #.)
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T {F) and T (S® - F) are both free of rank =#n. We select bases:
{xl,-°°,xn} for m(F) and {al,°--,an} for mi(8® - F), as shown in
Figure 3.

The mapping #:m;(F) = T, (8% - F) is given by

I )“pz Py

1 T 99 4,

l+p -p

# - 3.~ 2

X, = (a3a2) (azal) ,
1+p -p
_ = N, - n-1

xﬁ—l‘ (anan—l) (an-lan-Z) >

# 1+pn+1( )ﬁpn
L) %1 o

where &i means a%l. Then the Seifert matrix V of X is of the form:

1+2p1 1+2p

1+2p2

1+2p 1+2p

3 n+1

X

—4

Figure 3
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[ 10, -l-p,
P, 1+p2+p3
0 -p3

_]__ps

Py 1+pn-lJ"pn

0

0

0

l+p3+p4 -l-p4

_pn

L

and the reduced Alexander polynomial A(Z) 1is equal to det(V - tVT), where

v’ is the transposed matrix of V.
Moreover by a straight induction on #n, we have
n+l n+l
A(0) = get V= T] (p.+1) - T] p, -
. A , i
=1 =1
(This formula has already been seen in [10] (3.1). )
It is easy to see that {xi,-~-,xz} is a basis for a free subgroup of
m,(S*- F), because much cancellation cannot occur among them. Therefore #
is injective.

The next proposition is a generalization of the result in [3].

Proposition 3. Let K be K(1+2p1, 1+2p2,"',1+2pn+1) (n=2,3,°°°),
which is not degenerated and let H be its augmentation subgroup. If K ~
K(l,***,1,-3,%¢+,-3) for < # 0, then H 4is free of rank mn. Otherwise

P -

Z
H 418 a nontrivial free product with amalgamation of the form:
sese ¥ * * eee
F Fn F Fn F *
n n n
where Fn i8 a free group of rank n.

Proof. Suppose that H is free of rank »n. Then # is an isomorphism

onto ([1],[6]). Therefore < aps**a, ; xg meeex xz = 1> presents an
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infinite cyclic group. Now if we adjoin the relations b= a, =*e*=a,
Py 1+pn+1

then the group becomes < a, b ; (bal) =D = 1 >, which is a free

product, Z Xz . Since this group is the factor group of the

- lpyl Tliep, 4|

infinite cyclic group, we have [p2|= 1 or [l+p .| =1.

n+l

Moreover, if H is free of finite rank, then a slight modification of
results in [7] also shows that the rank of # must be the degree of

A(E), that is n, and that [A(O)] = 1. Thus we obtain |detV | =
n+1 n+l

T ey - TTpgl= 1.

7=1 =1

v+l

If p =0, ldetV] = | ]j;(1+pi)l = 1. It follows that p, =0 or
v= n+l

-2 for all <. If p,=-1, ldetV| = | TT'pi[ = 1. It follows that p,
=1

=1 or -1 for all <.

On the other hand, by cyclic rearrangements of (1+2p1,---,1+2pn+1), we
have
(1) Ipgl =1 or |lsp | =1,
(2) Ipyl =1 or |l+p,l =1,
(m) lpyl =1 or [l | = 1.

If one of the numbers Pys®c*sP is 0 (resp. -1), then the others

n+l

must equal 0 or -2 (resp. 1 or -1). Thus let us suppose that any

of them do not equal 0 or -1. Then we have

(o") p, = 1 or Ppaq = -2,
(1 py = 1 or py = -2,
n") py = 1 or p, = -2.

Case 1) n 1is even. If p, = 1, then Py = 1 by (2'), then Pg = 1
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by (4'),*+*+, then P, = 1 by (n-4'), then p, = 1 by (®»-2'), So we

have Py = 1 by (n'), then p3=1 by (1'), *=+, then pn-l=1 by

(n-3')}, then Ppet = 1 by (n-1'). Thus we have Py =Py =°t"=P,q = 1,
Since |A(0)| = |detV | = [2n+l_ln+1[ # 1, H 1is not free of finite rank.
If p, # 1, then Py = -2. In the same way, we have p; = -2 for all

2. Thus H 1is not free of finite rank.

Case 1i} n 1is odd. The same method gives us that

@ Py =Py 7ttt =Py sl 0T Py =Py =Tl =

and () p, = pS =eec=p = 1 or py = pg =tr= b, = 2.
Then the calculation of  A(0) shows us that in any cases H 1is not free
of finite rank.

Conversely, if K ~ K(1,*<+,1,-3,*++,-3), then it is easy to see that #
is an isomorphism onto. Therefore H 1is free of rank n. This completes

the proof of Propssition 3.

From now on we will consider another type of pretzel links. Let L be
K(2pl,~-°,2pn) (»n=23,4,+++ ), where none of the p; is equal to zero.
Let F be F(Zpl,'-°,2pn) which spans L. Let us define a homomorphism
# 2 m(F) > T1(S%-F) as defined before. mi(F) and m,(S% -F) are both

free of rank #n-1. We select bases; {xl, eee .z -} for w(F) and

n-1
{al, ses ’an-l} for m;(S®-F) as shown in Figure 4. The mapping # is
given by

pl - -"DZ
a; “(aa) 7,

- P P3
(aja,) “(ayag) 7,

[ R



Then the Seifert matrix V of

'p1+p2 "pz 0
Py, PPz Py

0 'p3 p3+p4

0

\

. S . T
Note that this matrix is symmetric; Vv o=T.

P -P
#  _ - n-2 - n-1
%2 = (an-San-Z) (an-Zan—l) ’
P p
#  _ = n-1 "
%1 T (an—zan—l) Tyl

L is the following:

0
o ()
_p4
Py 1+pn-1+pn -1-p,
0 Py Lp 0, 1

polynomial can be computed directly as follows:

N
i)
—

2p, 2p4

2pn—1

2p

n

an-z

Figure 4

NN

an—l
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Then the reduced Alexander
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A(E) = det(V -tV') = det (V-tV) = det V(E - tE)
= detvs (1-8)"71,
where E 1is the (n-1, n-1)-unit matrix. We can obtain det V by an

. . n
induction, that is, detV=p,°**p Zi:l Thus we have

L.
Py
B(£) = peop, Zifli:(l-t)”’l-

1f A(t) = 0, H is infinitely generated. ([7]) If A(E)=0, L is
strongly indecomposable [1], that is, L has an orientable spanning surface
of maximal Buler characteristic which is connected. Let F' be such a
spanning surface of L. Then the Euler characteristic of F' must be less
than or equal to 2-n. On the other hand, the Euler characteristic of F
is just 2-n. Thus F 1is a spanning surface of maximal Euler characteris-

tic. Hence # is injective by (4.1) in ([1].

Lemma 4. If # is an isomorphism onto, then at most one of the lpi]

is not equal to 1.

# #

Proof. Since # is isomorphic onto, < Ays®t®sq, 1 3 Ty =0t0= X, o 0= 1>
presents an infinite cyclic group. If we let b1 =ag, b2 = 51a2, see
b =a .a this group becomes < b_,***,b H bpl = bpz-"-bpn_l >

n-1 "~ n-2*n-1’ group becom R B | 2 TPy 7

Therefore the factor group of the infinite cyclic group is a free procuct

Z * ¥ oee

Z Thus we obtain that at most one of the |Ip,|,
Pyl Tlp,l 1

* Z .
Ipn-ll
lpylseee, |pn_1| is not equal to 1. If Ip;1 = Ip,! =eer=lp, |1 = 1,
the proof has already finished. If Ipil 21 forsome 7 (1<% smn-1),
we can obtain that Ipnl = 1 by some cyclic rearrangements. This com-

pletes the proof.
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Lemma 5. Suppose that # <is an isomorphism onto. If n ig& odd, then

the numbers of 1 and -1 1in the p; are both n;l. If n 1s even,

then the number of 1 (resp. -1) s %, that of -1 (resp. 1) 18

n

> 1 and that of -2 (resp. 2) s 1.

Proof. Let lpl sese= ]pn_ll =1 and p, =p. let o and B be the
numbers of 1 and -1 in the Pys**tsp,_; Tespectively. Then o+8=n-1.

Because # 1is isomorphic onto, |A{0)| = 1. On the other hand A(0) =

n-1 1

Py Py P PP D5 0P 1P -8). Thus p(a-8)=0 or -2.

If n is odd, a-8=0 or 2 or -2. When a-f = 0, then a =R =

n-1 n+l n-3
2

; when 0-8 = 2, then o = 5 > B=—2— and p = -1; when 0-8
n-3
2

n+l

= -2, then a = s 8=—2-and p=1.

If » is even, a-B =1 or -1. When a-8 =1, then o

n
NI STR
.
™
n
[N
]
-

and p = -2; when a-f = -1, then a = % -1, B =7}2— and p

The proof of Lemma 5 is complete.

Proposition 6. Let I be K(Zpl,---,an) (n = 3,4,++), where p; 0

for all i and let H be its augmentation subgroup. If L ~ K(2,-2,+--,
2,-2,2p) when n is odd, or L ~ K(2,-2,2,-2,°°+,2,-4) when n is even,

then H is free of rank wn-l. Otherwise H <is not finitely generated.

Proof. Let bl=a1’ b, = a,a b = ayag, vt bn_1=an_2an_1,

3 o N 1 = =
then w;(5° -F) beconmes <bl, ’bn—l 5 > . Besides let Yy = % Yy

zclxz,---, Y, 1 = xlxz-"xn_l, then m;(¥) becomes < Ys® ¥y p s >. The
mapping # : m(F) > 7, (S* - F) is given by

P, P2

#
1= 018,
# P1.P3
y2=b153:
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o bpl5 Ppa
1 "n

Yy 2 s
yi-l - bilcblbz"°bn-1)pn‘

Suppose that H is free of rank n. Then # is isomorphic onto. By
Lemma 5, we may assume Py = 1, Ip2| = lpsl =eee= Ipn_ll = 1. We put p,
= p, bl = b and we omit # from yi. Then b2 = (glb) 2, b3 = (gzb)p3,.
s b, = (gn_zb)p”'l. Thus y, ;= b{b(glb)pz(gzb)p3 (Z;n_zb)p”’l }p.

- - P2 _  P3 - pn—l p 3
Let R = yn—lb{b(ylb) (yzb) °--(yn_1b) }, then m1(S° - F) = < b, Yqs

Tt Y, g s R=1>. On the other hand # is isomorphic onto, so b must

be written by a word in y;, y,,°**, Yy_1» S8 W. If let &S =0W,
T (53 -F) can be presented by < b,y1,°-', Y1 5 S =1 >. By Theorem 4.11
in [4]}, R and s® are conjugate in the free group on b,yl,'°-, Ypo1 for
e=1 or -1. Thus b or b must appear in R only one time. Hence
we can obtain the following results.

If n is even, then Py =Py ="""=P, 5 = -1, Pz =Pg =***=pP, ;= 1

and p=-2. If n is odd and |pl 2 2, then Py =Py =*"=P, = -1
and Py = p5 Seee= Pyo = 1. If »n is odd and |[p| =1, then L~XK(2,-2,
e 2,-2,2).

Conversely if L ~ K(2,-2,+++,2,-2,2p) or K(2,-2,°++,2,-4), then it is

easy to see that # 1is isomorphic onto.

This completes the proof of Proposition 6.

Propositions 3 and 6 imply immediately the following:

1]

Theorem 7. A pretzel surface F F(pl,'-',pn) (n 2 2) is a primitive

p-surface, iff the pretzel link oF

K(pys***sp,) is p-equivalent to one
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of the following pretszel links;

for n 23, K(1,°++,1,-3,°++,-3) (1 <1 <n),
220
7
K(2,-2,+%+,2,-2,20) (p = 0), when n is odd,
K(2,-2,+++,2,-2,2,-4), when n 1is even,

for n =2, K(,1).

Remark. Especially F(1,1,*+-,1) { or F(-1,-1,=+-,-1) ) is called a

.

primitive s-gurface in [5].
4. p-surfaces

Consider two primitive p-surfaces E’=ETp1,"',pn) and E”==F(ql,"°,qm)
in S8, Take two disks, say, D and D', from each F and F' and
identify them so that the resulting orientable surface P = F u F' spans a
link, and that P-F and P-F' are separated, i.e. there exists a 2-sphere
S in S*® such that S nP =D =D' and each component of S$3-S contains
points of P-D, P consists of three disks and n+#m disjoint bands. P
will be called a p-surface. Similarly, given two p-surfaces, we can
construct an orientable surface spanning a link by identifying two disks,
one from each of the p-surfaces. In general, by a p-surface is meant an
orientable surface obtained from a number of primitive p-surfaces by iden-
tifying their disks in this manner.

A p-surface is an extension of an s-surface in [5]. If a p-surface P
is constructed from only primitive s-surfaces, then P is called an s-
surface in [5]. Therefore a slight modification of Theorem 4.3 in [5]

implies the following:
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Theorem 8. Let P be a p-surface and let d be the degree of the
reduced Alexander polynomial A(t) of a link 3P. Then the augmentation

subgroup of 9P ig free of rank d and A(0) = %1.

In [5], it is remarked that 944 in [8] cannot be spanned by any s-

surface, but 944 can be spanned by a p-surface. Thus 944 has a free

commutator subgroup. Moreover we can show the following:

Theorem 9. Any prime knot of 10 crossings or less in [8] for which

A(0) = £1 can be spanned by o p-surface.

Proof. For an alternating knot, we can span an s-surface by Lemma 3.1
in [5]. For a knot which has a non-alternating projection in [8], see

Appendix I.

Remark. Let X be a prime knot of 10 crossings or less in [8] and #
be its commutator subgroup. Then the following are equivalent.
(1) A(0) = #1.
(2) H 1is free.

(3) K 1is fibered.

Also for links we will give some examples of spanning p-surfaces in
Appendix I .

At the end of this paper, we raise a conjecture.

Conjecture 10. Any link, whose augmentation subgroup is free of finite

rank, can be spanned by a p-surface.
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