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Numerical Invariants of Surfaces in 4-Space

Dedicated to Professor Kiyoshi Iséki on his 60th birthday

By Fujitsugu HOSOKAWA, Toru MAEDA and Shin’ichi SUZUKI

This is a continuation of Hosokawa-Kawauchi [4], where they have proposed
a concept of unknotted surfaces in the Euclidean 4-space Ru. In this paper
we will introduce two numerical invariants of a surface in 4-space related
to it and discuss primary topics of them. Throughout the paper, spaces and
maps will be considered in the piecewise-linear category, and we will use

the same definitions and notation as [4] unless otherwise stated.
1. Compositions of surfaces

By a surface we mean a closed, connected and orientable 2-manifold. For
a surface F, g(F) stands for the genus of F., We consider an embedded
surface in the oriented 4-space RL‘L or 4-sphere Su. We will always assume
that F 1is oriented and locally flat in RY or Su.

Two surfaces F and F' in RL‘L (or Su) are said to be of the same
knot type, 1iff there exists an orientation preserving homeomorphism ¢ of

L b . . .
R (or S ) onto itself such that Y(F) = F' and IJJIF is also orientation

preserving. We denote the knot type of F in ]-1"‘L (or Su) by [F], so F

Received July 10, 1979.



410

is a representative of [F]. Those surfaces of the same knot type as the
standard 2-sphere 82 in Ru (or .5'4) are called trivial, and constitute
the trivial type [SQ].

Before stating our definitions of numerical invariants in Sections 2 and
3, we introduce here a concept of ''composition" of surfaces, due to Mazur

[8], Schubert [9], etc.

1.1. Definition. Let Fy and F, be surfaces in Su, and let BL; and

32 be 4-cells in Su such that pairs (B)I ,B:

homeomorphic to the standard cell-pair (DH,DQ). Then, the composition

4 TR
nFl) and (B2,BQnF2) are

F1 #F2 of surfaces F, and F2 is a new surface F in SL+ obtained by

1
matching the boundaries 8(5’LL - IntBLlL) and 3(.5’” - IntB;) using an orienta-
tion reversing homeomorphism ¢ such that 2 (F1 - IntBLI) = 8(F2 - IntB; )

and 2;|F —IntBu is also orientation reversing.
1 1

conversely, we will say that F, # F, is a decompogition for F, and we
denote F = F, # F,.

By the homogeneity theorem of Newman-Gugenheim (cf. Gugenheim [3]),the
operation # is well-defined up to knot type, and also it is associative
and commutative. So, the composition

[F] = [F,] # [F,] = [F, # F,]
of two knot types of surfaces is well-defined.
For surfaces in the 4-space Rq, we can also define, in a natural way, a

composition # (and a decomposition).

1.2. Theorem. (Mazur [8}, cf. Suzuki [11, §10]) The set F of all knot
types of surfaces in st (or Ru) forms a commutative semi-group under the

composition #. In particular, the trivial type [.5'2] is a unit.



411

The set K2 of all knot types of a 2-sphere in st (or Ru) is also a
commutative semi-group under the composition #. The natural inclusion of

K2 in F 1s injective.

1.3. Definition. A knot type [F] of a surface F in st (or R”) is
said to be prime, iff [F] # [.5‘2] and there exist no decompositions [F] =

[Fl] # [FQ] with both [Fl] and [F?] non-trivial.
We have the following natural problem.

1.4. Problem. (i) Does there exist a prime decomposition for any nown-
trivial knot type [F] ?

(ii) If (1) is affirmative, is the prime decomposition unique ?
2. Knotting genus of a surface
In order to introduce our invariants, we use the following basic fact.

2.1. Proposition. (Gluck [2], cf. [51,[11]) For any surface F in R
(or SU' ), there exists a compact, connected and oriented 3-manifold 7 in
R (or s%) with 3v° = F.

We call such a 3-manifold V3 a Seifert manifold for F.

2.2. Definition. (Hosokawa-Kawauchi [4]) A surface F in RL+ (or SU')
is said to be unknotted, iff there exists a Seifert manifold V3 for F
such that 7° is a solid torus of genus g(F). By a solid torus of genus n
we mean a 3-manifold homeomorphic to a regular neighborhood in R3 of a

compact, connected l-complex with Euler characteristic 1-mn.

2.3. Proposition. If a surface F 1in R (or Su) ig unknotted, then

the fundomental group ™ (R“— Fy (or ™ (SL}—F)) 18 infinite cyclic.
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If D is a 2-cell, then N(D) will denote a 3-manifold homeomorphic to
px[-1,1], where D corresponds to DX{0}.

It is well-known (cf.Seifert-Threlfall [10]) that any compact, connected
and orientable 3-manifold V3 with non-empty connected boundary can be
represented as TuIV(Dl) U seee uN(Dk) where T 1is a solid torus, Di is a
2-cell for each <, N(Di) nZV(Dj) =p if < # g, and N(Di) nT = BIV(Di) n T
corresponds to BDiX [-1,1] in N(Di)' This will be called a Heegaard
splitting for T/3, and N(Di) is called a handle of index 2. The genus
of the splitting is the genus of T and the smallest possible genus of a

Heegaard splitting for T/3 will be denoted by Hg(V3).

2.4. Definition. A surface F in R (or Su) is of knotting genus Kk,
denoted by KXg(F) = k, iff there exists a Seifert manifold V3 for F with

3

Vo= TUZV(Dl)u---uIV(D and for any Seifert manifold T/’3 for F with

k)’
V’3 = 7! uIV(Dl') Uese UN(D;'Z), it holds that %k < k. The knotting genus is

a knot type invariant, and by Kg[F] we denote the knotting genus of [F].

2.5. Proposition. For a surface F in Rt (or S”) of knotting genus k,
let V° = TulV(Dl) TREE uIV(Dk) be a Seifert manifold. Then it holds that

g(F) = Bg(V°) - Kg(F).

2.6. Proposition. A surface F in Ru (or Su) 18 unknotted 1if and

only 1f Kg(F) = 0.

2.7. Question. Suppose that [F] = [Fl] # [FQ]' Does it hold that

KgIF] = Kg[F,] + Kg[F,] *

An affirmative answer to Question 2.7 implies, of course, an affirmative

answer to Problem 1.4 (1i).
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3. Unknotting number of a surface
By Proposition 2.1 and Definition 2.2, we have the following :

3.1. Theorem. (Hosokawa-Kawauchi [4, Theorem 2.3]) For any surface F
in 1‘?LL (or Su), there exists a finite number of l-handles Bl,---, Bu such
that the surface nt (F; By,e=» ’Bu) , obtained from F by hyperboloidal trans-

formations along l-handles By, Bu , 18 an umknotted surface of genus

g(F) + u.

Proof. Let V3 be a Seifert manifold for F with a Heegaard splitting
T/3 = TuN(Dl) use- uIV(Du). We may take N(Di) = Dix [-1,1] as a 1-handle
B, = [-1,11%D%, 4=1,+++,u.

Now we define the unknotting number of F, which corresponds, in certain

sense, to the unknotting number of the classical knots.

3.2. Definition. The wunknotting number, u(F), of a surface F in R
(or 5’4) is the least number of 1-handles Bl’ LR N Bu for F so that
h1 (F; Bl,"',Bu) is unknotted. The unknotting number is also a knot type

invariant, and by u[F] we denote the unknotting number of [F].

3.3. Proposition. For any surface F in Ru (or Su), it holds that

0 < u(F) < Kg(F) <o .

3.4. Theorem. For arbitrary nom-negative integers n and wu, there
. . L 4 . ]
exists a surface F in R (or S ) » with g(F) =n and u(F) = u.

Proof. 1t suffices to show that there exists a 2-sphere, say Su, in R

fl

with u(Su) u. The following 2-sphere S, illustrated in Fig.l shows

1

the case wu = 1, which is given by Hosokawa-Kawauchi [4, Fig.3 and 2.9].
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the definition of the unknotting number, it is easy to see that :
u(Su) < u(Sl) + v 4 u(Si) = U,
So, we will show that u(Su) > U,

i
The fundamental group Gu =T, (R _Su) has the following presentation :
6, ={@ y.y, loye =ymy, (i=1,--u))

. =a..x, a., = xa,.x
7 107 i1 10 ’>

xyix = yixyl (i=1,°++,u)

[s Yqs®tts Yy,

u ¥

&aio’ ali’-“’ auO’ aui

0 11’ 71 aioail o
(1::1’ cee U )

(= a

-1
ra.x  =a. ,xa.x =
a 7

107 4112777 Qo0 Y
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So, the commutator subgroup G; = [Gu’Gu] of Gu is a free group of rank
2u ; G; = < Gigr Gyqs 7T 5 Fugs @ l———). Let G; be [GJ,GJ]. Then the
quotient group G;/GZ is a free abelian group of rank 2u.

Let B = [-1,1]><D2 be an oriented 3-cell in Ru which spans Su as a
1-handle. Then we may assume that the attaching O-sphere {-1}x{0} u{1}x{0},
0 the center of D2, is contained in the left-side square of Surwﬁs[o],
as illustrated in Fig.2, by sliding B on Su if necessary. We may also
assume that the core [-1,1]x{0} is contained in R°[0] by deforming B

. 4 . . . . .
in R -Su. Since we may assume that B is thin sufficiently, by a slight

modification of B, there is a band (=2-cell) BO in R3[0] so that B

BO[-lS t<1], as shown in Fig.2.

When we add such a 1l-handle B to Su’ then the fundamental group GZ

ﬂl(ﬁﬂ-hl(su ;s B)) has a presentation

=g za.z = ata
Taio® T % PApa® T %%
GZ =% Ay Gygsttt, G @ (2=1,+"*,u) s
-1 -1
wrw X =1
i s e e . 14
where w 1is a word of s Y0 , auo, aul ;W€ Gu'
uom, n
In G'/G", w 1is represented by I q. a.t. So, in G /G" we have :
u' u g1 0 71 u u
u m. n. u m. ",
1 - -1 -1
Rewww = =1 a.a. 2|01 a.% a.%| 2
. 0 121 . 10 "1
=1 z=1
uoom, U Mg )
= I , . .
[' a, azl}[_ﬁ (xazo x )(:z:al1 x )]
1=1 1=1
(u m. nmu m. no-ms
= [ I a. a. ][ I a., *a.la. ]
i=1 10 11 =1 71 20771
u  omom -m
= Tay "y
=1

Now, we consider the normal closure of the element R in GM/GZ.
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-1 A A A N |
xRe ~ = x| I a a. ]
. 10 11
=1
e A A N
= I (eayy "= )leay "« )
1=1
u m.em. m, -m
- 14 T.gtg. T
. 11 10774
z=1
wom. on
= T oaga=v,
=1
228 = peghr ezt = mm T = wR L.

Thus, the normal closure of R in Gu/GZ is generated at most two elements

-1 -1

. -1
w and R = wxw x = ; that is, for a word waxw

u .
x‘l, w= 1 a.  a,
have at most two independent elements in G;/GZ. Since G&/GZ is a free
abelian group of rank 2u, for G;/G;' = (G;/G;”)/(G;'/G;") to be infinite
cyclic, we need at least u relations of type ozt = 1 ; that is, for

Su to be unknotted, we need at least u 1-handles that span Su . This

shows that u(Su) 2z u, and completing the proof.

3.5. Corollary. For arbitrary non-negative integers n and u, there

exists a surface F 1in Ru (or Su) with g(F) =n and Kg(F) = u.

Proof. Since the 2-sphere 31 given in Fig.l 1is the same knot type as
the spun 2-knot of the trefoil, it is easy to see that Kg(Sl) = 1. Now we

conclude that Kg(Su) = u by Proposition 3.3.

Since the 2-sphere Su given in the proof of Theorem 3.4 are not prime

for u 2 2, the following questions come to mind :
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3.6. Question. Let n and u be arbitrary non-negative integers. Does
there exist a prime surface F 1in R4 with g(F) =n and u(F) =u ?

We have some group theoretical candidates, (see Maeda [6, Example 3.6]),

but this is still open.

3.7. Question. Suppose that [F] = [Fl] # [FQ]. Does it hold that

ulF] = u[Fl] + u[FQ] ?
The following example shows that the answer to this 3.7 is negative.

n
3.8. Example. Let F, and F, be surfaces of genus 1 in R as shown

in Fig.3 and Fig.4, respectively.

ZzRzEulE . T wEnEE
0] = =] (& 7
ZRZ b 3 “”4
ZR7 ‘—; ZR%
% 7 | l P 7 2
1 IEEE %
Z 7 uuan HadENEdNNNEN7 N7
t=-3 t=-2 t=-1 t=0 t=1 t=2 t=3
Fig. 3: F_ in R’
T\ T T 111118 2
1 | o | | 787
7 @ | |D || n
elg el
eS8l
Z =2 |=P| |e 707
Zo U U IS E LU A G
t=-3 t=-2 t=-1 t=0 t=1 t=2 t=3
Fig. 4 : F, in R'

N
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The fundamental groups 01 = Tri(Ru-Fl) and G2 = ﬂl(Ru-FQ) have the

following presentations, respectively :

yS.'L‘),

2e3, mzs = zs.z' ) .

3
¢ ={ ey | ayz = yay, ay

G, = {z, 2 | zax
Since G1 and G, are groups of 3-twist-spun and 5-twist-spun 2-knots
of the trefoil, respectively, both are not infinite cyclic, see Zeeman [12].
So F1 and F2 are knotted, and we can easily check that u(Fl) = u(FQ) =1.
We show that for the composition F = F1 # F2, u(F) = 1., Consider Fig.5,

which shows the surface F =F, # FQ. Let B be a l-handle, as shown in

[N

ZRZRNRRRE=0I=) Fm%'——_V?ﬁ
% 2 G= & C(———_:_'IIHZL @"2}41

Z P Lj? P Z0%

Z % % @I‘E 787
7, / hz Z‘?Iz I‘i&%z ? /
'/ B EB ?B ‘L_EB EB / gB

AillENEsatit
i ellielligl| |77
S a0

/ H3 r——lj ] /
oL e = LU L D 7
t=-3 =-2 t=-1 t=0 t=1 t=2 t=3

Fig. 5 : F=F1#F2 in Ru, and a l-handle B
1

Fig.5. By sliding on & (F; B) the handle-parts # , H,, H, and H of

1’ 72 3 I
F as like 1l-handles, and by changing crossings of Hl’ HQ, H3 and H
have another representative F' of [hl(F;B)], as shown in Fig.6. (In

Fig.6 and the following Fig.7, we give only a cross-section with Rs[O].)

. . . L . .
We deform F' isotopically in R, and obtain another representative F"
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Pig. 6 : R°[0] nF' ‘Fig. 7 : B°[0] nF"

of [hl(F;B)], as shown in Fig.7. Now, it is easily checked that F" is

an unknotted surface of genus 3.

In Example 3.8, G1 and G2 are groups of 2-knots, but F1 and F2 are

surfaces of genus 1. We note that :

3.9. Question. Let F, and F, be 2-spheres in Ru, and we suppose

that [F] = [Fi] # [FQ]. Does it hold that u[F] = u[Fl] + u[FQ] ?

3.10. Question. Does there exist a surface F in RU' with ulF] # Kgl[F] ?

The surface F given in Example 3.8 is one of candidates,but we can not

prove that KXKg[F] # 1.
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