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MATHEMATICS SEMINAR NOTES
Vol. 7 (1979)

On Convergence of Certain Iteration

*
By Shouro KASAHARA

In a previous paper [1], we have shown that a number of fixed point the-
orems of contraction type, existence theorems of some simultaneous equations
and a surjectivity theorem can be derived from a basic lemma. In a recent
paper [2], Lee has derived analogously from a basic theorem various fixed
point theorems. These basic results are similar in an aspect, though there
are considerable differences between them. The purpose of this note is to
show that we can unify them by virtue of a simple result.

Let & and ¥ be nonnegative real valued functions on the set R, of
all nonnegative real numbers. Recall that ¢ is said to be Y-swmmable if
for each E£eR_, the sequence {Wn(i)}new converges to 0 and the sequence

{Eizo (¢owi)(g)}n€m is convergentl)(cf. in.

Theorem. Let X be a set, and d a nomnegative real valued function on
XXX, ¢ a nonnegative real valued function on X, and let f be a self-
mapping on X. Suppose there exist nondecreasing nonnegative real valued

functions @ and Y on R, such that © is Y-summable and
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1) We denote by w the set of all nonnegative integers.
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(1 d(f(x), ) < dogp(x)

(2) pof(x) < Yep(x)
for all x in X. Then for each z, <X, the sequence {9(fn(x°))}n€w con-
verges to 0 and Z,::O d(fnﬂ(xo), fn(xo)) < w; hence 1f + is a structure
on X such that (X, ») <s a d-compelte l-space, then {fn(xo)}new i8 con-

vergent.

Proof. 1f

(3) pof () < ¥Viop(x )
then by (2)

Pof (@) = pof (F (@) < Yo(f () < ¥ og(z,).
This, along with (2}, shows that the inequality (3) holds for every necw.
Hence 9(]‘”(900)) >0 as n > >, On the other hand, it follows from (1)
and (3) that
A" ), ) < eo(f (@) s 2V op(z) .

Therefore we have zio__oo d(fn+l(xo), fn(xoj) < o,

The following corollary is the main part of the basic theorem in [2].

Corollary 1. Let S be a mapping of a metric space (X, d) <into a non-
empty set Y, e a nomnegative real valued function on S(X), o a bounded
nonnegative real valued function on S(X), and B a monotone increasing func-
tion on R, into [0, 1). Suppose that for each zeX there exists a Az

in X satisfying the following inequalities:

(€] d(x, Ax) < a(Sx)e(Sx).
(5) e(Shx) < B(e(Sx))e(Sx).
Then for each x <X there exists a Cauchy sequence {xn}new in X such

that e(an) >0 ag n>o If (X, d) is nonempty complete and e°S 4is
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continuous on X, then e(Sa) = 0 for some acelX.

Proof. It suffices to prove the first part. Define the functions &
and ¥ on R, by ©(&) = ME and Y¥(§) = B(E)E respectively, where EeR,
and M = sup aoS(X). Let EeR, . Then vy < ge)e implies VAN

BT ENY'(E) < BB(E)™E)-B(E)™-E < B(E)-B(E)™E. This shows that ¥7(£)

I

I

B(E)né holds for every new. Hence ‘P”(g) + 0 as n > >, Moreover
n 7 n Loy _ n 7

Lico(@0¥)(8) < 1.0 @(B(E)E) = ME]._, B(E) .
Therefore & is Y-summable. Put ¢ = ¢oS. For each xze¢X, the set A(x)
of all zeX such that d(z, ) < ¢o9(x) and ¢(z) < Yop(x) is nonempty
since Ax eA(x) in view of (4) and (5). Let f be a choice function for
the family {4(x) | zeX}. Since f satisfies (1) and (2), our theorem en-
sures that e(an) = 9>[acn) -0 as n >~ and
(6) Zizo @, , > x,) <

where z = fn(aco) for each new. From (6) it follows that {mn}new is

a Cauchy sequence.

We shall now show that our theorem immediately yields an L-space version
of the lemma in {1] which is fundamental in [1]. To this end, we need some
definitions. By a multivalued mapping of a set X into another Y, we mean
a mapping of X into the set of all nonempty subsets of Y. Let d be a
nonnegative real valued function XxX. If A and B are nonempty subsets
of X then d(4, B) denotes the infimum of the set of all d(x, y) when-

ever xed and ye<B. The lemma in [1] is a special case of the following:

Corollary 2. Let (X, ») be an L-space which is d-complete for a non-
negative real valued function d on X, Y a set, d' a nonnegative real

valued function on Y XY, and let F, G be multivalued mappings of X into
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Y. Suppose there exist nondecreasing nomnegative real valued functions
and ¥ on R, such that & dis Y-summable and such that the following in-
equalities hold over X for some selfmapping f on X:
d(f(®), =) < 8(d' (Fx), G(x)));
d' (F(f(x)), G(f(x))) < ¥(d'(Fx), G(=))).

Then for each x eX the sequence {fn(xo)} 18 convergent and

new

d'F (" @)), G (x,))) > 0

as n > %,

Proof. Apply the theorem to the function ¢ on X defined by @(x) =

d'(F(x), G(x)) for all =xeX.
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