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MATHEMATICS SEMINAR NOTES
Vol. 7 (1979)

Lattice Ordered Autometrized Algebras IO

By B. V. SUBBA RAO

In [4], which is a continuation of [3], we have studied the geometry of
a representable autometrized algebra, by imposing two more natural condi-
tions (1) (a « (aub))n(d » (aub)) =0 and (2) a » {anb) + anb = a,
on any such algebra.

In §1 of this paper, we observe that the lattice of all congruence re-
lations on a representable autometrized algebra 4 = (4, +, <, %) satisfy-
ing "a « (anb) + anb = a for all a, b in A"is a distributive lattice
and any two congruence relations on A are permutable. This result gener-
alizes the corresponding results for commutative DR&-semigroups, commuta-
tive &-groups, Boolean algebras and Brouwerian algebras, as the class of
representable autometrized algebras satisfying "a = (anb) + anb = a for
all a, b" is wider than the class of commutative DR&-semigroups. We also
cbtain a Chinese remainder theorem for this class of representable auto-
metrized algebras. In § 2 we introduce the notions of a direct family and
a direct limit of a direct family of representable autometrized algebras
and prove that the class of representable autometrized algebras is closed
under the formation of direct limits.

In this paper, we freely use the definitions, results and notation of
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[3] and [4].

§ 1. We recall the definition of a representable autometrized algebra

from [3].

Definition 1. A lattice ordered autometrized algebra 4 = (4, +, <, *)
is called a representable autometrized algebra if and only if
(1.1) A 1is a semiregular autometrized algebra,
(1.2) For every a in 4, all the mappings x+» a +x, 2 » aux,
x+»anx and x » axx are contractions (a mapping f:4 +4 is
called a contraction mapping with respect to a metric * on 4

if and only if f(x) *f(y) s x+y for all =z, y in A4).

Throughout this section, 4 = (4, +, <, %) stands for a representable
autometrized algebra satisfying the condition
(1.3) a*x(anb) + anb =a for all a, b in A.

We introduce the following

Definition 2. A ternary operation f on a lattice ordered autometrized

algebra B (B, +, £, ¥) 1is said to be a Malcev operation if and only if

flx, y, y) =z and f(z, xz, 3) = 2.

We, now, prove the following

Theorem 1. Let A = (4, +, <, *) be a representable autometrized al-
gebra. Then the termary operation f defined by fl(x, y, 8) = (x* (xny)

+axnz)u(a*x(3ny) + anx) <is a Malcev operation on A.

Proof. flx, ¥y, y)=(xx(xoy) +xny) v (yx(yny) +ynx) =zu(ynx)

(by (1.3)) =x and f(z, =, 2) = (xx(xnx) +2xnz)u(z*(2nx) + 2nx) =
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(xnz)uz (by (1.3)) = 2. Hence f 1is a Malcev operation on A.

Remark 1. We also have f(x, y, 2) = [xx(xny) + 3]n[z* (3ny) + x].

Proof. Let g(x, y, 2) = [x*x (xny) + Inlzx(zny) + x]. Now,
glx, y, ) = [xx(@ny) + 2zlnlzx (zny) +x] < [(@*x@ny)) v (z*(zny))
+alal(@x@ny))u@*(@ny)) +x] = (@x(@ny))u(z*x(zny)) + anzx =
[x* (ny) + anxlu[zx(zny) + anz] = f(x, y, 8). Further, z* (z3ny) +
znz = [zx(zny) + znxlnfzx(zny) + znx] < [ax(zny) + x]n[zx(20y)
+znxny + (gnx)* (znxny)] (by (1.4)) < [z*x(zny) +x]n[zx(zny) +
zny +ax*x (@ny)] (by (1.2)) = [ax(gny) +x]nlz +zx(xny)] (by (1.4))
= g(x, ¥, 3). Interchanging x and =z, we get x* (zny) + xnz <
gz, y, ®) = glx, y, 2). Hence, f(xz, y, 2) = [2*(2ny) + z2nx] U

[x*x(xny) +xnz] < glx, y, 3). Hence f(x, y, 8) =glx, y, 2).

Remark 2. The above theorem is valid with a weaker hypothesis. In
fact, if A4 = (4, +, <, *) 1is a lattice ordered autometrized algebra
which satisfies (1.3), then f 1is a Malcev operation on A. Remark 1 is
valid, even when A = (4, +, <€, %) is a lattice ordered autometrized al-
gebra which satisfies (1.3) and which is such that, for each ace 4, the

mapping x » anx 1is a contraction.

The congruence relations on commutative DR&-semigroups, Boolean alge-
bras, Brouwerian algebras and commutative &-groups are all permutable. In
fact, the same is true for representable autometrized algebras, as the

following theorem shows.

Theorem 2. Any two congruence relations on a representable autometrized

algebra A = (4, +, <, *) are permutable.
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Proof. Let O and ¢ be congruence relations on A. Assume that
x = 2(0o9). Then there exists yeA4d such that « = y@) and y = z(0).
Put ¢t = flx, y, 2) + (w*x(@ny) +xznz)u(z*(gny) + z3nx). By Theorem
1, £ = f(x, y, 8) 1is a Malcev operation on 4. Since 6 and ¢ satisfy
the substitution property for the operations +, *, u and n (see Defini-
tion 2.6 and Remark 2.6.1 in [3]), we have, x = f{x, ¥, y) £ flz, y, 2)(0)
and f(x, y, 8) = f(z, x, 8)@) = 2(@). Thus z = ¢(®) and ¢ = z(9).
Hence x = z(9°6). Hence 6°P <pol. Interchanging 6 and o, we get

Pe B < Beog. Hence Oop=goh.

Corollary 1. Any two congruence relations on a commutative DRL-semi-

group are permutable.

We have observed (see Remark 2.4.2, [3]) that every representable auto-
metrized algebra is a seminormal autometrized algebra ([2]).

We need the following

Lemma 1 (Prabhakara Rao, N. [2])}. The lattice of ideals of a semivegu-
lar seminormal lattice ordered autometrized algebra A = (4, +, <, *) 1is

a distributive lattice.
Now, we have the following

Theorem 3. The lattice of ideals of a representable autometrized alge-

bra A= (4, +, £, %) is a distributive lattice.

Proof. Since A is a semiregular seminormal lattice ordered automet-
rized algebra, it follows from Lemma 1, that the lattice of ideals of 4

is a distributive lattice.
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Theorem 4. The structure lattice (the lattice of all congruence rela-

tions) of A 1is a distributive lattice.
Proof. From Theorem 2.7 in [3] and the above Theorem 3.
We state the following theorem due to Subrahmanyam, N. V. ([5]).

Lemma 2 (Chinese Remainder theorem ([5])). Let B be an abstract al-

gebra, ©

12 62, ey, en be congruence relations on B, Tys Tpys "7, xnsB

2.’
such that (xi, :x:j) € 6?: uej for every i, j and assume further that 6,
0,5 s Gn generate a distributive and permutable sublattice of the

structure lattice of B. Then, there exists xeB such that (x, xi) € 67:

n
for € =1, 2, **+, n and such that =x is unique modulo A ei and

=1
n 7

hence is unique if A 67: = w (the diagonal of A4).
1=1
As any congruence relation on a representable autometrized algebra is a
congruence relation in the sense of universal algebra and as the structure
lattice of a representable autometrized algebra is distributive and any
two congruence relations on it are permutable, from Subrahmanyam’s Chinese
remainder theorem, we immediately have the following Chinese remainder

theorem for representable autometrized algebras. Theorem 2.4 and Lemma 2

yield the following.

Theorem 5 (Chinese remainder theorem). Let 4 = (4, +, <, x) be a

=

representable algebra. Let 65 8,5 "5 B be congruence relations on

A and x,, T, *°*, xneA such that (xi, xj)eeiuej for every < and

J. Then, there exists xe¢d such that (x, xi)eei for 4 =1, 2, *--

n n
n; also, such x is unique modulo AB. and hence is unique i1f A 9i=w
1=1 =1
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(the diagonal of A).

Corollary 2. Let 6, 6,, *°-, Sn be congruence relations on A; x,,
Ty Tt xnezA such that ei oej =1 (= 4%x4) forall <1, j, 1 # J.
Then, there exists x in A such that (x, xi) eei for =1, 2, **+, n.

The following is a consequence of Theorem 2.7 [3] and Theorem 5 above.

Corollary 3. Let I,, I,, ‘-, Ih be ideals of a representable auto-

metrized algebra A = (4, +, <, *) X, ©,, ***, xntEA and assume that

x z, (mod (Iiv.{j)) for all i, j. Then, there exists xecd such

i
that E:I,‘i (mod Ii) for <=1, 2, ", n.

Now, we have the following well known result for %-groups (Corollary 3,

P. 305, [1]).

Corollary 4 (T. Nakano). Let WN,, N R Nr be &-ideals of a commu-

23
tative f-group G, and let a,, a,, ***, a, be elements of G such that
a, = aj (mod Ni-+N3) for every pair <, j. Then, there exists an element

aeG such that a = a; (mod Ni) for 1 =1, 2, -+, r.
§ 2. We begin with the following

Definition 3. Let S = (S5, +, <, x) and T = (T, +, <, *) be two
lattice ordered autometrized algebras. We say that a mapping f:8 > T 1is

a homomorphism if and only if f satisfies

(H1) fla+b) = f(a) + f{b) for all a, b in 5,
(H2) fla*b) = f(a) » £(b) for all a, b in 5,
(H3) f(aub) = f(a@) v f(b) for all a, b in &,
(H4) flanb) = f(a@) n £(b) for all a, b in 5.
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A homomorphism f from a lattice ordered autometrized algebra S into
a lattice ordered autometrized algebra T is called an <somorphism if and
only if f:8 - T is bijection and f_lz T +~ S is a homomorphism.

Throughout this section, we consider only representable autometrized
algebras. We do not assume that any such algebra satisfies the condition:

a*(anb) +anb =a for all a, b.

Definition 4. By a direct family A of representable autometrized al-

gebras, we mean a triple, A = (Ai’ fij’ I) of the following objects:

(i) A directed (up directed) set (I, <)

(ii) Representable autometrized algebras Ai (Ai’ +, <, %), 1eI.

iii - i LA, > A L < g .. =

(iii) Homomorphisms f;J Az > j for all < < J, such that fﬁkflg
fik if 4 <J <k and fii :Ai > Ai is the identity mapping for

all <ZelI.

Definition 5. Given a direct family A = (Ai’ fij’ I) of representa-
tion autometrized algebras, by a direct limit of this family A, we mean a
representable autometrized algebra B = (B, +, <, *) together with homo-

morphisms f% :Ai + B, ©¢ I such that the diagram

A. fi B
2
fiJ\\ Aj/f;.

is commutative whenever < < j, such that, if ¢ = (C, +, <, x) 1is a rep-
resentable autometrized algebra and 9; :Ai + ¢ are homomorphisms such

that the diagram
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is commutative whenever < < j, then there exists a unique homomorphism
h:B » C such that the diagram
R
f‘.i\A /ﬂi
T

is commutative for each < e I.

Now, we have the following

Theorem 6. Every direct family of representable autometrized algebras

has a direct limit which is unique up to isomorphism.

Proof. Let A = (Ai’ fij’ I) be a direct family of representable auto-

metrized algebras. Let X = [ 4
iel

(We assume that /17,. are pairwise disjoint; if this is not the case, we

: be the disjoint union of Ai’ 1¢ 1.
have to form the disjoint union, say U{AiX{i} | 2e I}). Define = on X
by x =y if and only if there exists k = 4, § such that fik(m) =

fjk(y) where xEAi and yeAj. If xe KX, then :JceAi for some ZeT

and fii(x) = fii(x)' Hence « = x for all xeKX, so that = is reflex-
ive. = 1is clearly symmetric. Now let x Z y, and y = 2, xeAi, yeAj
z eAk. Then there exists f2e¢I such that ¢ > Z, j and fil(x) = sz(y);

and there exists me I such that m > j, ¥ and fjm(y) = fkm(z)° Since

I is directed, there exists +te¢I such that ¢ > &, m. Then, ¢t 2 £ = 1

and t2m>k and f @) = £y f@) = Fof @) = £, f0) = £, =
fmtfjm(y) = fmtfian(z) = fkt(z)' This implies x = 2; so that = is tran-
sitive. Hence = 1is an equivalence relation in X. Let 4 = K/= be

the quotient set (the set of all equivalence classes). Now, we make A4

into a representable autometrized algebra. Let Z, ye4d. Let xEAi and
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yeAj for some Z, jeI. Let k=7 and k = j. Put x':fik(x) and

y' = fjk(y). Then define z +y =2' + y', Tuy =x'vy', xny =x'ny’
and z+*y =x' *y'. First, we show that the operations +, u, n and =

are well defined on A. For this, let x =z, and y =y, and z, €4

1 Q°

yleAm. Let 2 2 and »n 2 m. Put x'l = fﬁn(xl), y; = fmn(yl). To

show that + 1is well defined, we have to show that &' + y' =x; + y/.

Since Z = x,, there exists an element peI such that, p 2%, 2 and
wp

g=g,m and qu(y) = fmq(yl). Let teI such that ¢t 2k, ¢t 2p, tzq

f. (®) = f, (x,). Since y = y,, there exists an element ge I such that
op 1 ¥,

and t = n. Then we have fkt(x' +y') = fkt(x') + f‘kt(y') = fktfik(x) +

Pl @) = £, @) + £, ) = £, 00 @)+ £ f2 @) = £ fy @)+

fqtfmq(yl) = fop@®)) + £, = £ .80, @) + L f ) = )
fnt(y{) = fnt(x;- + y{)- This implies x' + y' = {L'{ + y:'l so that m

=x; +y;. Hence + is well defined. In a similar manner we can show

that u, n and * are well defined. Now, let x, y, ¢4 and let zc4

v

xeAi,yeAj and zeAk. Let t2%2, t=2g and ¢t

y' = ;@) and 2’ = fy,(2). Now, T+ (y+E)=

k. Put x'=f (@),

y' o+ 2! =

xR
+

'+ (Y +2) = (@ +y') +a =x +y' +z=(x+y + 2z This implies

that + is associative. Also x +y=x' + y' =4' +x' =y + & so that

"

+ 1is commutative. Let 07: be the identity element of Ai and OJ. be
the identity element of Aj' Let k241 and k 2 j. Then fik(Oi) = Ok
= fjk(oj)’ so that 07: = Oj' Hence Oi = Oj for all %, jeI. So, let
us write 0 = 57: for all Ze¢I. Let xeAd and xeAi for some <Ze¢ I.
Then z +0 =2z + 0, = . This implies 0 is the identity element of A.

Thus 4 = (4, +) 1is a commutative semigroup with identity 0.

Now, let x, y, 2¢A and let zed,, yeAj and zcd, for some i, Js
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keI. Let t=>1,4, k. Put &' =f (2),y" = F;60) and 2 = f,(2).

Then xux =xux =2, £Uy =x'Uy' =y' Ux'=yux and (FUF)UZ =
Y Y Y Y Y

z'uy'uz = (x'uy'Juas' =x'u(y'ug') =xuy'ug' =zu(yuz). Similar-

ly we can prove that Znx =x, Zny = ynx and (xny) 2 =20 (ynz).

Further, xu(xny) =xux'ny' =2’ U (@ ny') = 2' =& (since fr.@®) =

£, @")). Similarly we can show that zn(xuy) =x. Hence (4, u, n)

is a lattice. Also, £ + (yu3) =X + y' UB' =x' + (' Uz') =

(x' +yJule' +3")=x' +y'ux' +3' = (@ +y)u(x+3), and x+ (¥n3)
Y Y

=x+y'nag =x + (y'nzg')= (@ *yJanlx +z')=x +y nx' +3z =
(x + YY) a(x + 2). Hence (4, +, <} is a lattice ordered semigroup with
identity O.

Let %, yeA and aceAi,yeAj for some %, jelI. Let ¢t =14, g.

Put x' = f, . (®) and y' = fjt(y)' Now, x*y = x' * y' = @ xyuo,
(since x'xy' 20, in 4)) = ' xy'ul = (Txy)u0, This implies Z*¥
> 0. Also z+*y =0 implies that z'=xy' = Ot’ which implies that there
exists & = t such that ftjl(x' *y') = ftl(ot)' This impiles

ftz(x') *ftz(y') = 02' so that ftl(x’) = ftl(y')' Hence x' = y'. But
€ =x' and y = y' (since f., (@) = fy (') and fjt(y) =f.@). So,

y and hence x =y. Thus x*y =0 implies x = y. Clearly z*x =

It

x

THrx = bi = 0. Further x+y =2x'*y' =y' *xx' = y*x, Now, let z, y,

k
t(x), y' = fjt(y) and z' = fkt(z). Then, we have x'*x3z' < x' *y' +

zed and let xeAi,yeAj and zed,, Let t=17, g, k. Put x' =

f.

7

y'*2'. This implies (x'*z')u@'*xy' + y'*x3') = (x'*xy' + y'*x3'), so

that we have x'xz'vx'xy' + y' x3' =2x' xy' + y' xz'. That is, (x*3) U
(w*y + y*3) =xT*xy + yx3z. Hence x*z <x*y + yxz. Thus, * is a

metric operation on A. Hence A = (4, +, <, *x) is a lattice ordered
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Q
1]

autometrized algebra. Now, let « 2= 0 and xeA.. Then, we have z U

x, i.e., zu0; = Z. So, there exists J > 7 such that fij(xuoi)
fij(x)' That is, fij(x) Ufij(oi) = fij(x) i.e., f'ij(ﬂc) UOj = fij(x)'

Hence Oj < fij(x)' Hence fi.(x) *Oj = fij(x) (by semiregularity of Aj).
*

0= . (x) *OJ f (.’X)) =z (since fjjf”l:J(x) = fij(x))' Thus
z 2 0 implies x*0 = x.

Hence A = (4, +, <, x) 1is a semiregular lat-
tice ordered autometrized algebra.

Let acA and let ae/ln for some 7neI. We now show that the map-
ping x+»a + 2 is a contraction. Let z, yeA and let wed,, yed,

J
. .. . .
for some i, jeI. Let k=217, j, n. Put qa' = f'nk(a), x' = ik(x) and

y' = f'jk(y). Now, we have (a' + x' *a' + y"Jux' *y' =

(@ +x)x(a' + y" )N u(x'*xy') =x'*y' (since x'wmP a' + x' is a con-

traction in Ak)' This implies a' + x'xa' + y' < x'*y'. That is,

(a +x)*(a+y) <x*xy. Hence the mapping x » a + £ is a contraction.
Similarly, we can show that the mappings % » aux, £ » anx and T»ax*zx
are all contractions. Hence 4 = (4, +, <, x)} 1is a representable auto-

metrized algebra.

1]
8

For each eI, define the natural map f'. :A. +A by f.(ac)
Then fi(@+y) =x+y=x+y=F@& +f @), flzxvy) =zuvy =zuvy =
f-(x)Ufi(y), f,eny) =zny =xny=F@nf,@ and f l@xy) =xxy
=2 % f (x)*f (¥), for all =, yeAi. Hence fi is a homomorphism.

Now, let %, jeI such that < < j. Let wed,. Then, fi(x)=5c=fij(x)

(since f' ( Yy = F..f. (%)) = f'f' (.7') This implies that the diagram

Ji'id
f.
A, kd 4

]
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is commutative, whenever < < j.
Now, let B = (B, +, £, #) be a representable autometrized algebra and

9; :Ai + B be homomorphisms such that the diagram

g.
4, —* =B
1 /
]%\4. %
J

is commutative, whenever < < j.

Then, define g:4 > B by g&) = gi(x) if xeAi. (Note that each
element of A is of the form x, where x is in some A'L’ 1e¢I). We
show that g is a well defined mapping. Let x = y and xEAi’ Yeh,

J
for some ¢, jeI. Then there exists keI such that k > ¢, § and

fik(x) = fjk(y)' This implies gk‘fik(x) = gkf‘jk(y), which again implies
(by the commutativity of the above diagram) that gi(x) = gj(y). Hence
g®) = g(y). Thus g is well defined. Let =z, yed and zed,, yeAj
for some <, jeI. Then there exists keI such that k 2 Z, j. Put &z
= k@) and y' =, (). Then, g@@ + ) = gl@’ +y") = gl +y') =
9@+ ") = gED) + g@ = g@ + (i) (since F, @ = a'=F, ="
and fjk(y) =y' = f1;,(¥")). Similarly we can show that glxuy) =
g@)vg®), g@ny) = g@ ng(E) and g@=+y) = g@) *g(y). Hence g is
a homomorphism.

Let Ze¢I and xed, . Then gf'i(x) = gfi(:c) = g(x) = g;@). This im-
plies that g(fi) =g, for each ZeI. Thus g is a homomorphism such

that the diagram

4 g . B
N
4
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is commutative, for every <eI. We, now, show that ¢ is unique with
respect to this property. Assume that there is a homomorphism h:A - B
such that the diagram

h

B
fX/;i
A
7

is commutative, for every Zie]. Let xe¢A and xezAi for some Zel.

A

Then, g(x) = gi(x) = hfti) = h(x). This implies that g = k. Hence g
is a unique homomorphism with the above property. Hence 4 = (4, +, <, *),
together with the natural homomorphisms f% :Ai + A, eI, is a direct
limit of the direct family A = (Ai’ féj’ I) of representable autometrized
algebras.

To show that this direct limit 4 of A, is unique up to isomorphism,
assume that ¢ = (C, +, <, %) 1is a representable autometrized algebra
such that (, together with homomorphisms hi :Ai +~C, 2eI, is a direct
limit of the direct family A = C4i’ fﬁj’ I). Then, since A and ( are

direct limits of the family A, there exist unique homomorphisms 6:4 > C

and 9:C + A4 such that each of the diagrams

6 9
A c ¢ ——4
and \\\\ ////
f\‘i\A.AL hs War
1 1

is commutative, for each ZeI. This implies that 96:4 >~ 4 1is a homo-

morphism such that the diagram
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36
A
N
7

is commutative, for each <Ze I, since Befi(x) = Bféecx) = Bhicr) = fi@n)

A

for every x(sAi. But, there is already the identity homomorphism

lh :4 + A4 such that the diagram

A

A — 4

PN

A.
7

is commutative for each < ¢ I. Hence, by the uniqueness of such homomor-
phism, it follows that 098 = IA. Similarly, we can show that 290 = IC’
the identity homomorphism on (. Hence 6 :4 - ¢ 1is an isomorphism.

Hence the direct limit 4 of A is unique upto isomorphism. This com-

pletes the proof.

I take this opportunity to thank Dr. K. L. N. Swamy, for his valuable

guidance and encouragement throughout the preparation of this paper.
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