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Lattice Ordered Autometrized Algebras III 

By B. V. SUBBA RAO 

In [4], which is a continuation of [3], we have studied the geometry of 

a representable autometrized algebra, by imposing two more natural condi­

tions (1) (a* (aub)) n (b * (aub)) = 0 and (2) a* (anb) + anb = a, 

on any such algebra. 

In § 1 of this paper, we observe that the lattice of all congruence re­

lations on a representable autometrized algebra A= (A, +, ~, *) satisfy­

ing "a * (an b) + an b = a for all a, b in A" is a distributive lattice 

and any two congruence relations on A are permutable. This result gener­

alizes the corresponding results for commutative DR.Q.-semigroups, commuta­

tive .Q.-groups, Boolean algebras and Brouwerian algebras, as the class of 

representable autometrized algebras satisfying "a * (an b) + a n b = a for 

all a, b" is wider than the class of commutative DR.Q.-semigroups. We also 

obtain a Chinese remainder theorem for this class of representable auto­

metrized algebras. In § 2 we introduce the notions of a direct family and 

a direct limit of a direct family of representable autometrized algebras 

and prove that the class of representable autometrized algebras is closed 

under the formation of direct limits. 

In this paper, we freely use the definitions, results and notation of 
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[ 3] and [ 4] . 

§ 1. We recall the definition of a representable autometrized algebra 

from [3]. 

Definition l. A lattice ordered autometrized algebra A= (A,+,$, *) 

is called a representable autometrized algebra if and only if 

(1.1) A is a semiregular autometrized algebra, 

(1. 2) For every a in A, all the mappings x 1+ a + x, x I+ aux, 

x i+ an x and x 1+ a* x are contractions (a mapping f: A -+ A is 

called a contraction mapping with respect to a metric * on A 

if and only if f(x) * f(y) $ x * y for all x, y in A). 

Throughout this section, A= (A,+,$, *) stands for a representable 

autometrized algebra satisfying the condition 

(1.3) a* (anb) + anb = a for all a, b in A. 

We introduce the following 

Definition 2. A ternary operation f on a lattice ordered autometrized 

algebra B = (B, +, $, *) is said to be a Malcev operation if and only if 

f(x, y, y) = x and f(x, x, z) = z. 

We, now, prove the following 

Theorem 1. Let A= (A,+, $, *) be a representable autometrized al­

gebra. Then the ternary operation f defined by f (x, y, z) = (x * (x n y) 

+ x n z) u (z * (z n y) + z nx) is a Malcev operation on A. 

Proof. f(x, y, y) = (X* (xny) + xny) u (Y* (yny) + ynx) = xu (ynx) 

(by (1.3)) =x and f(x,x, z) = (X*(Xnx) +xnz)u(Z*(Znx) +znx)= 
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(x n z) u z (by (1.3)) z. Hence f is a Malcev operation on A. 

Remark 1. We also have f(x, y, z) [x* (xny) + z] n [z* (zny) + x]. 

Proof. Let g(x, y, z) = [x* (xny) +] n [z* (zny) + x]. Now, 

g(x, y, z) = [x* (xny) + z] n [z* (zny) + x] $ [(X* (xny)) u (z* (zny)) 

+ z] n [ (z * (z n y)) u (x * (x n y)) + x] = (x * (x n y)) u (z * (z n y)) + z n x = 

[x* (xny) + znx] u [Z* (zny) + znx] = f(x, y, z). Further, Z* (zny) + 

znx = [z* (zny) + znx] n [z* (zny) + znx] $ [z* (zny) + x] n [z* (zny) 

+znxny + (znx)*(Znxny)] (by (1.4)) $ [z*(zny) +x]n[z*(zny) + 

zny + X* (xny)] (by (1.2)) [Z* (zny) + x] n [z + X* (xny)] (by (1.4)) 

= g(x, y, z). Interchanging x and z, we get X* (xny) + xnz $ 

g(z, y, x) = g(x, y, z). Hence, f(x, y, z) = [z*(zny) + znx] u 

[X* (xny) + xnz] $ g(x, y, z). Hence f(x, y, z) = g(x, y, z). 

Remark 2. The above theorem is valid with a weaker hypothesis. In 

fact, if A= (A, +, $, *) is a lattice ordered autometrized algebra 

which satisfies (1. 3), then f is a Malcev operation on A. Remark 1 is 

valid, even when A= (A,+,$, *) is a lattice ordered autometrized al­

gebra which satisfies (1.3) and which is such that, for each a EA, the 

mapping x 1-+ an x is a contraction. 

The congruence relations on commutative DRI-semigroups, Boolean alge­

bras, Brouwerian algebras and commutative I-groups are all permutable. In 

fact, the same is true for representable autometrized algebras, as the 

following theorem shows. 

Theorem 2. Any tuJo congruence relations on a representable autometrized 

algebra A= (A,+, $, *) are pemrutable. 



444 

Proof. Let 8 and p be congruence relations on A. Assume that 

x = z(S 0 p). Then there exists y EA such that x = y(c,,) and y = z(S). 

Put t = f(x, y, z) + (x* (xny) + xnz) u (z* (zny) + znx). By Theorem 

1, t = f(x, y, z) is a Malcev operation on A. Since e and p satisfy 

the substitution property for the operations +, *, u and n (see Defini­

tion 2.6 and Remark 2.6.1 in [3]), we have, x = f(x, y, y) = f(x, y, z)(8) 

and f(x, y, z) = f(x, x, z) (s:') = z(s:'). Thus x = t(8) and t = z(p). 

Hence X :: Z (CJ> O e), Hence e Op !> p O e, Interchanging e and p, we get 

po 8 :,; 8 op. Hence 8 op = 9' o 8. 

Corollary 1. Any two congruence relations on a commutative DRi-semi­

group are permutable. 

We have observed (see Remark 2.4.2, [3]) that every representable auto­

metrized algebra is a seminormal autometrized algebra ([2]). 

We need the following 

Lemma 1 (Prabhakara Rao, N. [2]). The lattice of ideals of a semiregu­

lar seminormal lattice ordered autometrized algebra A= (A,+,:,;, *) is 

a distributive lattice. 

Now, we have the following 

Theorem 3. The lattice of ideals of a representable autometrized alge­

bra A= (A,+,:,;,*) is a distributive lattice. 

Proof. Since A is a semiregular seminormal lattice ordered automet­

rized algebra, it follows from Lemma 1, that the lattice of ideals of A 

is a distributive lattice. 
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Theorem 4. The structu:t'e iattice (the iattice of aii congruence reia­

tions) of A is a distributive iattice. 

Proof. From Theorem 2.7 in [3J and the above Theorem 3. 

We state the following theorem due to Subrahmanyam, N. V. ([SJ). 

Lemma 2 (Chinese Remainder theorem ([SJ)). Let B be an abstract ai-

gebra, 01, 02, • • ·, en be congruence reiations on B, x1, x2, • • ·, xn EB 

such that (x ., x .) Ee. u 0. for every i, j and assume fu:t'ther that 01 , 
1, J 1, J 

0 • • • e generate a distributive and perrrrutabie subiattice of the 2' , n 

structu:t'e iattice of B. Then, there exists x E B such that (X, X.) E 0. 
1, 1, 

for i = l, 2, ···, n and such that x is unique moduio 

n 
hence is unique if A 0. 

• 1, 
7,=l 

w (the diagonai of A). 

n 
A e. and 

i=l 1, 

As any congruence relation on a representable autometrized algebra is a 

congruence relation in the sense of universal algebra and as the structure 

lattice of a representable autometrized algebra is distributive and any 

two congruence relations on it are permutable, from Subrahmanyam's Chinese 

remainder theorem, we immediately have the following Chinese remainder 

theorem for representable autometrized algebras. Theorem 2.4 and Lemma 2 

yield the following. 

Theorem 5 (Chinese remainder theorem). Let A= (A,+,~. *) be a 

representabie aigebra. Let 01, 02, ···, en be congruence reiations on 

A 

j. 

and x 1, x2, ···, XnEA 

Then, there exists x E A 

such that (x ., x .) E e. u 0 . for every i and 
1, J 1, J 

such that (x, x.) Ee. for i l, 2, • • ·, 
1, 1, 

n 
n; aiso, such x is unique modu io A 0. 

i=l 1, 

and hence is unique if 
n 
,i\0.=w 

i=l 1, 
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(the diagonal of A). 

Corollary 2. Let 0
1

, 0 ••• 0 be congruence relations on A; x
1

, 2' , n 

x ••• x EA such that e. 0 0. = 1 (= AXA) for all i, j, if j. 
2' , n 1, J 

Then, there exists x in A such that (X, X . ) E 0 . for i = 1, 2, • • •, n. 
1, 1, 

The following is a consequence of Theorem 2.7 [3] and Theorem 5 above. 

Corollary 3. Let I
1

, I
2

, ···, In be ideals of a representable auto­

metrized algebra A = (A, +, .,;, *) x
1

, x
2

, • • ·, xn EA and assume that 

x. = x. (mod (I. v I.)) for all i, j. Then, there exists x EA such 
1, J 1, J 

that x = x. (mod I.) for i = 1, 2, ···, n. 
1, 1, 

Now, we have the following well known result for f-groups (Corollary 3, 

P. 305, [1]). 

Corollary 4 (T. Nakano). Let N
1

, N
2

, • • ·, Nr be 9...-ideals of a commu-

tative i-group G, and let a be elements of G such that 
r 

a. = a. (mod N. + N .) for every pair i, j. Then, there exists an element 
1, J 1, J 

aEG such that a= a. (mod N.) for i = 1, 2, ···, r. 
1, 1, 

§ 2. We begin with the following 

Definition 3. Let s = (S' +, < *) and T = (T, +, ::;, *) be two -, 

lattice ordered autometrized algebras. We say that a mapping f: S ➔ T is 

a homomorphism if and only if f satisfies 

(Hl) f(a + b) = f(a) + f(b) for all a, b in s, 

(H2) f(a * b) f(a) * f(b) for all a, b in s, 

(H3) f(a u b) = f(a) u f(b) for all a, b in s, 

(H4) f(a n b) = f(a) n f(b) for all a, b in s. 
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A homomorphism f from a lattice ordered autometrized algebra S into 

a lattice ordered autometrized algebra T is called an isomorphism if and 

only if f : S ➔ T is bijection and r 1 
: T ➔ S is a homomorphism. 

Throughout this section, we consider only representable autometrized 

algebras. We do not assume that any such algebra satisfies the condition: 

a*(anb)+anb=a forall a,b. 

Definition 4. By a direct family A of representable autometrized al­

gebras, we mean a triple, A= (A., f .. , I) of the following objects: 
1, 1,J 

( i) A directed (up directed) set (I, ,;;) 

(ii) 

( ili.) 

Representable autometrized algebras 

Homomorphisms f . . : A. ➔ A. for all 
1,J 1, J 

f"°k if i cs; j cs; k and f .. : A. ➔ A. 
,., 1,1, 1, 1, 

all i EI. 

A. 
1, 

i 5 j, such that f ·- -f • • 
Jk:' 1,J 

is the identity mapping for 

Definition 5. Given a direct family A = (A., f . . , I) 
1, 1,,7 

of representa-

tion autometrized algebras, by a direct limit of this family A, we mean a 

representable autometrized algebra B = (B, +, 5, *) together with homo-

morphisms f.: A. ➔ B, i EI such that the diagram 
1, 1, 

is commutative whenever i 5 j, such that, if C = (C, +, 5, *) is a rep-

resentable autometrized algebra and 

that the diagram 

g.: A. ➔ C 
1, 1, 

gi 
A. ----c 

;~A/.. 
1,J j J 

are homomorphisms such 
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is commutative whenever i ~ j, then there exists a unique homomorphism 

h : B + C such that the diagram 

B h C 

A/4. 
i. A. i. 

7, 

is commutative for each i E I. 

Now, we have the following 

Theorem 6. Every direct family of representable autometrized algebras 

has a direct limit which is unique up to isomorphism. 

Proof. Let A = (A~., f . . , I) be a direct family of representable auto-
,., 1...J 

metrized algebras. Let K = LJ A. 
iEI 1, 

be the disjoint union of A., i EI. 
7, 

(We assume that A . 
7, 

are pairwise disjoint; if this is not the case, we 

have to form the disjoint union, say LJ{A. x { i} I i E I}). Define = 
7, 

on K 

by x = y if and only if there exists k ~ i, j such that fik(x) = 

where x EA. 
7, 

and y EA .. 
J 

If x EK, then XE A. 
7, 

for some 

and f .. (x) = f .. (x). 
7,7, 7,7, 

Hence x = x for all x EK, so that is reflex-

ive. is clearly symmetric. Now let x 

z E Ak. Then there exists R, E I such that 

and there exists m E I such that m ~ j, k 

- y, and y = z, x E A . , y E A . 
1, J 

R, ~ i, j and fiR,(x) = fjR,(y); 

and f. (y) = fkm(z). Since 
Jm 

I is directed, there exists tEI such that t ~ R., m. Then, t ~ R, ~ i 

and t ~ m ~ k and fit(x) = fi-t!it(x) = fi-t!it(x) = fufjt(y) = 

fmtfjm(y) = fmtfkm(z) = fkt(z). This implies x = z; so that 

fit(y) = 

is tran-

sitive. Hence is an equivalence relation in K. Let A K/= be 

the quotient set (the set of all equivalence classes). Now, we make A 

into a representable autometrized algebra. Let x, y EA. Let x EA. and 
7, 
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y EAj for some i, j EI. Let k <'. i and k <'. j. Put x• = fik(x) and 

y' =fjk(y). Then define x+y=x' +y',xuy=x'uy',xny=x'ny' 

and x * y = x' * y'. First, we show that the operations +, u, n and * 

are well defined on A. For this, let x = x 1 and y = y 1 and x 1 E AQ,, 

show that + is well defined, we have to show that x• + y' =xi+ Y{· 

Since - - there exists an element pEI such that, p i, Q, and X = x 1 , <'. 

f. (x) = f i/x1). Since - - there exists element qEI such that y = y 1, an 1,p 

q <'. j, m and fj/Y) = fm/Y1) • Let tEI such that t <'. k, t <'. p, t <'. q 

and t <'. n. Then we have fkt(x' + y') fkt(x') + fkt(y') = fkJik(x) + 

fktfjk(y) = fit(x) + fjt(y) = fptfip(x) + fqtfjq(y) = fptf£.p(x1) + 

fqtfmqCY1) = fit(x1) + fmt(Y1) = fntfin(x1) + fnJmnCY1) = fnt(x{) + 

fnt(Yf) = fnt(xi + Y{). This implies x' + y' = xi + Yi so that x' + y' 

=xi+ Yi· Hence + is well defined. In a similar manner we can show 

that u, n and * are well defined. Now, let x, y, ZEA and let xEA 

y' fkt(z). Now, X + (y + z) = X + y' + z' 

x' + (y' + z') = (x' + y') -
+ z' = x' + y' + z 

-
that + is associative. Also X + y = x' + 

+ is commutative. Let 0. be the identity 1, 

the identity element of A .. Let k <'. i and 

= f .k(O.), so that 
J J 

us write 8 = 8. 1, 

J 

0. = 0 .. Hence o. = 8. 1, J 1, J 

for all i EI. Let x EA 

ex + y) + 
-z. This implies 

Y' = y' + x' y + X so that 

element 

k <'. j. 

for all 

of 

and x EA. 
1, 

A. and 0. be 
1, J 

Then f 'k(O .) = Ok 1, 1, 

i, j EI. So, let 

for some i EI. 

Then x + 8 = x + O. = x. This implies 8 is the identity element of A. 
1, 

Thus A (A,+) is a commutative semigroup with identity 8. 

Now, 1 et x, y, z E A and let x EA., y EA . and z E Ak for some i, j, 
1, J 
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kEI. Let t ~ i, j, k. Put x• = fit(x), y' = fjt(Y) and z• = fkt(z). 

Then xux = xux = x, xuy = x' uy' = y' ux' =iiux and (xuy) uz = 

x•uy'uz = (x'uy')uz' =x'u(y'uz') =xuy'uz' =xu(iiuz). Similar­

ly we can prove that x n x = x, x n y = ii n x and (x n y) z = x n (ii n z) . 

Further, Xu (x n y) = X ux' n y' = x' u (x' n y') = x' = X (since fit(x) = 

ftt(x')). Similarly we can show that xn (xuy) = x. Hence (A, u, n) 

is a lattice. Also, X + (y u z) = X + y' u z' = x' + (y' u z') 

(x' +y')u(x' +z') =x' +y'ux' +z' = (x+y)u(x+z), and x+(ynz) 

= X + y' n z ' = XI + (y I n z ') = (x' + y ' ) n (x' + z I ) = XI + y ' n X ' + z ' = 

(x + ii) o (x + z) . Hence (A, +, ~) is a lattice ordered semigroup with 

identity 0. 

and XEA., yEA. for some i, jEI. 
1,, J 

Let t ~ i, j. 

Put 

Let x, y EA 

x' = f. (x) 
1,,t 

and Now, x * ii = x' * y' = (x' * y') u O t 

(since x' * y' > 0 - t This implies X*Y 

~ 0. Also x * ii = O implies that x' * y' = 0 t' which implies that there 

exists Q,~t suchthat ftJl(x'*Y')=ftQ,(Ot). Thisimpiles 

fu(x') *ftJl(y') = OJl so that ftJl(x') = ftJl(y'). Hence x' = y'. But 

X - X 1 

x - y and hence x y. Thus x * ii O implies x 

So, 

y. Clearly X*X 

X*X = 0. = a. Further X*ii = x' *Y' = y' *X' = Y*X. Now, let x, y, 
1,, 

ZEA and let XEA., yEA. and ZEAk. Let t ~ i, j, k. Put x' = 
1,, J 

fit(x), Y' = fjt(y) and z' = fkt(z). Then, we have x' *Z' ~ x' *Y' + 

y' *Z'. This implies (x' *Z') u (x' *Y' + y' *Z') = (x' *Y' + y' *Z'), so 

that we have x' *Z' ux' *Y' + y' *Z' = x' *Y' + y' *Z'. That is, (X*Z) u 

x * y + y * z. Hence x * z ~ x * y + y * z. Thus, * is a 

metric operation on A. Hence A= (A,+, ~, *) is a lattice ordered 
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autometrized algebra. Now, let x ~ CJ and XEA .. 
'1, 

Then, we have x u CJ 

x, i.e., xuO. = x. So, there exists j ~ i such that f .. (xuO.) 
'1, ~ '1, 

f .. (x). That is, f .. (x) uf . . (0.) = f .. (x) i.e., f .. (x) uO. = f .. (x). 
'1,J '1,J '1,J '1, 1,J '1,J J '1,J 

Hence 0 . 5 f . . (x) . Hence 
J 1,J 

f .. (x) * 0. = f .. (x) (by semiregulari ty of A.). 
'1,J J '1,J J 

Hence x * CJ = f . . (x) * o. = 
1,J J 

-f .. (x) =X (since f .. f .. (x) = f .. (x)). Thus 
'1,J JJ 1,J 1,J 

x ~ 0 implies x * 0 = x. Hence A 

tice ordered autometrized algebra. 

(A, + 5, *) is a semiregular lat-

Let a EA and let a EA for some n EI. We now show that the map-
n 

ping x I+ a+ x is a contraction. Let x, y EA and 1 et x E A . , y E A . 
1, J 

for some i, jEI. Let k :2: i, j, n. Put a'= fnk(a), x' = fik(x) and 

y' = fjk(y). Now, we have (a'+ x' *a'+ y') ux' *Y' = 

((a'+ x') *(a'+ y')) u (x' *Y') = x' *Y' (since x' 1+ a'+ x' is a con-

traction in Ak). This implies a' + x' * a' + y' 5 x' * y'. That is, 

- - -ca + x) * ca + ii) 5 x * ii. Hence the mapping x ~a+ x is a contraction. 

Similarly, we can show that the mappings X ~ a u X, X I+ an X and XI+ a* X 

are all contractions. Hence A= (A,+, 5, *) is a representable auto­

metrized algebra. 

For each i EI, define the natural map f. : A. + A by f. (x) = x. 
'1, '1, '1, 

Then f. (x + y) = x + y = x + ii = f. (x) + f. (y), f. (x u y) = x u y = x u y 
'1, 1, '1, 1, 

f. (x) u f. (y), f. (x n y) = x n y = x n ii = f. (x) n f. (y) and f. (x * y) = x * y 
'1, '1, '1, '1, 1, '1, 

= x * y = f. (x) * f. (y) , for all x, y EA . . Hence f. is a homomorphism. 
'1, '1, '1, 1, 

Now, let i, jEI such that i 5 j. Let XEA .. Then, f.(x) =x=f .. (x) 
1, '1, '1,J 

(since f
0
.J•(x) = f .. f .. (x)) = f .f .. (x). This implies that the diagram 
v JJ '1,J J 1,J 

f. 
A. -z, A 

'1,~- /4 
Ti~. J 

J 
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is COIIIIIIl1tative, whenever i ~ j. 

Now, let B = (B, +, ~, *) be a representable autometrized algebra and 

g. : A. ➔ B be homomorphisms such that the diagram 
'2, '2, 

g. 
A. -z_ B 

'2,~/4 

'Z-J A. J 
J 

is commutative, whenever i ~ j. 

Then, define g: A ➔ B by g(x) = g .(x) 
'2, 

element of A is of the form x, where X 

if XE A .. 
'2, 

is in some 

(Note that each 

A., i EI). We 
'2, 

show that g is a well defined mapping. Let X = y and XE A., YEA. 
'2, J 

for some i, j EI. Then there exists kEI such that k ~ i, j and 

fik(x) = fjk(y). This implies g~ik(x) = g~jk(y), which again implies 

(by the commutativity of the above diagram) that g. (x) = g. (y). Hence 
'Z, J 

g(x) = gCiJ). Thus g is well defined. Let x, y EA and x E A . , y E A . 
'Z, J 

for some i, jEI. Then there exists kEI such that k ~ i, j. Put x' 

= fik(x) and y' = fjk(y). Then, g(x + y) = g(x' + y') = gk(x' + y') 

gk(x') + gk(y') = g(:.::') + g(y') = g(x) + g(y) (since fik(x) = x' =fkk(x') 

and fjk (y) = y' = f kk(y')). Similarly we can show that g(x u y) = 

g(x) ug(y), g(xny) = g(x) ng(y) and g(x*y) = g(x) *g(y). Hence g is 

a homomorphism. 

Let i EI and X EA .• 
'2, 

Then = g(X) = g.(x). 
'2, 

This im-

plies that g(fi) = gi for each i EI. Thus g is a homomorphism such 

that the diagram 
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is cornmutati ve, for every i E I. We, now, show that g is unique with 

respect to this property. Assume that there is a homomorphism h : A + B 

such that the diagram 

is commutative, for every i E I. Let x E. A and x E A . for some i E. I. 
1, 

Then, g (x) = g. (x) = hf. (x) = h(x). This implies that g 
1, 1, 

h. Hence g 

is a unique homomorphism with the above property. Hence A (A' +, :,;, *), 

together with the natural homomorphisms f. :A. +A, iE.I, is a direct 
1, 1, 

limit of the direct family A = (A., f . . , I) of representable autometrized 
1, 1,J 

algebras. 

To show that this direct limit A of A, is unique up to isomorphism, 

assume that C = (C, +, :,;, *) is a representable autometrized algebra 

such that C, together with homomorphisms h. : A. -> C, i E. I, is a direct 
1, 1, 

limit of the direct family A = (A . , f .. , 1) . 
1, 1,J 

Then, since A and C are 

direct limits of the family A, there exist unique homomorphisms 0 : A + C 

and a : C + A such that each of the diagrams 

e a 
C ----A 

and G /4. 
1, A. 1--

1, 

is commutative, for each i E. I. This implies that ae : A + A is a homo­

morphism such that the diagram 



454 

30 
A----A 

~/4 
i, A. i, 

1, 

is commutative, for each i EI, since 30f. (x) = 3f .0 (x) = 3h. (x) = f. (x) 
1, 1, 1, 1, 

for every X EA .• 
1, 

But, there is already the identity homomorphism 

IA : A -+ A suc.h that the diagram 

is commutative for each i EI. Hence, by the uniqueness of such homomor­

phism, it follows that 30 = IA. Similarly, we can show that 3.0 = IC, 

the identity homomorphism on C. Hence .0 :A-+ C is an isomorphism. 

Hence the direct limit A of A is unique upto isomorphism. This com­

pletes the proof. 

I take this opportunity to thank Dr. K. L. N. Swamy, for his valuable 

guidance and encouragement throughout the preparation of this paper. 
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