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Mapping Cylinders and Manifolds 

By Hiroshi IKEDA and Masakatsu YAMASHITA 

1 . Introduction 

Let P and Q be polyhedra. For a map f from P to Q, we denote 

the mapping cylinder of f by Cf, that is, 

cf= ((PxI) + Q) I (f(p) = pxl, pEP), 

where I means the closed unit interval (0, l] and + means the disjoint 

union. The standard simplicial structure of Cf is explained later. 
0 

Let W be a manifold and P a subpolyhedron in the interior W of W. 

By N(P, W), we denote the regular neighborhood of P in W. It.is well-known 

that there exists a map f from N(P, W) to P satisfying (N(P, W), P) = 

(Cf' P), where N(P, W) means the boundary of N(P, W) (see for examp e [l]). 

In this paper, we are interested in the following problem. 

Problem. Let W and P be a manifold and a polyhedron, respectively, 

and let f be a map from W to P. Find a necessary and sufficient con-

dition on f for Cf to be a manifold. 

In [l], M. Cohen obtained the following results. 
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Theorem 7.1 [l]. Assume that W and P are a manifold and a polyhed­

ron, respectively, and that f is a map from W to P. If f is dual 

collapsible, there exists a homeomorphism from the pair (W x I, W x 0) to 

(Cf' W) which is the identity on wxo. 

Theorem 8. l [l]. Under the same conditions on W, P and f, if Cf 

is a manifold and P is contained in Cf, then f is dual collapsible. 

The results of this paper are stated as follows: 

Theorem l. Let W be a closed n-manifold and P a polyhedren with 

dim P < n. Suppose that f is a map from W to P such that Cf is a 

minifold. Then, for any vertex v of P, there exist a map g from 
• -1 
N(f (v), W) to lk(v, P) and an embedding h from C to ff1' satisfy­

g 

ing 

(1) C is a manifold, 
g 

-1 g1- -
0 

(2) N(f (v), W) = (h(C )) 
' g 

(3) (ff1', lk(v, P)) = (lk(v, C_,,), lk(v, P)). 
J 

Corollary. If further, P is a p-manifold, H*(,-
1

(v)) 

for any vertex v of P. 

Theorem 2. Let W be a closed n-manifold with n ~ 2 and P a I­

polyhedron and let f be a map from W to P. Then, Cf is a manifold 
1 n n o 

if and only if N(f- (v)) = S - (#vB) for any vertex v of P, where 

#v means the number of the connected components of lk(v, P) and #vBn 

means the disjoint #v n-balls in Sn. 

2. Preliminaries. 



First of all, we have to review some of the results in [l]. 

unexplained definitions and notations, see [l]. 
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For the 

Definition 1. Let f be a simplicial map between simplicial complexes 

K and L. Suppose that K and L are enbedded in some euclidean space 

and are joinable there. Let L' be the standard barycentric subdivision 

of L and K' a first derived subdivision of K chosen so that f is 

also simplicial as a map from K' to L'. The standard simplicial struc-

ture of Cf is defined as follows. 

cf = fob(a) .. • b(-r) I a. < f(cr), cr < • • • < TE K} + L, 

where b(cr) denotes the barycenter of cr used to make K' from K, a.< 

f(cr) means that a. is a face of f(cr) and a.b(cr) ••• b(-r) means the 

simplex obtained by joining a. and b(cr) •·· b(-r) which is the simplex of 

K' with vertices b(cr), ···, b(-r). 

For a simplicial map f, the mapping cylinder with this structure is 

called the simplicial mapping cylinder of f and is denoted by the same 

symbol Cf" 

Remark. The simplicial mapping cylinder Cf is a subcomplex of K'L 

and can be written as follows. 

cf= {f(ijJ)b(a) ••• b(-r) 1 w < cr < ••• < TE K} + L. 

Definition 2. Suppose that f: K ➔ L and f: K' ➔ L' be simplicial 

maps as in Definition 1. For a simplex a. of L, we define the dual to 

a. with respect to f, written D(a., f), by 

D(a., f) = {b(a) • • • b(-r) I a. < f(cr), cr < • • • < -r EK}. 

Put 

D(a., f) = {b(a) • • • b(-r) I a. $ f(a), a < • • • < -r EK}. 
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Remark. For a simplicial complex L and a simplex a of L, D(a, L) 

denotes the usual dual to a in L. 

We may state the following prppositions without proof. For the proofs 

of them, see [l]. 

Proposition 1. 

Proposition 2. -1 
D(a, f) = f (D(a, L)). 

Proposition 3. Suppose that K is a closed (combinatorial) n-manifold 

and a is an i-sirrrplex of f(K). Then, D(a, f) is an (n - i)-manifold 

-with boundary D(a, f) = d(a, f). 

Proposition 4. 
-1 

f (b(a)). 

-1 
D(a, f) x f (b(a)), that is, D(a, f) collapses to 

Proposition 5. For any simplieial mcrp f: K ➔ L between simplieial 

corrrp lex K and L, Cf x L. 

Proposition 6. If f is a simplicial mcrp from an n-sirrrplex onto a 

simplex (of any dimension), Cf= Bn+i, an (n + 1)-baU. 

3. A necessary condition. 

For a PL-map f: P ➔ Q between polyhedra P and Q, we define the PL­

mapping cylinder of f, denoted by the same symbol Cf, as follows: Let 

K and L be simplicial structures of P and Q, respectively, such that 

f: K ➔ L is simplicial. Then, the PL-mapping cylinder Cf is defined to 

be the underlying polyhedron of the simplicial mapping cylinder of f : K ➔ L. 

It is not hard to see that the definition of the PL-mapping cylinder is 
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independent from the choice of K and L. 

Hereafter, maps and manifolds mean PL-maps and PL-manifolds, and map­

ping cylinders are also PL-ones, unless otherwise stated. 

Lell1lla 1. Let P and Q be polyhed:r>a and f: P ➔ Q a map such that 

Cf is a manifold. If dim P 2.'. dim Q, f is onto. 

Proof. Let K and L be simplicial structures of P and Q such 

that f: K ➔ L is simplicial. Suppose that f is not onto. Then, there 

exists a vertex v in L - f(K). Taking a barycentric subdivision L' 

of L, we have st(v, L') cL - f(K). This implies dimst(v, L) $; dimQ $; 

dimP = dim Cf - 1. This contradicts our hypothesis that Cf is a manifold. 

Lemma 2. Let W be a closed n-manifold and P a polyhedron with 

dim P < n. Suppose that f: W ➔ P is a map such that Cf is a manifold. 
0 

Then, Cf = w, and hence p C Cr 

Proof. By [l], we have Cf c Wu P, because W is closed. 

(/J, then P should contain an n-manifold, because W n P = 0. This is im­

possible, for dimP < n. Thus, Cfc W. On the other hand, since W has a 

neighborhood homeomorphic to 

immediately. 

wx I with wx O = W in 

Lemma 3. Let K and L be a simplicial complexes and f an onto map 

from K to L. Then, for any vertex V of L, Ik(v, Ci is homeomor-

phic to D(v, f) u C keeping D(v, f) fixed, where g is the map from 
g 

d(v, f) to f(d(v, f)), i.e., g = fld(v, f). 

Proof. Let K' and L' be the subdivisions of K and L chosen as 
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in Definition 1. Then, we have 

st(v, Ci= fob(cr) ... b(T) Iv< a.< f(a), a< ... < TEK} uD(v, f), 

and 

lk(v, Ci= {a.b(cr) ... b(T) Iva.< f(a), a< ... < TEK}uD(v, f), 

for a vertex v of L. We construct a subdivision of st(v, Cf). Let 

a.P = b(a) ••• b(a) 
0 p 

be a p-simplex of D(v, f) satisfying cr < ... < 
0 

crp. Define y(a. 0

) = {b(cr
0

)f(a. 0

) and the faces}, where a. 0 = b(cr
0

). 

. i i i-1 By induction on p, we define y(a.) = {b(cr.)(f(a.) uy(a. )) and the 
,z.. 

} i-1 faces, where a. means the opposite face of b(cr.) 
'l, 

= b(cr
0

) ••• b(ai). Then, 

K' u L' u LJ LJ y(a.P) 
vEL a.PED(v,f) 

i in the simplex a. 

gives a subdivision Cj of Cf. Cj induces a triangulation T of the 

topological mapping cylinder of g. It is not hard to see that T is PL-

homeomorphic to C. 
g 

Thus, we use the same notation C instead of T. 
g 

Then, we have lk(v, Cj) = D(v, f) u Cg. By the pseudo radial projection 

from v, we immediately obtain a required homeomorphism, completing the 

proof. 

Lemma 4. Let W be a alosed n-manifoZd with n ;:;: 1 and let v be a 

point. Then, for a map f: W + v, Cf is an (n + 1)-ball if and only if 

W -- Sn. h _ an n-sp ere. 

Proof. If w = s7', it follows immediately that cf is an (n + 1)-ball, 

because cf= vw. Suppose that cf is an (n + 1)-ball. We have cf= w, 

by Leililila 2. Therefore, w should be an n-sphere s7'. 

Theorem 1. Let W be a alosed n-manifold and P a polyhedron with 
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dim P < n. Suppose that f: W + P is a map such that Cf is a manifold. 

• -1 
Then, for any vertex v of P, there exist a map g : N(f (v), W) + 

lk(v, P) and an embedding h : C -+ Ef- satisfying the following three 
g 

conditions. 

(1) C is a manifold, 
g 

0 
-1 

= g1- -(2) N(f (v), W) (h(C )) , 
g 

(3) (Ef-, h(lk(v, P)) = (lk(v, Cf), lk(v, P)). 

Proof. Since W is a closed n-manifold, dim P < n and 
0 

Cf is a mani-

fold, we have Pc Cf' by Lemma 2. Then, for any vertex v of P, lk(v, Cf) 

is an n-sphere Ef-, because Cf is an (n + 1)-manifold. Taking suitable 

simplicial structures of W and P, we have lk(v, Ci = D(v, f) u Cg' by 

Lemma 3. By Proposition 3 and Proposition 4, D(v, f) can be regarded as 

-1 
a regular neighborhood of f (v) in W. Then, C should be an n-mani­

g 

fold, because D (v, f) n C = D (v, f) . Now, we choose h to be the inc lu­
g 

sion map of Cg in lk(v, Cf)= Sn. Then, N(f-
1

(v), W) is homeomorphic 

to D(v, f) = Ef- - (h(C )) 
0

• We can prove (3) by Lemma 3, easily, complet­
g 

ing the proof of Theorem 1. 

Corollary 1. If, further, P is a p-manifold, then 

H*(f-
1

(v)) = H*(g1--p-l) 

for any vertex v of P, provided that P is closed. 

Proof. 

h(C) can be regarded as a regular neighborhood of lk(v, P) in Sn, we 
g 

obtain the conclusion by the Alexander duality. 

The following corollary is the necessary part of Theorem 2 in the intro-
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duction. 

Corollary 2. Let W be a closed n-manifold with n ~ 2, and let P 

be a I-polyhedron. Suppose that f: W + P is a map such that Cf is a 
-1 fi n ° manifold. Then, N(f (v), W) = 0 - (#vB) for any vertex v of P. 

0 

Proof. By Theorem 1, we have lk(v, Cf)=~ - (h(Cg)) , for any ver-

tex v of P. Since lk(v, P) consists of #v points and C 
g 

is a 

manifold, it follows that C is the disjoint union of #v n-balls by 
g 

Proposition 5. Thus, h(C) = #vBn. 
g 

4. A sufficient condition. 

We prove the sufficiency of Theorem 2. 

Lemma 5. Let W be a closed n-manifold with n ~ l, and let P be a 

I-polyhedron. Suppose that f: W + P is a map satisfying the condition 
-1 J'I, n° 

N(f (v), W) = 0 - (#vB ) for any vertex v of P. Then, Cf is a 

manifold. 

Proof. It follows immediately that lk(v, Cf) is an n-ball for any 

vertex v of W, because W is a manifold. Thus, it is sufficient to 

show that lk(v, Cf) is an n-sphere for any vertex v of P for Cf to 

be a manifold. We have lk(v, Cf) = D(v, f) u Cg by Lemma 3 and D(v, f) 

-1 
= N(f (v), W) for any vertex v of P. It suffices to prove C = #vBn, 

g 

because by the assumption. Note that 

lk(v, P) consists of #v points and D(v, f) is the disjoint union of 

#v (n - 1)-spheres. Since g 

Thus, we proved Theorem 2. 

is onto, we have C = #vBn, bu Lemma 4. 
g 



5. Other dimensional cases. 

We can prove the following Theorem 3 by the similar argument to that 

used to prove Theorem 1. 

Theorem 3. Let W be a closed n-manifold and P an n-polyhedron. 
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Suppose that f : W -+ P is a map such that Cf is a manifold containing 
0 

P in Cf. Then, the same conclusion as Theorem 1 holds. 

Corollary 3. If, further, P is a closed manifold, then f-
1

(v) is 

the disjoint union of exactly -two contractible polyhedra for any vertex v 

of P. 

Theorem 4. Let W be a closed 2-manifold and P a homogeneous 2-poly­

hed:r>on without free face. Then, for a map f: W-+ P, Cf is a manifold 

containing P in Cf if and only if N(f-
1
(v), W) consists of rank 

H1 (1k(v, P)) + 1 disjoint 2-balls and C is a 2-manifold for any vertex 
g 

V of P. 

Proof. The proof is similar to those of Corollary 2 and Lemma 5 by 

making use of Theorem 3. It remains to show that C can be embedded in 
g 

S2
, in the proof of sufficiency. This can be proved from the facts that 

C is an abstract regular neighborhood of lk(v, P) and the boundary C 
g g 

consists of rank H
1 

(lk(v, P)) + 1 disjoint circles. 
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