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MATHEMATICS SEMINAR NOTES
Vol. 7 (1979)

On Some Recent Results on Fixed Points IO

*
By Shouro KASAHARA

In this note we shall generalize fixed point theorems obtained recently
by Browder [1] and Fisher [2]. Incidentally, it will be shown that a recent
result of Fisher-Khan [3] can be derived from a slight improvement of a re-
sult in [4]. Throughout this note, w and R, denote the set of all non-

negative integers and that of all nonnegative real numbers, respectively.

1. 1In his paper [1], Browder has proved several fixed point theorems
with the help of a contractive gauge function which is, by definition, a
nonnegative real valued function & on R, satisfying the following con-
ditions%

(1) o(t) <t for all ¢ > 0.

(2) ©(0) = 0.

(3) & 1is nondecreasing.

(4) @ is continuous from the right.

Received December 15, 1979.

* Department of Mathematics, Kobe University, Nada, Kobe, 657, Japan.

1) Obviously (1) and (3) imply (2). Further (1) and (4) also imply (2}.
In fact, if o = @(0) > 0, there is a & > 0 such that a/2 < ®(%) < 3a/2
whenever 0 < t < 6, and so putting ¢ = min {6, o/2}, we have &(¢) < ¢ <

o/2 < ®(t), a contradiction.
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However all the fixed point theorems in [1] remain valid for a nonnegative
real valued function ¢ on [R+ which need not satisfy (3). We begin with

the following theorem which extends Proposition 2 of [1].

Theorem 1. Let f be a continuous mapping of a complete metric space
(X, d) “into itself which carries a subset M of X into M. Let & be a
nonnegative real valued function on R _ which is upper semicontinuous from
the right on R\ {0} and satisfies the condition (1). If each point of
M s regularz) for f and if there exists a positive integer valued func-
tion n on M such that

(5) o™ @) < 20,
for all xeM, then for each xz,eM, the sequence {fn(xo)}nw converges

to a fized point of f, where D(x) denotes the diameter of the orbit Of.(x)

= {f'@) |newl of x under f.

Proof. The recursion theorem guarantees the existence of a sequence

{z_} such that x . = fn(xm) (z,) for all mew. We shall show that

m-meWw +1

the sequence S = {D(acm) }mew converges to 0. Since S is nonincreasing,
it converges to some oeR_. Suppose a >0. Then &(a) < a, and so there
exists a p > 0 such that &(%¢) < o whenever & £ £ < a + p. But then we
can find an mew such that o < D(xm) < o + p. Consequently (5) implies

o < D(x

) S 0D@ ) < a

a contradiction. Therefore o = 0, and thus S converges to 0, as desired.
Since each x, belongs to the orbit of x, wunder f, this means that t =

{fn(xo)}new is a Cauchy sequence. Hence 1t converges to some acX. So

2) A point x of a metric space (X, d) is said to be regular for a

selfmapping f on X if the orbit of « under f is bounded (see [51).
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the continuity of f implies that {fn“(xo}}nsw converges to f{a). It

follows that f(a) = a.
The following corollary improves Proposition 3 of [1].

Corollary 1. Let f be a continuous mapping of a complete metric space
(X, d) into itself which carries a nonempty subset M of X into M. Let
b be a nomnegative real valued function on R, which s upper semicontin-
uous from the right on R\ {0} and satisfies the condition (1). If each
point of M is regular for f and if there exists a positive integer valued
function n on M such that

50, @ @)y w0 (O ))) < 0(800,@) v0,)))
for all x, yeM, then f has a unique fixed point, and for any xeM, the
sequence {f'(x) }new converges to the fixed point, where §(4) denotes the

diameter of AcX.

Proof. For every xeM, we have
(™" @) = 60, @y)) s 0800, = s,
and so Theorem 1 shows that, for any x <M, the sequence {fn(x) }new con-
verges to a fixed point of f. Since ¥ is nonempty, this guarantees the
existence of a fixed point of f. If %, y<€X are fixed points of f then
d(z, y) = 80,7 "W @) vo (1 )

®(5{0f(90) UOf(y)))

od(=, y))

and hence d(x, y) = 0 by (1). Therefore f has a unique fixed point a

N

€ X. Thus, for any xeM, the sequence {fn(x)}néw must converges to da.

As a generalization of Theorem 2 of [1], we have the following:



660

Theorem 2. Let f be a continuous mapping of a complete metric space
(X, d) into itself which carries a nonempty subset M of X into M. Let
b be an upper semicontinuous nommegative real valued function of R, sat-
isfying the conditions (1) and (2). Suppose that each point of M is re-
gular for f and that there exists a positive integer valued function n
on M satisfying the following condition: For each xelM, if m 2 n(x)

then for every yeM, there exist subsets J,, J, and J, of wxw such

2

that J,ud, ud, # @ and
(6) aif" @), ') < omax{o,, o,, 0 })
g q
where o, = supld(F @), F )| s @) €7}, o, =swpld( @, F @) o, @
ed,} and o, =sup{d(fp(y), fq(y)) | (o, EJS}. Then f has a unique fix-
ed point, and for any xeM the sequence {fn (x) }new converges to the fix-

ed point.

Proof. Let x, e M. Then by the recursion theorem, there exists a se-

. _ () .
quence {xm}mew in ¥ such that x = e (x,) for all mew. Since

the sequence {D(xm) }mem is nonincreasing, it converges to some 4 in [R+.

Suppose o > 0. Then &(a) < o, and hence ®(a) < o - € for some € > 0.
Since ¢ 1is upper semicontinuous, we can find a p with 0 < p < € such
that ©®(f) <o - € whenever o - p <t <a + p, Choose an me w satisfy-

ing D(xm) <o+ p. Let u and v be arbitrary points of Of(xmﬂ)’ the

orbit of L, under f. Then u = fn(xm)+7’(xm) and v = fn(xm)+g (acm) for

some 7, Jew, which may be assumed to be % 2 j. There exist, for %k =

Z

n(xm) +J and y =7 _J(xm), subsets J,, J, and J, of wXw such that

10 Y2
J v, ud, # P and
d(u, v) = d(fk(xm), fk(y)) < ¢(max{o,, 0,, 0,})

where o, = supld(F (=), F1@)) | @, @) €.}, 0, = swld(F (), )]

1
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(. @7}, and o, = swld( @), 1)) | @, @) <J,). Since y belongs

to Of(xm),we have o = max{ol, 0., 0} < D(xm). If o -p<6 then a-p

2 73

sosD(mm)<a+p and hence d(u, v) < ®(0) <a-e<a-p. If 0<o

A

o~ p then d(u, v) < 0(c) <o<a-p. If 0=0 then d(u, v) £ ®(0)

0<a-p. Therefore we have d(u, v) < o - p. Since u, veO,.(x

fomr

) £0a - p < a which is impossible. Con-

)

are arbitrary, this yields D(ncm+l
sequently o = 0, and thus D(xm) +~ 0 as m > ». 8Since each z is in the
]

orbit of x, under f, this means that {fn(xo)} is a Cauchy sequence.

new
Hence it converges to some point of X which is a fixed point of f, be-
cause of the continuity of f. Since M is nonempty, this establishes the
existence of a fixed point of f. It will suffice to prove the uniqueness
of fixed point of f. Let x, yeX be fixed points of f. Then there exist
J

subsets J , and J, of wXw such that J oud,ud, # @ and

1’
d, ) = A" @, P ) < emaxio,, 0,, 0,1

where o = sup {d(FF @), ) | @, @) €I}, 0, = swp {dF @), @) |
(p, @) €J,} and o, = sup{d(fp(y), Ao | @, @ ed,}. If o =max{o,

C,, 0,} >0 then we have d(z, y) < ¢(0) < 0 < d(x, y), a contradiction.

272

Therefore o0 = 0, and thus we have d{(x, y) < ¢(0) = 0 or =z = y.
The following corollary corresponds to Theorem 1 of [1]:

Corollary 2. Let f be a continuous mapping of a compelte metric space
(X, d) into itself which carries a nonempty subset M of X into M. Let
® be an upper semicontinuous nonmegative real valued function on R_ sat-
isfying the conditions (1) and (2). Suppose that each point of M is re-
gular for f and that there exist a positive integer m and subsets J,,

J, and J, of wxw such that (6) holds for all x, yeX. Then f has
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a unique fixzed point, and for any xecM the sequence {f‘n (x) }new converges

to the fized point.
2. The following theorem is obtained by Fisher [2]:

Theorem. Let S and T be continuous mappings of a nonempty compact
metric space (X, d) into itself satisfying the following conditions for
all z,y in X:

(7) d(8Tx, TSy) < max{d(x, Tx), d(y, Sy)} <Zf max{d(x, Tx), d(y, Sy)}

# 0.

(8) d(STx, TSy) = 0 <if max{d(x, Tx), d(y, Sy)} = 0.

Then each of S and T has a fixed point.  Further, if S and T have a

ecommon fixed point, then it is unique.

However the conclusion of this theorem can be strengthened. In fact we

have the following theorem:

Theorem 3. Let S and T be continuous mappings of a nonempty compact
metric space (X, d) into itself. If the condition (7) is satisfied for
all x,y in X, then S and T have a common fixed point; further if (8)

is satisfied, 1t is unique.

Proof. Let f denote the nonnegative real valued function
2 max {d(x, Tx), d(Tz, STx)}
defined on X. Since f is continuous, it assumes the least value at some
aeX. If f(a) =0 then Ta =a and STa = Ta, and thus a 1is a common
fixed point of S and 7. Suppose f(a) > 0. Then it follows from (7) that
™) d(8Ta, TSTa) < f(a).

We shall show
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o = max { d(STa, TSTa), d(Ta, STa)} = 0,
which implies that Ta is a common fixed point of § and T. To this end,
suppose & > 0. Then by (7) we have
d(ST8Ta, TSTa) < a.

Hence if o = d(STa, TSTa), we obtain a contradiction,

F(8Ta) = max {d(STa, TSTa), d(TSTa, STSTa)}
= d{(STa, TSTa)
< fla),
by (*). Therefore o # d(STa, 7STa). But then we have
f(STa) = max {d(STa, 7STa), d(TSTa, STSTa)}
< o = d{(Ta, STa)
< fa)
which is absurd. Thus o = 0. If (8) is satisfied and if x, ye X are

common fixed points of S and T, then d(x, y) = d(STx, TSy) = 0. This

completes the proof,
3. The following theorem improves Theorem 1 of {4]:

Theorem 4. Let f be a mapping of an L-space (X, ») <into itself, and
d a lower semicomtinuous nonnegative real valued function on the L-space

(X xX, =), where {(xn, yn)} > (x, y) means 1z } >z and {y }

new n new n new

> y. If there exist a compact subset K of X and a selfmapping g on
K such that f 1is continuous on K and
d(fgx), g®) <d{f®), =)

for every xeX with f(x) # x, then f has a fixed point.

Proof. Since the mapping x » d(f(x), x) 1is lower semicontinuous on X

by Lemma 4 of [4], it assumes the least value at some <X by Lemma 2 of
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[41. Therefore d(f(a), a) < d(fg(a), g(a)), and thus f(a) = a.
Using this theorem, we can prove the main result of Fisher-Khan [3]:

Corollary 3. Let S and T be continuous densifying mappings of a com-
plete metric space (X, d), and let F| and F, be nonmnegative real valued
function on XxX. Suppose that F  or F, is lower semicontinuous and
the following inequalities hold:

F, (5x, T8y) < max{Fz(x, Sz), F,(x, Sy), F,(y, Sy), F, (Sy, TSy)}
for all x, yeX with x # Sy.

F,(Tx, STy) < max{F, (z, Tx), F (z, Ty), F (¥, Ty}, F,(Ty, STy)}
for all x, yeX with = # Ty.

If there exists an x e X such that the sequence {x } defined by x

n New 2ntl

= Sxm and Loey = Txm+1 for all new ig bounded, then S or T has

a fixed point.

Proof. We may assume F, is lower semicontinuous. Consider the set A4

U

{xm+1 | new}. If a(4), the measure of non-compactness of 4, is not 0
then we have
a(d) = a({x } uST(4)) = a(ST(4)) < a(4),

a contradiction. Hence @(4) = 0, and so X = 4 is compact. Since ST(4)
c A, the continuity of S and T shows that the restriction of ST into X
is a mapping of X into K. Let - denote the convergence defined by the
metric d. Obviously X 1is a compact subset of the L-space (X, »}, and
T is continuous on K. Suppose now that both S and T have no fixed
point. Then the function d* on XxX defined by d*(x, y) = F, (y, ) 1is
lower semicontinuous on the L-space (XXX, =), and for all xek,

d*(STx, STx) = F, (STx, TSTx)



665

A

F,(Tx, STx)

A

F (z, Tx)

d*(Tx, x)

in view of the hypothesis. Therefore Theorem 3 shows that T has a fixed

point.

This contradicts that both S and 7 have no fixed point. Thus

either § or T must have a fixed point.

(1]

[2]

(3]

4]

(5]
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