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MATHEMATICS SEMINAR NOTES
Vol. 8 (1980)

A Fixed Point Theorem of Meir-Keeler Type

*
By Shouro KASAHARA

The purpose of this note is to present a fixed point theorem for a con-
tinuous self-mapping of a complete metric space which satisfies a contrac-
tive condition of Meir-Keeler type. A generalization of a theorem of Wong

[4] is also stated.

1. As a slight generalization of Theorem 1 of [3], we shall prove the

following theorem which is the main result of this note.

Theorem 1. Let f be a continuous mapping of a complete metric space
(X, d) into itself which carries a subset M of X into M. Suppose that
each point of M is regularl)fbr f and that there exists a positive inte-
ger valued function k on M satisfying the following condition:

(*) For any € > 0, there exists a § > 0 such that xe¢M and € < D(x)

<eg+ 8 imply D(fk(x)(x)) < g, where D(x) denotes the diameter of
the orbit Of(x) = (=) | n cw?) of x under f.

Then for any x, <M, the sequence {fn(xo)}new converges to a fixed point
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') See [2] or [3].

%) The symbol w denotes the set of all nonnegative integers.
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of f.

Proof. Put xn=fn(aco) for each neuw. Since D(x

n+1) < D(xn) for

every # eWw, the sequence {D(xn)}new converges to some € 2 0. Suppose
€ > 0. Then by (*), there exists a § > 0 such that xe¢M and € < D(x)
< g+ § imply D(fk(x) (®)) <e. Since € < D(xn) < e+ § for some new,
. - (x,) . .

it follows that D(xn+k(xn)) = D(fk (xn)) < €, which is absurd. Thus we
have € = 0 which means that s = {x_} is a Cauchy sequence. Hence,

n new

S converges to some ae¢X. Therefore the subsequence {f(acn) }new of s

converges to f(a). Thus f(a) = a.
3
The following extends Corollary 1 ) of [3].

Corollary. Let f be a continuous mapping of a nonempty complete metric
space (X, d) into itself. Suppose that each point of X is regular for
f and that there exists a positive integer valued function k on X sat-
isfying the following condition:

(**) For any € > 0, there exists a § > 0 such that =z, yeX and €

< D(x, y) <€+ 8 imply D(fk(x)+k(y) (x), fk(x)+k(y) (y)) < €, where
D(x, y) denotes the diameter of Of.(ac) UOf(y).

Then f has a unique fized point, and for any xe€X, {fn (@) }ne converges

w

to the fixed point.

Proof. 1In view of (**), for any € >0, there exists a § >0 such that

xeM and € £ D(x) < € + § imply D(fzk(x) (z}) < €. Hence Theorem 1 shows

%) The first sentence of the corollary should read “Let f be a con-
tinuous mapping of a nonempty complete metric space (X, d) into itself”,

and “¥’’ on the page should read ““X”.
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that for any x e X, the sequence {fn(;v)]new converges to a fixed point of
f. Since X 1is nonempty, this guarantees the existence of a fixed point
of f. If x, yeX are distinct fixed points of f, then by (**), there
exists a &§ > 0 such that u, veX and
d(xz, y) < D(u, v) <d(x, y) + 6

imply

pf IR oy, FEIRE) () < aa, g,
which yields a contradiction since

DGz, y) = DFEVERW gy F@KW 3y 2 ga, ).

This completes the proof.

2. The following theorem, motivated by lemmas of Hegedls and Szildgyi
[1], extends Theorem 1 of Wong {4] and clarifies the position of the Meir-
Keeler type contractive conditions such as (*) and (**). The set of all non-

negative real numbers will be denoted by R,.

Theorem 2. The following conditions on a subset @ of R xR, are equiv-
alent:

(1) (x, y)eq <mplies y < x, and for every € > 0, there exists a §
>0 such that (x, y) €@ and e sx <e+ S8 imply y < €.

(2) For every ¢ > 0, there exists a 8 > 0 such that (x, y) <@ and
x<e+ S Iimply y < €.

(3) There exists a nondecreasing extended real valued function w on
R, such that
1° w(t) > t for all t > 0, and
2° w(y) <x for all (x, y)eq.

(4) There exists an extended real valued function w on R, which 1s



Lower semicontimuous from the right on R, \ {0} and satisfies 1° and

20

Proof. The implications (1) =(2) and (3) =(4) are obvious. To prove the
implication (2) =(3), put w(0) = 0, and let w(€) denote, for each € > 0,
the supremum of the set M(e) of all & > 0 such that (x, y) g and =z
< § imply y < €. It is easy to see that w 1is a nondecreasing extended
real valued function on R,. If & > 0, then (2) shows that € + 8 e M(g)
for some S > 0 and so w(€) > €. Suppose w(y) > x for some (x, y) €4q.
Then there exists a & eM(y) such that & > x. Hence (u, v)e@ and u
< § imply v < y. But this is absurd since (x, y)e§ and x < §. There-
fore w(y) < x for all (x, y) €¢q. It remains only to prove the implica-
tion (4) =(1). Suppose (4) holds, and let € > 0. Then there exists a &'
> 0 such that

e + w(e)
=T < u(h)

whenever € £ t < € + §', since w 1is lower semicontinuous from the right
at €. Put S = min{S', (w(e) - €)/2}. If e<x<e+§ and y =2 € for

some (%, y)e@, then e Sy <w(y) <x <e+ § <€+ 3", and hence we have

€ + w(e) w(e) - e _ €+ w(E)
2 3

<w(y) Ssx<e+d<e+ 5

a contradiction. Thus (x, y)e@ and € < x < e + § imply y 2 €. Final-
ly let (x, y) be in &. Then y > 0 implies y <w(y) <, and y =0

implies y = 0 < x. This completes the proof.
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