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A Fixed Point Theorem of Meir-Keeler Type 

* By Shouro KASAHARA 

The purpose of this note is to present a fixed point theorem for a con­

tinuous self-mapping of a complete metric space which satisfies a contrac­

tive condition of Meir-Keeler type. A generalization of a theorem of Wong 

(4] is also stated. 

l. As a slight generalization of Theorem 1 of [3], we shall prove the 

following theorem which is the main result of this note. 

Theorem l. Let f be a continuous mapping of a complete metric space 

(X, d) into itself which carries a subset M of X into M. Suppose that 

each point of M is regular
1

) for f and that there exists a positive inte­

ger valued function k on M satisfying the following condition: 

(*) For any E: > 0, there exists a 6 > 0 such that x EM and E: ~ D(x) 

< c: + o imply D(/(x) (x)) < c:, where D(x) denotes the diameter of 

the orbit Dix) = {/l(x) \ n E w} 
2
) of x under f. 

Then for any x
0 

EM, the sequence {/1(x
0
)}nEW converges to a fixed point 

Received February 8, 1980. 

* Department of Mathematics, Kobe University, Nada, Kobe, 657, Japan. 

1
) See [2] or (3]. 

2
) The symbol w denotes the set of all nonnegative integers. 
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of f. 

Proof. Put xn = /"(x
0

) for each n E w. 

every n E w, the sequence {D(x )} converges to some s ~ 0. 
n nEw 

0. Then by(*), there exists a o > 0 such that x EM and 

Suppose 

s s D(x) 

+ o imply nc/Cx) (x)) < E:. Since e: s for some n E W, 

it follows that D(x k( )) = 
n+ Xn 

have e: = 0 which means that 

absurd. 

s = {x} is a Cauchy sequence. n nEw 

Thus we 

Hence, 

s converges to some a E X. Therefore the subsequence {f(xn)}nEW of s 

converges to f(a). Thus f(a) = a. 

The following extends Corollary 1
3
) of [3]. 

Corollary. Let f be a continuous mapping of a nonempty complete metric 

space (X, d) into itself. Suppose that each point of X is regular for 

f and that there exists a positive integer> valued function k on X sat­

isfying the following condition: 

(**) For> any s > 0, there exists a 8 > 0 such that x, y EX and e: 

s D(x, y) < e: + o imply nc/Cx)+k(y) (x), /Cx)+k(y) (y)) < e:, where 

D(x, y) denotes the diameter of Oix) u Oiy). 

Then f has a unique fixed point, and for any x EX, {/"(x)} conver>ges nEW 

to the fixed point. 

Proof. In view of (**), for any s > 0, there exists a o > 0 such that 

. 2k(x) 
x EM and e: s D(x) < e: + o imply D(f (x)) < e:. Hence Theorem 1 shows 

3
) The first sentence of the corollary should read "Let f be a con­

tinuous mapping of a nonempty complete metr>ic space (X, d) into itself", 

and "M" on the page should read "X". 
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that for any x E X, the sequence {/1' (x)} converges to a fixed point of 
nEW 

f. Since X is nonempty, this guarantees the existence of a fixed point 

of f. If x, y EX are distinct fixed points of f, then by (**), there 

exists a o > 0 such that u, v EX and 

d(x, y) s D(u, v) < d(x, y) + o 

imply 

D(/-(u)+k(v)(u), /-Cu)+k(v) (v)) < d(x, y), 

which yields a contradiction since 

d(x, y). 

This completes the proof. 

2. The following theorem, motivated by lemmas of Hegedus and Szilagyi 

[l), extends Theorem 1 of Wong (4) and clarifies the position of the Meir­

Keeler type contractive conditions such as (*) and(**). The set of all non­

negative real numbers will be denoted by R+. 

Theorem 2. The f0Uo1;,in,g conditions on a subset Q of R+ xR+ are equiv­

alent: 

(1) (x, y) E Q irrplies y s x, and for every E > 0, there exists a o 

> O such that (x, y) "Q and E s x < E + o imply y < E. 

(2) For every E > 0, there exists a o > 0 such that (x, y) E Q and 

x < E + o irrply y < E. 

(3) There exists a nondecreasing extended real valued function w on 

R+ such that 

(4) 

1° w(t) > t for all t > 0, and 

2° w(y) s x for aU (x, y) E Q. 

There exists an extended real valued function w on R which is 
+ 
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lower semicontinuous from the right on IR \ {0} a:nd satisfies l O and 
+ 

20. 

Proof. The implications (1) =>(2) and (3) =>(4) are obvious. To prove the 

implication (2) =>(3), put w(O) = 0, and let w(e:) denote, for each e: > 0, 

the supremum of the set M(E:) of all o > 0 such that (x, y) E Q and x 

< o imply y < s. It is easy to see that w is a nondecreasing extended 

real valued function on R. 
+ 

If E: > 0, then (2) shows that e: + o E M(e:) 

for some o > 0 and so w(e:) > e:. Suppose w(y) > x for some (x, y) E Q. 

Then there exists a o E M(y) such that o > x. Hence (u, v) E Q and u 

< o imply v < y. But this is absurd since (x, y) E Q and x < o. There­

fore w(y) $ x for all (x, y) EQ. It remains only to prove the implica­

tion (4) :;,(}). Suppose (4) holds, and let E: > O. Then there exists a o' 

> 0 such that 

E: + W(E:) < w(t) 
2 

whenever e: $ t < E: + o', since w is lower semicontinuous from the right 

at E:. Put o = min{o', (W(E:) - E:)/2}. If E: $ X < E: + o and y 2". E: for 

some (x, y) E Q, then E: $ y < w(y) $ x < s + o $ e: + 0 1 , and hence we have 

E: + W(E:) 
2 

a contradiction. Thus (x, y) E Q and e: $ x < s + o imply y 2". E:. Final-

ly let (x, y) be in Q. Then y > 0 implies y < w(y) $ x, and y = 0 

implies y = O $ x. This completes the proof. 

References 

[1] M. Hegedus and T. Szilagyi: Equivalent conditions and a new fixed point 



135 

theorem in the theory of contractive type mappings, to appear in 

Math. Japon., 25 (1980). 

[2] S. Kasahara: Generalizations of Hegedus' fixed point theorem, these 

NOTES, 7 (1979), 107-111. 

[3] S. Kasahara: On some recent results on fixed points ill, these NOTES, 

7 (1979), 657-665. 

[4] Chi Song Wong: Characterizations of certain maps of contractive type, 

Pacific J. Math., 68 (1977), 293-296. 




