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Vol. 8 (1980)

A Surgical View of Alexander Invariants of Links

*
By Yasutaka NAKANISHI

1. Introduction

An n-components link L = K. U **+ u K is an ordered collection of =

1
disjoint simple closed oriented curves Ki’s in a three dimensional sphere
$°. Two links are said to have the same link type if there is an orienta-
tion-preserving homeomorphism from S? to itself, which maps one link into
the other, preserving the orientation and order of the components.

An Alexander matrix ML[tl, see, tn) of L is a presentation matrix of
the first homology group Hl(}a) as a A-module, where i& means the uni-
versal abelian covering space of the exterior X of L and A means the
integral group-ring ZHl(X); we can see ZHl(X) = A as the Laurent poly-
nomial ring Z[tl, t{l, see, tn, tglj where ti is always taken to be
represented by the meridian of k%. An Alexander polynomial AL(tl,'--,tn)
of L is a generator of the smallest principal ideal containing the order

ideal of M (t,, ***, t) (131, 171d.

In this paper, we will give a characterization of Alexander matrices
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of 2-components links (Theorems 4 and 5) and prove that the Torres’s con-
ditions are sufficient for 2-components links with the linking number O
and 1 (Theorem 7).

For a manifold X, 98X means the boundary of X and ©°X means the in-
terior of X. For a manifold-pair (X, Y¥), N(Y¥) means the tubular neigh-
bourhood of a submanifold Y in X.

Throughout this paper, we work in piecewise linear category.
2. 2-components links

Proposition 1. 4 (2, 2k)-torus link may be expressed as the union of
two ball-pairs (B®, B' vBY) ; B'%, B'YuB'') shown in Figure 1, where
6 : 3B + 3B'? is an orientation-preserving homeomorphism with 8(y) =y’

and 8(2) = 2' and G(di) = di’ (=1, 2, 3, 4).

(8%, B'' uB'!)

Figure 1

In Figure 1, the points di (resp. di') are 3(B'uBl) (resp. 3(8"uB))

and the oriented circles y, 2 (resp. y', 2') are on 3B (resp. 3B'%),
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and the middle figure shows the k-full twisted (B'%, B''uB'!). The ob-
servation on Figure 1 will suggest the proof of Proposition 1.

A link L is said to be transformed to a link L' iff there is a fi-

nite sequence of links L = LO, s, Ln = L' satisfying the followings:
(1) Li+1 1s ambient isotopic to Li’
or (2) Li+1 is obtained from Li by replacing subarcs of the same com-

ponent in a local 3-ball as in Figure 2.

-
-, C kS Piaiing s~

K

\
Suw?

[y ] -

Figure 2
We can easily show the following fact.

Proposition 2a. For any 2~components link with the linking number k,

a (2, 2k)-torus link can be transformed to the given one.

Proposition 2a can be stated in a surgical description (8], [9], [11],

[12]) as follows.

Proposition 2b. Let L=X vk, be a 2-components link with the linking

1 2
mamber k in S and let LO be a (2, 2k)-torus link in S°. Then there
exist v disjoint solid tori Tl’ ces, Tv in Sa—LO and a homeomorphism

¢ from Sa--°T1 Ueooe UOTV to itself such that

1) Gy = I,
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(2) T1 VRER UT\) 18 a trivial link,
-1 ..
(3) Zk(Ti, ) (Kj)) = Zk(Ti, Kj) =0 forall <, g,
4) ¢(3Ti) = eTi and Zk(ui', Ti) = 1 where M, @ Mi 18 a meridian
-1
r _
Of T,[: a?’ld ui - ¢ (U’L'),

(5) I,’s arein B"™ when S* 4is separated as in Proposition 1.

In Proposition 2b and hereafter, for convenience, we use the same sym-

bol for a solid torus and its core unless confusion.

First we consider the universal abelian covering space }?aO of the ex-

terior of L,. Let D (resp. D', F, F') be the closure of B3 - m(B' uB')

(resp. B'®-N(@B''uB''), B® - W(B'B'), 9B'>-dN(B''uB'*)). Then D S D'

is homeomorphic to the exterior of I We denote by D (resp. Z~)’, Z?’, f")

0
the 1ift of D (resp. D', F, F') in }?aO' In Figure 3, (i) shows D'

(resp. D) and the oriented circles o0, w (resp. s,2) on F' (resp. F),
(ii) shows a fundamental region of D! (resp. 5), and (iii) shows D'

(resp. D) which is visualized in R® where & or & (resp. § or 2)
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is a component of the lift of o
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~ o ~=1
o .. 0z
or w (resp. & or 2) respec- - x -=>
VISS H T |
I
tively. ! ,:r_ A e !
R EEYER ¢
Let n be an inclusion map ﬁ_ - 2
..E r' -1
13 - - - - - t
from F to D and let n' be 1% 7S ,}.\ ) ( 1 )
. - . 4 ‘.' L ‘5’ '
a composite map of a restriction - EaA
. P--: f-nl
map of © to F and an inclu- :
t
sion map from F' to D'. We 1
. ;7 h
denote by 6 (resp. H, {') a 2
lift of 6 (resp. n, n'). Then Figure 3 (iii)
() and fi'(8) are homologous to
(tltz)k+l -1 (tltz)k -1 (t,t, ¥ (tltz)k‘l -1
g + W and o s & respec-
tltz -1 7‘,‘17‘:2 -1 1:11;2 -1 tltz -1
tively. 1In the case k = 2, they appear as in Figure 4, (i) shows n'(z)
on F', (ii) shows n'(s) on F', and (iii) shows #H'(Z), #’'(3) on F’.

(A0

. !\ n'(z)

5
I

tz tl

(1)

Figure 4
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Figure 4 (iii)

We denote by < e+ :e»e > a presentation of a homology group as a A

-1 -1
=7 tl’ tl , tz, tz }J-module. Then we have
H1(§)§<§, 3 o>,
H1(5 2 < 3: >,
H(D') E < & >,

We have the following exact sequence by the Mayer-Vietoris theorm.

- ~ ~ -
HI(F)N——:——*HI(D)®H1(D )—“*HI(XQO)—‘-—"O.
n,en’,

(The maps 1n,, R’, are homomorphisms induced by 1, N’ respectively.)
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Since Im(M,@n',) is generated by senN'(s) and 0en’(Z), we have

Hl ( XaO

n?2

) 2E (D) /< FE): >

We have two universal abelian covering spaces; p: Xa + 8% - °§(r), which

we wish to study, and pO : ‘;{ao > 5% . °N(LO), which is understood in the

above. We know that Ti’s in Proposition 2b are lifted to solid tori in

either covering space from Proposition 2b (3). Let %7, c X be a fixed

a0
u,vx . >
uL,Jv tl tz Ti in XaO and let

ﬁi' be the component of the 1ift of “i, in 85”7;. Then ;{a may be ob-

component of the lift of T, so pO-l(Ti) =

tained from }N(a by removing the disjoint solid tori tf tzv £Z~’7/ (=1, »--,

0
V; u, v = 0, *1, »++)} and sewing back, by 1, each so that its meridian

c s U, v~ ,
coincides to tl tz ui .

The linking number of two circles in D' means the linking number in
R® in which D' is embedded as in Figure 4 (iii).

Let us calculate Hl(;(a)' For each © =1, *=+, v, we choose a l-cycle

& in X - U .t®¢Por. aual to T. in the sence that
7 a0 u,v,7 1 "2 1 1
{ L = 4 = =
- u v~ }.1 7 J and u v 0,
lk(a., tl tz T.) =

v J 1 0 otherwise.

Let E'=D'~ U .t¥¢Yor.. Since E’' is invariant under covering trans-
u,0,2 1 °2 ¢

lation of 5', Hl(ﬁ') is a A-module. From the exact sequence of A-modules
0= Hz(b')——+ HZ(B', Er) —> Hl(é')———> chb')——> Hl(f)', E')y =0

and the fact that, by excision, HZ(E', E' ) is the free A-module on gene~

rators represented by V meridian disks, we have that Hl(/??' ) is a free
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A-module on generators G, &1,

we have Hl(Xa)

I
A
(=1

.
[=}]
.
.
.
(o2}
o}
—
N
f—
n
3=
—
I
.
.
.
11
~

"

Example. For the link L 9%, ([12}) as in Figure 5 (i), we have

H (X )2 <8, 8, 8, A/E) =0 ={," =0>

In Figure 5, we obtain (i) from (ii) by +l-surgeries along T1 and T2
where the meridians of T1 and T2 in (i) are the images of ul’ and uz'
respectively. (ii) is deformed to (iii), in which the area surrounded by
dotted line is B'®. (iv) shows a fundamental region of D’. Simplifying
(iv) to (v), we have (vi) which shows D' and the lifts of T1 and Tz.

From (Vi), we can see that

I . i s
A1(E) = (1+t,)5 + (1-¢)-t,)4,
— A1 S, -1, -1 .
Moo = prl-ty o+ (03 78, "+ 5,70 6,
S - ) - -1 .
H, = o+ ( t1t2+1‘;2)a1+ (-tl+1 -tl )01,2.

Thus we have an Alexander matrix ML = ML(tl, tz) of L;

1+1;1t2 0 (l-tl)(l—tz)

_ -1 -1, -1 -1

ML = 0 —i:1+1—151 —tl tz +t2
-1
L 1 -t1t2+t2 -t1+1-7‘:1

and an Alexander polynomial AL = AL(tl, t2) = det ML;

=1 - 2_ 3 4 _ 242 3L ok 5
AL 1 2t1+3t1 3t1+2t1+2t1t2 3t1t2+3t1t2 2ﬁ1t2+t1t2.

Remark. The Alexander polynomial of 93¢ in [12] is incorrect. We

will note errata in [12] within sight in Appendix.
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Figure 5 (vi)

Now we consider coefficients of Alexander matrices. We present ﬁil’

n'(2) as linear-combinations of &, G, ===, &\) as follows.

1
(@) W."=Ff. (¢, t )8+ ) m. .(t, t)a,,
7 71 2 1<i<y g1 2°7g
o (tltz)k-l (tltz)k'l-l
(b) n'(z) = g+ @,
ity -1 bty -1
~ ~ u,vzx Uu ,v~
where & =} () Ik(®, t) by Tt b, 8D

1<y u,v
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Pushing O off F' into D', we denote it by 8. Then we have

~ U, v _
k@, t/'t)8) = (8 )

,0 _6u,1)(5v,0 -60’1

where (Sij means Kronecker’s delta. Since .’Z~”7’ is homologous to

fi(tl’ t2)6 in 5’, we have

~ U_ Vs u, v _ -1 -1
L otk(@, ety T8ty = Fi(607, £, )-8 A - ,).

u,v

3

Hence we have

et K1 e T
1%2 RS 1o
o+ 9 )o:,?:.

') F(F) = (-t)0-t,) § £

tltz -1 tltz -1 1<y

We will discuss the Alexander matrix ML'

Lemma 3. Between the coefficients of relations (a), we have

-1 -1
(1) my it '

(2) |m..(1, 1)

i id"

tz) =m,.(t

1]
lo2)

Proof. (1) is a consequence of the following equations.

U

1
_.v~ ~
5 T TJ.)

- =V
1 by Tp)
U -~

~ ~
Zk(uj s 2‘:1 t, Ti)'

1l

1 ! u v~ e v‘v ':‘ = =
Zk(ui , tl t2 Tj) Zk(Ti, t tz Tj) {except when Z1=4 and u=v=0)

)

~U
Zk(t1 t

1]

k(T., ¢
J

(2) is a consequence of the following equations.

Uu

Ik (T, Tj) = 3 Ik(T,, t;

v u LY~ ~
L t, ;)= ) Zk(tl LI Tj).

J u,v
Theorem 4. ILet I =K1 UK2 be a 2-components link with Zk(Kl, KZ) = k.

Then an Alexander matrix of L 1s equivalent to the matrix of the form:
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g, £, o g, (B £

7t (tl, tz) mvl(tl, t)) cee om (tl, £,)

satisfying the following properties

- -1, -1

(2) Imij(l, D =8,

1

k-1
=£t_1_2___1_(1_t -t )f(t'l t-)
1 2794771 7 T2 7t

(3) g, ¢,)

tlz’:z -1

Considering carefully the above argument, we can see that the converse

to Theorem 4 is valid. That is

Theorem 5. For any matrixz of the form in Theorem 4 satisfying the
properties (1), (2) and (3) there exists a 2-components Link L in g3

whose Alexander matrix ig equivalent to the given one.

By Theorem 4, we have

(tltz)k -1 (¢ t, ¥l
detM (t., t.) = detM' + L2 Germm(1-t.)(1-t.),
L1 2 bt -1 tt. -1 1 2
172 1“2
(

my oyt %) CMCTRSY
where M' = . s
M (B Bp) mrr my (B 850
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-1 1 -1 -1
0 fl(tl >ty ) Folt 75 6, 7)
- fl(tl, t,)
. M’
f\)(tl’ tz)
From m..(t., t.) =m .(t_l t—l) we have
31 72 Jgt-1 2 "2 7

[<3] 1

1
It can be seen that M’It -
2

- Co +-1 - -
detML(tl, t2) t tz detML("l , 1:2 ) for some e, = k+1 (mod 2).

and M'|, _, are Alexander matrices of
1 tl—l

K1 and K2 respectively. Hence we have the Torres’s conditions [ 14, 15]

for 2-components links. That is

Corollary 6. rLet AL(tl, tz) be an Alexander polynomial of a link L

= K UK, in 8% with k = Lk (X, K,). Then we have
tf -1
(1) A, 1) = by (£,
tl- 1 1
t;:— 1
(2) 4,4, t,) = 1 AKZ(tz),
2
3) A, ) =85 2 (t7Y 271y for some c. = k+1 (mod 2)
L 1 72 1 2 L1 2 i ’
where AK ('bi ) Zs an Alexander polynomial of K, and = means "equal

7
up to units'.

Question. Given any polynomial A(tl, 7‘;2] with 2-variables tl, tz

which satisfies

.o -1
1 . . -1 _
(1) A(tp, 1) = ?—_—I—Al(tl) with A ()20, (¢7), ]Al(l)l-l,
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k

ty -1
2.2 ; : -1 -
(2) a(1, t,) = — By(t,) with A (£,)28,(6,7), [A,(1)] = 1,
2
(3) A, t)) = tflt;ZA(t{l,til) for some ¢ =k+1 (mod 2),
4) [aa, 1)) = &

Does there ewist a 2-compoments link L in S° whose Alexander polyrnomial

is equal to A(tl, tz) up to units?

[9], [13] give a proof for the case k = 1, [6] gives a counterexample

for the case %k = 6. In Theorem 7, we give a partial answer.

Theorem 7. The answer for the case k = 0, 1 in Question is "Yes".

1 0

Proof. 1In the case k =1, A(t,, t,) = det implies
1 2
0 A(tl, tz)

the existence of a required link by Theorem 5.
In the case X = 0, we may assume
. -1 -1
= - - 1 1 = 1
A(tl, tz) (1 tl)(l tz)A (tl, tz) with A (tl, tz) A (tl , tz ).

We may suppse

. ~ T.,.4d U oyep =g -v
A'(Ey, t,) = Z aij(tl £y ) 7RIS A ) Sty )
-KLLEK 0=sv<g-1 Osv<g-1
igi<h
u -U
+ 0 azoC Lot 00 Lt ) vay,.
—K<1<K 0<u<i 0<u<t
We denote
el ] 8] G #0),
Osv<g-1
. e = .. t N t =
szZ 7,JfZ( 1 2) z + 4 (G=0),
0<u<i 1
LG, = Lg {t, t. Y= (-t )1-%)..F w'l t'l)
137l 13°1 1 T2 1 2744711 0 T2
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d XTIjew sy
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s.. = the sign of a..,
td J
b..=la..|.

d J

Consider the preceding matrix P, it is easily seen that detP becomes

equal to A(tl, t That implies the existence of a required link.

2)'

Note. We will give a surgical description of a link corresponding to
the matrix P. Consider ball-pairs iij (-k<isk, 0<j<A, 1Sw5b7;j)

which include the solid tori iij with -sij—surgery respectively as in

Figure 6. We attach the bottom face of ..D  to the top face of _..D
1 W 1J w+l
for 1<w<b,.-1, and get ,.D = ..D u-+eeu..D. . Further we attach the
d ] 1J 1 zJ bv;j
bottom face of .0 to the top face of . D for 0<i<x-1, =0 or
%] 1+l g
-k<1<k-1, 1<j<X, and the bottom face of .D to the top face of . .D
K -K g+l
for 0<j<A-1, and we obtained the surgery description D' = 00D yseeu I<>\D

of a required link I corresponding to P. Now the linking number of I

is 0 and the Alexander matrix becomes equivalent to P.

the top face

7 ODw

7 full twists— -8 .. -surgery

10

- e - e
- - ¥ PO

L d -

Q bottom f'ai’/)

Ld -

Figure 6 (i)
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|the top face |
iij (G#0) N

]
\?I:: 1l ﬂ\

7 full twists-—

-s.. -surgery
1] ©

X %EE: i l—] —gJ full twists
: =2

(—
"o
[TI1)
(NI

== J

—’.-’ ‘~~-\
3 the bottom face

Figure 6 (ii)

3. n-components Tinks (n=3)

Proposition 8. For any n-components link, there exists a closed pure

n-bratd ([10]) which can be transformed to the given one.

Let }N(a be the universal abelian covering space of the exterior of I,

then we have the following presentation of Hl(}}a ) asa A=1] tl, tl_l,
"1] -module in a similar way to Section 2.

1 (&, O’Lj’ och (1si,<n, 1<sh<v):

5ijk’ ﬁ'[%z), ﬁh’ (1<i,i,ksn, 1slsn-1, 12hsv) >,
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where pijk = (1 _tk)cij + (1 'ti)cjk + (1 -tj)oki with Oij= 'Gji’ and

' are A-linear combinations which depend on a surgical

ﬁ’(%z) and ﬁh
description. Thus we have an Alexander matrix with [;] +V-1+n Tows

and [\2)) +V  columns.

Generally, it is hard to characterize Alexander matrices of links, but
this surgical method will give us a method of characterization for the
indivisual class of links which can be transformed to the same closed pure

braid. For example, we note the following without proof.

Theorem 9. If an n-components limk L can be transformed to a trivial

link, then Alexander matrices of L are characterized by the following;

e e« F 5 G .o .. G. o s &
. uY VW WU 1 Vo
: I
P LN ] — - - 2 e 0 I
B 0e:0 1-¢ 1-t 1-t 0 0‘
o e ____Y_ - _____
n'(z,) 5 5 B UAV
~’ ~ o L] .
L L o L U o LAY
~or .« .. e e o . e
¥y w1 o1 wd1 l ™1 M1v
» » Y . l ] »
11 ’ * - -
o ¢ uvf v umf v wuf v LMo Myv J
satisfying the properties
= g -1 oo e _1
(1) mij(tl’ ] tn) - mji(tl 2 ’ tn )’
(2) Imij(l, e D) =8
-1 -1 -1 -1
(3) g (., *=es £ )=} L (8, eee, b NI-t, U )1-t.T)
7k71 15F<n 3k 1 n 7 J
with ijfk = - jifk'
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Appendix. The following is a list of errata of Alexander polynomials in

[12] within sight. For convenience of display, Alexander polynomials have

been abbreviated as in [12].

(1]

[2]

[3]

[4]

[5]

(6]
[7]

[9]

[10]

o2 [1-2 3-3 2 0 o2 [1-2 1 -1

23 0 2-3 3-2 1 7 -1 1 -2 1

9 [-1 2 -2 1 92 [001-101

58 1-2 2-1 59 1 0-1 1 0 O
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