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Compiemented Semilattices

*
By C. JAYARAM

A meet semilattice L with least element 0 and greatest element 1 is
said to be complemented if for any x in L there exists an element y (com-
plement of ) in L such that the join xvy of x and y exists in I
and is equal to 1 and the meet x Ay of x and y in L is zero. L is
called uniquely complemented if each element in L has a unique complement.
In [5] J. Varlet has proved that a bounded distributive semilattice I 1is
a Boolean algebra if and only if L 1is complemented. In this note we ob-
serve that every complemented very weakly distributive semilattice is a
Boolean algebra. Further we give a set of equivalent conditions for a u-
niquely complemented semilattice to be a Boolean algebra. Finally we prove
that a dual semicomplemented semilattice L with 0 and 1 in which every
element of I is the join of finite number of join primes, is a finite
Boolean algebra.

Throughout this paper we shall be concerned with meet semilattices. We

follow the definitions given in [5] and [6]. A semilattice L is distrib-
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utive if z 2 x Ay (x, y, 2€[) implies the existence of x5, Y, in L
such that «, 2, ¥, 2y and x, Ay, = 2. A semilattice I is modular
if, for any %, y, 3 in I such that y 2 2 2 £ Ay, there exists x; 2
satisfying 2 = 2, Ay. A semilattice S5 1is weakly distributive if V{xi:
eI, I is finite} exists in L then for each zeL, V{z AT 1eI} ex-
ists and equals x A (V{xi :2eIl). A semilattice I is very weakly dis-
tributive, if x, vx, exists in L, then for all x of I, (zAz)V(rxArx,)
exists and equals xA (xl ve,). A semilattice L with 0 is weakly com-
plemented if for any pair a, b (a < b) of elements of I, there is an
element ¢ such that aAe =0 and bAc # 0. A semilattice L with 0
is called weakly 0-distributive (in the sense of Y. S. Pawar and N, K.
Thakare [4] who uses the expression 0-distributive semilattices) if for
any a, b, ceL, arb =0=anac imply aa(bve) = 0 whenever bve
exists in L. We notice that this concept is weaker than that used in [5]
under the same name. A semilattice L with 0 and 1 is said to be
dual semicomplemented if for each 0 # ae L, there is beL such that p
#1, avbh exists and is equal to 1. It can be easily seen that every
complemented semilattice is dual semicomplemented. A non zero element
ael 1is an atom if for any xel, 0 < x < a implies either 0 =x or x

= Q.

§ 1 Complemented semilattices. For the rest of this paper [ will
denote a meet semilattice with 0 and 1. If any pair «, yeL has a
least upper bound, this will be denoted by xvy. For any zel, x' de-

notes the unique complement (if exists) of x in L.

Proposition 1. Let L be a weakly complemented semilattice. Then the
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following statements are equivalent:

(i) L 1is very weakly distributive.

(ii) For each O # xeL there exists 0 #d S xelL such that for
every a, bel, whenver avb exists, (dra)Vv(dab) exists and is equal
to dAa(avh).

(iil) L <s weakly O-distributive.

Proof. (i) = (ii) 1is trivial.

(ii) = (iii): Suppose (ii) holds. If L is non weakly O-distributive,
then there exists a, b, eceL such that aAb =0 =anec, bve exists
and aa(bve) # 0. Now by (ii) there is 0 # deL such that d <
an((bve), (dab)v(dace) exists and equals dA(bve). Since d < a, it
follows that dab = 0 = dac. Consequently da(bve) =0. As d<bve
we have d = 0 which is impossible. Hence I is weakly O-distributive.

(ifi) = (1): Suppose (ii) holds. Let x, y, 3¢L and yvaz exists.
Clearly xA(yvz) is an upper bound of (xAy) and (xAz). Let (xAy),
(xrz2) <w and xzA(yvz) £w for some wel. Then (xaA(yva)Aaw <
xA(yvz) and so by weakly complementation, there is Z¢ L such that
xA(yva)Aawat =0 and xA{yva)At £0. As w2xAy, xAz it follows
that xAyAat =0=xAz3At. Since yvz exists, by (i) we get
(xAt) A(yvz) = 0. But this contradicts the fact that (xAt) A(yVva)#0.
Therefore x A (yVvz) 1is the least upper bound of xzAy and xAz and so

(i) holds. This completes the proof of the proposition.

Proposition 2. If I <s a complemeneted very weakly distributive semi-

lattice, then L 1is a Boolean algebra.

Proof. By using the definition of a very weakly distributive semilat-
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tice, one can easily shown that L is uniquely complemented and for every
a, beL, avb exists in L and equals (a'Ab')' and so L is a lat-

tice. Consequently L is a complemented distributive lattice.

Corollary 1. Every weakly 0-distributive complemented semilattice

which is also weakly complemented is a Boolean algebra.
Proof. This follows from Propositions 1 and 2.

Corollary 2. Every uniquely complemented semilattice which is also

weakly 0-distributive is a Boolean algebra.

Proof. This follows from the fact that every uniquely complemented

semilattice is a weakly complemented semilattice.

Corollary 3. Every complemented modular semilattice L which is also

weakly ¢-distributive is a Boolean algebra.

Proof. By Corollary 1, it is enough if we show that L is weakly com-

plemented. Suppose a < b for some a, beL. Let ¢ be a complement of

a in L. Clearly aac =0. If bAac =0, then b=2azbac =0, and
so by modularity, a = bad for some d = e. Since d 2 a, e, it follows
that d =1 and so a = % which is absurd. Therefore bac # 0. Hence

L is weakly complemented.

For each ael, we denote [0, q] = {xeL |0 <x <a}. L is called
sectionally complemented, if each interval [0, q] is complemented as a
semilattice. It can be easily observed that every sectionally complemented

semilattice is weakly complemented.
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§ 2. Characterizations of Boolean algebras. In [3], C. C. Chen has
given a set of conditions for a uniquely complemented lattice to be a

Boolean algebra. The following Proposition 3 generalizes his result.

Proposition 3. Let L be a uniquely complemented semilattices. Then
the following statements are equivalent:

(i) L <s a Boolean algebra.

(ii) L is a modular semilattice.

(i) If e <b, eva exists and is equal to -1 in L, then cVv (aAb)
exists and ig equal to b in L.

(iv) L <s sectionally complemented.

(v) For every x, yeL, x <y implies y' < x'.

(vi) For each aclL, a < (a'Ab')' for all belL.

(Vi) For every a, beL, avb exists and is equal to (a'Ab')'.

(i) For every =z, yel, if xvy exists and is equal to 1, then x!
< y.

(ix) For x, y, 2€L, if xVy, xVvz exist and equals 1, then

xV (yAas) exists and is equal to 1.

Proof. (i) = (ii) is obvious.

(ii) = (ii): Suppose ¢ < b, e¢va exists and is equal to 1 for some
a, b, ceL. Clearly b >c¢, anb. Let d=2ec, anb. As b 2dAb = bara,
by (ii), there is eeIL such that dAb =bae and e > g. Since e 2 a
and e > dAb = ¢, it follows that e > eva =1 and so dab = ph. There-
fore p 1is the least upper bound of ¢ and aab. Thus (i) holds.

(i) = (iv): Suppose (ii) holds. Let ael and be [0, a]. Since

b<a and bvhb' exists and equals 1, by (di), bv (@ab') exists and
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is equal to a. Alsoc bA{aab') =0. Hence [0, a] is complemented.

(iv) = (v): Suppose (iv) holds. Let x, y be any two elements of L
such that & < y. Then yva' exists and is equal to 1. Consider the
interval [0, «'}]. Let =z be a complement of x'Ay in [0, #']. Clear-
ly z<x'. Now 2Ay = (BAx')Ay =zAa(x'Ay) = 0. Also if t 2 z, y,
then ¢ 22z, x'Ay and so t2zaVv(x'Ay) =x'. Since t z=x', y, it fol-
lows that ¢ = 1; so that zvy exists and is equal to 1. Therefore =z
is a complement of y and so by uniqueness z = y'. Consequently y' <

z', Thus (v) holds.

(v) = (vi) is obvious.

(vi) = (viD): Suppose (vi) holds and let a, beL. Clearly by (vi) a,
b < (a'Ab')'. Suppose a, b < ¢ for some celL. Then by (vi) e' <
(era)!' =a' and e' < (¢Ab)' = Db'; so that ¢' < a'Ab'. Again by (vi),
(@' ab") < ((a' Ab')Ace')' =" =c¢. Therefore (a'Ab')!' is the least
upper bound of & and b and thus {(vil) holds.

(vi) = (Mi): Suppose (vi)) holds. Let xvy exists and be equal to 1
for some x, yeL. Put p =ya(xay)'. We claim that (pva)ay is a
complement of y'. Clearly ((pvax)ay)ay' =0. Now ((pvx)ay)vy'z=
ay)vy' = (@ay)'ay)' (by vi)) = p' and ((pva)Aay)vy' zpay =p
and so ((pvx)ay)vy' = 1. Therefore (pvx)Aay is a complement of y'
and hence by uniqueness, (pvax) Ay = y. Since zvy =1 and y < pvz,
it follows that pvy = 1. Obviously pax = 0 and therefore p = x'.
Consequently z' < y.

(vi) = (ix) is obvious.

(ix) = (i): Suppose (ix) holds. By Corollary 2, it is enough if we



265

show that [ is weakly O-distributive. Let xzAy =0 =2xAz and yvz
exists for x, y, 2eL. Let w be the complement of xA (yvz). Then

wvae and wVv (yvz) exist and are equal to 1. We claim that for any 1

v

>w, Yy, 1vz exists and is equal to 1. If m=1, z, then m=zw, yva
and so m =1. Therefore 1vz =1; also 1vx =1 and hence by (ix)

1v{xAaz) (exists) = 1. As axAz =0, it follows that 1 = 1. This shows
that 1 1is the least upper bound of w and y. Again by (ix) wv (yAx)
exists and is equal to 1. Since =z Ay = 0, it follows that w = 1. Con-

sequently %A (yVvz) =0 and thus (1) holds. This completes the proof of

the proposition.

In [1] V. K. Balachandran has proved that a complete, complemented lat-
tices satisfying the condition: every element of [ is the join of finite
number of join primes, are precisely the finite Boolean algebras (see Theo-
rems 2 and 3 in [1]). The following Proposition 3 is a generalization of

his result.

Definition. An element a of a semilattice S 1is said to be join

prime if V{ai :2eI, I is finite} exists and a <V a
1el

. implies a £ a.
Z 7

for some ZeI.

It can be easily seen that in lattices our definition of join prime

will coincide with that given in [1].

Lemma 1. Let L be dual semi complemented and a be a join prime

element of L. Then a is an atom.

Proof. Similar to (Lemma 2 [1]).
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Proposition 3. ILet L be dual semi complemented. If every element of
L is the join of finite rumber of join primes, then L <8 a finite

Boolean algebra.

Proof. Suppose L is dual semicomplemented and every element of I
is the join of finite number of join primes. First we prove that [ 1is
weakly distributive. Let {.:ci :7eI, T is finite} be a set of finite
number of elements of [ such that V{xi :2eI} exists in L. Clearly

mA(Vmi) 2 x Az, for every Zel. Suppose y z zrz, for every iel.

iel
"
By hypothesis, za ( YV z.) =V a., where a.,’s are join primes. Since for
iel © j=1 J J
J
each a; is join prime and a; s V{mi :2e I}, it follows that a; <z,

for some <e I; so that aj < x/\xi for some < eI and hence aj < y.

iel 1el
is equal to xzA (Y :1:7:) . Thus I is weakly distributive. Also by Lemma
1el

1, every element of I is the join of finite number of atoms. We claim

n
Consequently xzA (VY z.) = V aj < y and therefore \ (x Ami) exists and
. s

that [ is complemented. Let « be an atom in L. As [ is dual semi-
complemented and a # 0, there is beL such that b # 1, avbh exists
and is equal to 1. Again since g £ b, and a is an atom, we have aAb
= 0. Therefore D is a complement of a. By weakly distributivity, it
can be easily shown that b 1is the unique complement of a. Let x be

n
any arbitrary element of [ and suppose z =V a (ai’s are atoms). Then
=1

n
y=A ai' is the complement of x, where ai' denotes the unique comple-
=1
ment of ai, for 4 =1, 2, ***, n; and so L is complemented. Further

by Proposition 2, L 1is a Boolean algebra as L is complemented and weak-

ly distributive. Now one can easily prove that every prime filter of I
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is principal. So by dual of (Theorem 1 [2]: Let L be a distributive
lattice with 1. If every prime ideal in L is principal, then every
ideal is principal), every filter is principal. Consequently L 1is a fi-

nite Boolean algebra. This completes the proof of the proposition.

In conclusion I thank Professor Igbalunnisa for her valuable comments

and suggestions during the preparation of this paper.
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