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A Generalization of x-ldeals 

* By A. Sita Rama MURTI 

Introduction. Unifying the ideal theories in various structures such as 

commutative semigroups, commutative rings, distributive lattices etc., K. 

E. Aubert [l] introduced the concept of x-ideals in a commutative semigroup 

and studied their properties. But, his theory does not cover structures 

like modules. In this paper we introduce the concepts of pre S-spaces and 

S-spaces, which also cover modules over commutative rings, continuous map­

pings of a topological space into itself, endomorphisms of a universal al­

gebra and so on (see examples below), and generalize some of the results in 

[l]. In §1 we define preS-spaces and S-spaces, and obtain some equivalent 

conditions of the continuity axiom. In §2 we consider an induced closure 

system in S when T is a pre S-space (S-space) and discuss their properties. 

Further results will be communicated later. 

§ 1. Pre S-spaces. By a closure operation on a set T we mean a map­

ping A~ A on the power set of T satisfying the following conditions: 

(i) AcA. 

(ii) A c B implies A c B. 
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For any subset A of T, A is called the closure of A and A is said 

to be closed if A= A. The family of all closed sets in T is called 

the closure system corresponding to the closure operation. It is well­

known that a necessary and sufficient condition for a family of subsets of 

T to be a closure system is that it is closed under arbitrary intersec­

tions. 

Definition. Let S and T be sets. We say that T is equipped with 

S-multiplication if there is a map, denoted multiplicatively, from S x T 

into T. 

Definition. Let S be a set. By a pre S-space is meant a set T to­

gether with an S-multiplication in T and a closure operation on T sat­

isfying the "continuity axiom": 

(Pl) MA c MA for all M c S and A c T 

or equivalently, 

sA c sA for all s ES and Ac T. 

Example 1. Let S be a family of continuous mappings on a topological 

space T. Define S-multiplication in T by (h, t) I+ h(t), and take A 

to be the closure of A for each Ac T. 

Example 2. Let (U, n) be a universal algebra with a set M of opera­

tors, i.e. suppose that there exists a mapping m I+ m of M into the 

set of endomorphisms of (U, n). Define M-multiplication in U by (m, u) 

I+ m(u), and for any Ac U let A be the sub-algebra generated by A. As 

particular cases we obtain several examples like (i) U is a group and M 

is a set of inner automorphisms (endomorphisms, automorphisms). (ii) U 
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is a left R-module, M is a subset of R, the usual left multiplication 

and for each Ac U, A is the subgroup generated by A. (ill) U is a left 

R-module where R is a commutative ring, and for each Ac U, A is the 

submodule generated by A. We can have similar examples with semilattices, 

lattices, ect. 

Example 3. Suppose T is a join semilattice and s is a set of endo-

morphisms of T. Define S-multiplication in T by (h, a) !+ h(a). Let 

if be the ideal generated by A for all A cT. As special cases we can 

take (i) a subset M of a join semilattice L and define m9., as m V JI, 

for all m EM, !I, E L and take A as the ideal generated by A (ii) a sub­

set M of a distributive lattice L, define m!I, as m A JI, for all m EM, 

JI, EL and take A as in (i). 

Example 4. Let S be a commutative semigroup. Then S is a pre S­

space with the multiplication in S and the ideal generated by A for A. 

We have several other examples such as ideals in commutative rings etc. 

and in fact every example of an x-system as defined in Aubert [l] is an ex­

ample for our pre S-spaces. 

Definition. Let T be a pre S-space. Ac T is called an ideal if if 

= A. The family of all ideals in T is called the ideal system of T. 

We observe that the ideal system of T forms a complete lattice under 

set inclusion since it is closed under arbitrary intersections. 

Notation. In what follows T denotes a set equipped with S-multiplica­

tion. M, N denote subsets of S and A, B, C denote subsets of T. 



272 

When A f+ A is a closure operation on T, M O A denotes MA and Av B 

denotes A uB for all M, A, B. In [1], Au B is denoted by Au B. 
X 

The following lemma is a generalization of Theorem 1 of [1]. 

1.1. Lemma. Let A f+ A be a alosure operation on T. Then the fol-

lowing are equivalent. 

( i) The aontinuity axiom: MAcMA for all M, A. 

(ii) M O A = M O A for all M, A. 

(ill) M(A v B) c MA v MB for all M, A, B. 

(iv) M O (A v B) = M o A v M o B for all M, A, B. 

This lemma may be proved by showing that in the sequence (i), (ill), (iv), 

(ii), (i), each implies the next. This is a routine check and hence is 

omitted. 

Note that in (ii), (ill), (iv) of Lemma 1.1, M can be replaced by {m}. 

1.2. Corollary. Let T be a pre S-spaae. Then for any M the map­

ping A f+ M O A is a join semilattiae endomorphism of the family of all 

ideals in T. As a partiaular ease, if U is a group and M, a set of 

endomorphisms of U (af. Example 2(i)) then (using the faat that the endo­

morphia image of a subgroup is a subgroup) eaah member of M induaes a 

join semilattiae endomorphism of the family of subgroups of U. 

Definition. The set {t ET I MtcA} will be denoted by A * M. We 

write A * m instead of A * {m}. 

1.3. Remark. We observe that (i) Ac B implies A * Mc B * M 

(ii) MB c A iff B c A * M and in particular M(A * M) c A; also, 
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(iii) ( n A.) * M = n (A. * M) and 
iEI -z, iEI -z, 

(iv) A *UM. =n (A *M.) where 
iEI -z, iEI -z, 

A . c T and M. c S for all i E I. 
-z, -z, 

The following lemma gives some other conditions equivalent to the con­

tinuity axiom. 

1.4. Lenma. Let A~ A be a cZosure operation on T. Then the fol-

lowing are equivalent. 

( i ) The aontinui ty axiom 

(ii) A * M = A * M for aU A, M 

(iii) A * m = A * m for au ACT, m E s 

Proof. Assume (i), and put B = A * M. Then MB c A. Now by our as­

sumption MB c MB c A and hence B c A* M = B which gives (ii). The im­

plication (ii)~ (iii) is obvious. Assume now (iii). Let F denote the 

family of all closed sets in T. By our assumption A * m E F for all 

m EM and hence A* M, which means n A* M also belongs to F. Since 
mEM 

MA c MA, we have A c MA * M which belongs to F, and hence A c MA * M 

which gives that MA cMA, proving (i). Hence (i), (ii), (iii) are equiva­

lent. Finally, assume (ii). Since AcA, we have A* McA *M which, 

using our assumption, gives (iv). It is easy to see that (iv) implies 

(ii). Hence the proof is completed. 

1.5. Corollary (cf. Theorem 3 of [l]). Let T be a commutative semi­

group. Let A : B denote the set {a ET I aB c A} for aU A, B c T. Let 

the map A~ A be a closure operation on T. Then the following are 
X 

equivalent. 
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( i ) 

(ii) 

(ili) 

(iv) 

The continuity axiom. 

(A : B) = A : B for aU A, B c T 
X X X 

(A : b) = A : b for aU Ac T, b E T 
X X X 

(A : B) c A : B for aU A, B c T. 
X X 

Proof. Since T is commutative, A : B is the same as A * B when T 

is considered as a set with T-nrultiplication. Now the result is a direct 

consequence of Lemma 1.4. 

1.6. Remark. Applying Lemma 1.1 and 1.4 to Example 1 we get the fol­

lowing well-known equivalent conditions for the continuity of a mapping h 

of a topological space T into its elf: (a) h (A) c h (A) for all A c T; 

(b) h-
1 

(A) is closed whenever A is a closed subset of T; (c) h- 1 (A) c 

h-
1

(A) for all AcT. 

1.7. Remark. In the case of an n-algebra U (see Example 2) let A 

denote the subalgebra generated by A. If h is an endomorphism of U 

Lemma 1.4 says that h(A) c h(A) for all Ac U iff h -l (B) is a subalgebra 

of U whenever so is B. 

Similar interpretations are possible with regards to modules, lattices, 

etc. 

Definition. Let T be a pre S-space. The ideal system in T is said 

to be algebraic (or of finite character) if for each Ac.T, A coincides 

with the union of all F's whenever F runs through finite subsets of A. 

The following lemma, which may be proved by arguing as in Theorem 6 of 

[I], generalizes the latter. 
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1.8. Lemma. The ideal system in a pre S-space is algebraic iff the 

union of any chain of ideals is an ideal. 

In fact Lemma 1.8 holds for any closure system in a set, as evidenced 

by the proof given in Aubert ([1]). For an alternate proof one may see 

Theorem 1.2, Chapter II of (2). 

Definition. Let T be a pre S-space. We say that T is an S-space 

if 

(P 2 ) MA c A for all M, A 

which is equivalent to "mA c A for all m ES, Ac T". 

In the examples given for pre S-spaces, (2) (ili), (3) (ii), (4) and all 

examples given for x-systems in [l] also satisfy (P
2
). 

§ 2. Alternate postulates and induced closure systems. The following 

two theorems have comparison with Theorem 4, [l]. 

2.1. Theorem. Let F be a nonvoid fcunily of subsets of T satisfy­

ing the following conditions: 

( i ) F is closed under arbitrary intersections 

(ii) A * s"' F whenever A E F and s ES. Then the operation A I+ A 

mB E F I AC B} makes T into a pre S-space and the fcunily of ideals 

coincides with F. 

Proof. From (i), A I+ A is a closure operation. From (ii) and Lemma 

1.4 continuity axiom is satisfied. Therefore T is a pre S-space with re­

spect to the operation A~ A on the subsets of T. To prove that the 

family of ideals coincides with F, let A be an ideal. Then we have A 
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= A, and so A belongs to F by (i). On the other hand let A E F. Then 

clearly A= A which means A is an ideal. This completes the proof. 

2.2. Theorem. Let F be a nonvoid family of subsets of T satisfy­

ing the following conditions: 

( i) F is closed under arbitrary intersections 

(ii) A * s E F and Ac A * s whenever A E F and s ES. Then the 

operation A f+ A = n{s € F I A C B} makes T into a S-space and the family 

of ideals coincides with F. 

Proof. In view of Theorem 2.1 it is enough to show that the ideals in 

T satisfy (P2 ) which is obvious from the second part of (ii). 

Remark. Aubert ([l]), in his Theorem 4, assumes that F is closed 

only under non-empty intersections. But with that hypothesis the theorem 

is false because the family X = {0} satisfies the hypothesis there in, 

but the conclusion that the family of x-ideals with respect to the opera­

tion A f+ A coincides with X is not correct since S does not belongs 
X 

to X· If we modify condition 4.1 as "the intersection of any family of 

x-ideals is again an x-ideal "then the theorem would be correct, and it is 

then an easy corollary to our Theorem 2.2. 

If T is a pre S-space, then the closure system in T induces a clo­

sure system in S satisfying MA c MA for all M, A (see Theorem 2. 6) . 

We begin with the following 

2.3. Lemma. Let S be a set and let F a subset of P(S), the power 

set of s. Then M f+ M = n {X € F IMC X} is a closure operation on s and 

the resulting closure system in S is the smallest containing F. 
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Proof. It can be easily seen that McM for each McS. Let M, NcS 

with Mc N. We shall show that Mc N. By definition M = n X and N = 
XEF 
McX 

n Y. Let YE F with NcY (if there is no such y then N = s and 
Yd 
NcY 

McN). Then NcY and so McY. Thus {YEFjNcY}c{YEFjMcY}, and 

therefore Mc N. Hence M f+ M is a closure operation on S. Let S de­

note the resulting system of closed sets. Clearly S => F. Let T be any 

closure system in S such that T => F. Now ME S implies M = M = 

mx E F I MC X} E T, showing that T:::, s. This completes the proof. 

Remark. The closure system in S obtained in Lemma 2.3 is nothing but 

the family of arbitrary intersections of members of F. 

Definition. For all A, B we define: A : B = {s ES I sB c A}. 

2.4. Remark. In the usual notation, the following hold: 

( i ) Ac C implies A : B c C : B. (ii) Mc A : B Hf MB c A. 

(ill.) A =U B. = n (A :B.). 
iEI 1, iEI 1, 

(iv) ( n A.) : B = n (A. : B). 
iEI 1, iEI 1, 

(v) ( LJ A.) : b = LJ (A. : b). 
iEI 1, iEI 1, 

For any t ET let t denote the mapping from S into T given by 
A 

t (s) = st for all s ES. The following lemma is useful in the sequel. 

2.5. Lemma. Let T be a pre S-spa.ce. Then, for any M, 

n{(A:B) IA, BEP(T) and McA:B} =n{(MA:A) IAcT} =n{Mt:tltcT} 

=n{A:tlAcT, tET and McA:t} =n{t-
1

(A) IAcT, tET and Mci-
1

(A)} 

Proof. We shall prove, for instance, the first equality and the remain­

ing equalities also can be established by employing similar techniques. 
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Let F and G respectively denote the f8l1lilies {A:BIMcA:B, AcT, 

B c T}, {MA : A I Ac T} of sets involved in the L.H. S. and R.H. S. of the 

first equality in question. By (ii) of Remark 2.4 it follows that every 

member of G is a member of F and hence nF c nG. On the other hand let 

A: B be a member of F, i.e. McA: B, which implies MBcA and so 

MB c A. Now by (i) of Remark 2 .4 we have MB : B c A: B. Hence every member 

of F contains some member of G and so contains nG thus showing that 

nF::, nG. 

2. 6. Theorem. Let T be a pre S-spaee. Then M ~ M = n{MA : A I Ac T} 

is a elosure operation on S whieh satisfies 

(2.6.1) MAcMA for all M, A. 

Moreover, the above operation gives the largest elosure satisfying (2.6.1). 

Proof. By Lemma 2.5 we have M = nff: BI A, BE P(T) and Mc A: B} 

and now, using Lemma 2.3 we get that M ~ M is a closure operation on S. 

To prove (2.6.1), for any M, A, the continuity axiom gives that Mc MA: A. 

Now, since M = m;r: BI A, BE P(T) and Mc A: B}, it follows that 

Mc MA : A which gives that MA c MA. The last part is easy. 

2.7. Remark. If S = T and if we assume that T is a commutative 

groupoid with identity then for any Ac T the original closure of A (in 

the pre T-space T) and the induced closure of A as defined above, coin­

cide. In fact, let A and A respectively denote the two closures of 
X y 

A mentioned in Remark. For any B c T we have A B = BA c (BA) = 
X X X 

(AB) so that A c (AB) : B. Therefore A c (\ (AB) : B = A . Also if 
X X X X BcT X y 

e denotes the identity element of T, A = A e c A e c (Ae) = A . Hence 
y y yx X X 

A = A . 
y X 
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2.8. Remark. If the closure in T is the topological closure then 

the same need not hold for the induced closure in S. To see this, con­

sider the example where T = {t1, t 2 , t 3}, S 

multiplication in T is given by the table 

tl t2 

SI tl t2 

82 tl t2 

83 tl tl 

t3 

t3 

t2 

t3 

Let F = {0, {t1}, {t1 , t 2}, T}. One can verify that 

with F as the ideal system. Moreover, the members of 

T is a pre S-space 

F constitute the 

closed sets for a topology in T. But with the induced closure system in 

S, we get Ty= {3
2

}, Ts7 = {s
3
}, where as {3) u {8

3
} = {s

1
, 8 2 , 8

3
}. 

However, (if the closure in T is topological and) if the family 

{A : t I A is closed, t ET} is such that the union of any two members again 

belongs to it, then the induced closure in S is a topological closure 

and in fact the corresponding topology in S is the smallest such that 

each t (t ET) is continuous. Thus in the case when T is a topological 

space and S is a family of continuous mappings on T (Vide Example 1 for 

pre S-spaces), if the above condition is satisfied then the induced clo­

sure in S is exactly the one with respect to the pointwise topology (the 

topology of pointwise convergence cf. Chapter 7 of [3]) for S. 

Finally, we have the following theorem concerning the induced ideal 

system in S. 

2.8. Theorem. Let S be a gPoupoid~ T be a pre S-space such that 
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(ss')t = s(s't) for aU s, s' ES, and t ET. Then the induced cfosure 

system in S satisfies MN c MN for aU M, N c S and hence makes S 

into a pre S-space. Further, if T is a S-space then S is aZso a S­

space with the induced cZosure system. 

Proof. Let M, N c S and let s EM, s' EN. Then for any Ac T, 

sA c MA c MA by Theorem 2. 6, and similarly s 'A c NA. Therefore ss 'A = 

s(s'A) c s(NA) cMNA for all A. Hence ss' E MN, proving the first part. 

For the last part let s ES, Mc S. For any Ac T we have sMA cs MA c 

sMA cMA giving that sMcMA: A. Therefore sMcM which completes the 

proof. 

I thank Professor Dr. N. V. Subrahmanyam for suggesting the problem and 

guiding me throughout the preparation of this paper. 
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