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A Generalization of z-Ideals

*
By A. Sita Rama MURTI

Introduction. Unifying the ideal theories in various structures such as
commutative semigroups, commutative rings, distributive lattices etc., K.
E. Aubert [1] introduced the concept of x-ideals in a commutative semigroup
and studied their properties. But, his theory does not cover structures
like modules. 1In this paper we introduce the concepts of pre S-spaces and
S-spaces, which also cover modules over commutative rings, continuous map-
pings of a topological space into itself, endomorphisms of a universal al-
gebra and so on (see examples below), and generalize some of the results in
[1]. In §1 we define preS-spaces and S-spaces, and obtain some equivalent
conditions of the continuity axiom. In 82 we consider an induced closure
system in S when T is a pre S-space (S-space) and discuss their properties.

Further results will be communicated later.

§ 1. Pre S-spaces. By a closure operation on a set T we mean a map-
ping 4 b4 on the power set of T satisfying the following conditions:
(i) AcA.

(i1) AcB implies AcB.
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For any subset 4 of T, 4 is called the closure of A and A 1is said
to be closed if A = A. The family of all closed sets in T is called
the closure system corresponding to the closure operation. It is well-
known that a necessary and sufficient condition for a family of subsets of
T to be a closure system is that it is closed under arbitrary intersec-

tions.

Definition. Let S and T be sets. We say that T is equipped with
S-multiplication if there is a map, denoted multiplicatively, from S x T

into T.

Definition. Let S be a set. By a pre S-space is meant a set T to-
gether with an S-multiplication in T and a closure operation on T sat-
isfying the "continuity axiom':

(P,) MAcME for all McS and AcT
or equivalently,

sAcgA for all sefS and A4cT.

Example 1. Let S be a family of continuous mappings on a topological
space T. Define S-multiplication in T by (k, ¢) b h(¢), and take 4

to be the closure of 4 for each AcT.

Example 2. Let (U, £) be a universal algebra with a set M of opera-
tors, i.e. suppose that there exists a mapping mbm of M into the
set of endomorphisms of (U, Q). Define M-multiplication in U by (m, u)
b mu), and for any AclU 1let 4 be the sub-algebra generated by 4. As
particular cases we obtain several examples like (i) U is a group and ¥

is a set of inmer automorphisms (endomorphisms, automorphisms). (ii)} U
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is a left R-module, M 1is a subset of R, the usual left multiplication
and for each AcU, 4 is the subgroup generated by 4. (i) U is a left
R-module where R 1is a commutative ring, and for each AcU, A is the
submodule generated by A. We can have similar examples with semilattices,

lattices, ect.

Example 3. Suppose T is a join semilattice and S is a set of endo-
morphisms of 7. Define S-multiplication in 7 by (%, a) b k{a). Let
A be the ideal generated by A4 for all AcT. As special cases we can
take (i) a subset M of a join semilattice L and define m® as mvQ
for all meM, L¢L and take 4 as the ideal generated by A (ii) a sub-
set M of a distributive lattice L, define m& as maQ for all meM,

2e¢L and take 4 as in (i).

Example 4. Let S be a commutative semigroup. Then S 1is a pre S-

space with the multiplication in § and the ideal generated by 4 for 4.

We have several other examples such as ideals in commutative rings etc.,
and in fact every example of an x-system as defined in Aubert [1] is an ex-

ample for our pre S-spaces.

Definition. Let T be a pre S-space. AcT is called an ideal if 4

= A. The family of all ideals in T 1is called the ideal system of 7.

We observe that the ideal system of T forms a complete lattice under

set inclusion since it is closed under arbitrary intersections.

Notation. In what follows T denotes a set equipped with S-multiplica-

tion. ¥, N denote subsets of S and 4, B, ¢ denote subsets of T.
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When 4 b 4 is a closure operation on T, M o A denotes MA and AVB

denotes AuB for all M, 4, B. In [1], AuB is denoted by 4 U:cB'
The following lemma is a generalization of Theorem 1 of [1].

1.1. Lemma. Let AP 4 be a closure operation on T. Then the fol-
lowing are equivalent.

(i) The continuity axiom: MAcMA for all M, A.

(i) Mo A =Moo A forall M, A

(i) MAVB)Yc<cMAVMB for all M, A, B.

(iv) M o (AVB) =M o AVM o B for all M, A, B.

This lemma may be proved by showing that in the sequence (i), (i), (iv),

(i1), (i), each implies the next. This is a routine check and hence is

omitted.
Note that in (ii), (i), (iv) of Lemma 1.1, ¥ can be replaced by {m}.

1.2. Corollary. Let T be a pre S-space. Then for any M the map-
ping AP Mo A %8 a join semilattice endomorphism of the family of all
ideals in T. As a particular case, if U is a group and M, a set of
endomorphisms of U (cf. Example 2(i)) then (using the fact that the endo-
morphic image of a subgroup is a subgroup) each member of M induces a

Join semilattice endomorphism of the family of subgroups of U.

Definition. The set {teT|MtcA} will be denoted by 4 * M. We

write A *m instead of 4 = {m}.

1.3. Remark. We observe that (i) AcB implies 4 %x McB » M

(ii) MBcA iff BcA » M and in particular M(4 * M) c4d; also,
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i) (NA4)« =@, M and (iv) 4 * M. =} (4 * M.) where
iel * iel ° iel v eI *

AiCT and MiCS for all ze¢lI.

The following lemma gives some other conditions equivalent to the con-

tinuity axiom.

1.4. Lemma. Let AP 4 be a closure operation on T. Then the fol-
lowing are equivalent.

(1) The contimuity axiom

(ii) A4 *M =4 M forall A, M

el
Ll

(i) xm=A*m for all AcT, meS

(iv) A *Mch =M for all A, M

Proof. Assume (i), and put B = 4 * M. Then MBc4. DNow by our as-
sumption MBcMBcZ and hence BcAd * M = B which gives (ii). The im-
plication (ii) = (iii) is obvious. Assume now (iii). Let F denote the
family of all closed sets in T. By our assumption 4 %= me F for all
meM and hence 4 * M, which means [} 4 » ¥ also belongs to F. Since
MAcMA ye have AcMA % M which berfglzgs to F, and hence AcMA x M
which gives that M4 cMA, proving (i). Hence (i), (ii), (i) are equiva-
lent. Finally, assume (ii). Since Ac4, we have A x Mc4d * M which,
using our assumption, gives (iv). It is easy to see that (iv) implies

(ii). Hence the proof is completed.

1.5. Corollary (cf. Theorem 3 of [1]). Let T be a commutative semi-
group. Let A:B denote the set {ceT|cBcd} for all A, BcT. Let
the map A B Aac be a closure operation on T. Then the following are

equivalent.
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(i) The contimuity axiom.

(i1) (4 :B) =4 :B forall 4, BeT

X X
(i) (Axib)x=/lx:b for all AcT, beT

(iv) (@A: B)chx :B for all A, BcT.

Proof. Since T is commutative, 4 :B 1is the same as A * B when T
is considered as a set with T-multiplication. Now the result is a direct

consequence of Lemma 1.4.

1.6. Remark. Applying Lemma 1.1 and 1.4 to Example 1 we get the fol-
lowing well-known equivalent conditions for the continuity of a mapping %
of a topological space T into itself: (a) h(d) ch(4) for all AcT;
(b) h-l(A) is closed whenever A 1is a closed subset of T; (¢) eraz;c

W@ for all AcT.

1.7. Remark. In the case of an Q-algebra U (see Example 2) 1let 4
denote the subalgebra generated by A. If k is an endomorphism of U
Lemma 1.4 says that h(4) ch(4d) for all AcU iff h—l(B) is a subalgebra

of U whenever so is B.

Similar interpretations are possible with regards to modules, lattices,

etc.

Definition. Let T be a pre S-space. The ideal system in T is said
to be algebraic (oxr of finite character) if for each A<T, 4 coincides

with the union of all F’s whenever F runs through finite subsets of 4.

The following lemma, which may be proved by arguing as in Theorem 6 of

[1], generalizes the latter.
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1.8. Lemma. ZThe ideal system in a pre S-space is algebraic iff the

union of any chain of ideals is an ideal.

In fact Lemma 1.8 holds for any closure system in a set, as evidenced
by the proof given in Aubert ([1]). For an alternate proof one may see

Theorem 1.2, Chapter II of [2].

Definition. Let T be a pre S-space. We say that T is an S-space
if
(P, MAcA for all M, A

which is equivalent to "mA<Z for all meS, AcT".

In the examples given for pre S-spaces, (2) (i), (3) (ii), (4) and all

examples given for x-systems in [1] also satisfy ®,).

§ 2. Alternate postulates and induced closure systems. The following

two theorems have comparison with Theorem 4, [1].

2.1. Theorem. Let F be a nomoid family of subsets of T satisfy-
ing the following conditions:

(i) F <s closed under arbitrary intersections

(ii) A * s<F whenever Ac¢F and seS. Then the operation A A
= [{BeF|AcB} makes T <into a pre S-space and the family of ideals

cotneides with F.

Proof. From (i), A 4 is a closure operation. From (ii) and Lemma
1.4 continuity axiom is satisfied. Therefore T is a pre S-space with re-
spect to the operation 4 b 4 on the subsets of 7. To prove that the

family of ideals coincides with F, let A be an ideal. Then we have 4
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=4, and so A belongs to F by (i). On the other hand let AeF. Then

clearly A = A which means A4 is an ideal. This completes the proof.

2.2. Theorem. Let F be a nowoid family of subsets of T satisfy-
ing the following conditions:

(1) F <s closed under arbitrary intersections

(ii) A*secF and AcAhA x s whenever AcF and seS. Then the
operation Ab A =[{{BeF |AcB} makes T into a S-space and the family

of ideals coincides with F.

Proof. In view of Theorem 2.1 it is enough to show that the ideals in

T satisfy (P,) which is obvious from the second part of (ii).

Remark. Aubert ([1]), in his Theorem 4, assumes that F is closed
only under non-empty intersections. But with that hypothesis the theorem
is false because the family ¥ = {@} satisfies the hypothesis there in,
but the conclusion that the family of x-ideals with respect to the opera-
tion A4 p Ax coincides with ¥ 1is not correct since S does not belongs
to ¥X. If we modify condition 4.1 as 'the intersection of any family of
x-ideals is again an x-ideal ''then the theorem would be correct, and it is
then an easy corollary to our Theorem 2.2.

If 7 is a pre S-space, then the closure system in T induces a clo-
sure system in S satisfying MA<MA for all M, A (see Theorem 2.6).

We begin with the following

2.3. lemma. Let S be a set and let F a subset of P(S), the power
set of S. Then Mb M ={{XecF |McX} is a closure operation on S and

the resulting closure system in S <1s the smallest containing F.
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Proof. 1t can be easily seen that McM for each McS. Let M, Nc§
with McN. We shall show that McN. By definition M =[] X and W =

XeF
McX

| Y. Let YeF with NcY (if there is no such ¥ then ¥ =5 and
YeF

NecY
McW). Then NcY and so McY. Thus {YeF|NcY}c{yeF|McY}, and

therefore McN. Hence M b M is a closure operation on S. Let S de-
note the resulting system of closed sets. Clearly S>F. Let T be any
closure system in S such that ToF. Now MeS implies M =M =

[{xe F|McXx}eT, showing that T>S. This completes the proof.

Remark. The closure system in S obtained in Lemma 2.3 is nothing but

the family of arbitrary intersections of members of F.
Definition. For all 4, B we define: A:B = {seS|sBcAl.

2.4. Remark. In the usual notation, the following hold:

(i) AcC implies A:BcC:B. (il) McA:B itf MBcA.

(i) A:UBi=ﬂ(A:B7:). (iv) (ﬂAi):B=ﬂ(Ai:B).
1el 1el i€l iel

(v) (U4,

iefi):b=u (Ai:b)'

zeT
For any teTl 1let t denote the mapping from S into T given by

%(3) = 8t for all seS. The following lemma is useful in the sequel.

2.5. lLemma. Let T be a pre S-space. Then, for any M,
N{@:B) |4, BeP(T) and McZ:B} =N{@H&:4)|acT} =({Mt:¢t|teT}

=MZ:t|4cT, teT and McZ:t} =(H{Z '@ |AcT, teT and Mct ' (@)}

Proof. We shall prove, for instance, the first equality and the remain-

ing equalities also can be established by employing similar techniques.
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Let F and G respectively denote the families {Z:B|McZ:B, AcT,
BcT}, {MA:A|AcT} of sets involved in the L.H.S. and R.H.S. of the
first equality in question. By (ii) of Remark 2.4 it follows that every
member of G is a member of F and hence nFcaG. On the other hand let
A:B be a member of F, i.e. McZ:B, which implies MBcZ and so
MBcA. Now by (i) of Remark 2.4 we have MB:BcA :B. Hence every member
of F contains some member of G and so contains nG thus showing that

nF>nG.

2.6. Theorem. Let T be a pre S-space. Then Mb M = (|{{MA:4|AcT}
18 a closure operation on S which satisfies
(2.6.1) MAcMi for all M, A.

Moreover, the above operation gives the largest closure satisfying (2.6.1).

Proof. By Lemma 2.5 we have M ={{{Z:B |4, BeP(I) and Mc4 :B}
and now, using Lemma 2.3 we get that M b ¥ is a closure operation on S.
To prove (2.6.1), for any M, 4, the continuity axiom gives that McMA : 4.
Now, since M = [{A:B |4, BeP(T) and Mc4:B}, it follows that

McMi:Z which gives that MAcM4. The last part is easy.

2.7. Remark. If S =0T and if we assume that T is a commutative
groupoid with identity then for any AcT the original closure of 4 (in
the pre T-space T) and the induced closure of A as defined above, coin-
cide. In fact, let Ax and Ay respectively denote the two closures of
4 mentioned in Remark. . For any BcT we have A:x:B = BAxc (BA)x =
(4B),, so that 4. < (AB)x :B. Therefore A c N (4B),:B = Ay. Also if

BcT
e denotes the identity element of T, 4 = A e¢cA e c(de) = A . Hence
Y Y yx x x
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2.8. Remark. If the closure in T 1is the topological closure then
the same need not hold for the induced closure in S. To see this, con-

sider the example where T = {¢_, ¢

s tys t} 5 =1s,, s,, 8.} and the S-

22

mltiplication in T 1is given by the table

t1 tz ta
8, tl t, t3
8, t, t, ¢,
s, tl tl ta

Let F = {9, {tl}, {tl, t,}, T}. One can verify that T is a pre S-space
with F as the ideal system. Moreover, the members of F constitute the
closed sets for a topology in T. But with the induced closure system in
5, we get {s,T = {s,}, Ts,F = {s,}, where as Ts,JuT{s,J = {s,, s,, s,}.
However, (if the closure in 7T 1is topological and) if the family
{4:¢t]4 1is closed, teT} is such that the union of any two members again
belongs to it, then the induced closure in S 1is a topological closure
and in fact the corresponding topology in S 1is the smallest such that
each % (teT) 1is continuous. Thus in the case when T is a topological
space and 5 1is a family of continuous mappings on 7T (Vide Example 1 for
pre S-spaces), if the above condition is satisfied then the induced clo-

sure in S is exactly the one with respect to the pointwise topology (the

topology of pointwise convergence cf. Chapter 7 of [3]) for &.

Finally, we have the following theorem concerning the induced ideal

system in S.

2.8. Theorem. Let S be a groupoid, T be a pre S-space such that
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(ss')t = s(s't) for all s, s'e€S, and teT. Then the induced closure
system in S satisfies MNcHN for all M, N<S and hence makes S
into a pre S-space. Further, if T is a S-space then S <is also a S-

space with the induced closure system.

Proof. Llet M, NcS and let sc¢M, s'c¢l. Then for any AcT,
sAc HAc<MA by Theorem 2.6, and similarly sg'AcNA. Therefore ss'd =
s(8'4) cs(NA) <MNA for all A. Hence ss'eMN, proving the first part.
For the last part let se¢5, McS. For any AcT we have sMAcsMAc
sMAcMA giving that sMcMA:A. Therefore sMc¥ which completes the

proof.

I thank Professor Dr. N. V. Subrahmanyam for suggesting the problem and

guiding me throughout the preparation of this paper.
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