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Improvisations Involving Interior Ideals

By Sandor LAJOS

Let S be a semigroup. A subsemigroup 4 of S is called an inte-
rior ideal of S if the inclusion SAS <4 holds. The principal inte-
rior ideal of S generated by an arbitrary element a of S will be
denoted by I(a). It is easy to see that every two-sided ideal of S is
an interior ideal, but not conversely.

Let us consider the following example:

0 1 2 3 4 5
0oyj0 0 0 0 0 O
110 0 0o 0 0 O
2|10 0 0 O O0 O
3f0 0 0 0 O 1
410 0 0 O0 1 2
5/]0 0 1 0 3 0O

The subsemigroups {0, 3}, {0, 5}, {0, 2, 3}, {0, 1, 4}, {0, 1, 5} are
interior ideals which are not two-sided ideals.

In this short note some characterisations will be given for certain
classes of semigroups. For the undefined notions and notations we. refer

to A. H. Clifford and G. B. Preston [1].
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First we give a characterization of regular semigroups.

Theorem 1. For a semigroup S the following conditions are equivalent:

(A) S g regular.

(B) B n I =BIB holds for every bi-ideal B and every interior ideal
I of &S.

(€} B(a) n I(D)

B(a)I(b)B(a) for every couple a, b in S,
(®) B(a) n I(a)

B{a)I(a)B(a) for every element a of S.

Proof. (A) implies (B). Let S be a regular semigroup. Suppose that
B is a bi-ideal, I is an interior ideal of § and ae¢ Bn I. Then
there is an element & in S such that axa = a. Hence it follows that
a = (axa) (xax)a ¢ BIB. Thus we have
BanIcBIB<ecBnl.
Evidently, (B) implies (C) and (C) implies (D).
Finally, we show that (D) implies (A). Assume that condition (D) holds
for a semigroup S. Then it follows that
a e B(a) n I(a) = B(a)I(a)B(a) < aSa

holds for every element a of S. Therefore S is regular, indeed.

Corollary. An element a of a semigroup S 1is regular if and only

if B{a) n I(a) = B(a)I(a)B(a).
For other characterizations of regular elements, see [3], [4].

Theorem 2. An element a of a semigroup S 1is both regular and in-

traregular if and only if L(a) n R(a) = R(@)I(a?®)L(a).

Proof. First, assume that an element a of a semigroup S is both



517

regular and intraregular, i.e. there exist elements %, y in S such
that a = aza?ya. Let b e L{a) n R(a). Then we have

L{a) n R(a)

asS n Sa = aS%a,
and b = ata, where t ¢ S2. Therefore b = (axazya)ta = (ax)a(aya)ta
which belongs to the product R(a)l (a?2)L(a), and we conclude that
L(a) n R(a) ¢ R(@)I(a?)L(a).
The opposite inclusion holds for any element a of S.
Conversely, if the above condition of Theorem 2 holds for an element a
of a semigroup S, then we have
a € L(a) n R(@) = R(@)I(@®)L(a) = (aS!)(a? v 8a%5)(Sla),

whence it follows that a is both regular and intraregular.

Corollary. A4 semigroup S <& both regular and intraregular if and

only if L(a) o R(a) = R(@)I(a®)L(a) holds for every element a of S.
The proof of the following criterions is straightforward.

Theorem 3. A semigroup S 1is a semilattice of right groups if and
only if the condition B n I = IB holds for every bi-ideal B and every

interior ideal I of 8S.
This result together with some earlier ones gives the next theorem.

Theorem 4. For a semigroup S the following conditions are equivalent:

(A) S is a semilattice of right groups.

(B Bn R =PRB for every bi-ideal B and right ideal R of S.
(C) @n R =RQ for every quasi-ideal @ and right ideal R of 8.
(D) I n@=1IQ for every two-sided ideal I and every quasi-ideal

Q of S.
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(E) L n R =LRL for every left ideal L and right ideal R of &.

(F) The multiplicative semigroup of all bi-ideals of S is a right
regular band.

(G) The bi-ideal semigroup B(S) is a right duo band.

(H) B(S) s a band which is a semilattice of right aero semigroups.

(I) BnI=1IB for every bi-ideal B and interior ideal I of &S.
(J) BanI=1IB for every bi-ideal B and every two-sided ideal I
of &S.

(K) InX=1IX for every two-sided ideal I and every one-sided
(left or right) ideal X of S.

(L) PFor every element a of S there is an idempotent element e =
e(a) such that B(a) = Se.

(M) The collection 12(S) of all (1,2)-ideals of S 4is a right reg-
ular band with respect to set product.

(N) S <4s regular and Se c eS holds for every idempotent e of S.
Finally we announce the following criterion.

Theorem 5. A4 semigroup S is completely regular if and only if the
condition A n I = ATA? holds for every (1,2)-ideal A and every inte-

rior ideal I of S.

For further results concerning interior ideals of semigroups, see [9].
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