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Knot-groups of higher dimensional Ribbon Knots

By Takaaki YANAGAWA

We have already proved that a ribbon n-knot & in Rn+2 has nice
eross-gections which are called equatorial knots , ref. (2, 8)Theorem in
[e] . By making use of the above result and the van Kampen Theorem, we
will prove in this paper the following Theorem for ribbon n-knot K" and
its equatorial knot L.

(4, 3)Theorem.  If n > 3, then w (&% - K 2 n @ (0) - ¥

As the consequences of this theorem, we have two corollaries below.

(4, 4)Corollary. Assume that Kg-l (o = 1, 2) are two equatorial
knots of a pibbon n-knot. If n 23, then w (R - K1) s iso-
morphic to ﬂl(Rn+1 - Kg—l) .

(4, 9)Corollary. G{1) ; G(2) = G(3) = G(4) = +++-, where G(n)
denotes the collection of knot-groups nZ(Rn+2 - ') of wibbon n-knots
'
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K. MURASUGI for many useful conversations which helped him to complete

this paper.
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1. Notations and Propositions

R ;5 EBuclidean m-space.
R™ 7(t) ; an hyperplane in R" defined by the equation z o=t
el.M ;  the closure of the set M in R" .
int.M ;  the set of interior points of M .
oM H the set of boundary points of M.
M~-N ; theset M-NqM.
n

Two n-knots (loeally flat n-spheres in R* +2) K, and Kg belongs to

the same knot-type, if there is an orientation preserving homeomorphism

£ : Rmh2 > Rndl'2 such that f(Krll) =KD . Throughout this paper, we
understand everything from the combinatorial standpoint of view. The
concepts of ribbon knots and equatorial knots are due to the following

definitions.

(1, 1)Definition. A locally flat n-sphere K* (n>1) in RI*2

will be called a ribbon n-knot, if there is a map p from an (n+l)-ball
Bn+1 into Rn+2 satisfying the following conditioms ;

(1, 1, 1) p is an immersion and plaﬂﬁl is an imbedding such as

o™ = K,

(1, 1, 2) the self-intersection of p(Bn+1) consists of mutually
disjoint n-balls Drll, Dlzl,..., DI; , unless p 1is an imbedding,

(1, 1, 3) the inverse set p'l(D;.l) consists of disjoint n -balls

n+l

n+1 5 | S ¢ § .
and BDi-DinaB (<

D'?  and D' such that D'} < int.B
7 i 7

=1, 2,...., S) .

The map p in (1, 1)Def. will be called a ribbon-map for ', and
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the more strict definition is given in (2, 1)Def. in [9] .

(1, 2)Definition. A ribbon (n-1)-knot K0! (n22) in R™}(0) will

be called a canonical equatorial knot of a ribbon n-knot K', if there are

a ribbon n-knot K" and a ribbon-map p : Bn+1 > Rn+2 for K" satisfy-

ing the following conditions ;

(1,2, 1) xg'l = *n "0

(1, 2, 2) 1et g+l be an (n+1l)-ball defined by g™l o (Bg x [-1,1])

b

u (cZ.{Bg - N’l‘U N’Z‘U UN;‘} x [-2, 213 ), vhere N, = hi(In'l x 1)

(¢=1, 2,..., s) are the images of ™1 x g by h, associated with a

ribbon-map Py B" > Rn+1(0) for Kg-l . Then, the map o : pt*L, g2
should be defined by p((z, t)) = (o,(2), t) e K™ 1(r) .

(1, 3)Definition. A ribbon (n-1)-knot Kg_l will be called an eq-
uatorial knot of a vibbon n-knot & » if there is a ribbon n-knot Kg
belonging to the same knot-type as K® and if Kg'l is a canonical eq-

uatorial knot of Kg .

(1, 4)Definition. We will say that a ribbon n-knot K® has a canonic-

al equatorial knot KZ-Z ,» if a ribbon (n-1)-knot Kg_l is a canonical eq-
uatorial knot of K" . Also, we will say that a ribbon n-knot K" has

equatorial knots KZ_Z » if each ribbon (n-1)-knot Kg_l is an equatorial

knot of K .

(1, 5)Proposition. If Kz (n > 1) 4is a ribbon n-knot in Rn+2(0) 5

then KZ i8 a eanonical equatorial knot of a ribbon (n+l)-knot in 3.

1 e By x [-2, 2] .
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(1, 6)Proposition. If a ribbon n-knot. X' has a canonical equatorial
knot, then XK' is symmetric with respect to the hyperplane Rn+1(0) in

i

(1, 7)Proposition {(2, 8)Theorem in [9]} . If n > 2, then any ribbon

n-knot has at least one equatorial knot.
2. Critical band

Let M* be a locally flat, closed (compact, without boundary) orient-
2 . Denote by L{a,B] the region of Rn+2 def-
8. Let m i K2Ry e the

orthogonal projection ; that is, ﬂY(xl, Xgseees X915 xn+2) = (xl, Xgse-

able n-manifold in R°T

ined by the inequality a < X 42

TP W Y} . The notation {Mnn Rn+1(y)} B [a,B] denotes the set
defined by {ﬂ;l(Mn f Rn+1(Y)} N L{e,B] in R*2 , where a,B and Yy are
real numbers and o < B8 . In the case when a = § , we use the notation

" q Rn+1(Y)} B [a] to denote {ﬂ;l(Mn[] Rn+1(Y)} n Rn+1(a) .

(2, 1)Definition. We will call M" almost everywhere perpendicular

(abbrivated to a.e.p.) in Rn+2 , if there exist a positive number ¢ ,
a series of real numbers tl, tZ""’ tm (t1 < t2 < ... < tm) and flat
n-balls DS (called critical bands) in Rn+1(tu) =1, 2,..., m)
satisfying the conditions (2, 1, 1) to (2, 1, 3) :

(2, 1, 1).

M0 Llt,, t+ €] (M Rn+1(tu+ B [t,, t +e]) U o)

n n+l
({M*n R (t,- eNB [t- €, t 1)U uﬁ

]

M Llt - &, t ]

for each p (u=1, 2,..., m) , see Fig.1 .
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(2, 1, 2).

Cila R“+1(tu+ e} B [t,n O = aﬁ'lc o)

({Mnn Rn+1(tu- e)} K [tu]) n DLl = bg'lc 8[]: , and there exists a

V' such that hu(az-l) = 31"V x1¥  and

h hism h : [ > 1"V x1
omeomorp ism U DE

SIS S T

(u=1, 2,..., m), where the integer v (0 2v<n)
will be called the index of Dﬁ , see Fig.2 .
(2, 1, 3). Whenever t # tu (M=1, 2,..., m), M'p Rn+1(t) consists

of a finite number of locally flat, closed (n-1)-manifolds in Rn+1(t) (?)

(2, 2)Definition. We will call the n-ball E(: in (2, 1) a eritical

band of index v .

(2, 3)Definition. We will call the level Rn+1(tu) an exceptional

level of index Vv and the level Rn+1(t) (t # tu) an ordinal level (u

=1, 2,..., m) .

(2, 4)Theorem. Assume that i is an equatorial knot of a ribbon
n-knot K° . If n2 2, then there is a ribbon n-knot X' satisf ying
the conditions (2, 4, 1) to (8, 4, 4) below :

(2, 8,1). X' belongs to the same knot-type as K' .

(2, 4, 2). % 770 belongs to the same knot-type as 1.

(2, 4, 3). ¥ is a.e.p. in 72 and the indices of the eritical
levels above R'72(0) ave either (n-1) or n .

(2, 4, 4). X' is symmetric with respect to "0 .
Proof. By the assumption that l(n'1 is an equatorial knot of given

() If M R £ 4.
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ribbon n-knot K° , there is a ribbon n-knot Kf , a ribbon-map p, for

Ky and a ribbon-map p, Bg >k gor K1 which satisfy conditions
for K*, p and e, for Kg'l in (1, 2)Def.. Let hi: mlxr - Bg
be the imbeddings in (2, 3, 2) in [9] . Move pohi(ln'1 x [ai, Bi])

slightly by an orientation preserving homeomorphism 6 : Rn+1(0) > Rn+1(0)

so that epohi(ln'1 x [ai, Bi]) are contained in the hyperplane defined

by Tl = %naz = 0 (=1, 2,..., s and -1X< o, < Bi <1, ti € [ai,
. . pi+2 n+2 -
Bi] ). Define amap © : R + R by ©((x, mn+2)) = (8(X), xn+2) .
. . . . . n+2 n+2
We can find an orientation preserving homeomorphism A : R + R such

that AIRn+1(0) = id., noA = and M(KD) is a.e.p. in R™2 | Let
us define En by in = AO(KE) . Now, we have that the critical bands
of K® consists of {Dg} R [£ - 1/4] , {Dg} R [-Z + 1/4], and {po(Ag)}
B [2s + j] and {po(An)} [-2s - 4] (=1, 2,..., s and § =0, 1,

- -1
2,..., 8) (a) , where [ = epoh (™ x [o;» B;1) and Ag are n-balls

n _ n-1 . _
of cZ.{BO - N1 u N2 u...u NS} for Ni = hi(I xI) (=1, 2,...,

s) . Thus the proof is completed.

(2, 5)Remark. The indices of the exceptional levels for K" are as
below ; for 2 =1, 2,..., s and =0, 1, 2,..., s,

the index of the exceptional level Rn+1(-25 ~-J) is 0

the index of the exceptional level Rn+1(-i +1/4) is 1

the index of the exceptional level Rn+1(i - 1/4) is (n-1) and

the index of the exceptional level Rn+1(25 + N is n .

(3) We may suppose that po(Ag) are flat n-balls in R 0)
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3. Application of the van Kampen Theorem

Let M" be a locally flat, closed n-manifold which is a.e.p. in Rn+2.

Let Rn+1 (0) be an exceptional level with index v . Without loss of
generality, we may suppose that the critical band 0 at the exceptional

n+1(

level R 0) can be described by the relations below ;

= =0 .

o . |xk|;1 k=1, 2,..., n), « b2

n+l
Moreover, we may assume that, in a sufficiently small cubical nbh.Un+2
of O™ in Rn+2 s M® is made of the blocks of the hyperplanes which are
parallel to the coordinate planes in Rn"-2 . Throughout this section,

we require that n > 3 .

(3, 1)Lemma. Assume that X = X; U X, is a separable, regular topo-
logical space, X)=%X,n X, ig¢ a closed, arcwise-comnected subspace of
X and that Xi - X, (i =1, 2) is an open, arcwise-connected subset of
X . Assume that each Xi (i =0, 1, 2) 1ig locally 0-, 1~ and 2-conn-
ected in X . Then, the van Kampen Theorem is applicable to the groups

nz(Xi) and TI'Z(X) (i =0, 1, 2) .
Proof. Ref. (5, 7) p.667 in [7] .

(3, 2, O)Lemma. Assume that the index of R1(0) is 0. Then,
1T1(L[—0L_, 81 - M) N7 o L (L[-a, -8] - M) (w) for some positive number

8§ suchas 6 <o .

2

. . . + . s
Proof. Since M is @.e.p. in RV there is a positive number ¢
p s P

() I = an infinite cyclic group. I x H = a free product of two
groups L and H. G~ H means two groups G and H are isomorphic.



581

) n+2

satisfying (2, 1, 1) and (2, 1, 2 Let C be the cube defined by

n+2 .
C : |xi| <1+p (=1, 2,..., n), |x +1| <p, |= +2|
for a sufficiently small positive number p .

Since the index of R™1!(0) is 0, (M R™l(e)} x[0])n O =

1o h(In—0 x BIO) =¢ by (2,1, 2) . That is, ™ is an isolated

component of M" Rn+1(0) . Thus we have Mg ¢™? = [ u (e 0"

n+2

¥ [0, €]) and M N ac =" R [e] , see Fig.3 below.

o0 !\fii n+2 n+]( )
i;"/”: /M/
an 05 ! /A
Dgféik\ *@( n+1)
n+2 :
Fig.3

Denote C™*2 . MP by X Denote ecl.{L[-a, €] - Cn+2} - Mt by X2'

1 -
Let XO = X1 n X2 and X = Xl U X2 .  Then, X and Xi (¢ =0, 1, 2) are

arcwise-connected. X = L[-a, €] - M*  and Xo = cZ{QCn+2 - Rn+1(€)} .

These sets X and Xi (¢ =0, 1, 2) satisfy the conditions in (3, 1) .
Therefore, by the van Kampen Theorem,

OO0 a T (X) * (XY seeees (D) o
2 n+
because ﬂl(xo) = (1) . Since M n Cn+2 is an unknotted ball in C R

() M*n ™? pounds {0} H [0, €] in 2,
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we have that 'rrl(Xl) v Z seees (2) . Since M" is a.e.p. in Rn+2 ,

there is a deformation retraction »r : X2 + L[-a, -€] - M" induced by

the orthogonal projection w : L{-g, €] + R+l (-e). Therefore, the map
r, : Trl(L[-u, -€] - Mn) > 1r1(X2) is an isomorphism. By (1), (2) and
the isomorphism r, above, we have that ﬂl(x) Nk 1r1(L[-a, -g] - Mn).

Suppose that & = € , then the proof is completed.

Remark. —w, : m (X,) > m,(X) is an isomorphism, where w : X, > X

i8 the inclusion map. Ref. (3, 1) p.63 in 2 . Therefore, the map

Wyl y & 1r1(L[-o:., -€] - M) nl(L[-a, e} - M) is an injection.

(3, 2, 1)Lemma. Assume that the index of Rn+1(0) is 1. Then, the
inelusion map 1 induces a surjection
i, ¢ 1 (L[-a, -8] - M - w,(L[-0, €]- ”h)

for a positive number & such as 8 < €.

2

Proof. Let c** be the same cube as in the proof of (3, 2, 0)

Since the index of Rn+l(0) is 1, ({Mnn Rn+1(-€)} B [0Dn o = bn_1

1

—n™ %o and (M RI@I B D O = @ = ner™ ! x 1)

- s"?% x 1 by (2, 1, 2). Since we assume in this section that n 2 3,

Sn“2 x I is connected, see Fig.4 . Denote Cm'2 - M by Xl. Denote

n+2 _ _
el {L[-a, €] - C"7°} - M* by X,. Let Xy =X X, and X=X UX,.
Then, X = L{-a, €] - M  and XO = cZ.{BCn+2 - Rn+1(e)} - M In the

n+2 Rn+1(€)} consists of two (mn-1)-balls,

present case, M' n el.{3C

(817:.‘_1 Hi-e, eV Dg—l ({ =1, 2) and these two (n-1)-balls bounds

n+2 -

mutually disjoint n-balls in eZ.{3C Rn+1(e)} , see Fig.4 again.

Therefore, we have that 'nl(XO) = lsl, 85§ — l eesee(1) , where s;
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is represented by the simple closed curves Y; “Z=1, 2 which are
contained in 3{C™? § R™1(-e)} - sTHushh | see Fig.s .
Bl
¥
: +
% %AH 2 QR 1(e)
R EEREE— L
Dn an-I )
NAY v !

Cn+2 n Rn+1 (0)

p" ~o_
n-1 '
- - [}
b\\ B [-e] !
%
V2 '
%I B =« R (e
T A [
n- n- n- ~a n-
Fig.4

X

'
i
t
!
N A\ N

*“\

N

\\
RV __‘SQ‘"
base point »,
A Y

S

A
.

Fig.5

n-2
2
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1

Now, m (X)) = |x1, Ty i xlm; = 1] *+++s (2) ,where the inclusion

XOC )(1 induces a map 61 such that 91(37:) =, (=1, 2). Assume
that (X)) = Iyl, Ygo Ugsrrows Yy § 7 = 1| es+e+ (3), where the inclus-
ion XO = )(2 induces a map 62 such that ez(si) =y (Z=1, 2). By
applying the van Kampen Theorem to the groups in (1), (2) and (3) , we
have that
_ -1 -1 -1
&) =) w2 : B1% s Tpp s To¥y
Ypr ¥pp ¥poeees ¥y 7 o
ref. (3, 6)Alternative Formulation of The van Kampen Theorem, p.71 in [2].
Then,
LX) = | _— -1
1 yl.’ y2’ ygs--'a yu . 2 y1y2 ¢

= | Vgs Vgs Vgsenes Uy F wy(r) =1, vlvgl =1 | , where

. (t=1,

the inclusion X, < X induces a map w, such that w, (yi) =v;

2,..., W. Obviously, W, : nl(xz) -+ 'rrl(X) is a surjection ¢+ (4)
Since M" is a.e.p. in Rm'2 , there is a deformation retraction
X, > L[-a, -€] - M , and we have that

T, : Trl(L[~OL, -g] - Mn) - 'nl(X is an isomorphism *¢*** (5)

2)
By composing two maps in (4) and (5), we have that
W, T, : 'rrl( [-o, -€] - Mn) - 'ﬂ'l(X) is a surjection and the proof is

completed by taking & = € .

(3, 2, n-1)lenma.  Assume that the index of E'*1(0) 4s (n-1). Then,
the inclusion map i induces an isomorphism
iy ¢ M (D[-0, =8] - M) > m,(L[-0, 8] - /6]

for a positive number § such as 8 < a .
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Proof. Let Cn+2 be as before. Since the index of Rn+1(0) is

(n-1), it follows that (M R™1(-e)} B [0} p O° = »™ 1 = nax x a1™}y
=1x 82 and (g R"Y@IBOD R 0 =™t =ne1 x 1Y) by
n+2

(2, 1, 2). That is, the situation of M* in C is the reverse of

that in (3, 2, 1), compare Fig.4 and Fig.6 .

§ ~J <) ¢ o R (o)
-. P D, — Y
~o 8len-2
55"?‘4/ ~ [

0" '

N '

.
§ éﬁ > ™ n r™(0)

':: [‘ § j\\ﬁ c*2 g g+l (-¢)
n-T---*%

T =|--="-- ®e. -
Sn-i/ A I
1 ~ RS |

Denote C"*Z . M® by X;. Denote el {L{-a, €] - SR by X,.
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Let Xo = Xl an and X = )(1 U Xz . Then, X = L[-a, €] - M and
X, = o2.{oc™? - k™! (e)} - M* . Then, M nez.{ac™? - R*™(e)} is an

(m-1)-ball V*"! which is {s]7%} @ [, €] U AT U {272} & [-¢, €] .

(n-2) -spheres Sg'z and 82_2 are contained in R%*! (e) and the annulus
A" is contained in R"*! (-€), see Fig.6.
-1
ﬂl(xo) = |sl, 8y 1 8485 = 1 | esses (1) , where s, are represented

by the simple closed curves Y; (7 = 1, 2) shown in Fig.5 already. And,

the relation 31351 =1 1is a consequence of the unknottedness of An-l,
that is nlcac’”z n le(—e) - An-l) =17. Furthermore,

X)) = | Ty Ty < xlx-l =1 | e+ees (2) , where the inclusion
)(0 cxl induces the map el such that el(si) =, (2 =1, 2). Assume
that m (X,) = | Ypo Ygo Ugoewos ¥y ¢ T = 1| see+s (3) , where the

inclusion XO C)(2 induces the map 62 such that ez(si) =Y; (7 =1,2).
since X, ™% R (-e) - AM]

to the set r. By applying the van Kampen Theorem to the groups in (1)

, it follows that yjy;l belongs

(2) and (3), we have that

-1 -1 -1

XY= 2 2 _ Bp®g s Bg¥p s To¥g
Ygo Ygs Ygseees Yy tor 9 .
Then, we have that
-1
Tfl(x) = | yla yz.’ yza---: yu s P, y1y2 I¢
-1
= | Yps Ugs Ygoeres y 1 |¢ s because yuy,o er ,

and we have that

mX) = | Vps Vgs Vgseees U wglr) =1 | , where the inclusion
ch X induces the map w, such that w, (yi) = v, (=1, 2,..., W.
The map w, : ™ (XZ) -+ ™™ (X) 1is an isomorphism e++<« (4). Since M"

is a.e.p. in Rn+2 , we have that w,r, : ﬂl(L[-a, -g] - Mn) > ﬂl(x) is
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an isomorphism.  Suppose that & = € , then the proof is completed.

Remark. In case of n =2, we obtain only that the map i % Mmentioned
in (3, 2, n-1) <is surjective. That is, (3, 2, n-1) <is veduced to the

statement in (3, 2, 1).

(3, 2, n)Lenma. Assume that the index of w0 s n . Then,
the inclusion map 1 <induces an isomorphism
iy ¢ W (L[-0, -8] - M) > 7, (L[-0, 8] - M")

for a positive number & such as & < € .
Proof.  The proof is almost clear.
4. G(n)

(4, 1)Definition. Denote the collection of the isomorphism classes
of the knot-groups of ribbon n-knot by G{(n) m=1, 2, 3,.... ). Let
us assume that K" is a ribbon n-knot which is stated in (2, 4)Theorem.
Suppose that the exceptional levels for K" are as shown in (2, 5)Remark.
If n> 3, we can prove the existence of the following isomorphisms u ,

v, and w; (=1, 2,...., s) induced by inclusions ;

(4, 2, 0). u : nlcR“*1(0) - & > m o, 1/2] - &M,

(4,2, 1). v, : 7w @0, 2] - KM » m (L[0, £ + 1/2] - ) and

(4, 2, 2). w, : 7 (T0, 4 - 1/2] - K™ » w (5[0, 4] - K)
(=1, 2,...., s) .
To prove the existence of the maps in (4, 2, 0) and (4, 2, 1), it is

sufficient to prove the existences of deformation retracts rys Ty and

r, {(h) such that
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z, oo, 1/2] - > o) - @
r, o L[L+1/4, i+ 1/2] - K> R s 174) - and

n

ry(h) ¢ D[i, 1+ 1/4] - &> Ry - X G=1, 2,..., s).

r, and r, are given by the orthogonal projection (£ =1, 2,..., s).
ri(h) is realized along the <-th handle AOp*(Ni x [-1, 1]) for En,
because there is no exceptional level between Rn+1(i) and Rn+1(i +1/4)
(Z=1, 2,..., s). Since the indices of the exceptional level Rn+1(i
- 1/4) in [Z - 1/2, i] are (n-1) and we assume that n>3 (£ =1, 2,
..., s), (4, 2, 2) is a consequence of (3, 2, n-1). Since the indices
of the exceptional levels Rn+1(23 +g4) are n (J=0,1, 2,..., s), as
a consequence of (3, 2, n), we have the following isomorphisms uj in-
duced by the inclusion ;

(4, 2, 3)

w;: m L0, 28+ 4 - 1/2] - K > m ([0, 28 + 5 + 1/2] - ™
G=0,1, 2,..., s).

Obviously, we have an isomorphism v induced by inclusion ;

(4, 2, 4)

v m ([0, s + 1/2] - K" » W (L[0, 25 - 1/2] - M,

because there is no exceptional level between Rn+1(s + 1/2) and Rn+1(23

- 1/2). Now, we have that

(4, 3)Theorem.  If n > 3, m (F*% - &)~ m (@ 0) - ¥ n & 00)).

2 1

Proof. Denote by R2+2 the upper half-space of rR™ , and by R?+
the lower half-space. By means of (4, 2, 0-1-2-3-4), the inclusion in-

i i = U .U UU W ...V WU as
duces an isomorphism ®w by w Uge s UG UV T %7
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w 1T1(Rn+1(0) - &0 R0)) » m @lo, 38 + 1/2] - KN .

Since X° =L{0, 3s + 1/2] , we have that

i T ) - K R 0)) » m @12 - ¥ R™%)
is an isomorphism. By the symmetry of &, ref. (2, 4, 4), we can easi-
1y complete the proof of (4, 3) by applying the van Kampen Theorem to

Rn+2 - and R?+2 - in .

+

(4, 4)Corollary. Assume that KZ'J (o =1, 2) are two equatorial
knots of a ribbon n-knot K'. If n2 3, then m (@™o &71) & m (@™
-1
- Ky

Proof. Consider K for KE"] (¢ =1, 2). Rg belongs to the same

n n+l =n-1

knot-type as K (a =1, 2). Then, for a=1, 2, LY (R - Ka )
n+l n-1 n+l n-1 n+l n-1
g=ﬂ1(R - K, ) by (4, 3), and so T (R - K ) ;.WI(R - K.

Question. It Zs an open question whether or not KZ'Z (oo = 1, 2) be-

long to different knot-type.

(4, 5)Lemma. If n > 3, then G(n)< G(n-1) .

Proof. Let G be a group representing an element of G(n). There
is a ribbon n-knot K" such that G Y ﬂl(Rp+2 -M. By (1,7), K" has
an equatorial knot K' 0 Rn+1(0) . By (2, 4)Theorem and (4, 3)Theorem

this ribbon (n-1)-knot K q R™1(0) in R™1(0) satisfies that
n

n+l
ﬂl(R

pleted.

) - ¥n Rn+1(0)) ~ G.  Then, G e G(n-1) and the proof is com-

(4, 6)Lemqma. If n > 3, then G(n-1)< G(n) .
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Proof. By {2, 5) in [9], any ribbon (n-1)-knot can be a canonical

equatorial knot of a ribbon n-knot. Then, by (2, 4)Theorem and (4, 3)

Theorem, the proof is easily seen.

(4, 7)Lemma. A spun knot Sz(k) in R4 is a ribbon 2-knot.

Proof. The image of a ribbon-map p : B3

f (D2) bounded by the proper arc %k~ in

id R4 can be given by the

rotation of a singular 2-ball

R3 , see Fig.7.

+

1 2 3
d s c 23
+
17 2~ 37 _i_,
Y [ [ [ A
a 1 2 312 3 b
Fig.7

(4, 8)Corollary. G(])‘; G(2).

Proof. By (4, 7) and Theorem 3, p.567 in [1] , G(1) € G(2). The

following example, Example 10, p.135 in [3], shows that G(1) # G(2) ,

also ref. [5] and [8] .

(4, 9)Corollary. G(1)F 6(2) = G(3) = G(4) = -----

Proof. This is a direct consequence of (4, 5), (4, 6) and (4, 8),

also ref. [4] and [6] .
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