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Knot-groups of higher dimensional Ribbon Knots 

By Takaaki YANAGAWA 

We have already proved that a ribbon n-knot K" in If+2 has niae 

aross-seations whiah are aaiied equatoriai knots, ref. (2, 8)Theorem in 

[9] . By making use of the above result and the van Kampen Theorem, we 

will prove in this paper the following Theorem for ribbon n-knot Kn and 

• • 1 k Kn-l ·. its equatoria not 

(4, 3)Theorem. If n ~ 3, then TI
1

(If+2 - K"J ~ n1(Rn+l(O) - J('--1). 

As the consequences of this theorem, we have two corollaries below . 

(4, 4)Corollary. . .n-1 Asswne that K (a = 1, 2) are two equatoriai 
Cl 

knots of a ribbon n-knot. 

morphia to n
1
(If+l - ~-l) 

...n+l . .n-1 If n ~ 3 , then n 1 (ft - K1 ) is iso-

(4, 9)Corollary. G(l) + G(2) = G(3) = G(4) = • • • ·, where G( n ) 

denotes the aoiieation of knot-groups n1(If+2 - K"J of ribbon n-knots 

K" 
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1. Notations and Propositions 

Rm Euclidean m-space. 

Rm-l(t) an hyperplane in Rm defined by the equation X = t m 

aZ.M the closure of the set M in Rm. 

int.M the set of interior points of M 

clM the set of boundary points of M 

M - N the set M-NnM. 

..n+2 n n Two n-knots (ZoaaZZy jlat n-spheres in H ) K1 and K2 beZongs to 

the same knot-type, if there is an orientation preserving homeomorphism 

Throughout this paper, we 

understand everything from the combinatorial standpoint of view. The 

concepts of ribbon knots and equ.atoriaZ knots are due to the following 

definitions. 

(1, l)Definition. n A locally flat n-sphere K (n ~ 1) 

will be called a ribbon n-knot, if there is a map p from an (n+l)-ball 

Bn+l into Rn+2 satisfying the following conditions 

(1, 1, l) • • • d l".n+l p 1s an 1mmers1on an po~ is an imbedding such as 

p(clBn+l) = Kn , 

(1, 1, 2) the self-intersection of p(Bn+l) consists of mutually 

disjoint n-balls D~, D~, ... , D~ , unless p is an imbedding, 

DI 1; 
'l, 

(1, 1, 3) the inverse set p- 1 (D~) consists of disjoint n -balls 
'l, 

and D"~ such that 
'l, 

D,n c:: • t 8n+l . ,z,n . 
'l, 

and ( i 

= 1, 2, .... , s) 

The map p in (1, l)Def. will be called a ribbon-ma:p for K'-, and 
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the more strict definition is given in (2, l)Def. in [9] 

(1, 2)Definition. A ribbon (n-1)-knot K~-l (n ~ 2) in Rn+l(O) will 

be called a aanoniaal equatorial knot of a nbbon n-knot if, if there are 

a ribbon n-knot Kn and a ribbon-map p: Bn+l + Rn+ 2 for Kn satisfy­

ing the following conditions; 

(l, 2, l) K~-l = Knn Rn+l(O) 

(1, 2, 2) let n+l B be an (n+l)-ball defined by Bn+l = (B~ x [-1,1]) 

n-1 N. = h. (I x I ) 
1, 1, 

(i = 1, 2, ... , s) are the images of In-l x I by hi associated with a 

ribbon-map p
0

: Bn + Rn+l(O) for K~-l . Then, the map p : Bn+l+ Rn+2 

n+l should be defined by p((x, t)) = (p
0
(x), t) e: R (t) . 

(1, 3)Definition. A ribbon (n-1)-knot K~-l will be called an eq­

uatorial knot of a ribbon n-knot x:'-, if there is a ribbon n-knot 

belonging to the same knot-type as 

uatorial knot of Kn 
a 

is a canonical eq-

(1, 4)Definition. We will say that a ribbon n-knot Kn has a aanonia-

. .n 1 n-1 al equatonal knot KO- , if a ribbon (n-1)-knot K0 is a canonical eq-

uatorial knot of Kn. Also, we will say that a ribbon n-knot Kn has 

equatorial knots ~-l, if each ribbon (n-1)-knot K~-l is an equatorial 

knot of Kn . 

(1, 5)Proposition. If ~ (n ~ 1) is a ribbon n-knot in ff+2(o), 

then ~ is a aanoniaal equatorial knot of a ribbon (n+l)-knot in ff+3. 

(1) Bn+l c::: B~ x [-2, 2] . 
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(1, 6)Proposition. If a Pibbon n-knot ti has a canonical equatoPial 

knot, then ti is symmetPic with respect to the hyperplane Ff+1(o) in 

Ff+2. 

(1, 7)Proposition {(2, B)Theorem in [9]} 

n-knot has at least one equatorial knot. 

If n ~ 2,. then any Pibbon 

2. Critical band 

Let rl1 be a locally flat, closed (compact, without boundary) orient­

able n-manifold in Rn+2 . Denote by L[a,S] the region of Rn+2 def-

n+2 n+l ined by the inequality a~ xn+2 ~ S. Let ~y: R + R (y) be the 

orthogonal projection; that is, ~y(x1, x2, ... , xn+l' xn+2) = (x1, x2, .. 

. { n n+l } ... , xn+l' y). The notation Mn R (y) g [a,S] denotes the set 

defined by in/ (Mn n Rn+l(y)} n L[a,S] in Rn+2 , where a,S and y are 

real numbers and a~ S. In the case when a=$, we use the notation 

{Mn n Rn+l(y)} ~ [a] to denote {TI~1 (Mnn Rn+l(y)} n Rn+l(a) . 

(2, l)Definition. We will call Mn almost everywhere perpendicular 

( bb • d ) • Rn+2 • f h • • • b a rivate to a.e.p. in , i t ere exist a positive num er £, 

a series of real numbers tl, t2,···, t (tl < t2 < ... < tm) and flat m 

n-balls ~ (called cPitical bands) in Rn+l(t) 
µ (µ = 1, 2, ... , m) 

satisfying the conditions (2, 1, 1) to (2, 1, 3) 

(2, 1, 1). 

~n L[tµ, t + £] = C{~n µ 

~n L[t - £, tµ] = ({MnO µ 

Rn+l(tµ+ E)}g [tµ, tµ+£]) U ~ 

Rn+l (tµ- £)} ~ [tµ- £, tµ]) U ~ 

for each µ (µ = 1, 2, ... , m) , see Fig.I . 
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' . '.· '• > 

Fig.1 

0 j { Rn+l(t + e:) 
µ 

0 tJ vanish 

µ 

n-1 n-1 n-1 
= 95 Rn+l(t) aµ a aµ µ µ 

-
bµ 

vanish 0 ,,..+---.. 

~ 0 Rn+l(t - e:) 

~ 
µ 

(v = 0) (O < v < n) (v = n) 
Fig.2 
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(2, 1, 2). 

({M11 n Rn+l (tµ + e:)} ~ [tµ]) n ce = a~-lc:: ace 

({Mn n Rn+l (t -
µ , and there exists a 

homeomorphism h: µ 
h (an-l) = ain-v x Iv and 

µ µ 
h (bn-1) = In-v x arv 

µ µ (µ = 1, 2, ...• m), where the integer v (O ~ v ~ n) 

will be called the index of ce , see Fig.2 . 

(2, 1, 3). Whenever t # t (µ = 1, 2, ... , m), M11 n Rn+l(t) consists µ 

of a finite number of locally flat, closed (n-1)-manifolds in Rn+l(t) (~) 

(2, 2)Definition. We will call then-ball ce in (2, 1) a aritiaal 

band of index v . 

(2, 3)Definition. We will call the level Rn+l(t ) an exaeptional µ 
n+l level of index v and the level R (t) (t # tµ) an ordinal level (µ 

= 1, 2, ... , m) 

(2, 4)Theorem. Asswne that J(l--l is an equatorial knot of a ribbon 

n-knot i1 . If n ~ 2 , then there is a ribbon n-knot Jtl satisfying 

the aonditions (2, 4, 1) to (2, 4, 4) bel01.J: 

(2, 4, 1). i1' belongs to the same knot-type as i1. 
(2, 4, 2). i1' n If+1 (o} belongs to the same knot-type as J(l--l . 

(2, 4, 3). lf1' is a.e.p. in If+2 and the indiaes of the aritiaal 

levels above If+1
(o) are either (n-1) or n. 

(2, 4, 4). lf1' is syrronetria with respeat to If+1(0) . 

Proof. By the assumption that Kn-l is an equatorial knot of given 
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ribbon n-knot Kn, there is a ribbon n-knot ~, a ribbon-map p* for 

Kn 
* and a ribbon-map po 8n + Kn-1 

0 for Kn-1 which satisfy conditions 

for Kn and for n-1 in (l, 2)Def .. Let hi: In-1 x I+ Bn , p p KO 0 0 

be the imbeddings in (2, 3, 2) in [9] Move ph.(In-1 X [ai, e .]) 
0 i. i. 

slightly by an orientation preserving homeomorphism S : Rn+l(O) + Rn+l(O) 

so that Sp h.(In-l x [a., $.]) are contained in the hyperplane defined 
oi. i. i. 

by xn+l = xn+2 = 0 (i = 1, 2, ••• , s and -1 <a.<$.< 1, t. € [a., i. i. i. i. 
n+2 n+2 Si] ). Define a map 0: R + R 

We can find an orientation preserving homeomorphism A: Rn+2 + Rn+2 such 

that AIRn+l(O) = id., TI A= TI 
0 0 

us define Kn by Kn= A0(K~) 

and A0(K~) is a.e.p. in Rn+2 . Let 

Now, we have that the critical bands 

of Kn consists of {Di}~ [i - 1/4] , {□i} ~ [-i + 1/4], and {p
0

(Aj)} 

181 [2s + j] and {p (An)}~ [-2s - j] (i = 1, 2, ... , s and j = 0, 1, 
0 

2, ... , s) C3 ) , where □~=Sp h (In-l x [a., $.]) and A~ are n-balls 
i. 0 i. i. J 

for n-1 N. = h. (I x I) i. i. (i = 1, 2, ... , 

s) Thus the proof is completed. 

(2, 5)Remark. The indices of the exceptional levels for Kn are as 

below; for i = 1, 2, . .. , s and j = O, 1, 2, . .. , s , 

the index of the exceptional level Rn+l(-2s - j) is 0 

the index of the exceptional level Rn+l(-i + 1/4) is 1 

the index of the exceptional level Rn+l(i - 1/4) is (n-1) and 

the index of the exceptional level Rn+l(2s + j) is n. 

(3) We may suppose that p (A~) are flat n-balls in Rn+l (0) 
0 J 
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3. Application of the van Kampen Theorem 

Let M11 be a locally flat, closed n-manifold which is a.e.p. in Rn+2. 

Let Rn+l(O) be an exceptional level with index v. Without loss of 

generality, we may suppose that the critical band d1 at the exceptional 

level Rn+l(O) can be described by the relations below 

Moreover, we may assume that, in a sufficiently small cubical nbh.Un+2 

of d1 in Rn+Z, Mn is made of the blocks of the hyperplanes which are 

11 1 h d . 1 . Rn+2 para e tote coor 1nate panes in . Throughout this section, 

we require that n ~ 3 

(3, l)Lemma. Asswne that X = x1 U x2 is a separaable, regulara topo­

Zogieal spaee, x0 = x1 n x2 is a elosed, arae'l,)7,se-eonneeted subspaee of 

X and that Xi - x0 (i = 1, 2) is an open, ar(J'l,)7,se-eonneeted subset of 

X Asswne that eaeh X. (i = O, 1, 2) is loeally 0-, 1- and 2-eonn-
1, 

eeted in X Then, the van Kampen Theorem is applieable to the groups 

Proof. Ref. (5, 7) p.667 in [7] 

(3, 2, O)Lemma. Asswne that the index of If+1
(o) is O. Then, 

TI1(L[-a, o] - W') ~ Z * TI1(L[-a, -o] - W') (4
) for some positive number 

o sueh as o <a. 

Proof. Since Mn is a.e.p. in Rn+Z, there is a positive number 8 

(4) Z = an infinite ayelie group. Z * H = a free produet of two 
groups Z and H. G ~ H means two groups G and H arae isomorphie. 
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satisfying (2, 1, 1) and (2, 1, 2) . Let Cn+ 2 be the cube defined by 

for a sufficiently small positive number p 

Since the index of Rn+l(O) is o , ({M11 n Rn+l(-e:)} x [O]) n rr1 = 

bn-l = h(In-O x aIO) = 6 by 

. .n n+l component of M n R (0) . 

(2, 1, 2) That is, rr1 is an isolated 

Thus we have M11 n cn+2 = cf u ({a On} 

~ [O, e:]) and Mn O acn+2 = acf ~ [e:] , see Fig.3 below. 

Fig.3 

Denote cn+2 - M11 by x
1 

. Denote aZ.{L[-a, e:] - Cn+2} - Mn by x2. 

Let x0 = x1 O x2 and X = x1 U x2 . Then, X and Xi (i = 0, 1, 2) are 

. .n n+2 n+l } 
arcwise-connected. X = L[-a, e:] - M and x0 = aZ{ac - R (e:) . 

These sets X and Xi (i = 0, 1, 2) satisfy the conditions in (3, 1) 

Therefore, by the van Kampen Theorem, 

Since M11 0 Cn+2 ( 5 } n+2 
is an unknotted ball 1n C , 

(s) M11 n cn+2 bounds {[f} ~ [O, e:] in cn+2 . 
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we have that n
1 

(X
1

) d; Z ••••• (2) . Since M11 is a.e.p. in 

there is a deformation retraction r : x
2 

+ L[-a., -e:] - Mn induced by 

the orthogonal projection TI: L[-e:, e:] + Rn+l(-e:). Therefore, the map 

By (1), (2) and 

the isomorphism r* above, we have that n1 (X) d; Z * n1 (L[-a., -e:] - M11). 

Suppose that o = e:, then the proof is completed. 

Remark. w* : n1(x2) + n1(X) is an isomor-phism, where w : x2 + X 

is the inclusion map. Ref. (o, 1) p. 60 in 2 . Therefore, the map 

w*r*: n1(L[-a., -e:] - J/1-) + n1(L[-a., e:] - J/1-) is an injection. 

(3. 2, l)Lemma. Assume that the index of If+1
(o) is 1. Then, the 

inclusion map i induces a surjection 

i*: TI1(L[-a., -o] - J/1-) + n1(L[-a., e:]- J/1-) 

for a positive number o such as o < e:. 

Proof. Let Cn+ 2 be the same cube as in the proof of (3, 2, 0) 

Since the index of Rn+l(O) is 1, ({Mnn Rn+l(-e:)} ~ [O]) n rf = bn-l 

= h(In-l x oI) and ({Mnn Rn+l(e:)} ~ [O]) n rf = an-l = h(ain-l x I) 

sn- 2 x I by (2. 1. 2). Since we assume in this section that n ~· 3, 

sn- 2 x I is connected, see Fig.4. Denote 

cl.{L[-a., e:] - cn+2} - M11 by x
2

. Let x
O 

= x
1 

n x
2 

and x = x1 U x2 . 

Then, X L[-a., e:] - M11 and x
O 

= al.{0Cn+2 - Rn+l(e:)} - M11. In the 

present case, Mn n cl.{acn+2 - Rn+l(e:)} consists of two (n-1)-balls, 

(sr1 ~ [-e:, e:]) U or1 (i = 1, 2) and these two (n-1)-balls bounds 

mutually disjoint n-balls in cl.{acn+2 - Rn+l(e:)} , see Fig.4 again. 

Therefore, we have that TI
1 

(X
O

) = is1, s2 : _ I •••••(l) , where s. 
'Z, 
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is represented by the simple closed curves Yi (i = 1, 2) which are 
. . { n+2 n+l } n-1 n-1 contained 1n a C n R (-E) - S1 U s2 , see Fig.5 

------------J... 
.. ...... .. 

Fig.4 

Fig.5 
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XO c:: Xl induces a map 81 such that S1(s.) = x. (i = 1, 2). Assume 
'l, 'l, 

that 1T2 (X2) = IY1, Y2, Y3, ... . , y : r = 1J µ 
..... (3), where the inclus-

ion XO c:: X2 induces a map 82 such that 82(si) = Yi (i = 1, 2). By 

applying the van Kampen Theorem to the groups in (1), (2) and (3) , we 

have that 

I 
x1, x2 

Y1, Y2, y3, ••• , Yµ 

-1 -1 -1 
x1x2, X1Y1, x#2 
r 

ref. (3, 6)Alternative Formulation of The van Kampen Theorem, p.71 in [2]. 

Then, 

1Tl (X) = y y y y 1' 2' 3, ... , µ 

, where 

2, ... , µ). 

Since Mn is a.e.p. in Rn+2 there is a deformation retraction 

r: x2 + L[-a, -E] - M11, and we have that 

r* : n1(L[-a, -E] - M11) + n1 cx2) is an isomorphism••••• (5) . 

By composing two maps in (4) and (5), we have that 

w*r* : n1 ( [-a, -E] M11) + n1 (X) is a surjection and the proof is 

completed by taking o = E • 

(3, 2, n-l)Lemma. Asswne that the index of Rn+l(O) is (n-1). Then, 

the inclusion map i induces an isomorphism 

i*: n1(L[-a, -o] - M"J + n1(L[-a, o] - M"J 

for a positive nwnber o such as o <a. 
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Pzioof. Let Cn+Z be as before. Since the index of Rn+l (0) is 

(n-1), it follows that ({M11 n Rn+l(-e:)} g [O]) n (f = ..bn-l = h(I x cl!n-l) 

=Ix Sn-Z and ({M11n Rn+l(e:)} g [0]) n (f = an-l = h(clI x In-l) by 

(2, l, 2). That is, the situation of M11 in Cn+Z is the reverse of 

that in (3, 2, l), compare Fig.4 and Fig.6 

------------~ ... 
.... 

Fig.6 

n+2 . .n Denote C - M by x1 . 
n+2} . .n Denote aZ.{L[-a, e:] - C - M by x2 • 
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Let X0 = x1 n x2 and X = x1 U x2 . Then, X = L[-a., e:] - Mn and 

x
0 

= aZ..{3Cn+2 - Rn+l(e:)} - M11 . Then, M11 n aZ..{3Cn+2 - Rn+l(e:)} is an 

(n-1)-ball yn-l which is {S~-2} ~ [-e:, e:] U An-l U {S~-2} ~ [-e:, e:] . 

n-2 n-2 n+l (n-2)-spheres s3 and s
4 

are contained in R (e:) and the annulus 

An-1 • • d • Rn+l ( ) p· 6 is containe in -e:, see ig .. 

••••• (1) , where si are represented 

by the simple closed curves y. (i = I, 2) shown in Fig.5 already. 
'Z, 

And, 

-1 n-1 the relation s1s 2 = 1 is a consequence of the unknottedness of A , 
. n+2 n+l n-1 that is 1r1 (3C n R (-e:) - A ) = Z. Furthermore, 

w1 (X1) = I x 1, x 2 : x 1x;
1 = 1 I • • ••• (2) , where the inclusion 

x0 c::X1 induces the map e1 such that e1(si) = xi (i = I, 2). Assume 

that w1 (X2) = I y1, y 2, y3, .. . , Yµ : r = 1 I (3) , where the 

inclusion x0 c::x2 induces the map e2 such that e2(si) = yi (i = 1,2). 

S• X ~"'"'n+2 n Rn+l(-"") - An-1 • f 11 h t -1 b 1 ince 2 ~""' c. , it o ows t a yiy2 e ongs 

to the set r. By applying the van Kampen Theorem to the groups in (1) 

(2) and (3), we have that 

TI l (X) = 

I 
xl, :,;2 

Y7, Y2, Y3, •• • , Yµ 

-1 -1 -1 
xlx2' xlyl' X2Y2 
r 

Then, we have that 

1T 1 (X) = Y7, Y2, Y3, .. . , Yµ 

= Y7, Y2, Y3, •• • , y , because 

and we have that 

w1 (X) = I v1, v2, v3, .. . , vµ : w*(r) = 1 I , where the inclusion 

x2c:: X induces the map w* such that w*(yi) = vi (i = 1, 2, ••• , µ). 

Since M11 
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an isomorphism. Suppose that a= E, then the proof is completed. 

Remark. In case of n = 2 , we obtain onl,y that the map i * mentioned 

in (3, 2, n-1) is surjective. 

statement in (3, 2, 1). 

That is, (3, 2, n-1) is reduced to the 

(3, 2, n)Lemma. Assume that the index of If+1
(o) is n. 

the incl,usion map i induces an isomorphism 

i*: n1(L[-a, -a] - M'-J + n1(L[-a, a] - M'-J 

for a positive number o such as o < E. 

Proof. The proof is almost clear. 

4. G{n) 

Then, 

(4, l)Definition. Denote the collection of the isomorphism classes 

of the knot-groups of ribbon n-knot by G(n) (n = 1, 2, 3, .... ). Let 

us assume that Kn is a ribbon n-knot which is stated in (2, 4)Theorem. 
~n Suppose that the exceptional levels for K are as shown in (2, 5)Remark. 

If n ~ 3, we can prove the existence of the following isomorphisms u, 

v. and w. 
'!, '!, 

(i = 1, 2, .... , s) induced by inclusions; 

(4, 2, 0). u Til(Rn+l(O) Kn)+ n
1

(L[0, 1/2) - ?1), 

(4, 2, l ) . n1 (L[O, i] ~n Kn) and v. K) + n1 (L[0, i + 1/2) 
'!, 

(4, 2, 2). w. Til (L[O, i - 1/2) - Kn)+ TI1 (L[0, i] - Kn) 
'!, 

(i = 1, 2, .... , s) 

To prove the existence of the maps in (4, 2, 0) and (4, 2, 1), it is 

sufficient to prove the existences of deformation retracts r0 , ri and 
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r
0 

L[O, 1/2] - Kn+ Rn+l(O) _ Kn 

L[i + 1/4, i + 1/2] - Kn+ Rn+l(i + 1/4) and 

ri(hJ (i = 1, 2, ... , s). 

r 0 and ri are given by the orthogonal projection (i = 1, 2, ... , s). 

r i (h) is realized along the i-th handle J\.0piNi x [ -1, 1]) for ~n K , 

because there is no exceptional level between Rn+l(i) and Rn+l(i + 1/4) 

(i = 1, 2, ... , s). S• h • d. f h • 1 1 1 Rn+ l c~· 1nce t e 1n ices o t e except1ona eve .., 

- 1/4) in [i - 1/2, i] are (n-1) and we assume that n ~ 3 (i = 1, 2, 

... , s), (4, 2, 2) is a consequence of (3, 2, n-1). Since the indices 

f h • 1 1 1 Rn+l(2s + J") o t e except1ona eve s are n (j = O, 1, 2, ... , s), as 

a consequence of ( 3, 2, n), we have the following isomorphisms u . 
J 

in-

duced by the inclusion; 

(4, 2, 3) 
~n ~n 

uj: TI1(L[O, 2s + j - 1/2] - K) + TI1 (L[O, 2s + j + 1/2] - K) 

(j = 0, 1, 2, ... , s). 

Obviously, we have an isomorphism v induced by inclusion 

(4, 2, 4) 

v: TI1 (L[O, s + 1/2] - Kn)+ TI1 (L[O, 2s - 1/2] - Kn), 

b h • ' 1 1 1 b Rn+l (s + 1/2) ecause t ere 1s no except1ona eve etween and Rn+l(2s 

- 1/2). Now, we have that 

(4, 3)Theorem. 

Proof. Denote by n+2 d by Rn_+l the upper half-space of R , an 

the lower half-space. By means of (4, 2, 0-1-2-3-4), the inclusion in-



w : 1\ (Rn+l(O) - ~ n Rn+l(O)) + 1r1 (L[O, 3s + 1/2] - ~) . 

~n Since K c:::L[O, 3s + 1/2] , we have that 

i* 1Tl (Rn+l(O) - ~ n Rn+l(O)) + ,rl (R:+2 
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is an isomorphism. By the symmetry of Jc11, ref. (2, 4, 4), we can easi-

ly complete the proof of (4, 3) by applying the van Kampen Theorem to 

Rn+2 - ~ and Rn+2 - ~ 
+ 

(4, 4)Corollary. Assume that ~-l (a.= 1, 2) are -two equatorial, 

. .n _n+l . .n-1 _n+l 
knots of a ribbon n-knot K • If n ~ 3 , then 1r1 (1( - Kl ) ~ 1r1 (1( 

- ~-1; . 

Proof. Consider Kn for K~-l (a.= 1, 2). ~ belongs to the same 
a. 

knot-type as Kn (a.= 1, 2). Then, for a.= 1, 2, 

Question. It is an open question whether or not (a. = 1, 2) be-

1-ong to different knot-type. 

(4, 5)Lenma. If n ~ 3, then G(n)S G{n-1) . 

Proof. Let G be a group representing an element of G{n). There 

is a ribbon n-knot Kn such that G ~ 1r1 (Rn+2 - Kn). By (1, 7), Kn has 

an equatorial knot Kn n Rn+l(O) . By (2, 4)Theorem and (4, 3)Theorem 

this ribbon (n-1)-knot Kn n Rn+l(O) in Rn+l(O) satisfies that 

1r1(Rn+l(O) - Kn n Rn+l(O)) ~ G. Then, G € G(n-1) and the proof is com­

pleted. 

(4, 6)Lenma. If n ~ 3 , then G{n-1) S G(n) 
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Proof. By (2, 5) in [9], any ribbon (n-1)-knot can be a canonical 

equatorial knot of a ribbon n-knot. Then, by (2, 4)Theorem and (4, 3) 

Theorem, the proof is easily seen. 

(4, 7)Lenrna. A spun knot s2(k) in R4 is a ribbon 2-knot. 

Proof. The image of a ribbon-map p: B3 ~ R4 can be given by the 

rotation of a singular 2-ball f(D2) bounded by the proper arc k.. in 

R!, see Fig.7. 

,,. 
d l 2 

2 3 

a 12 312 3 

Fig.7 

(4, 8)Corollary. G(l) 'j G(2). 

Proof. By (4, 7) and Theorem 3, p.567 in [1] , G(l) ~ G(2). The 

following example, Example 10, p.135 in [3], shows that G(l) t G(2) , 

also ref. [5] and [8] . 

(4, 9)Corollary. G(l) 'j G(2) = G(3) = G{4) = 

Proof. This is a direct consequence of (4, 5), (4, 6) and (4, 8), 

also ref. [4] and [6] . 
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