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A Note on Unknotting Number 

Dedicated to the memory of Shouro Kasahara 

By Yasutaka NAKANISHI 

Let k be an oriented tame knot in a 3-sphere 8 3
, and let K be a di-

agram i.e. the image under a regular projection of 8 3 into 8 2
• On all 

diagrams representing k, the minimum number of exchanges of overcrossings 

and undercrossings required to deform k into a trivial knot is called the 

unknotting nwnber of k, denoted by u (k), and the minimum number of cro­

ssings is called the crossing nwnber of k, denoted by cr(k) [17]. 

Observation on diagrams tells us the following fact, where [x] means 

the maximum integer which is not greater than x. 

(0. 1) 

This inequality is rough but best possible. 

We will discuss the relationship between unknotting numbers and numeral 

algebraic invariants of knots. From Examples 3. 1, 2 and 3, we will know 

the following inequalities are rough but best possible. 

(1. 2) 

(1. 3) 

o $ ½la(k)\ $ g*(k) $ u(k). 

o $ m(k) $ sd(k) $ u(k). 

In Section 3. 5, we will give counter-examples to [8, Problem 18] i.e. 

Is g*(k) = g(k') for some k' concordant to k? 
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1. Definitions and Inequalities 

Throughout this paper, we work in the p.l. category. 

Let k be an oriented knot in S 3
• The minimum genus of Seifert sur­

faces of k is called the 3-genus of k, denoted by g (k) ( [ 7 ] , [20]). 

R. H. Fox defines the 4-genus of k, denoted by g* (k) (h* (k} in [ 5]). 

Proposition l. ( [ s]) For, any knot k, we have 

(1. 1) Os g*(k) s g(k). 

A knot k is called slice if g*(k) = 0. 

The signatur,e of k, denoted by o(k), is known to be an invariant of 

the knot type [24]. K. Murasugi shows the following in [14]. 

Theorem 2. ([14]) For, any knot k, we have 

(1. 2) o s ½lcr(k) I s g*(k) s u(k). 

A sur,gical descr,iption of k is as follows [18]. 

Let k be a knot in S 3
, there are disjoint solid tori T . • • • T 

l' ' n 

in S 3-k and a homeomorphism h: S 3-( 0 T
1
u•••u 0 Tn) + S 3-( 0 T

1
u•••u 0 Tn) 

such that 

(i) h(k) is unknotted in S 3
, 

(ii) 

(iii) 

(iv) 

the T. 's are unknotted and pairwise unlinked, 
-z, 

lk(T., k) = lk(T., h(k)) = 0 for all i, -z, -z, 

h ( clT . ) = clT . and lk ( µ . ' , T . ) = -z, -z, -z, -z, 
1, where µ . is a curve on T. 

-z, -z, 

meridinal to T. and µ.' = h(µ.). 
-z, -z, -z, 

The minimum number of these solid tori is called the sur,gical descr,ip-

tion number, of k, denoted by sd(k). 
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Let X be the exterior of k, and let X be the universal abelian 
a 

covering space of X. Hi (X ) 
a 

as a ZHi(X)-module is called the Alexander 

invariant of k, where we take the integral group-ring ZH i (X) for the 

Laurent polynomial ring Z[t, t- 1) and t is always taken to be repre-

sented by the meridian of k. A presentation matrix of Hi (X ) 
a 

as a 

-1 Z[t, t ]-module is called an Alexander matrix of k, denoted by Mk(t). 

A minimal Alexander matrix M\ (t) of k is defined to have the minimum 

size among all square Alexander matrices of k. The number of its size is 

called the minor index of k, denoted by m(k), provided that m(k) = 0 

if M*k(t) is equivalent to ( 1) as presentation matrices. A surgical 

view of Hi (X ) shows the existence of an Alexander matrix of k with 
a 

size sd(k). We can see that an exchange of an overcrossing and an under-

crossing is realized by surgery around a crossing. Hence we have 

Theorem 3. For .any knot k, we have 

(1. 3) o 5 m(k) 5 sd(k) 5 u(k). 

The determinant of an Alexander matrix of k is called the Alexander 

polynomial of k, denoted by /';.k(t), which is unique up to units [ 1]. 

Theorem 4. ([20)) For any knot k, we have 

(1. 4) 0 5 (the degree of /';.k(t)) 5 2g(k). 

2. Deformations preserving o(k) and m(k) 

Lemma l . Let L = k1 u • • • u kn be an n-components Zink and let Fi be 

a Seifert surface of ki. Let k
0 

be a trivial knot such that k
0 

and 

Fi do not meet for every i a~d that k
0 

is contractible in the exterior 
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of F 
1 

u • • • u F n· We denote by L* the Zink which is obtained from L by 

surgery along k0. Then Seifert forms and Alexander invariants of L and 

L* are equivalent. In particular, for a knot, this deformation preserves 

a(k) and m(k). 

The proof is obvious, hence we omit it. 

Lemma l '. In Fig. l, the parallel strings are subarcs of a knot and 

the shaded area between them is a part of a Seifert surface of this knot 

respectively. Deformation (a) to (b) preserves a(k) and m(k). 

~

}{ ko 

""':-:-"":•:""•:•"":•:""•:•"":-:""-:•"":-:""-:-:""•:•"":•·"".··""·.·!"'!' ............... = .. ·.·.·.·t.J: ~ 
-1 

(a) (b) 

Fig. 1 

Proof. In Fig. 1 (b), a sugery curve k0 is considered as in (a), 

which satisfies the condition of Lemma 1. This completes the proof. 

Lemma 2. ( [ 3 ] , [ ll] , [ 12]) The join of two prime tangles is a prime 

knot or a prime 2-components link. 

3. Some Examples 

3. l. For any positive integer n, there is a prime knot k such that 

g*(k) = 0 and u (k) = n. 

By Lemma l', the knot k as in Fig. 2 has the same minor index as a 

connected sum of n copies of the -6-twisted knot i.e. m(k) = n. With 
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observation on the diagram, we have u(k) = n from (1. 3). On the other 

hand, ribbon moves at • • •' S n+ 1 
[-2-] 

show that k is slice. 

On a similar way we can see the fact: for any pair of positive integers 

m ~ n, there is a prime knot k sueh that g*(k) = m and u(k) = n. 

when n = 2m+l for some integer m 

----- - - ...... 
✓ ' 

/ \ 
I \ 

I \ 
I / 
\ I 
\ I 

when n = 2m for some integer m 

Fig. 2 

3. 2. For any positive integer n, there is a prime knot k sueh that 

g*(k) = u(k) = sd(k) = n. 

By Lemma l', the knot k as in Fig. 3 has the same minor index and the 

signature as a connected sum of n copies of the right-hand trefoil knot 

i.e. m(k) = ½la(k) I = n. With observation on the diagram, we have u(k) 

= g*(k) = sd(k) = n from (1. 2 and 3). 
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In Sections 3. 1 and 2, the interior and the exterior of a dotted line 

in Figs. 2 and 3 are prime tangles respectively. From Lemma 2, the above 

knots are prime. 

Fig. 3 

3. 3. For any positive integer n, there is a prime knot k such that 

m(k) = 1 and u(k) = n. 

The (2, 2n+l)-torus knot k has 1 
2 1o(k) I = u(k) = n [ 15] . A group of 

the torus knot has a one relator group-presentation. Fox's free differ­

ential calculus [ 4 ] shows m (k) = 1. 

3. 4. For any positive integer n, there is a prime knot k such that 

u(k) = 1 and g(k) = n. 

The knot k as in Fig. 4 has the Alexander polynomial with degree 2n. 

With observation on the diagram, we have g(k) = n from (1. 4). 

We remark this knot is fibered. 

Fig. 4 

n-crossings 

(n+l)-crossings 

In Sections 3. 3 and 4, the above knots are 2-bridge, so are prime. 

From above arguments, we know (1. 2 and 3) are rough but best possible. 
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3. 5. For any positive integer n, there is a prime knot k sueh that 

n = g*(k) < g(k') for any k' eoneordant to k. 

H. Kondo [10] and T. Sakai [19] show "For any knot polynomial l.\(t), 

there exists a knot k with u(k) = 1 and l.\k(t) = l.\(t)." 

Hence, for any positive integer i, there is a knot k. with u(k .) = 1 
'Z, 'Z, 

and Since all roots of l.\k.(t) 
'Z, 

are mutually distinct 

roots of unity, we see o(k.) ~ 2i (mod 4) from J. W. Milnor's arguments 
'Z, 

in [13]. Hence lo(k.) I = 2 if i is odd, from u(k.) = 1 and (1. 2). 
'Z, 'Z, 

Let m be an odd integer greater than n + 1. There is a connected sum of 

k and m (n-1) copies of k
1 

(or its mirror image denoted by k* 
' 

with lo(k*) I = 2n, from the additivity of the signature. Since we easily 

see u(k*) $ n, we have g*(k*) = n from (1. 2). On the other hand, we 

n-1 2m 2 n-1 
know l.\k* (t) = l.\k (t) • {l.\k (t)} = (t - • • • - t + 1) (t - t + 1) . 

m 1 
Since 

-1 Alexander polynomials of concordant knots are unique up to f(t)f(t )-fac-

tors [ 6] where f(t) is a Laurent polynomial with f(l) = ±1, and l.\k (t) 
m 

has no -1 f(t)f(t )-factor, the degree of l.\k*'(t) for any k*' concordant 

to k* is not smaller than 2(m- 1). From (1. 4), the genus of k*' is 

not smaller than m - 1, so is greater than n. Furthermore we can regard 

k* as a prime knot from the fact: Any link is eoneordant to a prime link 

with the same Alexander invariant (also polynomial) [16]. (Cf. [ 3 ].) 

Thus we have a required knot. 

Remark. If m(k) = 0, then o(k) = 0. So we cannot decide the unknot­

ting number of such a knot by (1. 2 and 3). 
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Appendix. The following is a table of Alexander-Briggs' notations [2], 

half the absolute values of the signatures [22], the 4-genera, the unknot­

ting numbers and the minor indices [15] of prime knots of 9 crossings or 

less, where 2? means "1 or 2" and 3? means "2 or 3". 

31 1 1 1 1 8a 0 0 2? 1 9a 1 1 2? 1 929 1 1 1 1 

41 0 1 1 1 89 0 0 1 1 99 3 3 3 1 930 0 1 1 1 

51 2 2 2 1 81 0 1 1 2? 1 910 2 2 3? 1 931 1 2? 2? 1 

52 1 1 1 1 81 1 1 1 1 1 911 2 2 2 1 932 1 2? 2? 1 

61 0 0 1 1 812 0 1 2? 1 912 1 1 1 1 933 0 1 1 1 

62 1 1 1 1 813 0 1 1 1 91 3 2 2 3? 1 934 0 1 1 1 

63 0 1 1 1 814 1 1 1 1 914 0 1 1 1 935 1 1 3? 2 

71 3 3 3 1 815 2 2 2 1 915 1 1 2? 1 9 3 6 2 2 2 1 

72 1 1 1 1 816 1 2? 2? 1 91 6 3 3 3 1 937 0 1 2 2 

73 2 2 2 1 817 0 1 1 1 917 1 2? 2? 1 93a 2 2 3? 2? 

74 1 1 2? 1 81a 0 2? 2 2 91a 2 2 2 1 939 1 1 1 1 

75 2 2 2 1 819 3 3 3 1 919 0 1 1 1 94 0 1 2? 2 2 

76 1 1 1 1 82 0 0 0 1 1 920 2 2 2 1 941 0 0 2 2 

77 0 1 1 1 821 1 1 1 1 921 1 1 1 1 942 1 1 1 1 

81 0 1 1 1 91 4 4 4 1 922 1 1 1 1 943 2 2 2 1 

82 2 2 2 1 92 1 1 1 1 923 2 2 2 1 944 0 1 1 1 

83 0 1 2? 1 93 3 3 3 1 924 0 1 1 1 94 5. 1 1 1 1 

84 1 1 2? 1 94 2 2 2 1 925 1 1. 2? 1 945 0 0 2 2 

85 2 2 2 1 95 1 1 2? 1 925 1 1 1 1 947 1 2? 2 2 

85 1 1 2? 1 95 3 3 3 1 927 0 0 1 1 945 1 2? 2 2 

87 1 1 1 1 97 2 2 2 1 92a 1 1 1 1 94 9 2 2 3? 2 
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