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UNIMODALITY CONDITIONS OF THE DISTRIBUTION OF A MIXTURE 

OF TWO DISTRIBUTIONS 

By Itsuro KAKIUCHI 

Conditions for which the distribution of a mixture of two normal dis­

tributions is unimodal were investigated by Eisenberger [1]. To the probl­

em of the pooling of two samples, Takeshita, Kasagi and Yanagawa [4], and 

Inada and Kakiuchi [2] employed unimodality conditions of the distribution 

of the pooled samples. We may be especialy interested in whether a distri­

bution is unimodal or bimodal because the information contained in this 

fact alone may be more important than the parameters of the actual distri­

bution. 

In this paper we consider the distribution of a mixture of two distr­

ibutions without the assumption of the normality and investigate a critic­

al value of the differrence between means of two distributions for which 

the distribution is unimodal for any proportions p and 1-p, 0 < p < 1. In 

section 1, when only means are different, the critical value which is ind­

ependent of pis obtained. In section 2, when both means and variances are 

different, some results in section 1 are extended, and a condition of the 

shape of the probability density function of the individual distribution 

for which the distribution is never unimodal is obtained. For the normal, 
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logistic, double exponential and t distributions, the critical values are 

compared in section 3. 

1. Only means are different 

Let F(x) be a cummulative distribution function (cdf) which is symme­

tric and unimodal at x=O, and f(x) be its probability density function ( 

cdf). 

We shall consider unimodality conditions for the cdf G(x;p) of a mix­

ture which is given by 

(1) 

where µ1 and µ2, - 00 < µ1 , µ2 < 00 , are location parameters, a> 0 is a 

scale parameter and O < p < 1. 

Now instead of (1), it is sufficient to discuss the unimodality of 

the cdf 

where 

G(x;p) (1-p)F(x) + pF(x-µ
0

) 

µa= (µ2-µ1)/a · 

(2) 

(3) 

In this paper we assume that f(x) is continuous on the real line and 

has the continuous derivative f' (x) on the real line except for x=O. 

If f'(O) exists, then it is called by Type A and if dose not, it is 

called by Type B. 

It is noted that for the pdf of Type A f'(O)=O and for the pdf of 

Type Bf' (x) < 0 as x ➔ +O. 

In this section we shall consider the following condition for the sh­

ape of the pdf f(x). 
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Condition 1. There exists the value of x', 0 < x' < 00 , such that 

f'(x) is nonincreasing on the interval (O,x'] and nondecreasing on the in­

terval (x', "") . 

For example, the pdf' s of the norm.al, logistic and t distributions of 

Type A satisfy Condition 1 but the pdf of the double exponential distribu­

tion of Type B dose not satisfy Condition 1. 

From Condition 1, we obtain that there exists values of x1 and x2, 

0,;;;, x1 < x2 ,;;;, 00 , such that for the pdf of Type A 

f' (x) = 0 if Ix I ,;;;, x1 or Ix I 2, x2 

+ 0 if otherwise 

or for the pdf of Type B 

f' (x) =O .if JxJ ;:. x2 

+o if otherwise. 

Now put 

h(x) f' (X-l\,)/f' (x). 

(4) 

(5) 

(6) 

Lemma A. Suppose that Condition 1 is satisfied for the pdf f(x) of 

Type A. Then, G(x;p) is unimodal for all p, 0 < p < 1 , if and only if the 

following conditions (i) or (ii) are satisfied: 

(i) Jµ
0

j ,;;;, 2x
1

. 

(ii) 2x1 < ll1
0

1,;;;, x1 + x2 and h(x) is nonincreasing on the interval 

(xl '\JCT-xl) • 

Proof. Denote G'(x;p) and G"(x;p) by the first and second derivat-

ives of G(x;p) respectively. If \1 = 0, G(x;p) is evidently unimodal for CT 
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all p. Suppose µcr > 0. Then, G(x;p) ~ 0 for x < 0 and G(x;p) ~ 0 for x > 

µcr. As G' (x;p) is continuous at x= Oand µcr' we are now interested only 

G"(x;p) for O < X < µ0. Thus, G(x;p) is unimodal for all p if and only 

for any fixed p there exists the value of x', 0 ~ x' i µ
0

, such that 

G"(x;p) ~ 0 for O < x ~. x' and G"(x;p) i O for x' < x < µ
0

. 

in 

if 

At first suppose µ
0 

i 2x1. Using the symmetry and unimodality of f(x) 

at x=O, we obtain that G"(x;p) = 0 for O < x < µ ifµ < x1, and G"(x;p) cr cr = 

~ 0 for O < xi x1 and G"(x;p) < 0 for x1 < x < µ
0 

if x1 < µ
0 

i 2x1 . Thus, 

(i) implies that G(x;p) is unimodal for all p. 

Secondly suppose 2x1 < µ
0 

i x1 + x2" Then, G"(x;p) ~ 0 for O < x ~ x1 

and G"(x;p) i O for µ
0

-x1 ix< µ
0

. Putting G"(x;p) = 0, we obtain h(x) = 

p/(1-p). This right term takes on all finite positive values exactly once 

on the interval O < p < 1. For x1 < x < µ
0

-x1, h(x) > 0. If h(x) is nonin­

creasing on the interval (x1 ,µ
0

-x1), then for any fixed p there exists x', 

x1 ~ x' ~ µ
0

-x1 , such that h(x) ~ p/(1-p) for x1 < x ~ x' and h(x) i p/(1 

-p) for x' < x < µ
0

-x1. Thus, (ii) implies that G(x;p) is unimodal for 

all p. 

Finally we show that (i) or (ii) are necessary conditions. If 2x1 < 

µ
0 
~ x1 + x2 and h(x) is not non increasing on the interval (x1 ,µ

0
-x1), 

there exists p and x', x1 < x' < µ
0

-x1 , such that h(x) < p/(1-p) on some 

subinterval of (x1,x 1) and h(x) > p/(1-p) on some subinterval of (x' ,µ
0

-x1 

). Then, there exists p such that G(x;p) is not unimodal. Suppose x1 + x2 

< µ
0

. Since f'(x) < 0 and f'(µ
0

-x)= 0 on the interval (x1,min(x2,µ
0

-x2)), 

G"(x;p) < 0 on this interval. Also, since f' (x) = 0 and f' (µ -x) < 0 on 
0 

the interval (max(x2,µ -x2) ,µ -x ) , G"(x;p) > 0 on this interval. This im-
cr cr 1 

plies that G(x;p) is not unimodal for all p. 
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It is easy to show that the same results are obtained for µ
0 

< 0, 

which completes the proof. 

where 

Now let x0 be the greatist value of x', satisfying Condition 1. 

Put 

K(x) = f"(x)/f' (x) + f"(2x0-x)/f' (2x0-x) (7) 

(8) 

Theorem lA. Suppose that Condition 1 is satisfied for the pdf f(x) 

of Type A. Then, the following results are derived: 

(i) If 1µ
0

1 i x0, then G(x;p) is unimodal for all p, 0 < p < 1. 

(ii) Suppose that there exists the derivative f"(x) of f'(x) on the 

interval (x
1

,2x0-x
1
), and that f"(x)/f'(x) is nonincreasing and K(x) is 

nonnegative on this interval. If 1µ
0

1 i 2XcJ, then G(x;p) is unimodal for 

all p, 0 < p < 1. 

(iii) If 1µ
0

1 > 2x0, then there exists p, 0 < p < 1 , such that 

G(x;p) is not unimodal. 

Proof. At first suppose O i µ
0 

i x0. Since f'(x) is negative and 

nonincreasing on the interval (x
1

,µ
0

-x
1
), h(x) is nonincreasing on this 

interval and hence (i) is proved from Lemma A. 

Secondly suppose x0 < µ
0 

i 2x0. By the assumption of (ii), we have 

h' (x) (f' cµa-x)/f' (x)) (f"(x)/f' (x) + f"Cµa-x)/f' Cµa-X)) 

< - (f' (µ
0
-x)/f' (x)) (f"(x)/f' (x) + f"(2x0-x)/f' (2x0-x)) 

< 0 
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on the interval (x1,µcr-x1). Thus, (ii) is proved from Lemma A and (i). 

Finally suppose µcr > 2x0. If x0 ~ (x1 + x2)/2, we have µcr > x1 + x2 

and hence (iii) is proved from Lemma A. If x0 < (x1 + x2)/2, since x0 < 

((µ
0

-x1) + x1)/2, we obtain that there exists x', x0 < x', such that f'(x) 

is increasing and f'(µcr-x) is nonincreasing on the interval [x0,x•J. Thus 

h(x) is increasing on this interval. Therefore, (iii) is proved from Lem­

ma A. 

Suppose that the assumption of (ii) in the above theorem is satisfied 

Then, it is noted that G(x;p) is unimodal for all p, 0 < p < 1, if and 

only if lµcrl ~ 2xo. 

We easily obtain the following results for the pdf f(x) of Type B by 

the same manner as was discussed about the pdf of Type A. 

Lemma B. Suppose that Condition 1 is satisfied for the pdf f(x) of 

Type B. Then, G(x;p) is unimodal for all p, 0 < p < 1 , if and only if 

lµcrl < x2 and h(x) is nonincreasing on the interval (O,µcr). 

Proof. Now suppose µcr = x2 . Then, h(x) ++Oas x + +O and h(x) + 

+00 as x + µcr-0. Since h(x) is positive and continuous on the interval (0, 

µcr), h(x) is not nonincreasing on this interval. Thus, there exists p, 0 < 

p < 1 , such that G(x;p) is not unimodal. For the other parts O < µ
0 

< x2 

and x2 < vcr' we can easily obtain the same results as those in the proof 

of Lemma A by letting x1 = 0. Therefore, as was shown in Lemma A, we obta­

in this lemma. 
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Theorem 1B. Suppose that Condition 1 is satisfied for the pdf f(x) 

of Type B. Then, the following results are derived: 

(i) If !µ
0

! ~ x0, then G(x;p) is unimodal for all p, 0 < p < 1. 

(ii) Suppose that the assumption of (ii) in Theorem lA is satisfied 

by letting xl = 0 and XO= XO= min(x0,x2/2). If Jµol ~ 2xo when 2xo < Xz, 

or if lµoJ < 2xo when 2xo ~ Xz, then G(x;p) is unimodal for all p, 0 < p 

< 1. 

(iii) If lµol > 2xo when 2xo < Xz, or if JµOJ ~ 2xo when 2xo ~ Xz , 

then there exists p, 0 < p < 1 , such that G(x;p) is not unimodal. 

Proof. From Lemma B, if !µ
0

! = x2 , G(x;p) is not unimodal for 

all p. Eliminating the case of lµ
0

! = x2, the proof is the same as that 

described for Type A in Theorem lA by letting x1 = 0. Thus, the theorem is 

proved. 

From Theorem lA and 1B, the following corollary is the immediate con-

sequence. 

Corollary. Suppose that f'(x) + 0 for O < !xi~ 2x0 and Condition 

1 is satisfied. Suppose that the assumption of (ii) in Theorem lA is sati­

sfied by letting x1 = 0 and x0 = x0 . Then, G(x;p) is unimodal for all p, 

0 < p < 1 , if and only if 1µ
0

1 ~ 2x0 . 

2. Both means and variances are differrent 

It is possible to extend some results in section 1 to the case that 

both means and variances of two distributions are different. 
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We shall now consider the cdf 

Theorem 2. Suppose that f'(x) ,= 0 for O < Ix! and Condition 1 is 

satisfied. Then, the following results are derived: 

(i) If 1µ 1-µ 2 1,;;, x0min(cr1,cr2), then G(x;p) is unimodal for all p, 0 < 

p < 1. 

(ii) If 1µ1-µ 2 ! > x0(cr1 + a2), then there exists p, 0 < p < 1 , such 

that G(x;p) is not unimodal. 

Proof. Now we consider 

G(x;p) = (1-p)F(x) + pF((cr1/cr2)x-(µ 2-µ 1)/cr2) 

instead of (9). 

At first we prove (i). Suppose O < µ2-µ 1 ,;;, x0min(cr1,cr2). As was shown 

in Lemma A, it is sufficient to show that h(x) = f' ((µ 2-µ 1)/cr2-Ccr/cr2)x)/ 

f' (x) is nonincreasing on the interval (0,(µ 2-µ 1)/cr1). Since (µ 2-µ 1)/cr1 < 

x0 and (µ 2-µ 1)/cr
2 

< x0 , this is immediately obtained. 

Next we prove (ii). Suppose µ2-µ 1 > x0(cr1 + cr2). Since x0 < (µ 2-µ 1)/ 

a2 -(a1/a2)x0, there exists the interval (x0,x•), x0 < x' , on which h(x) 

is positive and increasing. This proves (ii). 

Since the same results are obtained for µ2 < µ1, the theorem is prov­

ed. 

When x0min(cr1 ,cr2) < 1µ 1-µ 2 1,;;, x0 (cr1 + cr2), we can not know whether 

G(x;p) is unimodal or bimodal. But we shall not be able to know them, so 

far as F(x) is not known. When F(x) is normal, the results of this theor-
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em compared with [l] are not sharp. 

We shall now consider the following condition for the shape of the 

pdf f(x). 

Condition 2. There exists the value of x', 0 < x' < 00 , such that f' (x) 

is increasing on the interval (0,x'] and nondecreasing on the interval 

For example, the pdf of the double exponential distribution satisfies 

this condition. 

We can easily obtain the following theorem and the proof is omitted. 

Theorem 3. Suppose that Condition 2 is satisfied. If µ 1 + µ 2 , then 

G(x;p) is not unimodal for all p, 0 < p < 1. 

It is immediately obtained by Theorem 3 that under the assumption of 

Condition 2, G(x;p) is unimodal for all p, 0 < p < 1 , if and only if 

3. Examples 

As examples of Type A, we shall now give the normal, logistic and t 

with v degree of freedom distributions and their pdf's f(x) are given by 

and 

-1/2 2 f(x) = (2n) exp(-x /2), 

-2 f(x) = exp(-x)[l + exp(-x)] 

f(x) 

(10) 

(11) 

(12) 
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respectively. 

It is known by [3] that (10), (11) and (12) have the positive points 

of inflection at x = 1, log(2 + 13) and lv/(v + 2), respectively. Then, 

it can be shown by easy but complicated caluculations that they satisfy 

the assumption of Corollary in section 2 by letting x0 by the above valu­

es of inflection, respectively. Therefore, for the normal, logistic and t 

distributions, we have Corolally and Theorem 2 by letting x0 = 1, log(2 + 

13) and ✓v/(v + 2), respectively. 

Now the standard deviations of (10), (11) and (12) are 1, TT/v'3 and 

✓v/(v - 2) (v ~3), respectively. Therefore, the standard forms of (11) 

and (12) have the positive points of inflection at (v'3/TT)log(2 + v'3)=.73 

and ✓ (v - 2)/(v + 2), respectively. Thus, by the point of inflection, we 

may know the tail heaviness of the distribution. 

Putting 

(v'3/TT)log(2 + v'3) = ✓(v - 2)/(v + 2) 

we have v = 6.7. Therefore, the logistic distribution can be approximated 

by the t distribution with 6 or 7 degree of freedom. 

For the double exponential distribution of Type B, we have Theorem 3 

and note that its pdf has not the point of inflection. 

References 

[l] I. Eisenberger: Genesis of bimodal distribution, Technometrics, 16 

(1964), 357-363. 

[2] K. Inada and I. Kakiuchi: Pooling procedure for the scale problem in 



325 

two large samples, Uupablished manuscript, (1981). 

[3] N. L. Johnson and S. Kotz: Continuous univariate distributions 1 and 

2, Wily, New York, (1970). 

[4] S. Takeshita, F. Kasagi and T. Yanagawa: Pooling two large samples 

in comparative studies, Journ. Japan Statist. Soc., 10, 1, (1980) 

29-36. 

Department of Mathematics, 
Faculty of General Education, 
Kobe Univercity, 
Nada-ku, Kobe, 657 
Japan 

Received December 5, 1981 




