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MATHEMATICS SEMINAR NOTES
Vol. 9 (1981)

Primeness of Links

By Yasutaka NAKANISHI

R. Kirby and W. B. R. Lickorish [ 7] introduce the method of tangies to
prove the primeness of certain knots. In Section 1, we will generalize a
notation of tangles and obtain a more applicable machine to links. For
examples, we will easily see that some links are Brunnian in Section 2.

We know in [11] that any link is concordant to a prime link with the
same Alexander invariant. In Section 3, we will show that any »n-~components
link (#22) is concordant to a prime link with the same Alexander invariant
preserving the knot types of components and the double of this concordance
is ambient isotopic to the direct product.

F. Hosokawa [ 5] defines V-polynomials of links and characterizes them
as reciprocal polynomials of even degree. In Section 4, we will character-
ize V-polynomials of ribbon (slice) links in the weak sense as reciprocal
polynomials of even degree.

In Section 5, we will elementarily prove "For each integer n, there are
distinet prime knots with the same n~fold cyclic branched covering space."

This paper should be interpret in the piecewise-linear category. The
standard results and definitions of the 1link theory is reffered to D.

Rolfsen’s book [12].
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1. Prime Links and Tangles

1.1. In this paper, the word tangle is borrowed from [ 3] and is used
to mean a pair (B, t) where B 1is a 3-ball and ¢t is a set of arcs and
zero or more loops properly embedded in B, provided that the number of
components of ¢ is finite. Two tangles (Bl’ tl) and (Bz, tz) are said

to be equivalent if there is a homeomorphism of pairs from (B., ¢t.) to

1771

(B23 tz) .

1.2. We see examples of tangles in Fig. 1.1; (a) is named the unknot-
ted tangle, (b) is the trivial tangle, (c) is the elasp [7], (d) is the

K~-T grabber [ 2], and (e) is the chain.

SHET=te

(a) (c) (d (e) (f)

Fig. 1.1

1.3. A tangle (B, t) is prime if it has the following properties:

1. (Locally Trivial) Any 2-sphere in B, which meets ¢ transversely
in two points, bounds in B a ball meeting ¢ in an unknotted spanning arc.

2. (Inseparable) The arcs and loops of t cannot be separated by a
disc properly embedded in B.

3. (Indivisible) Any disc properly embedded in B, which meets ¢
transversely in a single point, divides (B, t) . into the unknotted tangle

and another.
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1.4. Remark. These definitions are slightly different from those of

(2], [7], [8] and [11].

1.5. Proposition. A4ny locally trivial inseparable tangle, the number

of whose ares is at most two, is a prime tangle.

Proof. Any properly embedded disc meeting in a single point divides
into the unknotted tangle and another. Because the given tangle has at
most two arcs, one of tangles divided has only one arc. From locally tri-

viality, -it is the unknotted tangle.

1.6. Proposition. Im Pig. 1.1, (b) is not prime, and the others arve

prime.

Proof. (a), (b): It is obvious. (c), (d): It is easily checked that
they are locally trivial from the unknottedness of each arc. If they were
separable, then they must equivalent to the trivial tangle. So they would

induce two-bridge knots with ears as in Fig. 1.2. But this is false.

LoD Capad

= a square knot = a Kinoshita -
u u Terasaka knot
(¢) with ears (d) with ears
Fig. 1.2

{e): The loop of this tangle is linking arcs, so this tangle is insepar-
able. Locally triviality is easily checked. (f): For each two arcs, we
show the primeness in a ball. 1If it did not satisfy locally triviality

or inseparability, then there would be a ball meeting arcs in a trefoil.
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But it induces a trivial

knot with ears as in Fig.

1.3. So it is prime. (‘y} T 4 trivial knot

Each two arcs in a ball is

inseparable, so this tangle

is indivisible. Fig. 1.3
1.7. Remark. On the above argument on (f), "a trefoil' is not essen-

tial. Hence parallel arcs on a non-trivial knot in a ball is prime.

1.8. A link L is prime if it has the following properties:

1. (Locally trivial) Any 2-sphere in S°, which meets L transversely
in two points, bounds in 5% a ball meeting L in an unknotted spanning
arc.

2. (Inseparable) There is no 2-sphere in S? that separates the com-

ponents of L.

1.9. Remark. This definition is that of [4 ], slightly different from
those of [ 8], [11]. A trivial knot is prime, and a trivial 2-components

link is not prime.

1.10. Theorem. Let L be a link in 8§°. Suppose that 5* is a 2-sphere
in 8% meeting I transversely and separating S® into two 3-balls A
and B. (1) If (4, AnL) and (B, BnL) are both inseparable tangles,
then I is an inseparable link. (2) If (A,AnL) and (B,BnlL) are both

prime tangles, then L 1is a prime link.
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Proof. (1) The proof is contained in the following.

(2) Suppose that F is a 2-sphere in S® meeting L transversely in
two points; it is required to show that F bounds a ball meeting L[ in
an unknotted arc. The definition of a prime tangle implies that this is
true if F is entirely contained in 4 or in B, so it is in order to
proceed by induction on the number of components of Fns?.

It may be assumed that F meets S$2  transversely in simple closed
curves. Let Y be such a curve innermost on F that bounds a disc §
in F; it may be assumed without loss of generality that F is in A.
This vy may be chosen so that &nL 1is empty or a single point. If
8§nL 1is empty, from inseparability, § cannot separate the components of
AnL and so there is an isotopy, fixed on I, which reduces the number of
components of FnS%. On the other hand, if S8nF 1is a single point,
from indivisibility, § divides (4, AnL) into the unknotted tangle and
another. Then there is an isotopy that reduces the number of components
of FnS% and which keeps I set-wise fixed. Hence by induction, #
bounds a ball meeting L in an unknotted arc.

Finally, if F is a 2-sphere in S° disjoint from L, then by similar
argument as above, F may be isotoped into 4 keeping L fixed. Thus F
bounds a ball disjoint from L. So L is a prime link.

The proof is complete.

1.11. ‘Remark. A prime link may not be always divided into two prime
tangles. But a prime link can be divided into one trivial tangle and one

prime tangle (see Lemma 3.1).
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1.12. Theorem. Let (C, v) be a tangle and let D be a disc properly
embedded in C that separates (C, v) into two tangles (A, t) and (B, u)
and that the number of points of (34-D)nv, (8B-D)nv, Dnv <s greater
than one respectively. And let (B, u) be an inseparable tangle.

(1) For any disc A properly embedded in A with AndD = 9, A does‘
not separate t in A if Ant = @. Then (C, v) is inseparable.

(2) On the condition continued, for any disc A properly embedded in
4 with AndD = @, A does not divide (4, t) 1into the unknotted tangle
and another if A meets t in a single point. And if (B, u) <is a prime
tangle and (A, t) s a locally trivial tangle, then (C, v) is a prime

tangle..

Proof. (1) The proof is essentially contained in the following.

{(2) Suppose that F 1is a 2-sphere in C meeting v transversely in
two points. Then, by similar argument to Proof of Theorem 1.10, F may be
isotoped into 4 or into B keeping v fixed. From locally triviality,
F bounds a ball meeting ¢ in an unknotted arc.

Suppose that A is adisc properly embedded in C, which is disjoint
from v or meets v transversely in a single point, it is required to
show that A does not separate v in C or does not divide (C, v) into
the unknotted tangle and another.

First, we consider whether the number of components of AnD can be
reduced or not. It may be assumed that A meets D transversely in simple
closed curves and proper arcs. By similar argument to Proof of Theorem
1.10, simple closed curves are reducible. So it may be assumed that AnD

contains only proper arcs. Let 7y be such a curve innermost on A 1i.e.
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Y separates A -into two discs, one of which, say §, satisfies d§nD-=Y.
This Yy may be chosen so that dnwv is empty. If § is in B, from in-
separability of (B, u), & cannot separate the components of u and so
there is an isotopy, fixed on v, which reduces the components of A n D.

It may be assumed that 6 in 4. If 6 does not separate ¢ in 4,
there is an isotopy, fixed on v, which reduces the components of AnD.
It may be assumed that J separates ¢ in A.

Consider a collection of such discs 67:’5 properly embedded in A that
dinD has only one component for each < and‘ 67: n <Sj=(2) for each 71 # J
and (Sint = @ for each %. Since the number of components of ¢ is fi-
nite, there are at most finite number of these discs essentially.

Let Y = GinD and let Y, is innermost on D.

If 61 does not separate ¢ in A, it is not essential.

8 separates (4, t) into two tangles (4

1 tl) and (4., t

1° 2° 2) )
If they are equivalent to the unknotted tangle, then (C, v) itself is
equivalent to (B, u), so is a prime tangle.

If only one of them, say (4 tl), is equivalent to the unknotted tan-

1°
gle, then (Al uB, tl uu) 1s equivalent to (B, u)} and so prime.

If they are not equivalent to the unknotted tangle, we assume that Y,
bounds an innermost disc, AlnD_, on D. It is easily checked that (AluB,
tl uu) is a prime tangle.

On the last two case, we obtain a new disc D' dividing (C, v) into
a prime tangle and another, which satisfies the condition of this Theorem
and the number of points of D'nwv 1is less than that of Dnwv.

Hence, by induction, (€, v) 1is shown to be a prime tangle.

The proof is complete.
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1.13. A 1link I in S'xB%* is loecally trivial if any 2-sphere in
S! x B%, which meets I transversely in two points, bounds in S'xB? a
ball meeting L in an unknotted spanning arc. The wrapping number of L
is the minimum number of intersections of I with a meridian disc of
stxB?, If L is a link in S'xB? and K is a knot in S°, the L
cable of K is a link in S°® formed by mapping S!xB? into N(K), and

considering the image of L wunder this map (cf. [91]).

1.14. Theorem. (Cf. [9, Theorem 4.2]) Let L be a link in S'xB? with
wrapping number > 1, and let K be any non-trivial knot in S°. The L

cable of K 1is prime if and only if L 1is locally trivial in §' x B%.
The proof is parallel to the argument in [9 ], so we omit it.

1.15. Remark. On the above, if X is not prime, the L cable of X

has a decomposition into prime tangles from 1.7 and 1.12,
2. Prime Links and Brunnian Property

2.1. 1If a link is non-trivial, yet every proper sublink is trivial, we

say that it has the Brumniagn property or that it is a Brumnian Llink.

2.2. A Brunnian link is easily shown to be a prime link. Conversely,
if a link, whose proper sublinks are all trivial links, is inseparable, it
is Brunnian link. On the following examples, it is easily checked that
every proper sublink is trivial. So, by showing it inseparable (prime),

we know them to be Brunnian links.

2.3. The Borromean rings, as in Fig. 2.1, is a well-known Brunnian
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link. It has a decomposition into prime tangles; the chain (see 1.6), as

in Fig. 2.1. From Theorem 1.10, it is prime, and so is a Brunnian link.

Na% ; (‘)

Fig. 2.1

2.4. On the above, each component is homotopically linked from the

remaining components. The followings are not so.

2.5. Consider the links an and an as in Fig. 2.2 where the sub-
scripts »n means the number of components. They have a decomposition in-
to prime tangles; the clasp or the K-T grabber (see 1.6), as in Fig. 2.2 -
respectively. From Theorems 1.10 and 1.12, they are prime links, and so

are Brunnian links.

Fig. 2.2

2.6. Consider the link 3Ln as in Fig. 2.3, where the subscript =

means the number of components. 3L is equivalent to ;L,. Here we show

2 2

that 3Ln (n24) has a decomposition into prime tangles.
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Consider the tangle (i) in Fig. 2.4. If an arc was separable from the
remainder, then the remainder itself was completely separable, and so the
tangle itself was completely separable. Hence it would induce a link sep-
ated from the loop with ears as in Fig. 2.5. But this is false.

Since the tangle (i) without the loop is completely separable and each
arc is unknotted, locally triviality is easily seen.

Since the tangle (i) without one component is completely separable, two
tangles divided by a disc would be completely separable, if a disc could
divide the tangle (i) into two tangles which are not the unknotted tangle.
So the tangle (i) itself was completely separable. But this is false.

Hence the tangle (i) is a prime tangle.

The tangle (ii) in Fig. 2.4 is easily checked to satisfy the condition
of (4, t) in Theorem 1.12. So, the sum of (i) and (ii) is also a prime
tangle, from Theorem 1.12.

Hence we know that 3Ln (n=4) has a decomposition into prime tangles.

— oo
=0
@ Fig. 2.4 )

— N c)_ D
SIEVE

(i) with ears

Fig. 2.5
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3. Primeness and Alexander Invariants of Concordant Links

3.1. Lemma. (Cf. [21, [7], [8]) Let L be a link in S*®. Then there
exists, embedded in S°, a 2-sphere meeting L transversely in four points
and separating S® into two 3-balls A and B such that

(Z) (4, AnL) is equivalent to the trivial tangle,

(72) (B, BnL) <e a prime tangle.

Proof. We know the existence and uniqueness of prime decomposition of
inseparable links by Y. Hashizume [4]. Hence there is a locally trivial
decomposition of a link without uniqueness. First, we show the above for
locally trivial links. Let denote by #n(L) the number of components of a
link L.

On the case n(L) =1, a locally trivial knot is a prime knot. If it is
a trivial knot, we take a 2-sphere as in Fig. 3.1. If it is not a trivial
knot, there is two arcs whose meridians are not homotopic in the exterior
of the knot. We take a 2-sphere that bounds the trivial tangle whose arcs
are just the above arcs. It easily checked that the exterior of this tan-
gle is a locally trivial tangle, let denote it (B, ¢'). We illustrate
it as in Fig. 3.2. It may be deformed into Fig. 3.3. Since they are eas-

ily checked the condition of Theorem 1.12, (B, t} in Fig. 3.3 is prime.

(B, t)

Fig. 3.1 Fig. 3.2 Fig. 3.3
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On the case #n(L) =2, a locally trivial 2-components link which is not
prime is only a trivial 2-components link. If L is a trivial 2~compo-
nents link, we take a 2-sphere as in Fig. 3.4, If L is not so, it is a
prime link. If L has a knotted components, we take a 3-ball A4 in 3°
such that (4, AnIL) is equivalent to the trivial tangle and that A4
contains a subarc of each component of L. Let B be the exterior of
A. We will show that (B, BnlL) is a prime tangle. Locally triviality
is immediate as I -is locally trivial. BnL contains a knotted arc from
the assumption. This fact and locally triviality imply inseparability.
From Proposition 1.5, (B, BnL) is a prime tangle. If L has no knotted
components, we take a 3-ball as similar to the above. (B, BnlL) is easily
checked to be a locally trivial tangle. We illustrate it as in Fig. 3.5.
It may be deformed into Fig. 3.6. Since they are easily checked with the

condition of Theorem 1.12, (B*, ¢*) in Fig. 3.6 is a prime tangle.

(8%, )
q D ¢ D C /D

Fig. 3.4 Fig. 3.5 Fig. 3.6

On the case #n(L) =3, a locally trivial link is a prime link. We take
a 3-ball as similar to the above.. We will show that (B, BnlL) 1is a prime
tangle. Locally triviality is immediate as L 1is locally trivial. If
there was a proper disc in B separating BnL in B. From locally tri-
viality, it separated arcs. But consider the part containing loops, it is
easily seen that this part is not locally trivial. So (B,BnL) is inse-

parable and so is prime.
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For each locally trivial factor of a given link, we can construct a
prime tangle as above, and a sum of these prime tangles with the trivial
tangle reproduces a given link in 53. From Theorem 1.12, this sum is a

prime tangle, too. The proof is complete.

3.2. Lemma. ([11, Lemma 2]) Let L' =Luk be a link, where k <is a
trivial knot. Suppose that k has linking number 0 with each component
of L and that k bounds a ribbon disc in S®-L. We denote by L* a
link which is obtained from L by a surgery along k in S°. Then both

L and L* have the same Alexander invariants.

3.3. Lemma. The substitution the X-T grabber for the trivial tangle on
a regular projection of a link does not change the concordance class and

the Alexander invariant.

Proof. From a surgical description of the K-T grabber as in Fig. 3.7,
which is deformed to Fig. 3.8, we see this surgery curve bounds a ribbon
disc in the complement of the tangle in the 3-ball.  From LemmaVS.Z, this
substitution does not change the Alexander invariant. Ribbon move at B in

Fig. 3.7 shows that the K-T grabber is concordant to the trivial tangle.

Fig. 3.7 Fig. 3.8
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3.4. Lemma. The double of the above concordance is ambient isotopic to

the direct product.

Proof. The K-T grabber and the band 8 in Fig. 3.7 can be regarded as
in Fig. 3.9. The above concordance is a ribbon concordance obtained by a
fission along the band B. We obtain B8' from # by interchanging over-
and under- crossings of the band as in Fig. 3.10. The double of concord-
ance obtained by a fission along £ and that along B' are ambient iso-
topic (cf. [15, Proposition 2.15]). Fig. 3.10 is deformed to Fig. 3. 11.
It is easily checked that the double is ambient isotopic to the direct

product. This completes the proof.

@Em
]BLLII[%

IRIIAEANERENENREREN HEENNAEENEERANEERN]
NI NRNEREANERERERINEED [IREEENENNRRRINENA NIRRT

—

Fig. 3.9 Fig. 3.10

——— pr——
% —_—+
:] B! pe— R

Fig. 3.11
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3.5. Theorem. A4ny n-components link is concordant to a prime link with
the same Alexander invariant and the double of this concordance is ambient
isotopic to the direct product. Furthermore, if n is greater than one,
this concordance can be assumed to preserve the knot types of components

of a link.

Proof. By Lemma 3.1, we have a tangle decomposition of a link in §°.
From Lemma 3.3, we substitute the K-T grabber for (4, AnZL), and obtain
a new link which is concordant to a given one and has the same Alexander
invariant. From Lemma 3.4, the double of this concordance is ambient iso-
topic to the direct product. From Theorem 1.10, this 1link is prime. It
is easily checked that the knot types of components are preserved if n22.

Because each arc of the K-T grabber is unknotted. The proof is complete.

3.6. On the case n = 1; "Any knot 18 concordant to a prime knot with

the same Alexander polynomial” is proved by S. A. Bleiler [2].

3.7. Corollary. Any set of surfaces embedded in a 4~-space has the

cross-section which is a prime link.

3.8. Corollary. (With [16, Theorem 2.8]) Any ribbon 2~knot has a prime

equatorial knot.

Proof. T. Yanagawa [16] proves "4dny ribbon n-knot (n=2) has an equa-
torial knot." Apply the argument in this section. Since the above con-

cordance preserves ribbon property, we obtain a required one.

3.9. Corollary. For any knot K, there is a prime knot K' with the

same Alexander invariant such that K#K' <is doubly null-cobordant.
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Proof. It is well-known that K# K* is doubly null-cobordant where X*
means the reflection of K. Apply the argument in this section to X*, and

we obtain a required one.

3.10. Note. . There is another construction to show Theorem 3.5 without
preserving the knot types of components as follows.

It is known that any link is represented- as a closed braid. Its wrap-
ping number may be assumed to be greater tham one. Let denote it by =.
Consider the (n, 0)-cable link of a Kinoshita-Terasaka knot. We obtain a
new link from the above closed braid and the above (n, 0)-cable link by
natural complete fusion as illustrated in Fig. 3.12. On the analogy of
Lemmas 3.3 and 3.4, we know this new link to be a required one by Theorem

1.14.

A ’
/ s
I

Ky v\f :',',

y %\,

! \
/ \ ~

s,
\.

Fig. 3.12
4, v-Polynomials of Ribbon Links in the Weak Sense

4.1. A link is a »ibbon link in the weak sense iff it bounds an
immersed oriented surface of genus 0 whose singuralities are all ribbon-
types, or equivalently, iff it introduces a ribbon knot by only fusionms.

The V-polynomial V(¢) of a link is A(t, ***, t)/ (#-1)""? where
A(tl, *++, t ) is the Alexander polynomial of a given link and #» is the

n

number of components.
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4.2. Theorem. For any reciprocal polynomial of even degree f(t), there
exists an n-components prime ribbon link in the weak sense whose V-poly-

nomial 18 equal to [f(t) for an arbitrally integer n=z2.

Proof. Adding the following condition (*) to Hosokawa’s construction

in [ 51, we obtain a ribbon link in the weak sense.

" e . .. .

™) a,va,u va,, 1is a trivial link.
Because we can obtain a ribbon

knot from the link by fusions

,’s (1sisn-1).

along Bzh+¢

We can construct a prime link
from the above link as in Section
3. Since ribbon concordance pre-
serves ribbon property in the
weak sense, this link is a
required one. This completes

the proof.

4.3. Corollary. V-polynomials of ribbon links in the weak sense are
characterized as reciprocal polynomials of even degree. Those of slice

links in the weak sense are also characterized as the same.

Proof. F. Hosokawa characterizes V-polynomials of links as reciprocal
polynomials of even degree in [5]. A ribbon link in the weak sense is one
of slice links in the weak sense, and is one of links. From Theorem 4.2,

those V-polynomials are characterized as the above.
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5. Prime Knots with the Same Cyclic Branched Covering Spaces

5.1. Preliminaries. Let L=JuX be a 2-components link such that J
and X are trivial knots with Zk(J, K) = 1. Let denote by Zn(K) (resp.
Zn(J)) the n-fold cyclic branched covering space of X (resp. J), and let
denote by Jn (resp. Kn) the 1lift of J (resp. X) in Zn(K) (resp. Zn(J)).
Since K and J are trivial, Zn(K) and Zn (J) are homeomorphic to S%,
Jn and Kn are also knots in S§3.

The n-fold cyclic branched covering spaces of Jn and Kn are homeo-
morphic to the ZneaZn - covering space of L, and so Jn and K, have the
homeomorphic #-fold cyclic branched covering spaces.

If L=JuXK 1is not interchangeable i.e. there is no homeomorphism of

53 mapping J to KX, then Jn and Kn may have distinct knot types.

5.2. Examples. ([10], [13]) Consider the link 9%,, 935, or 9%, in the

table of [12, Appendix C]. Let denote by L=JuX one of them. Jn and
Kn are known to have distinct knot types from the fact: their polynomials

are distinct (see, for a example, M. Sakuma [14]).

5.3. Primeness of I, and K, on the case 9%,. 93, is illustrated
in Fig. 5.1. Let denote by J',b (resp. I}i) an <¢-tuple of a fundamental

region of the infinite cyclic covering space of X (resp. J). We consider

~ ~ ~

them as tangles. Jl, J3’ Kl’ and }?3 is illustrated in Fig. 5.2.
First we show that <~73 is a prime tangle. 3'3 is considered as a sum

of the tangles (i) and (ii) in Fig. 5.3. We denote the tangle (i) by

B, t Ut2Ut3) as in Fig. 5.3. The arc ¢t has knotted prime factors

1 1

37 and 63 in B. The arcs t2 and ts are unknotted in B.
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s
?
b

@ ) IS

Fig. 5.1
I J3
REAREE IR
BT O T\ I\
— ey e - v - T —N
== [B= = ==
8 Ks
Fig. 5.2

>

W G

(1) (ii)

Fig. 5.3

5.4. Lemma. Let (B, tlut?_) be a tangle such that at least one of

18 non-trivtal in B. If (B, tlutz) with ears <1s a prime

t. and t,
then this tangle is prime.

1
knots and has no knotted factor of tl nor tz,

Here (B, t) with ears means an unoin of (B, t) and the trivial tangle.
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Proof. 1f (B, t utz) does not satisfy locally triviality or insepara-

1
bility, then (B, tl utz) with ears must have at least one knotted factor

of ¢ or t from non-triviality of z‘:l or t This contradicts the

1 2 2"

assumption. Hence (B, tl utz) is a prime tangle.

5.5. Lemma. Let (B, tlutz) be a tangle such that at least ome of

2 and t, 18 non-trivial in B. If (B, 1;1 U tz) with ears does not

have all knotted factors of t, and t

1 2 then this tangle is inseparable.

The. proof is obvious, so we omit it.

5.6. Lemma. Let (B, t utzutsu---utn) be a tangle such that ¢t

1

i8¢ a non-trivial are and ti’s (2<Zsn) are unknotted arcs.

1

Ir (B, tl Utz) is a prime tangle and if (B, ) Uti) (3<i<n) are in-
geparable tangles and at least one of knotted factors of ) 28 locally
trivial in (B, tl Uti) respectively for each <, then this tangle is a

prime tangle.

Proof. Locally triviality and inseparability is immediate.
If a disc D meeting ¢ in a single point divides . (B, t=t1 u---utn)
into two tangles which are not the unknotted tangles, then D must meet

only with ¢, from inseparability of tl U ti (2si<m) in B. We denote

1
two tangles divided by B1 and B2 such that B2 contains tz. By the
assumption, there is tj (3<g<n) in Bl' Since (B, tlutz) is prime,
(Bl, tlnBl) is the unknotted tangle. Then all knotted factors of tl

are not locally trivial in (B, ¢ Ut'j). This contradicts the assumption.

1

Hence (B, £, U *°** utn) is a prime tangle.

1
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5.7. Proposition. The tangle in Fig. 5.4 is a prime

tangle.

Proof. It is easily checked that there is a union of

this tangle and the trivial tangle which is a trivial knot.

Fig. 5.4

From Lemma 5.4, this tangle is a prime tangle.

5.8. Continued from 5.3. (B, tlutz) with ears as in Fig. 5.5 is a

prime knot from 1.10 and 5.7, and has no knotted factor of ¢ From 5.4,

1
this tangle is a prime tangle. (B, tl u ts)

knot which does not have a knotted factor 63 of tl. From 5.5, this tan-

gle is an inseparable tangle. From 5.6, the tangle (i) is prime tangle.

with ears as in Fig. 5.6 is a

DD - (TS

1lyes (21, 2+)(3, 2-) in [ 3] with A(#)=t®-3t%+5¢"-5¢3+5¢2-3¢+1

N
r
J

CEXs - (4

J3: a sum of the tangles (i) and (ii) in Fig. 5.3 1is easily checked to
satisfy the condition of Theorem 1.12, and so is a prime tangle.

J4: a sum of :71 and 33 is easily checked to satisfy the condition

of Theorem 1.12, and so is a prime tangle. On a similar way, we can show
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that }n (n23) 1is a prime tangle.
Since the knot Jn may be considered as a union of 3i and 33 for
i+d=n, Jn (n=z26) are prime knots from Theorem 1.10.

Jz, JS’ J4, and J5 have a decomposition into prime tangles as in Fig.

5.7. Hence they are prime knots from Theorem 1.10.

a———

Fig. 5.7



Next we show that X

3 is a prime tangle.
tl utz ut3L1t4LJt5) as in Fig. 5.8. tl is
unknotted arc in B. (B, tl Uti) (Z=2,3,4, 5)

have no knotted factor of ¢

and are prime knots.
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ks

(2=2,3,4,5)

We denote by (B, t =

4, and ¢, is
7
with ears as in Fig. 5.9

From Lemma 5.4, these

1
tangles are prime tangles. From Lemma 5.6, (B, t) is a prime tangle.
) A
kK, 2 — -
=1 R 1 1
taf Ty ’ tsg
Fig. 5.8
—
— — N r___::;: i
l | I —n =
Sranrem——r
C—r—— M
L1l -
L S—
i-j' oo ey h.
kel I ~ 3 (:—’/// )
P - 1
Ikt ]
|  S—— ~H
V=]t L
Fig. 5.9
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]~<4: a sum of }?1 and 7{3 is easily checked to satisfy the condition

of Theorem 1.12, and so is a prime tangle. On a similar way, we can show

that 7{” (n=3) 1is a prime tangle.

Since the knot Kn may be considered as a union of ]?7; and Kj for

i+J=n, Kn (nz6) are prime knots from Theorem 1.10.

K2 is a doubled knot of a trefoil knot

with 6-twists as illustrated in Fig. 5.10, .//.\"\"\‘\"\"\>
i . ( ——
and so is a prime knot from Theorem 1.14.
The author does not know whether X_, X,,
3074 Fig. 5.10

and KS have a decomposition into prime

tangles or not. So the proof of their primeness is complicated, and we

omit it here.

5.9. On the case 9%5: 9%5 is illustrated in Fig. 5.11.

=y e
& =

On a similar way as 9%,, J and & (n=23) - are prime tangles.
n n p g

—

Hence Jn and Kn (n=z26) have a decomposition into prime tangles.

have a decomposition into prime tangles.

Also J JS’ J4, and J

2° 5

K2 is a doubled knot of a trefoil knot with -6-twists.

5.10. On the case 9%2,. 92, is illustrated in Fig. 5.12.
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: J
9% J l )\ (
R nd - ﬁ -
AN R e
o N
Fig. 5.12
On a similar way as 93, Jﬁ and %n+2 (nz1) are prime tangles.

Hence J = and Kn+4 (n22) have a decomposition into prime tangles.

5.11. Theorem. For each integer n, there exists distinet prime knots

whose n-fold cyelic branched covering spaces are homeomorphic.
The argument in this section proves the above except 7 =3, 4, 5.
5.12. Remark. M. Sakuma says the same result as Theorem 5.11 in [14].

5.13. Question. Are the followings equivalent?
(1) L=JuX is not interchangeable.
(2) (Zn(K), Jh) is not homeomorphic to (Zn(J), Kﬁ) for all n.

(3) (Zn(K), Jn) is not homeomorphic to (Zn(J), Kn) for some ~n.
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