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Abstract
In this paper we introduce the Mp property and show its role in normality
of some product spaces in particular those products whose second factors are
k-metrizable.

1. Definitions and elementary concepts

Here every topological space is Hausdorff, and « is an infinite regular cardinal.

DeFiNITION 1.1. X is B, if and only if for every monotone family {F, :
a < k} (Fo C Fg if a@ > B) of closed subsets of X, with (), Fs = 0, there is
a monotone family {U, : o < k} of open subsets of X such that F, C U, and
Nocr 1o = 0.

Let (x + 1)~ be (k + 1) topologized using the singletons from « and the
intervals of the form (o, k] for a < k, as basis. Yasui gave a generalization of
Dowker’s theorem that states, a normal space X is countably paracompact if
and only if X x (w + 1)~ is normal:

THEOREM 1.2 [6]. If X s normal, the following are equivalent:
(1) X s Bg.
(2) X x(xk+1)" is normal.

DerFiniTioN 1.3, X is (k, A]-para-Lindelof if and only if every open cover of
size A has a localy < & refinement (every z in X has a neighborhood meeting
< k many members from the refinement).

From Yasui [7] and Kammoun [1] we have the following:

THEOREM 1.4 [7], [1]. X is Bk if and only if X is (k,«]-para-Lindelof if
and only if X x (k+ 1)~ is By.
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2. On products with a x-metrizable factor

Consider a set A, let a(y) = {2 € A% : 23 = y3, B < o}, By = {a(y) :
y€ A*} and B=J, ., Ba be a basis for a topology T on A*. It is known that
if kK > w, every k-metrizable space Y is a subspace of some space (A*,T) [4].
Observe that in the latter topology B, is a partition of Y, and if a(y)NB(z) # 0,
then either a(y) D B(z) or B(z) D a(y), also B, refines Bg if # < a.

In the following Y is x-metrizable with a base B as above.

DEerINITION 2.1. A space X is Mp if for every monotone family {Fp : B €
B} of closed subsets of X with N{Fp : y € B} = 0 for each fixed y in Y, there
is a monotone family {Ug : B € B} of open subsets of X with Ug D Fp and
N{clUpg :y € B} =0.

In [5] Przymusinski gave a characterization for the spaces whose products
with a given metrizable space are normal, defining the Mp as above, but with B
as a o-locally finite basis.

THEOREM 2.2 [5]. LetY be metrizable. Then X X Y is normal if and only
if X is normal Mp.

One direction of the above theorem generalizes (we include the proof for
completeness):

THEOREM 2.3 [2). LetY be k-metrizable. Then X is Mg if X XY is normal.

Proor. It remains for the case when k > w. Suppose X X Y is normal and
{Fp : B € B} is a monotone family of closed subsets of X such that N{Fp :
yeB}=0ifye Y. Let B=(B € B : B is not discrete}, then B\B consists
of singletons, so that Fg = (§ if B € B\B. Denote B N B, by B,. Claim: We
can choose distinct points po p and p; p from every B € B so that the set
{po,g : B € B} U {p1,p : B € B} consists of distinct points.

Proof of the Claim. We have B = UQQCBQ. Well order B in a way that
the members of B, come after all members of Bg if # < «. For each fixed B € B
the set {G € B : GG precedes B in the well order} is locally < k because if y € Y
and B € B, for some a < k, then a(y) NG # @ if and only if G = B(y) for some
B < a. So assume p; ¢ where 7 < 1, have been chosen for all G preceding B. Let
y be a nonisolated point of B and let V be a neighborhood of y, so that V C B
and containing only 7 many p; ¢ for some 7 < «. Now, one can pick p; g for : <1
distinct from the earlier choices.

To complete the proof of the theorem, let K; = U{Fp x {p; g} : B € B}
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for 7 < 1. Then the sets K; are disjoint and closed. Indeed, letting K; , =
U{Fp x {piB} : B € By} we then have K; = Uacx Kia- The sets K; , are
closed because B, are discrete, which implies that {X x {p; g} : B € B,} is
discrete. Similarly, {X x {p; B} : B € U<, Bg} is locally < & (1). To show that
K; is closed, let (z,y) ¢ K;, find B € B such that y € B and z ¢ Fp. There exists
B with B D f(y) and if & > 8 then ((X\Fg) x B(y)) N K; o = 0, since otherwise
(X\F5) x B(3) N (Fe X {pi,}) # 0 for some G € Bo, giving Ay) N G # 0
which implies that B O G, Fg D Fg and ((X\Fg) x 8(y)) N (Fe x {pic}) =0,
a contradiction. Hence, (z,y) has a neighborhood disjoint from UaZ,@ K; o and
on the other hand Uagﬁ Kj o is closed, using (1).

Now let Up and U; be open with U; D K; and clUgNcllU; = 0. If Be B
define Ug = {z € X : (z,p; p) € U; for some D € B with BD D} andif B¢ B
let Ug = 0. Then {Up : B € B} is monotone, Ug D Fp and Up is open. To see
that nyEB clUg =0 if y € Y: Fix z in X if y is nonisolated in Y, there exists
i < 1 such that (z,y) ¢ clU;. Then there is a neighborhood V of z and B€ B a
neighborhood of y such that (V x B)YNclU; =@, also (V x D)NclU; = 0 for all
D € B with B D D. Hence, VN Ug = 0 implying that z ¢ clUp. If y is isolated,
there exists B € B with B = {y}, in this case Ug = 0. So {clUg : y€ B} =0
forallye Y.

TuEOREM 2.4. Let Y be k-metrizable, then X has the Mp property if X xY
s By.

ProoF. Let B be a basis for Y, as above, and let {Fp : B € B} be a
monotone family of closed subsets of X with N{Fp :y€ B} =0 forallye Y.
Define F,, = U{Fp x B : B € B,}. Observe that the sets F, are closed, since B,
are discrete families of clopen sets, and Fg D Fy if 3 < a. Moreover, [, , Fo =
0, for if (x,y) € X x Y, then there is « large enough and B € B, with y € B
and r ¢ Fp, so (z,y) ¢ F, since B is the only member of B, containing y.

Let {U, : a < k} be a monotone family of open subsets of X x Y with U, D
Fyand (), ¢l Uq = 0 as provided by the hypothesis on X x Y. Now for B € B,
define Ug = 7(U,N(X x B)), where 7 is the projection map 7 : X xY — X. We
have Fg C Ug and Ug C Up if B C D. Moreover, if (z,y) € X x Y then there
is @ < k and V x W an open neighborhood of {(z,y) with (V x W)NU, = §. Let
B € B, such that y€ B C W and v > «. Then (V x B)NU, =  implying that
VNUg =0, hence z ¢ clUg. So N{clUp : y € B} = 0.

THEOREM 2.5. Let X be By and locally k-Lindelof. Then X is Mp if Y s
k-metrizable and k-Lindelof (every open cover of size > k has a subcover of size
< K).
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ProOF. Since Y is &-Lindelof we may assume that B = {J, ., Ba, |IBo| < &
for each a, as basis for Y. Suppose {Fp : B € B} is a monotone family of closed
subsets of X with N{Fp :y€ B} =0 forallye Y.Fixz€ X, y€ Y and a
k-Lindelof neighborhood N of z. We then have, {X\Fp : y € B} as an open cover
of N, in particular there exists B such that N C X\ Fp. Let (¥ be the least (< &)
ordinal for which F(,) misses N. Now, the family {¢(¥(y) : y € Y} is a partition
of Y of size < . Let o = sup{¢¥ : y € Y}, then NN Fy,y =0 forall y €Y.
Therefore z ¢ clx(U{Fp : B € B,}) and so if we let F, = clx(UFp : B € B,})
for each a < « then, F, C Fg if 8 < o and (), Fa = @ by what we have
just seen. Now, since X is B, there is a monotone family {U, : & < &} of open
subsets of X with Uy D F, and [, ., clUs = 0. If B € By, let Up = U,, then
{Ug : B € B} is monotone with Ugp D Fg and N{clUp : y € B} = § for all
yeY.

THEOREM 2.6. X is Mp if in the hypothests of 2.5, “locally k-Lindelof” is
replaced by x-additive (the intersection of fewer than k-many open sets if open).

Proor. Let B be a basis of Y as described earlier. Since Y is s-Lindelof
we can assume |B,| < k. Now, F, = U{Fp : B € B,} is closed since it is the
union of less than « many closed subsets of the x-additive space X. Fix x € X
and for each y € Y pick the least (¥ < « so that = & F(yy. Then the set of all
such (¥(y) is a partition of Y of cardinality < &, because Y is x-Lindelof. Let
a =sup{(? : y € Y} then & < &, since & is regular, and z ¢ Fp if B € B, for if
¢ € Fy(y) then x € F; where ( = (¥ < o, a contradiction. To complete the proof
proceed as in the last paragraph of the proof of 2.5.

DeFINITION 2.7. A space X is M, if for every cardinal A < « and every
monotone family {F, : ¢ € A<*} of closed subsets of X there is a monotone
family {U, : ¢ € A<*} of open subsets of X with F, C U, and if ﬂa« Fila =10
then (N, ¢ Usja = 0 for each f € A*. For notational purposes let [o] = {f € A" : f
extends o}.

We have the following characterization (given by Morita in the early 1960’s)
of the spaces X whose products with every metrizable space are normal.

THEOREM 2.8 [5]. X x Y is normal for every metrizable Y if and only of
X is normal M, .

The following generalizes one direction of 2.8:

THEOREM 2.9. If X XY is normal for every k-metrizable Y, then X s M.
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Proor. Let {F, : 0 € A<*} be a monotone family of closed subsets of
X. Consider Y = {f € X* : (N, Fyja = 0} as a subspace of A\* with the -
metrizable topology, let B = {[¢]NY : 6 € A<*} be the basis for Y. Since X xY is
normal, X has the Mp property (use 2.3) and {F, : f € [o]} = Ny Frja =0
for each f € Y. This implies the existence of a monotone family {U, : ¢ € A<*}
of open subsets of X with F, C U, and N{clU, : f € [¢]} =0 for each f €Y.

3. More results

The following generalizes 2.2 in the class of k-additive spaces:

THEOREM 3.1. LetY be k-metrizable and X be k-additive. Then X XY 1is
normal if and only if X is normal Mp.

ProoF. 2.3 gives (—). For the other direction, suppose X is k-additive with
the Mp property and K;, 7 < 1, are two disjoint closed subsets of X xY. Let B be
a basis of Y as above and define F; g = clm(X x B)N K;), where 7 : X xY — X
is the projection map, and let Fg = Fo g N Fi . Then {Fp : B € B} is a
monotone family of closed subsets of X with N{Fp:y€ B} =0if ye Y. For if
(r,y) € X x Y, there is ¢ < 1 and a neighborhood N x B of (z,y) missing K;,
implying that N misses F; p and then z ¢ Fp.

Now let {Ug : B € B} be the expansion of Fp’s provided by Mp. Let W; ; g
and Wi_;; p be disjoint open sets containing F; p and Fi_; p\Up respectively
for 1 < 1. Define V; p = Wi ; 8 N Wi for ¢ < 1, then (Fo g U Fy g)\Up C
VopUVig and F;pNclVi_;p =0 for each i. Let V = UO<KUi51{V,~£ x B :
B € B,}, then V is a closure preserving open cover of Ko U K; such that
K; N (clVi—; B x B) = 0: Observe that {V; g x B : B € B,} is discrete, and
if (z,y) € Ko U K; then there is B such that y € B and z ¢ clUp implying
that ¢ € (FO,B UFI,B)\UB C V()'B 0] Vl,B~ Let V;,a = U{l/i,B X B:BEe€ Ba} and
Uia= W‘,a\(Upgcx clVi_; B), then Uj 4 is open (using k-additivity). Now the sets
Ui=U, <x Uiya, aze disjoint open sets which contain Ky and K, respectively.

THEOREM 3.2. Let X be k-additive. Then X X Y s normal for every -
metrizable space Y if and only if X is normal M.

TueoreEM 3.3. Let X be k-additive normal By, space and 'Y be k-metrizable.
Then X XY is normal if it 1s By.

Proor. If X xY is By then from 2.4 it follows that X is Mp. Now use («—)
of 3.1.
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We have another analogue to Dowkers’s theorem:

THEOREM 3.4. If X is a k-additive normal space, then the following are
equivalent:

(1) X s By.

(2) X xY s normal for every k-Lindeldf, k-metrizable space Y.

Proor. If X is k-additive and B, and Y is k-metrizable x-Lindelof then 2.6
implies that X is Mp, where B is a basis of Y as above, which gives the normality
of X xY . For the other direction, observe that (x+1)~ is a k-metrizable k-Lindelof
space. Now use 1.2 which states that the the normality of X x (s + 1)~ implies
that X has the B, property.

THEOREM 3.5. If X is k-additive and Z s k-Lindelof, then X x Z is Mg
whenever X s Mp.

Proor. We start by showing the claim: If N C X x Z is a neighborhood of
{z} x Z, then there exists W C X a neighborhood of  such that N D W x Z. We
also have, the projection map 7 : X x Z — X is closed. To see this, let us cover
{z} x Z by basic elements U x V C N. Since {x} x Z is (k, A]-Lindelof for each A,
it can be covered by < « many such basic elements, say, {Uy x Vy : & < 51 < &}.
We assume that every U, x V, meets {z} x Z. Let W = N{U, : @ < &1}, then
W is open (since X is k-additive) and W x Z C U{Us x Va: o < K1} C N.

Now let F' C X x Z be closed and z ¢ n(F). As {z} X Z C (X x Z)\F, it
follows that = has a neighborhood W such that (W x Z)N F = (. We then have
7(F) N W = 0 showing that 7(F) is closed.

To complete the proof of the theorem, let B be a basis for Y as above and let
{Fp : B € B} be a monotone family of closed subsets of X x Z with (), Fp = 0
for each y € Y. Define Fp = wn(Fp), where 7 : X x Z — X is the projection
map, then Fg C Fp if B C D. By the claim, Fp is closed for each B € B and
Nyep £B = () for each y € Y. Indeed, let z € X and fix y € Y, then the family
{(X x Z)\Fg : y € B} is an (increasing) open cover of the k-Lindelof space
{z} x Z. So there exists B € B containing y such that ({z} x Z)N Fg = 0. Hence
z ¢ m(Fp).

Using the Mp property of X, find a monotone open family {Up : B € B}
such that Fp C Up and (),epclUp = () for each y € Y. Let Ug = 7~ Up, then
{Up : B € B} is a monotone family of open subsets of X x Z with Ug D Fp and
NyepclUs = { for each y € Y: Observe that Ug = 7~ (Up) D n~(Fp) D Fp.
If (z,y) € X x Z, find B € B with z ¢ clUp, then (z,y) € cl7—~(Up).

We obtain a generalization of Rudin-Starbird [5] theorem which states that
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if Z is compact and Y is a metric with X X Y and X x Z being normal then
X xY x Z is normal.

THEOREM 3.6. Let Z be a k-additive k-Lindelof space, X be k-additive and
Y be k-metrizable. Then X XY X Z is normal if X XY and X X Z are normal.

ProoF. X is Mp since X x Y is normal. By 3.5 X x Z is Mp. Use («~) of
3.1 to get the normality of X x Y x Z.

THEOREM 3.7. LetX be k-additive and Y be nondiscrele k-metrizable. Then
X XY s B if it is normal

Proor. By 1.2, it suffices to show that if X x Y is normal then X x Y x
(¥ + 1)~ is normal. Since Y is not discrete then X x (k + 1)~ is homeomorphic
to a closed subset of X x Y (Y has a closed subset homeomorphic to (x + 1)7),
hence it is normal. By 3.5, since (k+ 1)~ is k-Lindeldf, X x (k+ 1)~ is M. Now
by 3.1 X x (k4 1)~ x Y is normal.

We obtain a generalization of Rudin [5] which states that the product X x Y
of a normal space X and a nondiscrete space Y is normal if and only if it is
countably paracompact.

THEOREM 3.8. Suppose X is a k-additive normal space and Y is a nondis-
crete k-metrizable space. Then the following are equivalent:

(1) X is Mp.

(2) X xY is Byg.

(3) X xY is normal.

ProoF. Using 3.7 we get (3) — (2), 2.4 gives (2) — (1) and (1) — (3)
follows from 3.1.

CoROLLARY 3.9. If Y s k-lindelof k-metrizable and X is normal k-additive
By, then X x Y" is B, and normal for alln < w.

ProoF. From 2.6 it follows that X is Mp. Use () of 3.1 to get the nor-
mality of X xY and then 3.8 to get the B, property on X x Y. Now, we proceed
by induction. Suppose that X x Y7 is B, for j < w. Use 2.6, 3.1 and 3.8 again
to get the normality and the B, property of X x YJ+1.

In [5] it is shown that if Y is a nondiscrete metrizable space then X x Y is
normal if and only if it is countably paracompact. On one hand in 2.4 we have,
X is Mpif X xY is B, and in 1.4, X is By if and only if X x (k4 1)~ is normal
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B,.. On the other hand 3.8 “extends” this to: For a normal x-additive B, space
X and a k-metrizable Y, X x Y is normal if and only if it is B,. Can we extend
3.8 by dropping the s-additivity on X for & > w7

ProBLEM 1. Let X be a normal By space and Y be k-metrizable. Suppose
that X x Y has the B, property. Is X X Y normal?

PROBLEM 2. LetY be k-metrizable and X be a normal Mp space. Is X XY
normal?

In 3.9 it is shown that X x Y™ is a B, normal space if X is a k-additive
normal B, space and Y 1s k-metrizable k-Lindelof.

PrOBLEM 3. Suppose Y is k-metrizable. k-Lindelof and X is a normal k-
additive B, space. Is X x Y normal? Is it B, ?
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