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1. Introduction

Kobayashi defined the book presentation of spatial graphs, in [K]. Then in
[K2], he introduced the concept of complete H-path book presentability as an
intrinsic property of graphs with book presentation.

On the other hand, Bohme [B] has defined some spatial graphs that are
strongly discatenated graphs. He, also, defined the concept of intrinsic property
of graphs, that is, strong discatenability.

Kobayashi compared the two intrinsic properties, strong discatenability with
complete H-path book presentability, in [K2]. He obtained the following Propo-
sitions 1.1 and 1.2.

ProprosITION 1.1 ([K2]). For a pseudo Hamilton graph G if G is strongly
discatenable, then G is completely H-path book presentable. O

ProposITION 1.2 ([K2]). Let G be an H-path extendable pseudo Hamilton

graph. If G is completely H-path book presentable, then G is strongly discatenable.
O

These propositions do not imply the equivalence of strong discatenability and
complete H-path book presentability. But if we assume the graphs to be pseudo
Hamilton and H-path extendable, then the two concepts are equivalent.

In section 3, we will show that the condition H-path extendability is fairly
essential for the concept, complete H-path book presentability. If we remove the
condition H-path extendability, there exists a counter example to the converse
of Proposition 1.1.

Clearly, the complete graph on n vertices K, is H-path extendable. But
the complete n-partite graph K, m,,.. m, is not always H-path extendable. In
section 4, we will decide the complete n-partite graph which is H-path extendable
as follows.
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THEOREM 1.3. Let G be a complete n-partite graph, that is G =
K, m,,. ,m, wWhere my > mg > .-+ > my, and let G be a pseudo Hamilton
graph. Then G is H-path extendable if and only if m; (1 < i < n) satisfies one
of the following three conditions (1), (2) and (3).

(1) n=2,0<m—myg<1landm; >3

2) n=3, m=my>3andmz=1

3) mi=2orl

We checked the two concepts, strong discatenability and complete H-path
book presentability for the complete n-partite graph Ky, m,,. .m,. Then we
obtained the following theorem.

THEOREM 1.4. Let G be a complete n-partite graph, that is G =
Ky ma,..,m. where my > my > -+ > my,, and a pseudo Hamilton graph. Tnen
G is strongly discatenable if and only if G is completely H-path book presentable.

So we conclude that, H-path extendability is not best possible to distinguish
the two concepts.

In the last section, we introduce five transformations of graphs. We examine
whether the graphs which are transformed by them, keep the properties of the
pseudo Hamilton graphs discussed above.

2. Preliminaries

Throughout this paper, all graphs are assumed to be finite, simple and con-
nected. Let G be a graph. We denote by V(G) the set of vertices of G, and by
E(G) the set of edges of G.

We denote K, the complete graph on n vertices, and Ky, m,,...,m, the com-
plete n-partite graph where my > ms > --- > m,,.

If H is a subgraph of G with V(H) = V(G), and H has no isolated vertices,
then H is called a spanning subgraph of G.

If a subgraph of the graph G are homeomorphic to a circle or a simple arc,
we call it a cycle or a path of the graph G respectively. A k-cycle is a cycle with
exactly k vertices.

A spanning cycle, and a spanning path of a graph G are called a Hamil-
ton cycle, and a Hamilton path denoted by Ag, respectively. We call a graph
containing a Hamilton path a pseudo Hamilton graph.

Let f be a tame embedding of a graph G into the 3-space R3. We call the
image f(G) = Gy, usually written as G , a spatial graph or a spatial representation
of G. We say that two spatial graphs Gy and G, are ambient isotopic, denoted
by Gy ~ Gy, if and only if there exists an orientation preserving homeomorphism
of R® that maps Gy to G,.
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Now we introduce some definitions for the graphs on their spatial represen-
tations.

DeriNITION 2.1 ([K]). Let G be a pseudo Hamilton gravh, and B, =
P
=Y UP,- a book with the binder Z and p sheets P; (1 = 1,2,...,p). If an em-

bedd’in; % : G — By satisfies the following conditions (1), (2) end (3), then we
call 3 (or ¥(G)) a book presentation with respect to a Hamilton path Ag of G
(briefly B.P.H.Ag).
(1) ¢¥(Ag)CE
(2) forany edge e in E(G)— E(Ag), there is a sheet P; with ¢ (Int(e)) C P;
(3) for any sheet P;, there is at least one edge e € E(G) — E(Ag) with
H(Int(e)) C P;

DEeFINITION 2.2 ([K2]). Let G be a pseudo Hamilton graph. G is com-
pletely H-path book presentable if and only if there is a spatial graph 5 of G such
that for any Ag, there is a B.P.HAgy : G — B, with ¥(G) = G (ambient
isotopic).

DEFINITION 2.3 ([B]). Let G be a graph. G is strongly discatenable if and
only if there is a spatial graph G auch that for any simple closed curve C on G,

there is a disk D? in R3 such that D2NG=8D>NG =08D*=C.
The spatial graph G as above is called a strongly discatenated graph of G.

DEFINITION 2.4. G s said to be self-linked if and only if for any spatial
graph G, there ezists a non-trivial link in G.

We need the next two definitions for abstract graphs.

DEFINITION 2.5 ([K2]). Let G be a pseudo Hamilton graph. If for any path
d in G, there is a Hamilton path Ag of G containing d, then we call G an H-path
extendable graph.

DEFINITION 2.6. A graph H is a minor of a graph G, denoted by H < G,
if and only if there exists a subgraph G' of G and its edges e1,ea,. .., e, such that
H is isomorphic to the graph which is obtained from G’ by a sequence of edge
contractions along ey, ea,...,€,.

3. Some properties of spatial graphs

We defined some concepts on spatial embeddings of graphs in the previous
section.
Here we mention some facts about these concepts.



30 Makiko ISHIWATA

ProproSITION 3.1. Let G be a graph, and H a minor of G. If H is self-
linked, then G is also self-linked. O

The following theorem is proved by Sachs [S], Conway and Gordon [C-G].

THEOREM 3.2 ([C-G, S]). The following eight graphs K¢, Ks,3,1, Gr, Gs,
Go, K44, K44 — e and PG illustrated in Fig. 1 [K-S] are sefl-linked, where
K44 — € is a graph obtained from Kq 4 by removing an edge e, PG is Petersen
graph. O

K3.3.1

Gg Gy PG
Fig. 1.

It is easy to see the following Proposition.

PROPOSITION 3.3. Let G be a graph. If G is a self-linked graph, then G is
not strongly discatenable. O
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ExaMPLE. The complete graph on n vertices K, is a Hamilton graph and
H-path extendable.
e Ifn > 6, K, is neither strongly discatenable nor completely H-path book
presentable.
e If n <5, K, is strongly discatenable and completely H-path book pre-
sentable.

ProOPOSITION 3.4. The converse to Proposition 1.1 does not hold.

Proor. If G is H-path extendable, then the converse to Proposition 1.1
holds. Clearly, the following example G (Fig. 2) is not H-path extendable.

Since G, has K¢ as a minor graph, G is not strongly discatenable. Next we
will show that G, is completely H-path book presentable.

We list the Hamilton paths Ag,. Considering their symmetry, we obtain the
Hamilton paths of three types Ay , A% and A% in Fig. 3.

G
Fig. 2.
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Here we take an embedding of the graph Gy, G; as follows (Fig. 4).

-~

G
Fig. 4.

By the symmetry of the spatial graph 51, it is easy to check if there exists
the book presentations with respect to Hamilton path A'é;l, ;1 Gi — By,
such that 1;(G1) is ambient isotopic to Gy (¥i(G1) ~ G1,1 < i < 3). Then we
see that Gy has book presentations with respect to each Hamilton path of G,
(Fig. 5). O

Fig. 5.
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By the way, in the graph G, there are six vertices which have valencies two.
The vertex with valency two, is not essential topologically, but we can make
another graph G5 whose vertices have valencies at least three. The graph is
drawn in Fig. 6 and Fig. 7 where for each tangle a, b, ¢, d, e and f in Fig. 6, we
attach the tangle in Fig. 7.

Fig. 7.

Similarly to the case of G, we can show that this graph G is also completely
H-path book presentable.

4. Pseudo Hamilton graphs of K, ;.. m,

In this section, we discuss the Hamilton path of complete n-partite graph
Kml,mg,...,mn'

Let G = Km, m,,.,m, be a complete n-partite graph where m; > my >
.- > my,, and let V; (1 < ¢ < n) be a subset of vertices of G and the number of
vertices of V; denoted by |V;| = m;.

Now we remember a theorem on complete n-partite graph by Toba.

THEOREM 4.1 ([T2]). Let G = Km, ms,..,m, be a complete n-partite graph
where my > ma > --- > my. G is a pseudo Hamilton graph if and only if m;
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(1 < i< n) satisfies

my Si:m,-+1.

=2

To prove Theorem 1.4, we need the following lemma.

LEMMA 4.2, Let G = Ky m,,..m, be an n-partite graph and m; > 3.
Let v1, v2 and vz be three vertices of Vi, and put V{ = Vi — {v1,ve,v3}. Let
G' = Kpn,-3m,,...m,- If G' 15 a pseudo Hamilton graph, then G is not H-path
extendable.

ProoF. Let vy and vs denote the endpoints of a Hamilton path Ags of
G

Case 1. wvg,v5 € V{
There is no edge which connects one of {v4,vs} with one of {v;,v2,vs}.
Hence there is no Hamilton path Ag that contains Hamilton path Ag:.

Case 1. vy,vs ¢ V{
There is no edge which connects {v;} (1 <7 < 3) with each other.
Hence there is no Hamilton path Ag that contains Hamilton path Ag:.

Case III. vy € V{,v5 & V.
There is no edge which connects the vertices {v;} (1 < j < 4).
Hence there is no Hamilton path Ag there contains Hamilton path Ag:.

O

ProoF of THEOREM 1.3.

From Theorem 4.1, m; (1 < i < n) satisfies the condition m; < E?.—.z m; +
1 (%). To use Lemma 4.2, we consider two cases separated by the conditions of
my.

Casel. my; >4
(1) my—32>my

By Lemma 4.2, it is enough to consider only the case that G' =
Kmi—3,ms,..m, is not a pseudo Hamilton graph. Tnen m; (1 < ¢ < n) satisfies
the following condition, m; > Y i, m; + 5 (**). But there isno m; (1 <i < n)
which satisfies both (%) and (*x).
(2) mi—-2<m

Similarly we consider only the case that m; (1 < i < n) satisfles my >
my + Z?:s m; — 1.

By the relation m; > ma > m; + 2;3 m;— 1, we obtain 1 > 37, m;.
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Now we list the possible cases «, 3 and v as follows.

a: m=my>4,mg=1,m=0 (i>4)
B: mi=ma>4,m=0 (j>3)
y: mi=ma+1>4,mp=0 (k>3)

In fact, it is easy to see that the graph G satisfying «, § or v is H-path extendable.

Case II. m; <3
(1) m; = 3

By a similar argument to Case I, we consider only the case that m; satisfies
my > 3 ©_am; + 2. There are possible cases o and S.

a: my=3, m3=1or0,and mgy =0

B: me=2,m3=0

For both cases, G is H-path extendable.
(2) m = 2
In this case, the types of the graph G are a or 3 as follows.

a. G= KQ,QY“."Z (1 <m< n)
et

m

That is, G = K, + K}, — {Ui=; vivi} where K, and K}, are both the complete
graphs on m vertices, v; € V(Ky,), v; € V(K},), v;,v; € E(G), and + denotes
the join of graphs. So G is H-path extendable.
B. G=Kz3. 211
o’

3Ly [ STPIN

1 (1<k+1<n)

k 1

That is, G = Ky + K, + K; —{Ule v,»v{} where Kj, K} and K are the complete
graphs on k or [ vertices, v; € V(K}), v} € V(K}), viv; € E(G) respectively. So
G is H-path extendable.
(3) m=1
In this case, G = K, (1 < p < n). It is known that G is H-path extendable.
O

5. Proof of Theorem 1.4

Let L denote one of the complete graph on six vertices Kg, the complete
3-partite graph K331, and K44 — e, a subgraph of the complete bipartite graph.
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Let Cr = (C;, Cj)L be a pair of an i-cycle and a j-cycle of L. Let V(Cj) be
the set of vertices of an i-cycle C;.

If C and the graph L are the subgraphs of the graph G, for an embedding
f: G — R3, we denote the images of G, C; and L, by f(G) = G, f(Ci) = Ci
and f(L)=L.

In this section, we prove Theorem 1.4 by using Lemma 5.1 and 5.2.

LEMMA 5.1. For each graph L, and for every spatial graph L, there exists
a Hamilton path AL* such that there is no book presentation with respect to the
Hamilton path A*p ¢ : L — B, which is ambient isotopic with L ((L) ~ L).

ProoF. First we discuss the type of disjoint cycles in the graph L. There
exist the pairs of disjoint cycles in L whose length types are as follows.

e There exists only the type of (3-cyele, 3-cycle) in Kg, we denote them by
(031 ) C32 )Ks .

e There exists only the type of (3-cycle, 4-cycle) in K331, we denote them
by (031 ) C41)K3,3,1 .

e There exists ony the type of (4-cycle, 4-cycle) in K44 — e, denoted by
(041 » 042 )KA,A—e :

By the proof of Theorem 3.2, we know that, there is a pair of disjoint cycles
C*r of L which satisfies the condition (A).

KCH#0  (A)

In the case of L = Kj, for any pair of disjoint cycles Cg, = (C3,,C3,) ke,
there exists a Hamilton path Ag, satisfying the condition (B).

Ak, = uiugugvivevs where up € V(Cs,), vy € V(Cs,), 1<k, 1 <3 (B)

(B) means the condition of the Hamilton path Ag, such that the three
vertices in each cycle Cs, and Cs, mass together in the Hamilton path Ag,.

It is easy to see that, there exists a Hamilton path A*g, that satisfies the
condition (B) for the pair of disjoint cycles C*g,.

Now, we suppose that there exists a book presentation with respect to the
Hamilton path Ag . *. Then there exists 53 (i = 1,2) such that 631 ND =
8D, = Cs,, Cs, N Dy = 8Dy = Ca, and C3, N Dy = C3, N D; = ¢.

This contradicts to the condition (A). So we conclude Lemma 5.1, for the
case that L is Kg.

Similarly we can prove the cases, L = K333 or L = K44 —e. O

REMARK. On a pair of disjoint cycles C3,, C4, of K331, the set of vertices

V(C31) is {aﬂ,bjl,c} and V(C'42) is {aig., aia,bjg,bjs} where a;p € V], bj] € Vz,
ceVs, 1<k 1L3.
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On a pair of disjoint cycles Cy,, Cy, of K44 — e, the set of vertices V(Cy,)
is {@i1,ai2,bj1,b52}, and V(Cy,) is {a;3,ai4, bj3,bja} where aim € V1, bj, € V5,
1<m,n<4

LEMMA 5.2. Let L be one of three graphs Ks, K331 or K44 —e. Let G =
Ky ms,...m, and G' = Km’l,m;,m,m’,, be complete n-partite graphs with m; >
mg > -+ > My, my > my > .- > m). Suppose that G contains L as a minor
graph and G’ is obtained from G by deleting the vertices of L. If there exists a
Hamilton path of G', the graph G is not completely H-path book presentable.

From the definition of the complete n-partite graph, we can write G = V; +
Vot oo+ Vo, G = V) + V5 +---+ V., where each V; and V; are subsets of
V(G) and V(G') respectively. Let V; = {v;;} and V/ = {v[,} where 1 < i < n,
1<j<myand 1<k <m.

ProOF of LEMMA 5.2.

We can easily see that each endpoint of the Hamilton path of the graph L
lie in the distinct sets of vertices {V;} in G.

If there is a Hamilton path Ag: of G’, there is at least one edge which
connects Al and the Hamilton path Ay of L, for every A, because the each
endpoint of L lie in the distinct sets of vertices {V;} in G. Hence there exists a
Hamilton path Ag of G such that Ay is a minor graph of Ag (Ag = Ap) for
every Ayr.

Here, we assume that G is completely H-path book presentable, then there
exists a spatial graph L of L such that for any Hamilton path Ay of L, there is
a B.P.HArY : L — B, which is ambient isotopic with L (¢(L) ~ ).

But this contradicts to Lemma 5.1. Hence G is not completely H-path book
presentable. O

PROOF of THEOREM 1 .4.

We discuss the pseudo Hamilton graph G. By Theorem 4.1, it is necessary
that all m; (1 < i < n) satisfy the inequality my < Y i, m; + 1.

From Propositions 1.1 and 1.2, we know that Theorem 1.4 is true for the
graph G which is H-path extendable. We examine the graph G of which m;
(1 € i< n) do not satisfy any of the conditions of Theorem 1.3.

In fact, the spatial graphs of six graphs K411,1, K421, K3,1,1,1, K322, K321
and K31 in Fig. 8 are strongly discatenated graphs. So we conclude that these
graphs are strongly discatenable.

Clearly, if the graph G contains one of the three graphs K¢, K331 or K44—e,
denoted by L as a minor graph, then G is not strongly discatenable. We shall
check whether or not the graph G contains at least one of the three graphs
denoted by L.



38 Makiko ISHIWATA

K 311 K3'2.1 K 3.2,2
Ka2i Kaaaa
K 3111
Fig. 8.

K333 contains K33 as a minor graph. For K331, there is only one type of
pairs of disjoint cycles {(3-cycle = C3, 4-cycle = Cy)}. For all Ck, ,, = (C3,Cy)
of K331, there exists a Hamilton path Ag, ,, such that

Ak, 5, = v10203U UsUzug, Where v; € V(C3), u; € V(Cy),
1<i<3, 1<j<4(%).

For all spatial graphs of K3 31, there exists C*, , , such that Ik(é}%s,s,l) #0,
and a Hamilton path A*g, , , which satisfies the condition (x).

We can assume V(K3 31) = {vij,vm} (1=10r2,1<5<3), {va1} = V5,
and vy, ug ¢ V3, without loss of generality. Then there exists a Hamilton path of
K3 3,3 such that there is no book presentation with respect to the Hamilton path
A%k, % K333 — By which is ambient isotopic with 1?3,3,3, for any spatial
graphs 1?3)3,3.

To prove Theorem 1.4, we show that there exists a Hamilton path of G’
which satisfy the condition of Lemma 5.2 for each G, excluding the seven graphs,
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Kara1, Kap1, Kz1,1,1, K322, K321, K311 and K333.

Casel. n>6
(1) If G satisfies n = 6 and m; < }:f=2 m;—3,orn>T7and m; <y ,m—5,
we can regard L as K¢ where V(L) is {vi1}, (n — 5 < ¢ < n). Then we have
m; = m; — 1, mj = m; (j # i), my > mj, for all integer k where 1 <k < n, and
m) < 3 ,m}+ 1. Hence there is a Hamilton path Ag: of G'.
(2) If G satisfies the following conditions (a) or (), we can regard L as K4 4—e.
n n

() n>6and Zmi—2§ m §Zm,-+1.
i=2 =2
We have the inequalities Y ;_, m; > 5 and m; > 3.
e When m; = 3, then we see G = K3111,1,1, and L is a spanning
subgraph of G.
e When m; > 4, we canregard V(L) = {v1i, va1, va1,va1,vs1 } (1 < i < 4).
If G also satisfies the inequality Z?:z m;—1<m; < }::-;2 m; + 1, clearly
there exists a Hamilton path Ag/ of G’ which passes alternately the vertices
of V{ and the others.
If m; =31 ,m; — 2, we have a Hamilton path of G'Ag' = v.vg V157, - - -
Vim, Ve (Vs = v22 (n = 6), v« = v71 (n > 7)), where v, ¢ V] and after the
vertex vis, this path passes alternately the vertices of V; and the others.
n n

) n27and2m5—4_<_m152m5—3.

=2 =2
We have the inequalities } i, m; > 6. When m; = 2, L is a spanning
subgraph of G. When m; > 3, we can regard V(L) = {v1i,vj1} where
1<i<3,2<j<6.
Then we have a Hamilton path of G'Al; = v,v71V14%e -+ - Vi, Ve (vx =
vop,vgy or @) where v, ¢ V{ and after the vertex vi4, this path passes
alternately the vertices of V{ and the others.

CaseII. n<5b
(1) my>4
We can regard L as K44 — €, and we can take the set of vertices of L as follows.
(a) If G satisfies m3g < my —4, we regard V(L) = {v1;,v2;} (1 <4, j < 4).
Then we have mj =mp —4 (k=1,2), mj=m; (3<1<5).
(B) If G satisfies m; > mg > m; — 3, we have three cases as follows.
o ( satisfies m; = ms.
When m; — 2 > my, we regard the vertices V(L) = {v14, v2i,v35} (i =
1,2,1< j < 4). Then we have m}, = m; — 2 (k = 1,2), mj = m; — 4,
m), = my (k= 4,5).
When m; — 1 < my, we regard the set of vertices V(L) = {vai, v3;, va1}
(1 <i<4,1<j<3). Then we have mj, = my (k = 1,5), my = m;—4,
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mi=my —3, my =my— 1.

G satisfies (a) mg = my — 1, or (b) mg = m; — 2 and my > 1.

We may regard the set of vertices V(L) = {v11,v2i,v3;} or {vkm,vai}
where i, j, k, m satisfies the conditions (1<:<4,1<j<3,k=1,3,
m=1,2).

G satisfies (a) mg = m; — 2 and my = 0 or (b) mg = m; — 3.

We may regard the set of vertices V(L) = {v1;,v25,v31} (1 < i< 3,
1<j<9).

Then we have the inequalities m{ > m} (2 <1< 5), and m} < Ef___z mi+1.
Therefore G’ is a pseudo Hamilton graph.

mg S 3

(o) It is clear for the case of m; < 2.

(B) If G satisfies m; > 7, then we have m; —4 > m,. We can regard L as
K4 4 — e where the only four elements of V(L) are contained in V;. Then
we have the inequalities mj > m} (2 < ¢ < 5), and m} < Z?=2 mi + 1.
Hence G’ is a pseudo Hamilton graph.

(v) If G satisfies 3 < m; < 6, we have two cases as follows.

o My Z 2

We can regard L as K44 — e where V(L) = {v;;}, {v1s,vaj,v31,va1},
{vh-,vu} or {vlh,vgj,vnl} (1 S ZS 4, ] =1lor 2, 2 S IS 5, 1 S h S 3
and 3 < n < 5). Then we have the inequalities mj, < 2 (1 < k < 5),
and m} < Y5, m! + 1. Hence G’ is a pseudo Hamilton graph.

my S 1

(a) If G satisfies Yo_, m; > 4 and 4 < m; < 6. We can regard L as
K44 — e, and the set of vertices V(L) contains vy; and vj; (1 < i< 4,
j=2or3).

Then we have the inequality m; < 2 (1 <1 < 5), and we see G’ is a
pseudo Hamilton graph.

(b) If G satisfies Y"o_, m; > 4, and my = 3. If G is neither K35 5 nor
K3 33, we can regard L as K33 1, and the set of vertices V(L) contains
v1; and vg (1 <4< 3) or vj; and vs; (F =1, 2). It is easy to see that
there is a Hamilton path Ag/ of G'.

(¢) If G satisfies Z?:z m; < 3, there are exactly five graphs Kj 11,1,
Kas21, K311, K321, K31,1. We know these graphs are strongly dis-
catenable.

Therefore, this completes the proof of Theorem 1.4 O

By Theorem 1.4, we classify the complete n-partite graphs G = Ky, m,

(my > mg > -+ > my) which are pseudo Hamilton graphs, in Table A.
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Table A.

G is strongly discatenable
and completely H-path

book presentable.

G is neither strongly
discatenable nor completely

H-path book presentable.

41

Ky, Kip, Kiaa Kii..1=K, (n>6)
n
K111, Kipaia Ksi,..1 (n2>6)
S~
n
Ky,  Kaa, Ki32 Ks21,.1 (n>05)
———r
n
L K1, K211, K21 K211 (n>5)
~—
n
Koi1,11, Kapop Ksnso1,..1 (n>5)
n
Kssi11, Kanpo: Kas .2 (n>4)
N

n
K3z, K32, Kas Kmm (m>4)
Knm-1 (m2> 5)

Afm,m,l (m Z 3)

K311, Ks21, Ksop2 )
The remainder graphs
11 Kz which satisfy ()
n
Ki21, Kaii (¥*) my < Zmi +1

=2

I. G is H-path extendable.
II. G is not H-path extendable.

6. Five relations and transformations of graphs

At first, we define five transformations and relations between two graphs
([B]). The transformations denoted by T; induce the relations between the two
graphs G and H denoted by R; as follows, where 0 < i < 4 and both G and H
are simple and pseudo Hamilton graphs.
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(0) GRoH, HR}G if and only if H is obtained from G by deleting an edge or
an isolated vertex of G.

(1) GRyH, HR\G if and only if H is obtained from G by contracting an edge
e of G where e has an endvetex of valency at most two.

(2) GRyH, HR,G if and only if H is obtained from G by contracting an edge
e of G where both endvertices of e have valencies at least three.

(3) GRsH, HR,G if and only if G has a vertex P with exactly three neighbours
@1, @2 and Q3 which are pairwise non-adjacent, and H is obtained from G
by deleting P and adding the edges Q1Q2, @2@s and Q3Q);.

The operation transforming G into H is called a star-triangle-transfor-
mation.

(Sometimes it is called YA transformation, and the transformation of Rj
is called AY transformation.)

(4) GR4H, HR,G if and only if G has two adjacent vertices P, and P» of va-
lency three without common neighbours and the neighbours of P, and P; are
pairwise non-adjacent, and H is obtained from G by subdividing the edge
P1 P, by a new vertex and then applying the star-triangle-transformation
to both P, and Ps.

DEFINION 6.1. Let F denote the family of graphs satisfying the property
P(F). The family F (or the property P(F)) is said to be closed under the trans-
formations {T;} or {T}} if and only if for all G € F, if GR;H then H € F or for
ol H € F, if HR.G then G € F respectively.

B6hme has obtained the following propositions for the transformations 7;
and T}, where 0 < 7 < 4, about the strong discatenability.

ProPosSITION 6.2 ([B]). Let F be the family of graphs satisfying the prop-
erty: strong discatenability. F is closed under the transformations Ty, T§, Th, T},

Ty, T3, T4 and Ty. d

Then, we studied the families of graphs which are satisfying the properties
H-path extendability and completely H-path book presentability.

ProprosITION 6.3. Let F be a family of graphs which are pseudo Hamilton
graphs and satisfying the property: H-path extendability. Then F is closed under
the transformations T and Ty, and F is not closed under the transformations
To, Tll, Tg, TQI, T3, Té, T4 and T‘i.

We need the fundamental lemma as follows.

LEMMA 6.4. Let G be a pseudo Hamilton, H-path extendable graph, where
G do not have free vertices. If G has a vertex with valency two, then G is a cycle
graph, or one of the four graphs in Fig. 9 {a), (b), (¢) and (d).
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(@) (b)
4
©) )
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U,=u

e)
Fig. 9.

ProoF. If all vertices of G have valencies two, then G is a cycle graph.

If G has a cut vertex or a cut edge, then G is not H-path extendable. We
may assume that G does not contain cut vertices and cut edges, and contains
an edge e whose endpoints are u and v such that u has valency two, and v has
valency at least three. If v is only one vertex with valency more than two in G,
then G is homeomorphic to a bouquet and v is a cut vertex. So we may assume
that G contains a vertex w which satisfies the conditions (%), as follows (Fig.

9 (e))-
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(%) There exists a sequence of vertices {u;} (0 < i < n, 1< n), up,uy,us,...,
Un—1,Un (U = ¥, U, = w), such that the vertex u; has valency two for each
i (1 < i< n-1) and u, has valency more than two, and u;u;41 € E(G)
(0<j<n-1).

Since the edge e is not a cut edge, there exist at least two paths /; and [,
with the endvertices v and w. G is a simple graph and v and w have valencies
more than two, then G contains the vertices v; € N(v) and w; € N(w) such that
vi,w; # u (1 <1, j < 2), where N(z) is a set of vertices which are neighbours
of the vertex z. Let lj, Iy be paths which contain the vertices u and {v;,w;}
respectively. We have two cases (1) and (2) as follows.

(1) Two vertices v and w are adjacent.

Let v = wy, and w = vy. If (i) va # w2, or (ii) va = ws, and, v or w have
valencies more then three, there is no Hamilton path that contains the paths
Vo VWWe, V3VWWs, and w3wvv, respectively, where v3 € N(v), ws € N(w). So
G is not H-path extendable, hence v2 = ws and v and w have not valencies not
more than three.

If v and w are non-adjacent, there is no Hamilton path that contains the
path uvwu,_; and G is not H-path extendable. So u and w are adjacent.

If v = wy has valency more than two, then v and w have valencies more
than three, so vy = w» has valency two.

Hence we have an H-path extendable graph G in Fig. 9 (a).

(2) Two vertices v and w are non-adjacent.

e If v and w do not have same neighbour, there is no Hamilton path in
G which contains a path vavv; - - - wywws where voy - --wyw =15. So G
is not H-path extendable.

e If v and w have same neighbour, let v1 = w;.

By the same arguments as the case (1), replacing the edge vw by a path
vv1(= w1)w, we conclude that u and w are adjacent, and vy = w», and v and w
have valencies not more than three.

If the vertex vi(= w;) has valency more than three, there are at least two
paths, say I3 and l;, which do not contain the vertices v and w because the
vertices v and w have valencies not more than three. We may assume that I3 is
not an edge, then there is no Hamilton path that contains a path vvy ---vowu
where vy -+ -v9 = ly and G is not H-path extendable. Hence the vertex vy (= wy)
does not have valency more than three.

Simiraly vo(= wy) does not have valency more than three.

When v; and vy have valencies two, we have an H-path extendable graph in

Fig. 9 (b).
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When v; has valency three, v» has also valency three because vy is not a cut
vertex.

Let the path vy ---vy = I5, where I5 does not contain both v and w. If I5
contains two edges via and bus where a # b, and a and b are vertices on 5, there
is no Hamilton path which contains the path av;wwvqb. It follows that 5 is an
edge vyvs, or I5 consists of two edges via and avs of which a has valency two.

Hence we have two H-path extendable graphs in Fig. 9 (c) and (d) as re-
quired. This completes the proof of Lemma 6.4 O

ProoF of PROPOSITION 6.3.

It is clear on the transformation Tj.

For the case of T}, it is easy to see by Lemma 6.4.

For the transformations Tp and 77, let G be K3 3 and Gy (Fig. 2) respectively.
For T and T3, let G be K43. For T, let H be Ks54. We know the graphs K31,

%_»

Fig. 10.

- 3

=
>
=

Fig. 11.
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Ks, K43 and K5 4 are H-path extendable, but the graphs which obtained under
the transformations are not H-path extendable (Fig. 10, 11, 12). For T%, let H
be K331, then the graph Gs is obtained by the transformation. From Theorem
1.3, G is H-path extendable. But we see that H is not H-path extendable (Fig.
13). Hence we conclude that F is not closed under the transformation 73.

K3.3.1 Ga

Fig. 13.

The transformation T4 is the composition of 7] and T3, and 7T}, is the com-
position of T4 and 7;. So F is not closed under 7, and Tj. O

Next we discuss the property: completely H-path book presentable.

PROPOSITION 6.5. Let F be a family of the graphs which are pseudo Hamil-
ton and completely H-path book presentable. Then F is closed under the trans-
formations Ty and T{, and F is not closed under the transformations T3, T1, To,
T and Ty.
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Proor. The case of Tj is trivial.

We show the cases of T, T> and T3 by examples. (Fig. 14 and 15). Easily
we see that the graphs K, 4 — e and K4 4 are obtained by the sequence of trans-
formations from H; (1 < ¢ < 3), and each H; is strongly discatenable. Then the
graphs H; are completely H-path book presentable.

¥ P
v9

Fig. 14.

3

For T7, the number of the Hamilton paths of G is less than or equal to the
number of the Hamilton paths of H. Hence, if H is completely H-path book
presentable, then G is completely H-path book presentable. Then F is closed
under the transformation 77.

For T, we remember the graph G; in Fig. 2. We know the graph G, is
completely H-path book presentable, and the complete graph on six vertices K
is not completely H-path book presentable. The difference between G; and Kg
is the six vertices with valency two. Here, we contract these six vertices of Gy,
one after another, then we obtain Kg at last. Hence F' is not closed under the
transformation 71, and so F is not closed under the transformation 7j. a
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