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1. Introduction

Let K be a knot in the 3-sphere S3. The exterior of K, denoted by E(K),
is the closure of the complement of a regular neighborhood of K. In [4], [7],
D. Gabai showed that for any knot K, E(K) admits a taut foliation of finite
depth. Then in [1], J. Cantwell and L. Conlon defined the C?-depth of the knot
K as follows:

DEFINITION. Let 0 < ¢ < oo. Then K is of C%depth at most k if E(K)
admits a taut foliation F(K) of class C, transverse to 0 E(K) and of depth at
most k. If K is of C'?-depth at most k, and not C?-depth at most k£ — 1, then K
is of C?-depth k. If K is not of C?-depth at most k for any integer k, the K has
infinite C'%-depth.

In [4], [6], Gabai showed that every knot K has finite C°-depth. In [1],
Cantwell-Conlon proved that, for any positive integer k, there exist infinitely
many knots which have C2-depth > k. Then [3], they asked:

QUESTION. Is every simple knot either fibered or depth one?

The purpose of this paper is to give a negative answer to this question. In
fact, we show:

THEOREM. Let K be a knot with a Seifert surface S as in Figure 1.1. Then
K has the following properties.
1. FEvery minimal genus Seifert surface for K is isotopic to S,
2. K 1is a hyperbolic knot, and
3. The C°-depth of K is 2.

2. Preliminaries

Throughout this paper, we work in the smooth category. All submanifolds
are in general position unless otherwise specified. For a subcomplex H of a com-
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K S
Fig. 1.1.

plex K, N(H,K) denotes a regular neighborhood of H in K. When K is well
understood, we often abbreviate N(H, K) to N(H). Let N be a manifold em-
bedded in a manifold M with dim N = dim M. Then Frp; N denotes the frontier
of N in M. For the definitions of standard terms in 3-dimensional topology, we
refer to [8], and [9].

Then we recall the definition of sutured manifold [4]. A sutured manifold
(M,7) is a compact 3-manifold M together with a set y of mutually disjoint
annuli A(y) and tori T'(y). In this paper, we mainly treat the case of T'(y) = 0.
The core curves of A(y), denoted by s(y), are the sutures. Every component
of R(y) = OM — Inty is oriented, and Ry () (R-(7) respectively) denotes the
union of the components whose normal vectors points out of (into respectively)
M. Moreover the orientations of R(7y) must the coherent with respect to s(¥).

Let S be a Seifert surface for K. Then we may suppose that SN E(K) is
obtained from S by removing a regular neighborhood of 5, and, hence SN E(K)
is homeomorphic to S. Then we abbreviate SN E(K) by denoting S.

Let Ns = N(S; E(K)), and 65 = NsNJE(K). The pair (Ng,bs) is called
a product sutured manifold obtained from S. Let Mg = cl(E(K) — Ng), vs =
MsNOE(K). (Ms,vs) is a complementary sutured manifold for S.

Let M be a 3-manifold. A surface S properly embedded in M is called
essential if it is incompressible and not parallel to a subsurface of M. A knot
K is called simple if E(K) does not contain an essential torus.
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3. Proof of conclusion 1 of Theorem

Let K, S be as in section 1. Let M = Mg, v = +v,, and s = s(7ys). Let Pbe a
disk with two holes properly embedded in M as in Figure 3.1. Let H;, Hs be the
closures of the components of M — P, and @, = HNOM, and Q; = HyNIM.
We note that Q; is a disk with two holes embedded in 0H;. Then let s = sN H;,
and sy = sN H,.

P
Fig. 3.1.

Let F be a minimal genus Seifert surface for K such that SNF = K. We
show that F is isotopic to S. This fact together with Theorem 3.1 of [10] or
Proposition 5 of [13] shows that the minimal genus Seifert surfaces for K are
mutually isotopic, which gives the conclusion 1 of Theorem.

LEMMA 3.1. Let D be an essential disk properly embedded in H; (i = 1,2).
Then ${60D N 0Q;} > 6.

Proor. We may suppose that §{8D N &Q} is minimal in the isotopy class
of dD. Let D;1, Dia, D;3 be essential disks properly embedded in H; as in
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Fig. 3.2.

Figure 3.2. Then let H] (H] respectively) be the closure of the component of
H—(D;1UD; 2UD; 3) such that H/NQ); consists of three rectangles (two hexagons
respectively).

By using standard innermost disk arguments, we may suppose that no com-
ponent of DN (D;1 U D;2 U D;3) is a circle. Let a (C D) be an outermost
component of D N (D;1 U D; 2 U D;3), and A the closure of a component of
D — a such that Int AN (D;3 UD;2UD;3) = 0. Let 3 = AN JH;. Then
{8 N dQ;} > 2 (see Figure 3.3). Since D has at least two A’s as above, this
shows that §{0D N 0Q;} > 4.

Fig. 3.3.
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Assume that §${8D N 8Q;} = 4. By the above arguments, we see that there
are exactly two outermost components in D N (D; 1 U D; 2 U D; 3). Let n be the
number of the components of DN (D;; U D;2 U D;3), and Ay,...,Any; the
closures of the components of D — (D N (D;; U D; 2 U D;3)) as in Figure 3.4.

A, - A
Ay

n+1
Fig. 34.

Suppose that » = 1. Then, by changing the suffix of A if necessary, we
may suppose that A, C H/, and Ay C H}. Then 8(A; N 0H;) is contained in
0H; — Q;, and 0(A, N 8H;) is contained in @; (see Figure 3.3), a contradiction.

Suppose that n > 1. Since the argument is symmetric with respect to @; and
cl(0H; — Q;), we may suppose that A; C H]. Then A, is a rectangle such that
two edges of Ay is contained in D; 1 U D; 9 U D; 3 and both of the rest two edges
are contained in @; or 0H — @;. Since ${(A1 NGH;)NIQ;} = 2, we see that the
endpoints of the arc A N9 H; are contained in mutually different components of
H! N (6H; — Q;). But by the minimality of ${0D N 8Q;}, it is easy to see that
this is impossible.

Let Fy = FNH,, F, = FN Hy. By Lemma 3.1, we see that no component of
F, is a bi-gon (:disk B such that §{60B N 3JQ;} = 2), or 4-gon (:disk B such that
${0BN3Q;} = 4). Moreover we note that F; Ny (= 8 F;N M) consists of three
arcs, say 71, ¥i,2, 7i,3- It is easy to see that this fact together with Lemma 3.1
shows that Fy, F; are disks.

LEMMA 3.2. Let D be a separating essential disk properly embedded in H;
such that DNQ; (= DN Q;) = 7i,1 Uvi2Uvis. Then D is properly isotopic in
the proper isotopy class (H;,0H;,Q;) to the disk G as in Figure 3.5.

ProoF.  We note that D is a hexagon such that three edges of D are
%1, %2 %3 Then we suppose that; (1) D;2 N (i1 U2 Uvia) = 0, and
(2) {DN D; 3} is minimal in the proper isotopy class in (H;, 8H;, Q;). By the
assumption (2) we see that no component of DN D; ; is a circle. Suppose that
there is an arc component o of DN D; 5 such that da is contained in a component
of 8D — (%1 U7i2 Uig), say 8. ‘Then « and a subarc of 8 bounds a disk A
in D. Here we may suppose that « is outermost, i.e. Int AN D;5 = @. Then
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Fig. 3.5.

it is easy to see that we can remove o by using an isotopy as in Figure 3.6 (i),
contradicting the assumption.

(2) )

Fig. 3.6.

Suppose that there is an arc component o« such that da is contained in
pairwise different components of D — (y;,1 U 7i2 U7i,3). Then a is parallel to
some 7;;, say. Let R be the square region between « and 7;;. Since R is a
disk, we easily see that j = 1 or 3, and R is as in Figure 3.6 (ii). Then we can
remove « by an isotopy which makes v; ; to go through 8D; » as in Figure 3.6
(i), contradicting the assumption. Hence we see that DN D; ; = 0. Then let T
be the solid torus obtained from H; by cutting along D; 5, and D;','Z, Dy, copies
of D; 9 in OT. Since D is separating in H; we see that D is boundary parallel in
T. Then let D* be the disk in T such that §D* = 8D. Since D is essential, and
separating in H;, we see that D;”'2, D;, C D*. Tt is easy to see that this shows
that D is isotopic to G.
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Completion of Proof. Let F; be the hexagon as above. Assume that F; is
an essential disk in H;. Since F' and S represent the same homology class, we see
that F; is separating in H;. Hence, by Lemma 3.2, we see that F; corresponds
to G in Figure 3.5. But, by a direct observation (see Figure 3.7), we see that
F; N P and F5N P cannot be matched to make F. Here we note that the curves
in Figure 3.7 represent the boundaries of G.

Hence each Fj; is inessential (i.e. parallel to a disk in 8H;), and this shows
that F; is parallel to a copy of Frgx)N (S, E(K)) N H; in H;. And this shows
that F is parallel to S.

4. Proof of conclusion 2 of Theorem

LEMMA 4.1. Let K be a genus 1 knot such that E(K) contains an essential

torus T. Then there is a minimal genus Seifert surface S for K such that SNT =
0.

PrOOF. Let U, E be the closures of the components of S — T such that
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K C U. Then we note that U is a solid tours, and F is homeomorphic to the

exterior of a nontrivial knot K’. Let S be a minimal genus Seifert furface for K

such that §{S N 7T} is minimal among all minimal genus Seifert surfaces for K.
Assume that {SNT} > 0.

Claim 1. Every incompressible annulus properly embedded in U (E resp.)
is separating in U (E resp.).

ProoF.  First, we note that Hy(U,Z) & Ho(U,0U,Z) (£ Z), and a sim-
ple closed curve £ in QU represents a generator of Hy(U,Z). Let A be a non-
separating annulus properly embedded in U. Since A is non-separating, we see
that A represents a generator of H(U,dU,Z). This shows that the algebraic
intersection number of £ and 9 A is 1. Hence one component of A is contractible
in U, and this shows that A is compressible in U, a contradiction.

The arguments above works for E, and this completes the proof.

By the minimality of ${S N T}, and the incompressibility of T' in E, and
the irreducibility of E, we see that each component of SN T is essential in S
and T. Then by using Euler characteristic considerations, we have either; every
component of SN E is an annulus; SN E consists of a torus with one hole, and a
number of (possibly empty) annulus; or SN E consists of a disk with two holes,
and a number of (possibly empty) annulus. Then we have:

Claim 2. SN E does not contain an annulus.

ProoF. Assume that SN T contains an annulus component. Since SNT
contains at most one component which is not an annulus, we see, by Claim 1,
that there is an outermost annulus A; in SN F, i.e. there is a component G of
E — A; such that GNS = 0. Then let A* = c}(GNJE), and S* = (S— A1)UA*.
'We note that S* is a minimal genus Seifert surface for K and by moving S* by
a tiny isotopy, we have ${S* N T} = 4{SN T} — 2, a contradiction.

By Claim 2, we have the following two cases.
Case 1. SN E consists of a torus with one hole.

We first note that SN U consists of an annulus in this case. Then we note
that (SN E) is a longitude of the nontrivial knot K;. These facts show that K
is isotopic in U to the core curve of the solid torus U, contradicting the fact that
T is essential in E(K).

Case 2. SN E consists of a disk with two holes.

In this case SN U consists of two annuli A4;, A, such that K C 8A;. Then
there is a component of U — A, say G, such that GNS = 0. Then let 4* =
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c(GN V), and S* = (S — A1) U A*. We note that S* is a minimal genus Seifert
surface for K and by moving S* by a tiny isotopy, we have §{S*NT} = §{SNT}-2,
a contradiction.

This completes the proof of Lemma 4.1.

LEMMA 4.2. Let E be the closure of the complement of the genus 2 han-
dlebody as in Figure 4.1. Then E does ont contain an incompressible torus.

Fig. 4.1.

Proor. For the proof of this, we consider a tangle (B,t) as in Figure 4.2.
We immediately see from Figures 4.1, and 4.2, that it is enough to show that
the exterior of ¢ in B does not contain an incompressible torus for the proof of
Lemma 4.2.

Assume that the exterior of ¢ in B contains an incompressible torus 7. Let N
be the 2-fold branched cover of B along ¢, and p : N — B the covering projection.
Then we see that N is a Seifert fibered space with orbit manifold a disk and
two exceptional fibers. It is known that N does not contain an incompressible
torus [9]. Hence we see that p~!(T) is a compressible torus in N. Then by the
equivariant looop theorem ([11]), there exists a compressing disk D for p (T
such that p(D) ND="0or p(D) D. Since T is incompressible, we see that
p(D) D. Here we note that the fixed point set of p| : D — D consists of one

point in Int D. Hence D = p(b) is a compressing disk for T in B such that DNt
consists of a point. This shows that T is obtained from a 2-sphere by adding a
knotted tube inside, and a component of ¢ goes through the tube once. But this



218 Tsuyoshi KOBAYASHI

is a contradiction, since the components of ¢ are unknotted.

Fig. 4.2.

Now the conclusion 1 of Theorem together with Lemmas 4.1 and 4.2 shows
that K is a simple knot.

5. Proof of conclusion 3 of Theorem

Let M, s be as in section 3, and M the manifold obtained from M by
attaching a 2-handle along s. Then OM consists of two tori, say T+, T~, where
T¢ corresponds to R.(M). By Theorem 1.3 of [2], it is enough to show the
following proposition for the proof of the fact that the depth of K is greater than
one.

Fig. 5.1.
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PROPOSITION 5.1. M is not homeomorphic to the total space of a surface
bundle over St.

ProoF. Let FJ be a genus 1 surface properly embedded in M as in Figure
5.1. We note that §F] is isotopic in M to a simple closed curve disjoint from s.
By using this isotopy, we can obtain a genus 1 surface F; properly embedded in
(M,8M - s). We can obtain another genus one surface F, properly embedded
in (M,8M — s) by rotating F; in Figure 5.1 180 degree in z-axis.

It is easy to see that Ho(M,0M;R) = R? = [R]|P[F] = (o) Blaz),
where Fy, Fy are regarded as surfaces properly embedded in (IT/I\ , oM ). Then we
consider the annulus A’ properly embedded in M as in Figure 5.2. We note that
A’ is isotopic to 8F; U OF, in M. By using this isotopy, we can obtain an
annulus A properly embedded in (M,8M — s).

Fig. 5.2.

Let ¢ be the Thurston norm on Hy(M,8M;R). Since a; = [F], we see
that z(e;) < 1. Since K is a non-trivial knot, z(a;) # 0. Hence we have
z(a;) = 1. Moreover, by using Poincaré duality, we see that [A] = [F] +
[F] € Hz(f\l\ , oM ;R) provided that F; has an appropriate orientation, where
A is regarded as a surface properly embedded in (1\7 , BITI\) This shows that
z(a; + @) = 0. Hence the unit ball in R? with respect to the norm z is an
infinite region bounded by two lines as in Figure 5.3.

We note that, for the proof of Proposition 5.1, we have to show that every
rational point in Hg(I/M\ , oM ;R) = R? cannot be represented by a fiber of a sur-
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a2

Fig. 5.3.

face bundle structure of M. However, by Thurston [14], it is enough to show that
at least one rational point, for example «; in these lines cannot be represented
by a fiber.

Assume that «; is represented by a fiber F. Let 7° be the component of oM
such that 9Fy NT¢ = 0. Hence 8F; N T* represents 0 in Hy(T¢,R). However
this is impossible, since F is a fiber.

This completes the proof of Proposition 5.1.

PROPOSITION 5.2. The sutured manifold (M,v) admits a depth 2 foliation.

PrROOF. Let A the annulus properly embedded in M in the proof of Propo-
sition 5.1. It is elementary to show that, by applying sutured manifold decom-
position on (M,+) along A, we obtain a sutured manifold (M’,4’) as in Figure
5.4 where M’ corresponds to the outside of the genus two surface. It is easy to

Fig. 5.4.
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verify that this sutured manifold is completely disk decomposable [5]. Hence, by
Theorem 3.14 of [5], the sutured manifold (M’,v’) admits a foliation of depth 1.
Then by pulling back this foliation as in [4], it is shown that the sutured manifold
(M, ) admits a foliation of depth 2.

(1]
[12]
(13]

(14]

Propositions 5.1 and 5.2 complete the proof of conclusion 3 of Theorem.
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