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It has been known that the contiguity relations for Gauss hypergeometric 
function 2 F1 give a representation of the Lie algebra g[(4), while it is recently 
that the algebraic structure behind the contiguity relations for Heine's series 

2 <p 1 , one q-analogue of Gauss hypergeometric function, was clarified. In 1992, 
E. Horikawa [H] showed that the contiguity relations for Heine's series 2 ip1 give 
a representation of the quantum algebra Uq(gC(4)), a quantum analogue of the 
universal enveloping algebra of g1(4). We recall the definition of Uq(gC(n)) later. 

\Vhile the hypergeometric functions of several variables are realized as solu­
tions of the system of differential equations related to Grassmannian manifolds, 
M. Noumi [Nm] defined a system of q-difforence equations by using the repre­
sentation of Uq(gC(n)) on the quantum Grassmannian that is a q-analogue of the 
Grassmannian manifold G2 ,,.. He showed that q-hypergeometric function 'PD, 
which is a q-analogue of Lauricella's hypergeometric function FD, can be real­
ized as a solution of the system and that the contiguity relations for 'PD give a 
representation of Uq(gl(n)). Furthermore, the author and Noumi [NN] defined a 
q-difference system by using representation of Uq(gl(n)) and realized a q-analogue 
of the hypergeometric function related to Gk,n as a solution of this system. 

One of the next steps is to discuss the confluent cases. E. Date and E. Ho­
riuchi [DH] have already showed that the contiguity relations for the q-confluent 
hypergeometric function of several variables, including the q-Kummer function, 
give a representation of a q-deformed Lie algebra. 

In this paper, we discuss the q-confluent hypergeometric functions, including 
the q-Kummer and the q-Bessel function from a different point of view. 

In the classical case, we can realize the confluent hypergeometric function 
as a solution of the system of differential equations by using a representation of 
the universal enveloping algebra U(gC(n)). In the present case, we introduce two 
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types of q-confluent hypergeometric system by using a representation of Uq(g!(n)) 
on the polynomial ring, and we realize q-confluent hypergeometric functions as 
solutions of these systems. They are given by the series 

and 

where (a; q)n = ( 1 - a)(l - aq) • • • (1 - aqn-l ). See Section 4 for the notations. 
The plan of the contents is as follows. In Section 1, we give a brief description 

of the confluent hypergeometric systems in the classical case, associated with 
the Grassmannian. In Section 2, we recall the quantum algebra Uq(gl(n)) and 
introduce a noncommutative algebra that is a left Uq(gl(n))-module. In Section 
3, we translate the action of Uq(gl(n)) on the noncommutative algebra into the 
action on a commutative polynomial ring. In Section 4, we define the system 
of q-difference equations by use of the action of Uq(gC(n)). Moreover, we realize 
q-confluent hypergeometric functions as solutions of this system. In Section 5, 
we compute of the contiguity relations for those q-hypergeometric function, and 
in the last section 6, we define q-confluent hypergeometric systems. 

The author would like to thank Professors Etsuro Date, Masatoshi Noumi, 
and Takeshi Sasaki for many useful suggestions, and Professor Hironobu Kimura 
for his lectures. 

In what follows, we fix a complex number q with O < lql < l. 

1. Review of the confluent hypergeornetric system 

In this section, we recall the definition of the confluent hypergeometric system 
briefly. Refer to [KHTl-3] for detail. 

For a fixed integer n, we set a = (0:1, a:2 , ... , 0:1)a,EN, which is a partition 
for n; that is, a:1 2:': 0:2 2:': • • • 2:': 0:1 and lad = 0:1 + · · · + 0:1 = n. For example, 
there are 5 types of partition of 4; (1, 1, 1, 1), (2, 1, 1), (2, 2), (3, 1), and (4). 

We associate to each partition a = ( 0:1, ... , 0:1) the following maximal abelian 
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subgroup Ha of G = GL(n, C): 

where J(m) is the Jordan group of size m: 

{ (

h1 

J(rn) = h = hm) } 
~

2 

;h1 # 0, h; EC C GL(m). 

h1 

For later use, we fix three types of partition of n: 

n-2 

(1(1)=(2,~, 

n-4 

(:!J (2 2 ~1 l Q = l ~l, ... ,lJ. 

For each of these three partitions, Ha is given as follows: 

Ha:lil) h= 
{ ( 

h1 

h1 

h= 

h'2 

h'l 

h1 
h3 

Ji 1, h3, ... , hr,. E C x 

h2 EC 
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(1.1) 

( 1.2) 

( 1.3) 

h= 
h 1 , h3, h5, ... , hn E C X 

h'2, h4 EC 

hn 

- -
We denote by H °' the universal covering group of Ha: and by x °' : Ha: ---> C the 
character of Ha parametrized by A= (.X 1 , ... , An) E C". For instance, 

(1.4) 
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(1.5) 

and 

We next recall the definition of the confluent hypergeometric system associ­
ated with G2,n. Let M(2, rt) be the space of 2 x n-matrices, an element of which is 
denoted by T = (t,.j h~•·9; I~j~n· The general confluent hypergeoml'iric s_ysttm 
£(0:; A) of differential equations on the coordinates {frj} is the system consisting 
of the equations 

<l>(gT) = det(g)- 1<l>(T) (g E GL(2)). 

<I>(Th) = <I>(T)\,.(h, A) (h EH<>), 

(1.7) 

(LS) 

( 1.9) 

For the conditions ( 1. 7) and ( 1.8) to be compatible, it is necessary that A1 + · · · + 
An= -2 for 0: = 0:l 0 l, A1 + A3 +···+An= -2 for ex= n 111 . and A1 + A3 + A5 + 
•••+An= -2 for a= o,i:.n. This is because (ch )T = T(d,,) for any c E ex a11d 
identity matrices h E G L( k) and In E G l( n). 

\Ve can realize the Lauricella hypergeornetric function FD as a solution of 
the system E(a( 0 J; A). The system for Jf(k, n), the space of k x 11-matrices, can 
be defined similarly. 

Let us look for special solutions of the systems E( u(l l, A) and E( ol 2l, A). We 
decompose 2 x 11 matrix T as follows: 

(1.10) 

(1.11) 

where xJ = -63 - 16j, xJ = 6 3 - 1( 1j, and {(;j} are the Plucker coordinates of 
G2,n defined by 

(1.12) 
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The Plucker coordinates satisfy the relation 

and the Plucker relations 

for 1 ::; a ::; rt and 1 ::; /31 < ;32 < /33 ::; rt. 

We further deeompose T' in two ways: 

T' 

where 

and 

(: ') 0 ) 
- .!'4 Tc11 

.1.1 
4 

I'tl) = (0

1 0 

;th 

0 

1 

l .r:~ 

1 

0 

1 

0 

1 

1 

-1 

0 

xi 
----:, 

1 

1 

X:j 

.1.2 
2 

J.1 
4 
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(1.13) 

(1.14) 

( 1.15) 

(1.16) 

( 1.17) 
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Relative to the decomposition (1.10), cI>(T) can be written in the form 

(1.18) 

c f • G( ) • l d' ( 1 2 1 2 1 2) b 1or some unction x m t 1e coor mates x = x2, x2 , x4, x4, ... , xn, xn ecause 
of (1.7). 

Relative to the decomposition (1.15), when A2 = 1 for the partition ci1), 

G(x) can be written in the form 

c(l)(x) = (x!l3 +>-.+ 1cxn->.3 -l exp(xD IT (x}lj p(I>(y) (1.19) 
j?_5 

for some function p(I) (y) of ( n - 3) variables y = (y2 , y5 , ... , Yn ). A candidate 
for p(l) is defined as follows: 

where 

(a)n = { 
1 (n = 0) 

a(a+l) .. ·(a+n-1) (n2':l). 

Then it is seen that cI>(T) = 6 3 - 1G(ll(x) is a solution of the system E(a(l);A). 
For the partition a<2), when A2 = A4 = 1, G( x) can be written in the form 

cC 2l(x) = (xD>.,+r exp(xi) exp(x~) IT (x;)>.; p( 2l(z), (1.21) 
j ?_5 

for some function p(Z) of (n - 3) variables z = (z4, z5 , ... , Zn). We define the 
function F(2) by 

Then it is known that cI>(T) = 6 3 - 1G(2l(x) is a solution of the system E(a<2l; A). 
In particular, when n = 4, the function p(l)(Y2) = 1F1 (:; y2 ) is the Kummer 

function and 
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is the Bessel function. Therefore, the Kummer and the Bessel functions are 
realized as the solutions of the confluent hypergeometric system. 

';\'e next recall the relation between the confluent hypergeometric system and 
Lie algebra. Let us put 

(1.24) 

Then {E;j}i~i,j~n generate a Lie algebra isomorphic to gl(n), and we can verify 
that 

( 1.25) 

for each k #- j. In terms of these operators, we can rewrite the differential 
equatioll ( 1.8) as follows: 

(£11 + En)<I>(T) = .\1<I>(T), 

E 1:1<I>(T) = <I>(T), (1.26.1) 

Ejj<I>(T) = .\j<I>(T) (j 2:: 3). 

The fum t ion F 11 J is a solution of the system of the differential equations ( 1.26.l) 
and the equation 

( 1.27) 

For the part it ion 0 12 l. we ran rewrite t l,1e differential equation ( 1.8) as follows. 

( Eu + En )<P(T) = .\1 <P(T), 

E 12 <P(T) = <I>(T), 

(£33 + E44)<P(T) = \;<I>(T), (1.26.2) 

E34<P(T) = <I>(T), 

Ejj<P(T) = Aj<I>(T) (j 2:: 5), 

Then the function F 12 ) is a solution of the system of the differential equations 
(1.26.2), and 

(1.27) 

Namely, the confluent hypergeometric function is realized as a solution of the 
system of differential equations defined by the actions of g[( n). The main idea 
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of this paper is to define the system q-difference equations dt>fined by the action 
of Uq(gl(n)) instead of gl(n), and realize q-confluent hypergeometric function, 
including the q-Kummer and the q-Bessel function, as a solution of this system. 
We here recall that the q-Kummer function is defined by the series 

(
a. -) - oo (a; q),,(-l)"q"(n-1)/2 n 

1 'f'1 , q, .. - I: --'----'---"----'--'--- z , 
C ( c; q),,( q; q),. 

n=O 

and the q-Bessel function is defined by the series 

Wt> will St'e that both are the solutions of tht' system of q-differt'IJCt' t>quations to 
be defint'<l later. 

2. Quautu1n Grassniauniaus 

In this section, we consider the quantum analogue of the coordinate ring 
A(M(2, n)). It has a structure ofleft Uq(gl(n))-module. Rt>fer to [Nm], [Nk], and 
[NN]. 

We first rt'call t ht> dt>finition of Uq ( g[( n)) bridly. Tlw algt>bra U q( gt( 11)), 
a quantum analogue of the universal enwloping algebra U(g!(n)), is the Hopf 
algt>bra geunated by f:'j, /j (1 :S j :S n-1) aml q±<, (1 :S j :S 11). We use the 
not at ion qh = qa 1 ' 1 

• • • qan '" for any linear combination h = <11 £1 + · · · + <Infn 

with integral coefficients. The relations for the generators are given by 

qo = l, q" qh' = qh+h', 

/'ej q-h = q{h,,_;-<;+d ej, qh /jq-h = q{h ,-,.,+,,+d Jj ( l :S j S n - 1), 

q<;-<,+1 _ q-<,+<,+1 
e;fi - fie;= b;,j q _ q-l (1 :Si, j :Sn - 1), 

(2.l) 

e;ej = ejei, fdi = fif; (Ii - jl 2:: 2), 
., ( 1) ., I I ) e;-ei - q + q- e;ejei + eje;- = 0 ( i - j = l , 

f;"! Jj - (q + q-l ).f;fif; + kf; 2 = 0 (Ii - jl = 1), 

where ( , ) stands for the canoniral symmetric bilinear form such that (t;, fj) = 
Dij. The coproduct A, the counit €, and the antipode S for the generators of 
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Uq(gl(n)) are given as 

~(qh) = qh © qh, 

~(ej) = Ej iZ) 1 + q<j-<;+i iZ) Ej, 

~(h) = Ii © q-<j+<j+1 + l © /j, 

c(/') = 1, c(ej) = c(/j) = 0, 

S(qh) = q-h, S(ej) = -q-<i+<i+1ej, S(/j) = -/jq<i-<i+1, 

for 1 :S j :S n - 1. 

71 

(2.2) 

Secondly, we denote the algebra which is generated by the noncommutative 
elements t,-j(l :Sr :S 2; 1 :S j :Sn) by Aq(M(2,n)). The commutation relations 
among the generators are listed as follows: 

for 1 < i < j :S 11. This commutation relation is often called the Matq(2)­
relatious. 

The algebra Aq(M(2, n)) has a structure of left Uq(gl(n))-module which is 
determined by the action of generators q<•, ej, /j (1 :Si :Sn; 1 :S j :Sn - 1) on 
{ t ,-j } by the formulas 

< h • f q ' • f rj = q .., rj , (2.4) 

This adion of Uq(gl(n)) ext.ends to the whole Aq(M(2,n)) so that 

(a) a• l = c(u.)l for all a E Uq(gl(n)); 

(b) if a E Uq(gl(n)) and ~(u.) =La; 12) a:', then 

a-(;p~,)=L(ai·;p)(a;'-~,) forall ;p,·lj;EAq(M(2,n)). 
i 

We next define the quantum minor determinants (or quanl1tm minors) of 
degree 2, which are analogues of the Plucker coordinates, as follows: 

By the definition (2.5), we can easily check that 

~ii= 0 

(2.5) 
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for 1 ~ i ~ n, and 

for i < j. Analogously to the Plucker relations (1.11 ), these quantum minors 

satisfy the relations 

(2.6) 

for 1 ~ o: ~ n and 1 ~ /31 < /32 < ;33 ~ n. By these relations we can see that the 
commutation relations among the quantum minors are the following: 

erie,-j = qerjeri (1 ~ r ~ n; 1 ~ i < j ~ n), 

e,-iesi = qe,ieri (1 ~ r < s ~ n; 1 ~ i ~ n), 

and, for 1 ~ r < i < s < j ~ n, 

2 
eriesj = q e,jeri, 

erjeis = e; .• eri' 

ersfo -foers = (q- q-
1

)erjeis• 

We denote by A the noncommutative subalgebra in Aq(.M(2, n)), that is gen­

erated by the quantum minors of degree 2. It is a left Uq(g[(n))-submodule of 

Aq(M(2, n)). In fact, the action of the generators of Uq(gl(n)) on the quantum 
minors is determined by 

q'r - eij = q6r,+brj eij, 

e,. eij = 61+1i6j + 61+1jq(,,-,1+1,f;)fo, (2.7) 

f1 · eii = 61;q-(,,-,i+1•'1)(1+1i + 61jq(<i-<i+,,.;)6+1• 

In the following, the algebra A[63- 1] plays an important role. We call this 

algebra the localization of A relative to e13 . By the relation (2.6), we have 

PROPOSITION 2.1. The localization A[e13- 1] is a left Uq(g[(n))-module, 

and is generated by the quantum minors {63±1,62,62,64,64, ... ,e1n,6n}-

Now, for each matrix v = (vrj )r=l,3;j=2,4, .. ,n of nonnegative integers, we set 

(2.8) 

Then we have 

(2.9) 
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We define a Uq(gC(n))-submodule of A[e13 - 1] by putting 

EB (2.10) 
vE(Z;::o)2X (n-2) 

where jvj = I: Vrj· We denote the action of a E Uq(g[(n)) on the elements E S2 ,n 

by p(a)s. 

3. The action of Uq(g[(n)) on the polynomial ring 

In this section, we translate the action of Uq(g[(n)) on the noncommutative 

algebra S2 ,11 into the action on a commutative polynomial ring in terms of the 

q-difference operators. 
Let C[x:] be the commutative polynomial ring, in variables x = (x½, x~, xl, x~, 

... ,x;,,x;), and, for each matrix v = (vrj)r==l,3;j==2,4, ... ,n, put 

(3.1) 

We next fix arbitrarily a function </J: M(2, n - 2; Z~ 0 )-+ Z of the form 

cp(v) = (3.2) 

where v = (vr,j )r==l,3;j==2,4, .. ,n is a 2 X (n -2)-matrix. We define the isomorphism 
of vector space 

1/,p: C[x]-+ S2,n 

by putting 

(3.3) 

for all matrix v E M(2, n - 2; Z~ 0 ). Then we can regard C(x] a left Uq(g[(n))­
module; namely, 

P,t,(a) = 7/,t,-l o p(a) o 1/,p 

for all a E Uq(g[(n)). 
Let us denote by q9r,, the q-shift:. operator in the variable xr: 

(3.4) 

(3.5) 
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Then the action of generators of Uq(gl(n)) in the case of <j>(v) = 0 is given as 
follows: 

Po(q£1) = q-1-01,2-91,• ... n, 

Po(q'a) = q-1-02,2-02.• ..... , 

Po ( q£j) = q01,j+e2,j (j = 2, 4, ... n)' 

(q _ q-l)pa(ei) = J_(l - q201,2)q-91,r82,2+e2,• .. +1 

x~ 

n 2 1 = L X2:j (q292,.i - l)q2(01,2+e1,4 .. j-1)+81,j ..... +2(92,2)+92,j+1. ... +2 

i=4 xj 

_ x~(l - q2(01,2+0, ....... +02,2)+2)q-0,,2-0, ....... -02.• .... -2 

(q _ q-1)pa(e2) = x~(l - q2(B1,2+82,2+e2.• ... )+2)q02,2+e, ....... +1 

n 1 2 
'""' X2X • , a a 0 a a - L...., x/ (q2°,,j _ l)q- 0 1,2- 1,j ..... +u2,2-u2, 4 •. j-2

1 

j=4 J 

(q - q-l)po(h) = -;(q292,2 - l)q-0,,,-0, ....... -302,2-92,4 .. n 

X2 

(q-q-l)po(e3 ) = _ 1
2

(1-q202.•)q81,2+81,s ... n-B2.r82,•, 

X4 

(q _ q-l)po(h) = x~(l - q2(01,.+0,.,+e2,4 ... n)+2q-e,.,-e, .•. ... -0, ...... -l 

1' 2 
X4X2 ( ·,0 . e +'>(&· . +e J+e. +3 + -

1
- 1 _ q- 1,2 )q 1,4 ... n - 2,2 2,4 2,5 ... n 

X2 

x1 x2 = +(q91,j+1 _ q-91,3+1) + +<q82,j+1 _ q-92,3+1)q81,j-91,j+1
1 

Xj+I Xj+I 

xl x2 
(q- q-l)po(/·)·> 4 = j+l (q91,j _ q-91,j)q82,j+1-02,j + j+l (q92 ,j _ q-0 2 ,j), 

J J_ x1 x~ 
J J 

where 0r,i ... j = 0r,i + 0r,;+1 + · · · + 0r,j. When </>' and </>" are functions of degree 
~ 2, we can easily see that 

(3.6) 

for all a E Uq(gl(n)) and each matrices 0 = (0r,j )r=l,2;j=2,4, ... ,n· Thus we can 
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translate the action of Uq(gC(n)) on the noncommutative algebra to the action 
on the polynomial ring C[x]. 

4. The q-confluent hype1·geometric functions 

In this section, we introduce some q-difference operators corresponding to 
the differential operator (1.25), and define two types of systems of q-difference 
equations by using the action of these elements. We further realize q-confluent 
hypergeometric functions as solutions of these systems. 

As a q-analogue of the differential operator (1.25) in the case of i = j, 

k = I = j + 1; namely, 

we consider the elements Cj in Uq(gC(n)) defined by 

for 1 ::; j ::; n - 1. Each of them is the Casimir elements of the subalgebra 
of Uq(gl(n)) generated by {q'j,q'j+',ej,/j}, isomorphic to Uq(gC(2)). We shall 
also define later the q-difference operators corresponding to order differential 
operators of (1.25). 

Now, in view of (3.6) and the formulas at the end of the previous section, we 
<lefine 

Tl-1 

<Po(v) = '2: vf(vJ+ 1 + · · · + v;;) + 2vJ(vf + · · · + v;,) 
j=4 

(4.2) 

For¢= ¢ 0 , we can see that the actions of {Cjh<j<n-l are given as follows: 

Tl 

= I: qe, ••... ;-,-1J,.; ...... -IJ2.2 

i=4 

11 = I: q-lJ2.2 ... j+IJ2.j+1. ..... 

j=4 
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n 

+ L q-l/1,4+1/2,2-ll2,5 ... j+ll2,,+1 ... n 

j=5 

Note that all the actions of Casimir elements include q-difference operators which 

we can regard as analogues of Laplacian such as 

This fact will turn out to show the advantage of our choice of </Jo. We introduce the 

following two systems of q-difference equations, on the commutative polynomial 

ring C[x]: 

P<1>(q'1+<2)G(:r:) = q>.' G(x), 

P4>(q'i)G(x) = liG(x) (j = 3, ... , n), 
( 4.3) 

(4.4) 

( 4.5) 
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P¢(q' 1+'2 )G(x) = q"'G(x), 

p,p(q' 3+'•)G(x) = q" 3 G(x), 

p,p(q'1 )G(x) = q"1G(x:) (j = 5, ... , n), 

p,p(q-''ei)G(x) = q-"'G(x), 

p,p(q-''e3)G(x) = q"s+· +.\nG(x), 

P<1>(Ci )G(x) = 0. 

77 

( 4.6) 

(4.7) 

( 4.5) 

St>e (l.26.1), (1.26.2), and (1.27) for this description. Both systems are parame­
trized by A= (A1 , ... , Ar,). The co11strurtio11 of solutio11s of these systems can be 
done by referring to ( 1.20) and ( 1.22). Namely, we define two q-hypergeometric 
fonctions. One is f'( 

1 l given by 

( l) (Ct; /35, ••• , /3,, .. ) 
f' ,q,y 

'Y 
( 4.8) 

in tlw roordi11ates y = (.112, y5 , ... , Yri ). Recall that (a; q)r, = ( 1-a)(l-aq) · · · ( l­
aq71

-
1 ). The other is 

( ·1) ( /35 , • • • , f3n ) 
f' - 'q;;: 

1' 
( 4.9) 

in the coordinates z = (z4, ... , z,,). We can easily check that they have the formal 
limits 

• (1) L ) ) "•) • ( • , • 

(
1a. qbs qbn ) 

luu f' r , q, q - l) Y2 , Y5 , ... , Yn 
q-1 q· 

= p(l) (a;b5,~··,bn;y), (4.10) 
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and 

(q
bs qbn ) • (2) , • • • , . 2 hm<p ,q,(1-q) Z4,(l-q)z5, ... ,(I-q)zn 

q--;.1 qc 

(4.11) 

We next define the q-analogue of the exponential function as follows: 

1 
eq(x)= .. , 

((1 - q)x, q)oo 
(4.12) 

l ( · ) - 1· ( · ) I • fi l 1·tt· · · • 1 (l-q
9
"'l, - · w 1ere a, q 00 - 1m a, q n· t satis est 1e q-< 1 erence equation - (l- ) u - u, n-oo x q 

which is a q-analogue of the differential equation clu/dx = u. 
We can now define the analogues of (1.19) and (1.21); we put 

a<21(.r; -X) = ;z•~A1+1tq"(-dkq•(;d) IT (.1j)Ai 
j~5 

and 

</>1(11) = </>0(11) - 11J(11J + 1) - L 11J(11f + 1) - 11~(11J -1), 
j~5 

</>2(11) = </>0(11) - L 11](11] + 1). 
j~5 

( 4.14) 

( 4.15) 

(4.16) 

The result of this section is the following theorem that can be seen by a straight­
forward computation. 
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THEOREM 4.1. The functions G(l) and G( 2) satisfy E 1 (.X, ¢,i) and 
E 2 ( .X, ¢,2), respectively. 

Let us check the relation of the functions ip(l) and ip( 2) with the q-Kummer 
and the q-Bessel function. Generally, q-hypergeometric series r'Ps is defined as 
follows: 

(
a1, ... , ar ) 

r'Ps b b ;q,x 
1, • • • , s 

(4.17) 

The q-Kummer function is a special case of this series: 

(
a ) =~(a; q)n(-l)''qn(ri-1)/2 z", 

l lf'l c·. ; q, Z ~ ( ) ( ) 
n=O c; q rt q; q rt 

(4.18) 

Then, it is easy to see 

( 4.19) 

As for q-Bessel functions, we know several definitions. Here we treat a q-Bessel 
function which was determined in (J a] 

(4.20) 

See [GR, Ja, K]. Similarly to the q-Kummer function, we have 

( 4.21) 

Here C = ( }t:;_:,'_l';) . These relations show that we have realized the q-Kummer 
q ,q "" 

and the q-Bessel functions as solutions of the systems of q-difference equations 
defined above. 

5. The contiguity relations 

Vve call linear relation among several q-hypergeometric fuctions whose param­
etors are shifted the contiguity relatoins. In this section, we compute such rela­
tions for q-confluent hypergeometric function. These relations will be used in the 
next section to define q-confluent hypergeometric systems. 
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For the sake of simplicity, we write 

(5.1) 

and 

(2) (2) q , • • • , q . 2 2 2 2 ~ 2 
( 

-2>,s -2An ) 
'P>. =<p q2 >.

3
+4 ,q,(l-q)z4,(l-q) .. 5, ••• ,(l-q)zn. 

(5.2) 

For the element a E Uq(g!(n)), we define the operators 1T1>.(a.) and 7r2>.(a.) for 
a E Uq (g!( n)) by the following identities. 

P¢
1
(a)G(l) = (x!)"''a+>-'•+1(x1)->.'c,-leq, IJ(x})>.11 1T1>.(a)ip\~l (5.:3) 

j ?_5 

and 

(5.4) 

To state the contiguity relations we need the q-analogue of the root vectors E;j of 
gl(n); they are the elements E;j E Uq(gl(n)) defined inductively by the following 
formulas. 

Now we have next two propositions. 

PROPOSITION 5.1. The following is the list of contiguity n lations for the 
q-h:1Jpergeornetric function ip\1) : 

7ri>.( q''+',)ip\1) = q>.' ip\l) 

7rp,(q'j)ip\1) = q>.1 'P\l) (j 2: :3) 

( -,,E~ ) (1) _ ->.,-1 (1) 
1T1>. q 12 'P>. - q 'P>. 

1ru(q-'' E13)ip\l) = q->.a+>-.+2[>,3 + A4 + l]ip\t"u 

7r1>.(q-e1 £14)ip\l) = -l•+· +>.n+l[.A3 + A4 + l]ip\l~Ot,4 

(j 2': 5) 
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( '2E~ ) (1) 
71"1).. q j'2 'P>. 

u:here 

~ (1) 
7rl)..(E34)<pA. 

71" (£ ·),~(1) = qA3-A4-A1 +A;+1+ +>-n-1 [A3 + ll[Aj] , (1) (J•:::: 5) 
1).. 3J r>. [A3 + A4 + 2] 'P>.+a3,j -

(£ ),Jl) _ -'.!A3-A5-· ->-n+l[A + l] (1) 
71"1>. 43 'I->. - q 4 'P>.+a4,, 

71"1>. (i}j3 )Al) = q->-s+>-.+>-,->-,+1 - ->-,. [A3 + A4 + 1 ]<p\11uj,3 (j 2: 5) 

7rp(f\;· i,/1) - ( ->-,+T. J-'.!>-,-1 [A4 + l][-Xj] (1) (j 2: 5) 
" -- 1 [-X::i + A4 + 2] 'P>.+u<.j 

7r1>.(£j4),,:\
11 = ls-T<,,+'.!>-;+

3
[,X3 + A4 + l]<p~

1
~°'i•• (J 2: 5) 

(5 :Si< j) 

(5 :S i < j), 

Here Ui,j au<l r;,j are determined by 

for 1 :S i =f. j :S n, and 

for 1 :S i < j :S n. 

(j - i > 1) 

(j-i= 1) 

81 

PROPOSITION 5.2. The following is the list of contiguity relations for the 

q-hypergeometric function <p~
2

) : 
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11"2>. ( q'3+f4 ),p\2) = q"'3 'P\2) 

11"2,;,(q'i),p\2) = q"'i1.p\2) (j 2: 5) 

11"2,;,(q-ft E12)1.p\2) = q->-1-l'P\2) 

( -f3£~ ) (2) = q>-s+··+>-nu,\2) 11"2>,q 341.f',;, r,,, 

( -<1-£4 £ ) (2) __ 2>-s+·· +2An 1 (2) 
11"2>. q 14 \O,;, - q [A1 + 2]\0>-+<>1,3 

11"• (q-<1-<4£ ·),p(2) = -qT•.;+2>-;+1+· +2An [Aj] 11',(2) (J" >_ 5) 
2A lJ ,\ [Al + 2] T >-+<>1..i 

11"2>,(q-<3 £3j )\0\2) = q-A;+>-;+1+ +>-n [Aj]l.f'\21<>s.j (j 2: 5) 

11"2>, ( q'2 +<• £32 )<p\21 = q"'s+'2 [A1 + 1 ]'P\10-,.1 

11" (q<2+<•£· )u,(2) _ q->.,+r•,;-2A_;+1- ··-2An+l[A + l]ir,(2) 
2A J2 r ,\ - 1 r >-+a;. 1 

11"2,;,(q'• Ej4)'P\2) = -q-T•.;+2Aj+l'P\21a,,s (j 2: 5) 

~ (2) (2) 
11"2,;,(E;J'P,;, = q2A,-2>-;+r,;+2[Aj]\O,;,+a,,j (5 '.Si< j) 

11"z,;,(Ej;),p\2) = q-2A;+2>-;-r,.,+2[A;],p\2~a;., (5 '.Si< j). 

(j 2: 5) 

Now we define two subalgebras Ui and U2 of the algebra Uq(gl(11)) by 

U1 = C{q'i,ej,/j} (j 2: :->) 

U2 = C{q'1 ,ej,/j} (j 2: 5). 

They are isomorphic to Uq(gl(n - 2)) aud Uq(gl(n - 4)), respectively. Then the 
propositions above particularly imply the following. 

COROLLARY 5.3. The mapping 1T1>. ( resp. 1r2,;,) gives a r·epresentation of 

the algebra U1 ( resp. U,2) on the space of functions {'Pi; A E Ao + Z} ( resp. 

{ 'Pt A E Ao+ Z}) for each fixed Ao, 

We next examine the algebraic structure of the set of root vectors that are 
not in the subalgebras U 1 or U2 . Define subsets of Uq(gl(n)) by 

Hl = C{q'1+'2' q-<1 E12}, 

At= C{q-' 1 E1jh~fs;n, 

A~ = C{q'2 
Ej2hs;j~n· 
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Xii = q-' 1 E1j 

Xj2 = q'2 Ej2 

X;j = E;j 

(2sjsn), 

(3sjsn), 

(3sifjsn). 

Then we can see the following commutation relations: 

where 

H 1 is abelian, 

[X1;' X1j]q-l = 0 

[X;:i,Xdq = 0 

(X1j EAL 3 S i < j S n), 

(Xj2 EA~, 3 Si< j Sn), 

l/i is isomorphic to Uq(gl(n - 2)), 

[A, B]q = AB - qBA, 

In the following we use the notation 

] 
., 

[A, B q2 = AB - q- BA. 
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The contiguity rdations in Proposition 5.1 imply the commutation relations 
among these subsets. We give a list of them as follows: we list, in the left 
side, subsets concerned and, in the right side, the explicit commutation relations. 

H 1 , other: 1ru([q'1 +•,, X1j]q) = 0 

1ru([X12, X1j]q-1) = 0 

1ru([q'1+'1 ,Xi!]q-•) = 0 

Jr1>.([X12,Xdq) = 0 

Jr1>.([H1' Ui)) = 0 

1r1;,.([X1;,Xj2)q,) = 0 

Jr1>.([X1j,Xd) = q->.,+>.j-l'f'~I) 

1r1;,.([X1j,X;2]q) = 0 

(X1j E Ai) 

(X1j E Ai) 

(Xj2 E A~) 

(Xj2 EA~) 

(3::; ·i < j Sn) 

(3sjsn) 

(3 Si< j Sn) 
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1T1>,([X1r,X;i]) = 0 

1T1.x([X1;,X;j]q) = 1T1.x(X1j) 

1T1.x([X1r,Xij]q-2) = 0 

1T1.x([X1r,Xij]q2 = 0 

1T1.x([X1j,Xij]q-1) = 0 

1T1,x([Xij,Xd) = 0 

71'1.x([Xji, X;2]q-l) = 1Tp(Xj2) 

1Tp([Xij,Xr2]q2) = 0 

1T1.x([Xii,Xj2]q) = 0 

(r < (i,j) or (i,j) < r) 

(3:Si<j:Sn) 

(i < r < j) 

(i > r > j) 

(Xj2 EA!) 

(r < i,j or r > i,j) 

(3 :S i < j :S n) 

(i>r>j) 

(3:Si<j:Sn) 

This list shows us that the contiguity relations give a kind of representation 
of the set H 1 EB A~ EB A~ EB Ui through the mapping 71'1,x. We, however, remark 
that this is not a true representation because we used several kinds of bracket 
operations that depend on the elements inside the bracket, except the case q = l. 

A similar reasoning for the second case is possible. Define the subsets 

and put 

Hf = C{q•1+<2, q-<, E12}, 

H"#, = C{q•a+<•, q-•a .E34}, 

A2 C{ -•,+••E~ } 
1 = q lj, 4~i:~n, 

A2 C{ •2+'•E~ } 2 = q j2, j=3,5, .. ,n, 

A1 = C{q-• 3 .E3i, }4~i:~n, 

2 ~ 

A4 = C{q'• Ej4, h~j~n, 

Y _,,E~ 
12=q 12, 

Y1j = q- ,, - •• E1j 

Y3j = q- ' 3 E3j 

Yj2 = q'2+'• Ej2 

Yj4 = q'• Ej4 

Y;i = E;j 

(4:Sj:Sn), 

(4:Sj:Sn), 

(3:Sj:Sn), 

(5 :S j :Sn), 

(3 :Si# j :Sn). 



On some q-confluent l1ypergeometric systems 85 

The commutation relations are 

H; is abelian for r = 1, 3, 

[Yri, Yrj]q-1 = 0 (Yrj EA;, r = 1,3; 3 :'.5 i < j :'.5 n), 

[Yir, Y'.;r]q = 0 (Y'.;r EA;, r = 2,4; 3 :'.5 i < j :'.5 n), 

U2 is isomorphic to Uq (g[( n - 4)). 

The contiguity relations now in Proposition 5.2 imply the commutation re­
lations as follows: 

H'f, other: 

HJ, Ai: 

[ 2 2]) 1r2.\( H 1 ,H3 = 0 

7r ([q<,+<2 y· ·] ) - 0 2.\ , lJ q -

7T2,\([Y12, Y1j]q-l) = 0 

1r:n([g<1 +'•, Yj'.!]q-,) = 0 

71'2.\([Y12, Y'.;2]q) = 0 

[ 2 2]) 1r2.\( H 1 ,Ar = 0 

11'2.\([H'f,U2]) = 0 

7r2,\([q'3+<•, Y14]q-,) = 0 

1r2.\ ( [Y34, Y14]) = 0 

71'2.\([q's+'•, Y1j]) = 0 

71'2,\([Y34, Y1j]q-l) = 0 

1r2.\([q'3+'•, Y32]q) = 0 

71'2.\([Y34, Y32]) = 0 

1r2.\([q'"+'•, Y1:i]) = 0 

1r2.\([Y34, Y'.;2]q) = 0 

1r2.\([q'"+'•, Y3j]q) = 0 

7r2.\([Y34, Y3j]q-l) = 0 

1r2.\([q'"+'•, Y14]q-,) = 0 

1r2.\([Y34, Yj4]q) = 0 

(Y1j E Ai) 

(Y1j E Ai) 

(Yj2 EA~) 

(}".;2 E A~) 

(r=3,4) 

(5 :s; j :s; n) 

(5 :s; j :s; n) 

(5:'.5j:'.5n) 

(5 :s; j :s; n) 

(Y3j EA§) 

(Y3i EA~) 

(Yj4 E AD 

(Yj4 E AD 
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Ar, A~: 'lf'2>. ([Y1i, Y3j ]q-2) = 0 

1T2>. ([Y1j, Y3j ]q-1) = 0 

1T2>.([Y1j,Y3i]) = 0 

Ar, A~: 'lf'2>.([Y1i, Y]4]q) = 0 

A~, A~: 'lf'2>.([Yi2, Y3j]q2) = 0 

'lf'2>.([Yj2, Y3j]) = qA3 Aj+
2[..\1 + lhN2a

3
,1 

1T2>. ([Yj2, Y3i]) = 0 

A~, A~: 'lf'2>.([Y;2, Y]4]q-~) = 0 

'lf'2>.([Y1j, Y3j]q-2) = 0 

1T2>.([Y1j,Y3;]q-1) = 0 

(i < j) 

(i < j) 

( i -::/- j) 

(i < j) 

(5 'S: j -S: n) 

(i < j) 

(i < j) 

(i < j) 

In addition, the triplet {Ai, A~, U2} has a similar structure as the triplet 
{AL At Ui} and this is the case also for the triplets {A~, A~, U2} and {AL A~, Ui}. 

The list above implies a similar remark as in the former case; namely, we 
have a kind of representation of the set H/ EB HJ EB Ar EB A~ EB A~ EB A~ EB U2 

through the mapping 7T2>.. 

6. The q-conflueut hypergeometric systems 

In this section we are going to define the final form of q-confluent hypergeo­
metric systems by use of the contiguity relations and by use of L-operat.ors. 

We first introduce the L-operators, which we can regard as a q-analogue of 
(1.25), by the following formulas: 

and 

(i = j) 

(i < j) 

(i > j) 

(i = j) 

(i > j) 

(i<j). 

(6.1) 

(6.2) 
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For each scalor JL, called the spectral parameter, we put 

(6.3) 

Refer to [Ji, NUW]. It is a straightforward task to rewrite the contiguity relations 
in terms of £-operators, which however we do not write down here. 

We next define, instead of the differential operator (2.27), the elements of 
Uq(gl(n)) by 

(6.4) 

for each n I- ti. We liave in partirular 

\ jj ( -1 )'.!(' '-'j+lj+l = q - !J j· 

Now we ran propose the final forms of q-difference systems by adding equa­
tions for the opPrators J.~,1

1 
to the systems E'i(.\.qJ) and £'.!(,\,q;): 

/lo(l/f1+,,)G(J:) = i/'•C,'(J:), 

p,;,(q'i)G(.r) = / 11 G(.r) (j = :3,4). 

Po(q' 1+', )G(,r) = i/' 1 G(J·), 

pr;,(q'·1+' 1 )G(.r) = ,/'"G(J:), 

pq,(q'i)G(J·) = /' 1 G(J·). 

The c-ontiguity relations imply the following theorem. 

( 4.3) 

( 4.4) 

(6.5) 

(4.6) 

( 4.7) 

(G.5) 

THEOREM 6.1. The functions C(ll and G( 2l satisfy E 1(.\, qi1) and 
E2(.\, ¢2), nspectivdy. 
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PROOF. We can check this theorem directly with contiguity relations. For 
example, if 5 :'.S i < j :'.S n, we have 

Here r = 1, 2. Hence we have 

(q1+6, _ q-l-6; )(q°i _ q-B;)c(r) 

(ql+>-.; _ q-l->-.;)(q>-.; _ q->-.;)c(r), 

12 ~~ () 
(q - q- ) P¢r(EjiEij)G r 

(qi+>-.,_ q-1->-,)(li _ q->-.;)c(,·)_ 

(r = 1,2). 

DEFINITION 6.2. We call the system E 1 (A,<i>i) the q-confiuent h:1Jptrge-
omdric system of Kummer type, and £ 2 (>..,¢2 ) the q-conffuent hypcryeometric 
system of Bessel i_ljpe. 

REMARK 6.3. Relative to the Grassrnannian G2,4 , we can realize the Her-
mite function and the Airy function as the solutions of the confluent. hyper­
geometric systems corresponding to the partitions (3, 1) and (4) of number 4, 
respectively. However, the problem of defining the q-confluent hypergeometric 
systems for this case is st ill open. 
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