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Introduction

It has been known that the contiguity relations for Gauss hypergeometric
function ,F] give a representation of the Lie algebra gl(4), while it is recently
that the algebraic structure behind the contiguity relations for Heine’s series
241, one g-analogue of Gauss hypergeometric function, was clarified. In 1992,
E. Horikawa [H] showed that the contiguity relations for Heine’s series 4, give
a representation of the quantum algebra U,(gl(4)), a quantum analogue of the
universal enveloping algebra of gl(4). We recall the definition of U,(gl(n)) later.

While the hypergeometric functions of several variables are realized as solu-
tions of the system of differential equations related to Grassmannian manifolds,
M. Noumi {Nm] defined a system of g-difference equations by using the repre-
sentation of U,(gl(n)) on the quantum Grassmannian that is a g-analogue of the
Grassmannian manifold G2 ,. He showed that ¢-hypergeometric function ¢p,
which is a g-analogue of Lauricella’s hypergeometric function Fp, can be real-
ized as a solution of the system and that the contiguity relations for ¢p give a
representation of U,(gl(n)). Furthermore, the author and Noumi [NN] defined a
g-difference system by using representation of U, (gl(n)) and realized a g-analogue
of the hypergeometric function related to Gy ,, as a solution of this system.

One of the next steps is to discuss the confluent cases. E. Date and E. Ho-
riuchi [DH] have already showed that the contiguity relations for the g-confluent
hypergeometric function of several variables, including the ¢-Kummer function,
give a representation of a ¢g-deformed Lie algebra.

In this paper, we discuss the ¢g-confluent hypergeometric functions, including
the ¢-Kummer and the ¢-Bessel function from a different point of view.

In the classical case, we can realize the confluent hypergeometric function
as a solution of the system of differential equations by using a representation of
the universal enveloping algebra U(gl(n)). In the present case, we introduce two
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types of g-confluent hypergeometric system by using a representation of Uy (gl(n))
on the polynomial ring, and we realize ¢-confluent hypergeometric functions as
solutions of these systems. They are given by the series

a;fBs, ..., 0n
w‘”( ﬂ57 'B,q;y)

_ (@ D1(Bs: Qvs - Br; D (1) 1)z, vy s
=2 D145 Do (6 Dos (6D ! va v
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where (a;9), = (1 —a)(1 —ag)--- (1 — ag"~!). See Section 4 for the notations.

The plan of the contents is as follows. In Section 1, we give a brief description
of the confluent hypergeometric systems in the classical case, associated with
the Grassmannian. In Section 2, we recall the quantum algebra U,(gl(n)) and
introduce a noncommutative algebra that is a left U,(gl(n))-module. In Section
3, we translate the action of U,(gl(n)) on the noncommutative algebra into the
action on a commautative polynomial ring. In Section 4, we define the system
of ¢-difference equations by use of the action of U,(gl(n)). Moreover, we realize
g-confluent hypergeometric functions as solutions of this system. In Section 5,
we compute of the contiguity relations for those g-hypergeometric function, and
in the last section 6, we define g-confluent hypergeometric systems.

The author would like to thank Professors Etsuro Date, Masatoshi Noumi,
and Takeshi Sasaki for many useful suggestions, and Professor Hironobu Kimura
for his lectures.

In what follows, we fix a complex number ¢ with 0 < |g| < 1.

1. Review of the confluent hypergeometric system

In this section, we recall the definition of the confluent hypergeometric system
briefly. Refer to [KHT1-3] for detail.

For a fixed integer n, we set o = (a1, as,...,@)a,eN, Which is a partition
for n; that is, a; > a9 > -+ > aj and |¢| = a; + - + a; = n. For example,
there are 5 types of partition of 4;(1,1,1,1), (2,1,1), (2,2), (3,1), and (4).

We associate to each partition a = (az1,...,a;) the following maximal abelian
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subgroup Hy of G = GL(n,C):
h(1)
h(® .
Hy = . hD e J(o) 7, (1.1)
R

where J(m) is the Jordan group of size m:

h1 h"_) R hm
Jm)=<{ h= T T i 40, keCy CGL(m). (12)
. )
hl
For later use, we fix three types of partition of n:
n -2 n-—4
—— B
M =(1,...,1), oM =(2,1,...,1), P =(2,21,...,1). (1.3)
For each of these three partitions, H, is given as follows:
,11
hg
]{a“’) = h = . ;hi € Cx
hn
hl hvz
& hy ! hy, € CX
veeey gy €
H o =<{h= hy s 2 fn ,
@) 1 ‘ 5 hy € C
hy,
hl hg A
hl
hs hy
Hyw = 4h= hs ; hy,hg,hs,... h, € C*
hs hy,hqg € C
h’n

We denote by I:T(, the universal covering group of H, and by x, : f]a — C the
character of H, parametrized by A = (Ay,...,A,) € C". For instance,

Xa (B A) = kP ho*2 o b2 (b€ Hyo), (1.4)
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he
Xam (B3 X) = by exp (,\27:—2) h*s - h, M (h € Hyw), (1.5)
1
and

h, )
X (h;A) = b exp (/\2—’:’) hs™ exp (A4ﬁ) hs?e .yt
h1 h3

(hE Ha(z)). (16)

We next recall the definition of the confluent hypergeometric system associ-
ated with Gy ,,. Let M(2,n) be the space of 2 X n-matrices, an element of which is
E(a; A) of differential e_ql;atio_ns_on the coordinates {t,;} is the system consisting
of the equations

®(yT) = det(g) ' ®(T) (g € GL(2)). (L.7)
O(Th) = &(T)xa(h,A) (he Hy), (1.8)

92 9 L o _
(i)tlgatzj — af'zﬁ’hj) (T)=0 (1<i<j<n). (1.9)

For the conditions (1.7) and (1.8) to be compatible, it is necessary that A; 4 - -+
Ap==2fora=0a" A + A3+ -+, ==2fora=aV, and A\ + As + A5 +
<ot Ay = =2 for a = o'?). This is because (¢cIz)T = T(¢l,) for any ¢ € C* and
identity matrices Iy € GL(k) and I, € GL(n).

We can realize the Lauricella hypergeometric function Fp as a solution of
the system E(a'%); ). The system for M(k,n), the space of k X n-matrices, can
be defined similarly.

Let us look for special solutions of the systems E(a!l’, A} and E(a®), ). We
decompose 2 X n matrix T as follows:

t 1y:
T = ( H “) x T, (1.10)
toy  tog
1 2y 0 2f - =}
T = R ", (1.11)
0 =3 1 2% ... 22
where .1']1 = —£1371&;, r]" = &1371&y , and {&;} are the Pliicker coordinates of

Gy, defined by

&ij = tity; — toity;. (1.12)
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The Plicker coordinates satisfy the relation
&ij = —&ji
and the Phicker relations
Eapr8iaps = Eapa€prps T Eapslprp, = 0

forl<a<nandl1< B <Py <pfs<m.
We further decompose T” in two ways:

(1 z}
1 1
10 1
T'=1, _&u | Ty .
- xl
3
\
(1 .1:.3
1 )
1 =
B
1 0 i
= ( v) T('.') ‘15
0 r3 ’ 2
5
rn
where
T <1 0 0 1 1 1 )
D70 w1 -1 U/
and
T (l 0 0 Z4 5 ~n)
®~\0 11 0 1 1)
ryzd el 1,.2 £33
Here y» = ——3?-, ¥ = -—EE;% (J >5) and z4 = 2423, z; = — 2

67

(1.13)

(1.14)

(1.15)

(1.16)
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Relative to the decomposition (1.10), ®(T) can be written in the form

&(T) = €137 ' G(2) (1.18)

for some function G(z) in the coordinates z = (¢},23,2},23,...,z
of (1.7).

Relative to the decomposition (1.15), when Ay = 1 for the partition all)|
G(z) can be written in the form

1 22

5, &) because

G (@) = (23T H (@f) N exp(a) [ [ (21)V FO(y) (1.19)
i25

for some function F(U(y) of (n — 3) variables y = (y4,¥s5,.--,¥n). A candidate
for F(1) is defined as follows:

_ (/\3+1)]1/|(_)‘5)u5"‘(—)‘n)un L Vy, Vg Vn ‘
F(l)(y)_2(A3+A4+2);u|(1)u2(1)ys-~(1)hy2 vty (120)

where

~ 1 (n=0)
(@)n = ala+1)---(e+n—-1) (n>1).

Then it is seen that ®(T) = &,37 G () is a solution of the system E(a(V); ).
For the partition o(?), when Ay = Ay = 1, G(z) can be written in the form

G (z) = (23! exp(ad) exp(a) [[ Y FO(z), (1.21)
j25
for some function F(?) of (n — 3) variables z = (za,25,...,2,). We define the

function F(?) by

2 _ (_A5)V5 ”'(—An)'/n Va., Vs ..., Vn
PO = L s DDy oo, 7 (02

Then it is known that &(T) = £,371G(?)(z) is a solution of the system E(a(?); ).
In particular, when n = 4, the function F()(y,) = | Fy (‘; ;y2) is the Kummer
function and

(=nm@/2)rtm o (t/2)° - 12
Ju(t) = g = o1 el

= (——-y4)_ 1;c F(lc) F<2)(Z4),
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1s the Bessel function. Therefore, the Kummer and the Bessel functions are
realized as the solutions of the confluent hypergeometric system.

We next recall the relation between the confluent hypergeometric system and
Lie algebra. Let us put

2 .
0
Ei; = tht—] (1.24)
r=1

Then {Ejj}1<i j<n generate a Lie algebra isomorphic to gl(n), and we can verify
that

o2 52
Eii +6;:)E 1 — Ev; Eg = (Etar — 195t — - - .25
(Eij + 6i5) B viEu = (tyitag — 1y lk)(atlj()tzl dtgjﬁtlz) (1.25)

for each k£ # j. In terms of these operators, we can rewrite the differential
equation (1.8) as follows:

(En 4 E2)®(T) = M ®(T),
Ep®(T) = &(T). (1.26.1)
Ej;®(T) = ,9(T) (5> 3).

The function F'1) is a solution of the system of the differential equations (1.26.1)
and the equation

{(Eij+§ij)E];,l—EkjEj[}q)(T):O. (1.27)

For the partition o'?) we can rewrite the differential equation (1.8) as follows.

(Eyp + E)®(T) = \&(T),
Ep®(T) = <I>(T)

(Ess + E3)®(T) = Ay®(T), (1.26.2)
E3®(T) = <I>(T)
Ea(T) = Na(T) (> 5),

Then the function F*?) is a solution of the system of the differential equations
(1.26.2), and

{(Eij + 6i5)Epi — Er Eq}®(T) = 0. (1.27)

Namely, the confluent hypergeometric function is realized as a solution of the
system of differential equations defined by the actions of gl(n). The main idea



70 Minobu NAKATANI

of this paper is to define the system g¢-difference equations defined by the action
of Uy(gl(n)) instead of gl(n), and realize g-confluent hypergeometric function,
including the ¢-Kummer and the ¢-Bessel function, as a solution of this system.
We here recall that the ¢-Kummer function is defined by the series

n( 1n n{n-1)/2 n

m(’;q ) Z(aq)

= (GO G D

and the ¢g-Bessel function is defined by the series

(¢" 9)oo (0, 0 ->)
Jo(zq) = 0 LT, =2
(2:9) i) 2P e

We will see that both are the solutions of the system of ¢-difference equations to
be defined later.

2. Quantum Grassmannians

In this section, we consider the quantum analogue of the coordinate ring
A(M(2,n)). 1t has a structure of left U,(gl(n))-module. Refer to [Nm], [Nk], and
[NN].

We first recall the definition of U7,(gl(n)) briefly. The algebra U,(gl(n)),
a quantum analogue of the universal enveloping algebra U(gl(n)), is the Hopf
algebra generated by ¢;, f; (1 < j<n—1)and ¢¥% (1 < j < n). We use the
notation ¢* = g€t g% for any linear combination h = aje; + -+ + ape,
with integral coefficients. The relations for the generators are given by

qO — l, qhqh' — qh+}L”
qhejq—-h — q("’(j_e’j+l)f?j, thjq—h — q(h,—s_,+e]+1)fj (1<j <n- 1),

€i~€ig1 __ q—€1+€1+1

Cifj—fj€i=5i,jq (1<4, j<n-1),

P < < (2.1)
eiej = ejei, fifi=Ffifi (li—jl>2),

€i2€f —(g+ q—l)ez’ejfi + €j€i2 =0 (li-jl=1),

2S5 = @+ O f+ =0 (il =1),

where { , ) stands for the canonical symmetric bilinear form such that (€5, €65) =
;5. The coproduct A, the counit ¢, and the antipode S for the generators of
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U,(gl(n)) are given as
Al =" @ ¢*,
A(fj) =€ Q® 1+ qej—f-H" ® €5,
A(fj)=fieqoton 410 f, (2.2)
e(¢") =1, e(ej) =e(f;) =0,
S(g")=q7,  S(ej) = —q~Gteiey, S(f;) = —fiq i+,
forl1<j<n-1.
Secondly, we denote the algebra which is generated by the noncommutative

elements #,;(1 <7 <2;1 < j < n)by A,(M(2,n)). The commutation relations
among the generators are listed as follows:

tutyy = qtiity, tits; = qlotyy,  tjtyy = qlystyy,  tagta; = qlajty, 23)
tijloi = toityy,  tiitay — tojty; = (g — ¢~ tyjtai,

for 1 < ¢ < j < n. This commutation relation is often called the M aty(2)-
relations.

The algebra 4,(M (2, n)) has a structure of left U,(gl(n))-module which is
determined by the action of generators ¢*, ¢, f; (1<i<n;1<j<n-1)on
{t+;} by the formulas

¢ty = @ty er ey = Sepiiter, tpj = Ok jlrgyr. (2.4)
This action of U,(gl(n)) extends to the whole A, (M (2, n)) so that
(a) a-1=c¢(a)l forall a€ Uyfgl(n))
(b)y if aeUy(gl(n)) and A(a)= Z a; @ al, then
i
a-(pp) =) (di- ) (af -¢) forall ¢, € A,(M(2,n)).
i

We next define the quantum minor determinants (or quantum minors) of
degree 2, which are analogues of the Pliicker coordinates, as follows:

&ij = tutyy — gqtyity; (1 <4, j<n). (2.5)
By the definition (2.5), we can easily check that

&i=0
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for 1 <i<n, and
-1
&j = (—9) &

for i < j. Analogously to the Pliicker relations (1.11), these quantum minors
satisfy the relations

éaﬁxéﬂm@s - qgaﬂzfﬁlﬁs + ngaﬁsgﬂxﬁz =0 (26)

for1<a<nand 1< pB; <Py < B3 <n. By these relations we can see that the
commutation relations among the quantum minors are the following:

friff'j = ‘Ifrjéri (1<r<n; 1<i<j< n)a
ériési = (Ifsifri (1 _<_ r<s S n; 1 _<_. : S ")1
and, for 1 <r<i<s<j<n,
Erigsj = q2£sj€ri7
frjgis = &bri,
€rsbij — Cijbrs = (g — g7 1)Erj&is.
We denote by A the noncommutative subalgebra in A,(M(2,n)), that is gen-
erated by the quantum minors of degree 2. It is a left U,(gl(n))-submodule of

A (M(2,n)). In fact, the action of the generators of U,(gl(n)) on the quantum
minors is determined by

g - & = ",
er-&j = Siypifyy + prjt gy, (2.7)
fi- €& = buglamarnslg g dglamansle

In the following, the algebra A[¢137!] plays an important role. We call this
algebra the localization of A relative to ;3. By the relation (2.6), we have

PROPOSITION 2.1. The localization A[€137"] is a left U,(gl(n))-module,
and is generated by the quantum minors {£13%1, €19, 632,614, €34, .., €1n,Ean }-

Now, for each matrix v = (¥ )r=1,3,j=2,4,..,n Of nonnegative integers, we set
v o 14 14 VED 14 v v
€ = &3 - €34 €392 800 - E1a TR (2.8)
Then we have

At = P ceést (2.9)

HEZ,vE ZZD
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We define a U,(g{(n))-submodule of A[¢13~!] by putting

Son = @ CeveysMt, (2.10)

VG(ZZo)2X("'2)

where [v| = 3 v,;. We denote the action of a € U,(gl(n)) on the element s € Sy p,
by p(a)s.
3. The action of U;(gl(n)) on the polynomial ring

In this section, we translate the action of U,(gl(n)) on the noncommutative
algebra S, ,, into the action on a commutative polynomial ring in terms of the
g-difference operators.

Let C[z] be the commutative polynomial ring, in variables ¢ = (23, 2%, z}, z3,

1 ,.2) . ang v 1 — (1 )
N :En), and, for each matrix v = (Vrj)r=13;j=2,4, .. n, Put

v o . 1Vs2 1V34 1¥3n _2V12 2V14 2Vin
AN A S AREERY S o SRR A (3.1)

We next fix arbitrarily a function ¢ : M(2,n — 2;Z»o) — Z of the form

$(v) = > Ars i VrilVsj + Brjtrj + €, (3.2)

rs=1,3;1,j=2,4,...,n

where v = (Vr j)r=1,3,j=2,4,..n 1S & 2X (n—2)-matrix. We define the isomorphism
of vector space

ng : Cla] — Sun
by putting
ne(z”) = € €371~ 1g?") (3.3)

for all matrix v € M(2,n — 2;Z»¢). Then we can regard Clz] a left U,(gl(n))-
module; namely,

pe(a) =ng~" o p(a) ony (3.4)

for all a € U,(gl(n)).
Let us denote by ¢°~i the g-shift operator in the variable z:

qer"’f(:né, ... ,xﬁ) = f(a:%, e, qEy, . ,wi) (3.5)
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Then the action of generators of U,(gl(n)) in the case of ¢(v) = 0 is given as
follows:

po(q“) — q—1—91,2—01,4..m’
po(qea) - q—1—02,2—02,4...n’
po(q) = it (j=2,4,...n),

- 1 2\ —b1.3~ 0
(¢—¢ I)Po(el) =—(1- q”“)q 61,2 01,2+62,4.“n+1’

x5
(g - ¢ Hpol(f1)
n 2,1
— Z ﬂ(q'z%,j _ 1)q2(91.2+01,4.uj—1)+01,ju.n+2(92,2)+92,j+1...n+2
2
i=4 J

_ Ti(l _ q2(01,2+91,4...n+92,2)+2)q—‘91,2—91,4;..n—92,4...n—2

3

(q _ q_l)Po(GQ) — Tg(l . q2(91.2+92,2+92,4...n)+2)q92,2+31,4.,An+1

n 1‘§.’L‘2v
Z 275 (20,5 ~81.9-01,5. n+82,0—00,4. ;-2

— —1(9! 1]_1)q 127,52 TV2 2,4...3 ,
j=4 J

1 ;
(q _ q_l)Po(f:z) — "5(9292’2 _ 1)q—191,2—191.4wn—'392,2—192,4..4.y
z;

- 1 26, — 85 40,
(q —q 1)P0(€3) — _1,_2(1 _ qlaz.q)q91.2+91,5...n 02,2 01,4’

(q _ q—l)po(fa) —_ 233(1 . q2(91,4+92.2+92,4.un)+?q—91.2—91,4...1»—32,4...7.—1

1.1.:’.2 .
+ ‘4 2(1 _ qzol,z)qol,d,..n+2(€2,2+92,4)+02,5..An+3
1
z!
2
zix?
! ‘] 201, —(8 R [ Joon +20',2 9“ [ o1 Lon
+ T(l_q 1])q(12+11 ) 2,2F+02.4402,541 ,
25 J
-1
(¢— ¢ )polej)jza
T ) z} ¢ 85—
— Vi =01, J .3 -2, =015
1 (q11+1_q lJ+l)+ 5 (q21+1_q )]+1)q1] 1]+l’
Tit1 Tit1

1 2
_ Tip1 ) —9, . Y S NN ) B
(0= a7 Dpolfi)iza = (" — g7 0i)gPra =0 4 SR (P — g0,
J J
where 0,; ; =0ri+6ri41+ -+ 0, ;. When ¢’ and ¢" are functions of degree
< 2, we can easily see that

por(a) =g~ @'~ oy, (a) 0 ¢# 9" (3.6)

for all a € Uy(gl(n)) and each matrices § = (6, ;)r=1,2,j=2,4,..n. Thus we can
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translate the action of U,(gl(n)) on the noncommutative algebra to the action
on the polynomial ring Clz].

4. The ¢-confluent hypergeometric functions

In this section, we introduce some ¢-difference operators corresponding to
the differential operator (1.25), and define two types of systems of ¢-difference
equations by using the action of these elements. We further realize ¢-confluent
hypergeometric functions as solutions of these systems.

As a g-analogue of the differential operator (1.25) in the case of i = j,
k=1=j+ 1; namely,

(Ejj + DEj 1141 — Ejy15Ejj41,
we consider the elements C; in U,(gl(n)) defined by
(¢— ¢ 1)Ci = (g9 —q7I79)(¢+ — g7 ) — (¢ —¢7')*fie;  (41)

for 1 < j € n— 1. Each of them is the Casimir elements of the subalgebra
of Uy(gl(n)) generated by {q%,q%+1,¢;, f;}, isomorphic to U,(gl(2)). We shall
also define later the g¢-difference operators corresponding to order differential
operators of (1.25).

Now, in view of (3.6) and the formulas at the end of the previous section, we
define

n-~1
go(v) = > AW+ )+ 2+ + 1}
j=4

~(B 4+ +-+ry+1). (4.2)
For ¢ = ¢g, we can see that the actions of {Cj };1<j<n—1 are given as follows:

(4= 47" )2 ppe(Ch)

n
— E q01,4...j-1-01,j...n-—92,2
j=4

zlr3 0 . .
X 4 15 (1= ¢"12)(1 = ¢*%9) ~ (1= ¢**2)(1 = ¢**9) ¢,
J

(4= 47)% P4, (C2)

n
— § q—02,2‘..j+02,j+1...n
1=4
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l’él‘?l 26,5 1 20, 5 1 20,2 1 2055
X\ zar (=) —g7*2) —(1—¢ YA —¢*27) 0,

5%;
(4= 49714, (C3)

—01,0—022-02,5...a

{141’2 1- 192,2)(1 _ gy (1~ q291.4)(1 _ q'zez,g)} ’

=4q

+ § q—91,4+92,2—92,5A.4j+92,j+1.“n
Jj=5

1 2
X {r;}xi (1—g3)(1 = ¢*%4) — (1= ¢*e)(1 - q”“’)} :
jv4

(447" Ppa(C)iza
_ q-—elvj—01,j+1—32,j+92,j+1

2
j+1%5

+ q—1-91,1—91,1+1—92,1'—92,j+1

1
rlx?
x { Jz
ziz;
Note that all the actions of Casimir elements include ¢-difference operators which
we can regard as analogues of Laplacian such as

1
{ :rJa:
D)
z3z]

This fact will turn out to show the advantage of our choice of ¢g. We introduce the
following two systems of g-difference equations, on the commutative polynomial

‘E;H‘BJZ 20, .5 28,5 204 ,; 28,
x 3= (=)A= ")+ (1 -y B — ¢7)

Nl\.,

L1 = g?P) (1= ¢%29) + (1= ¢**9)(1 - q”“’*l)} '
+1

=

o

EL (1 g )1 40+ (1 - ) (1 - q>} |
+1

ol

ring C[z]:
Ei () 0):
ps(g2+)G(x) = ¢ G(a),
(4.3)
ps(¢)G(z) = iG) (j=3,...,n),
pe(4™e1)G(z) = ¢~ G(2), (4.4)

ps(C;)G(x) = 0, (4.5)
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Ez(A, (,‘ZS)
pe(aT*)G(x) = M G(a),

ps(gt)G(x) = ¢**G(x), (4.6)
o(49)G(z) = ¢¥G(x) (j=5,...,n),

ps(q™ e1)G(x) = ¢~ MG(z),

—e. ' A+t Ap o (4'7)
pol4™e5)Glx) = @ A G(a),

ps(C5)G(x) = 0. (4.5)

See (1.26.1), (1.26.2), and (1.27) for this description. Both systems are parame-
trized by A = (A1,..., A.). The construction of solutions of these systems can be
done by referring to (1 20) and (1.22). Namely, we define two ¢-hypergeometric
functions. One is ¢! given by

a;s,...,0n ]
¢(1)< /357 v ,q:y) (4.8)

(5 )1 (B55 @)ws -+ (Bns v (—=1)"2 y
= Z . ' | - . ( ) ( ) q (va= 1)/ y5 ""yn"",
o (0w @ D6 v (6100,

in the coordinates y = (y2,ys5, ..., n). Recall that (a;¢),, = (1—a)(1—aq)---(1—
ag™ 1), The other is

o f Bsye ey
“( ’j,q;3>
»

4.9
.S B e A
~4 <5 Trten 3
o (id) u|(<1 q Vz(q Dos (¢ Do,
in the coordinates z = (24, ..., z,). We can easily check that they have the formal

limits

g% g, gt ;
hﬂls@ 1) (1 1 l[c )q7(q - 1)@‘/27;‘/5;- '-1yn)

g—1
ibs, ..., by
= ) (a b . ;y> ; (4.10)
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and
g, .. g )
lim () ( - ,q;(l—q)zzzg,(l—q)z5,...,(1—q)zn)

g—1
:FU)( 5 ) L ) (4.11)

We next define the g-analogue of the exponential function as follows:

1
e(t) = —m—r, (4.12
= T Dm0 )
where (a; ¢)oo = lim (a; ¢)n. It satisfies the ¢g-difference equation ;((—I‘Lq—)‘u = u,
Ti— OO0
which is a ¢g-analogue of the differential equation (Iu/d:r = u.
We can now define the analogues of (1.19) and (1.21); we put
G (x;2) = 2 e () T (e (4.13)
i25
2ha+2. ~2As ~22,
q 1 ‘1 3 q Y. 2
x¢(1)( q-z,\3+2)‘4+4 ?‘1‘!,(1—9 )y2yy5a~--)yn>,
w1l e}
where yy = —%171 yj = ——%,L% {(j >5), and
Gy A) = o3 e (b e (23) [ (22) (4.14)
jz5
—9A 23N
n {4 7° '
xgo"’( Aot ¢ (L=q7 )z, (1= ¢ )25, 00, (I-g¢ )~n),
9 zied
where z4 = #3xy, z; =~
$1(v) = do(v) — Vi (vs + 1) = D V3 +1) — vh(vi ~ 1), (4.15)
j25
and
$2(v) = do(v) = Y _vi(y} +1). (4.16)
i>5

The result of this section is the following theorem that can be seen by a straight-
forward computation.
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THEOREM 4.1. The functions G and GO satisfy Ei(\ ¢;) and
E’g(/\, ¢3), respectively.

Let us check the relation of the functions ¢{!) and ¢(?) with the ¢-Kummer
and the g-Bessel function. Generally, ¢-hypergeometric series ,p, is defined as

follows:
ay, ... y @r
’(bl,...,bs’q’x) (4.17)

(al;q)".“(ar;q)" n _n(n-— s—r+1
_Z “ (513 -+~ (b (0 (=1)nqnn=D/2)*=r+1yn,

n=0
The ¢-Kummer function is a special case of this series:
R n n(n—l)/2

wr (Gias) = s (= (4.18)

n=0 (C (I)"(q Q)n

Then, it is easy to see

) ( 4, y-) =11 (:;q,yz) : (4.19)

As for ¢-Bessel functions, we know several definitions. Here we treat a ¢-Bessel
function which was determined in [Ja]

1.+1 oo 0’ 0 R
Ju(r;9) = 2 (((ITI)”.!SOl (q”"‘l ;q,—z‘) . (4.20)

See [GR, Ja, K]. Similarly to the ¢g-Kummer function, we have
o (: ;q’:4) = Cz ™M, 1 ((0) 2 g). (4.21)

2,2
Here C = (_gﬁfT)T These relations show that we have realized the ¢-Kummer
and the ¢-Bessel functions as solutions of the systems of ¢-difference equations
defined above.

5. The contiguity relations

We call linear relation among several g-hypergeometric fuctions whose param-
etors are shifted the contiguity relatoins. In this section, we compute such rela-
tions for ¢g-confluent hypergeometric function. These relations will be used in the
next section to define g-confluent hypergeometric systems.
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For the sake of simplicity, we write

2A342. ,—~2A5 -2,
1 q yq 3o q Y 2
Sog\) = <P(1) ( qz,\3+2A4+4 ;qzv (1 - q))y27y5) ceny yn> (51)
and
—2)\5 —2An
9 « q P ,q « 99 ' .
SO(A):SO(Z) ( q_A3+4 ;qz)(l_qq)zz‘h(l"qz)‘Sa-”v(l—qz)zn>'

(5.2)

For the element a € U,(gl(n)), we define the operators mx(a) and mor(a) for
a € U,(gl(n)) by the following identities.

por(@)GD) = (@) N @) T e [T ma(a)el) (53)
j25

and
Por(@)GH = (2N H e (ad)ega(2d) [TEDY  mn(@eld. (5.4)
j>5

To state the contiguity relations we need the g-analogue of the root vectors Ej; of
gl(n); they are the elements E;; € U,y(gl(n)) defined inductively by the following
formulas.

> I

it =€y Ejng = £,
Ejj = EnErj — ¢ BBy (isVkS )
Now we have next two propositions.
ProOPOSITION 5.1. The following is the list of contiguily relations for the
q-hypergeometric function go()\l)
ma(g™+ el = Mgl
ma(g)el) = el (> 3)
a0 Bra)ell) = )
mialg™ Ers)el) = 72D 4 0 + 10l
mia(g™ Era)gl) = —gM A g s+ 106,

Al Bl = RO A, (29
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0 2 Az +1
mir (g Ean)pl) = ghotrotrn Dot o

Da + Aq + 2] Mrean

-~ 1 " [A4 + 1] 1
M B = S e
= 1 IrgeTs 241 ( .
Wlk(qquZ)So(x) — _q.!)\s T3J+2AJ+130E\1-|).01»,1 (J > 5)
~ 1 . 1
WlA(E34)¢’()\) = gPetet T, 4 1]80(,\-2013,4
~ ) A 12,
7"1)\(E3j)59-()\1) = MmN A s+ 1] o) G >5)

s+ Ag + 2] Atass
mia(Eag)gl) = g7 fell)

~ 1 —A. S ——— 1 .
mia(Eja)ply) = ¢ NI g A+ 106, (2 5)

_ TR Y oY .
rin(Egj)pll) = g~ otrea=2h 1[,[\34+%90£\14:a'4,1 (> 5)

= 1) _ ST, 1 L=
71'1)\(Ej4)k,9()‘ b ',1)\4 T4._;+.’/\,;+.3[/\3 A+ 1]905\_:(”.4 (j >5)

o~ (1 9N, =27 AN 1 . .
mia(Eiy)ey) = ¢l (5 <i< )

~ ‘1 . P 1 . .
ma(Ej)el) = g7t T"‘7+2[/\1’}80(>\;aj’, (5 <i<y),

where

a

9t —q
[a] = -~———*q e

Here «; ; and 7; ; are determined by
/\-}-(Xi,j = (/\1,.A.,)\i+1,...,)\j —1,...,/\,,_)
for 1 <i# j<n,and

“Aigr—=Ao (-ix>1)
Tij = ..
0 (j—i=1)

for1<i<j<nm.

ProPOSITION 5.2.  The following s the list of contiguity relations for the

g-hypergeometric function gof\z) :

€1+E2)30()‘2) — q)\l (2)

7"2)\((1 Pa
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ma(g el = grog?
()oY = ¢ elP (5> 5)
maalg™ @ Erg)el?) = g 1pld)
Toa(g™ Bss)plD) = ot D)
P ST
L R I svore 10 VO
. e . Ml .
Tor(q™ "4 Ey)lY = —4“‘“””’“*‘”“*"——“[ il (j>5)

(s + 2Pt
—Ea 2 — ). . 2 .
Tax(g EaEBj)‘P()\) =g AjtAipat +An[’\j]50()\2a3,j (> 5)
moa (g Esp)ell) = ¢y + 1]’4’&%2%1

> ~ 2 - DX — e — 2 .
7rg,\(q“+“Ejz)sa&) = g~ M7= ety 4 1]4,;5\3_&]:1 (j>5)

- 2 —Tg 2N 2 . -
772,\((154Ej4)<ﬁ()\) = —¢ T4'J+‘>‘]+150(>\-2a_,,3 (G > 5)
L~ 2 B — . LY 2 - . .
moa(Ei)elD) = ¢ 2'\’“"’“[)\;']305\13&,_1. (b<i<))
WQA(E]’I')‘P()()) — q_2/\i+2/\j_hd+2[’\i]so()\z_:a]-" (5 < i< ])

Now we define two subalgebras U/; and U, of the algebra U,(gl(n)) by

U= C{¢Y.¢;, fi} (1>3)
[]2 = C{qejaejefj} (.] 2 ’5)

They are isomorphic to Uy(gl(n — 2)) and U,(gl(n — 4)), respectively. Then the
propositions above particularly imply the following.

COROLLARY 5.3. The mapping w15 (resp. mq)) gives a represeniation of
the algebra Uy (resp. Uy) on the space of functions {¢i; A € Ao + Z} (resp.
{p%; X € Ao + Z}) for each fized X.

We next examine the algebraic structure of the set of root vectors that are
not in the subalgebras U; or Uy. Define subsets of U,(gl(n)) by

H' = C{qq“?y‘fflﬁn},
Al = C{q_flﬁlj}:istny
Aﬁ C{qE"’Ejz};;stn.
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and put

Xy = q_slilj (2<j<n),
Xi2 = qEjp,  (3<j <),
Xij = Eij B<i#j<n).

=)

Then we can see the following commutation relations:

H! is abelian,
[X1i, X15]4-1 =0 (X1 €AL3<i<j<n),
[Xi2, Xjolg =0 (Xj2€ A}, 3<i<j<n),
Uy is isomorphic to Uy(gli(n — 2)),

where
[A,B], = AB — yBA, [A,Blg-1 = AB — ¢ 'BA.
In the following we use the notation
[A,B];: = AB — ¢*BA.
The contiguity relations in Proposition 5.1 imply the commutation relations

among these subsets. We give a list of them as follows: we list, in the left
side, subsets concerned and, in the right side, the explicit commutation relations.

H!, other: mia([gte, X)) =0 (X1; € AD)
mia([X12, X15]g-2) = 0 (N1; €A})
Tia(lg e, Xjo)y-1) = 0 (Xj2 € AD)
TiA([X12, Xjalg) = 0 (Xj2 € A
aa([HY,U]) =0

Al A} Tia([X1i, Xjolg2) = 0 83<i<ji<mn)

mal[Xej, Xjo) = ¢ M) (3<j <)
Tia([X1j, Xinlg) = 0 (3Li<j<n)
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T ([Xar, Xi5]) = 0

7l'1,\([X1i,

Xijlg) = ma(Xy))

TA([X1r, Xijlg-2) =0
Tia([X1r, Xijle2 =0

T ([X1j, Xijle-

T ([Xij, Xra]) =

1)20

Tix [‘Y‘Na)& z]q-l) = 7"1/\(X]2)
mua([Xij, X 2]q2)
7"1/\([ J“XZ]‘I)

(r<(i,j) or (i,j) <r)
(3<i<j<n)
(i<r<y)
(z'>r>j)
(Xj2 € A})

(r<i,jorr>iyj)
(3<i<j<n)
(i>r>j)
(3<i<j<n)

This list shows us that the contiguity relations give a kind of representation
of the set H! & A}l @ A} @ U, through the mapping ;5. We, however, remark
that this is not a true representation because we used several kinds of bracket

operations that depend on the elements inside the bracket, except the case ¢ = 1.

A similar reasoning for the second case is possible. Define the subsets

and put

H% - C{qfl'}’f‘z’
Hél — C{q“'”‘*,

AY

I

g " Ey},

q—53 E34}»

C{q—EI+QE1]’; }4Sj§n:

9 ] ~
A2 = C{qer*-qu?: }j:3,5,4,,,na

A3 =C{q*
AZ =
Yyy = ¢~ Eys,

Yi; = ¢ by

Y3 = ¢ E3j
Yo = qtea By
Yjis = q“Ej
Yij = Ey

3E‘Sja }4§j$n»

C{4™Ej4, }s<j<n,

(4<ji<n),
4<j<n),
B<i<n),
(G<ji<n),
B<i#i<n).
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The commutation relations are

H? is abelian for r = 1,3,
[Yes,Ye5]g-1 =0 (Y;; €A%, r=1,3,3<i<j<n),
YirYirlg=0 (Vi €A% r=243<i<j<n),
Uy is isomorphic to U,(gl(n — 4)).

The contiguity relations now in Proposition 5.2 imply the commutation re-
lations as follows:

HZ, other: max([HZ H3]) =0
mallg? Yyl =0 (Vi € AY)
oYz, Yilg-1) =0 (Vi € A7)
Toal[g 2, Yinlg-1) = 0 (Y2 € AY)
maa([Y12,Yj2]) = 0 (Yjz2 € A3)
sz([Hf»Af])=0 (r=3,4)
[Hg,Uz]) =
Hi, A7: ([t Yig)y-1) =0
moa([Y34, Y14]) = 0
Mgty =0 (5<i<n)
Toa([Ys4,Y15]4-1) = 0 b<j<n)
H§, A5 mon([gt, Yayly) =0
Toa([Y34,Ya2]) = 0
mal[g®T 9 Yp) =0  (5<j<n)
Taa([Ya4,Yj2]g) = 0 (5<j<n)

H3, A3 maa([gt,Yal) =0 (Yaj € A3)
Toa([Ya4,Y35],-1) =0 (Ya; € A)

Hi, Af: maa([g@, Yialg-) =0 (Yja € AD)
Toa([Yaq, Yialy) = 0 (Yia € AY)

H:_:T)y U2 . W2A([H§,672]) =0
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A%, Aé : 772)\([Y1,',Y3j]q—2) =0 (Z < ])
Toa([Y1j,Y35)¢-1) = 0
Taa([Y15,Yai]) = 0 (i<J)

A2, A% mon([Y1i,Yjalg) =0 (i # 7)

T 1
maa([Yig, Yialg) = g?het ¥ A]Hm“as\lm,a
(6<j<n)

Aé,A% : 7l'2,\([Y,'2,Y3j]q2) =0 (t < ])
oa([Yin, Yas) = M2 + 106, . (5<i<n)
Tara([Yj2,Y3]) = 0 (i< )

A%, A‘zl : TrzA([.Y'iZ,.Y}'4]q—2) =0 (l < ])
Ta([Y1), Ya5]g-2) = 0
Toa([Y1j, Yailg-1) =0 (i < j)

In addition, the triplet {A% A2,U,} has a similar structure as the triplet
{A},A}, U} and this is the case also for the triplets {A2Z, A2, U,} and {A], A}, U1 }.

The list above implies a similar remark as in the former case; narmely, we
have a kind of representation of the set Hf ® Hg ® A% @® A% & A_% @ A:{ & U,
through the mapping .

6. The ¢-confluent hypergeometric systems

In this section we are going to define the final form of ¢-confluent hypergeo-
metric systems by use of the contiguity relations and by use of L-operators.

We first introduce the L-operators, which we can regard as a g-analogue of
(1.25), by the following formulas:

q (i=1j)
LE =X (¢ a7 HEjiq (i <) (6.1)
0 (i >J)
and
q (i=1J)
L =3 ~(¢—q Vg “Ei (i>)) (6.2)

0 G < ).
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For each scalor g, called the spectral parameter, we put
J ——
Lij(p) = ,u.L;."j -p L. (6.3)

Refer to [Ji, NUW]. It is a straightforward task to rewrite the contiguity relations
in terms of L-operators, which however we do not write down here.

We next define, instead of the differential operator (2.27), the elements of
U, (gl(n)) by

A% = Lap(q®#) Las(1) = Las(1)Lya(1) (6.4)
for each o # 6. We have in particular
Ajilj-}-l =(¢-q")C;.

Now we can propose the final forms of ¢-difference systems by adding equa-
tious for the operators A7} to the systems E (X @) and Ev(), ¢):

(A o)
Pyt )G) = ¢ G(w),
o N o (4.3)
ro(q)G(x) = ¢V G(r) (j=3.4).
polq™ e))G(x) = ¢MG(a), (4.4)
Pa(AT))G(r) = 0, (6.5)
Fa(X. ¢):
polg T Glr) = MG,
pelgt T )Gx) = ¢NG(a), (4.6)

polq)G(x) = ¢V G(r),

poly™ P e)G(z) = ¢ M G(x),
pola™ 0 ex)Glx) = g™+ T Ga),
pe(A50)G(2) = 0. (6.5)
The contiguity relations imply the following theorem.

THEOREM 6.1.  The functions GV and G satisfy E;()\ é;) and
Es(A, @), respectively.
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Proor.  We can check this theorem directly with contiguity relations. For
example, if 5 < i < j < n, we have
po.(Lii(@) Ljs(1)G7) = (g7 — ¢717%)(¢% — ¢7%)G")
(q“”\" _ q—l—)\i)(q'\j - q"\f)G(’),
(4= 47" po, (Eji Ei; )G
(¢t =g 1) (g - gM)G.

it

ps.(Lij(1)L;i(1)G™

Here r = 1,2. Hence we have

pe, (AYGT =0 (r=1,2).

DEFINITION 6.2.  We call the system E[(A, ;) the g-confluent hyperge-
ometric system of Kummer type, and Ey(A, ¢o) the g-confluent hypergeometric
system of Bessel type.

REMARK 6.3.  Relative to the Grassmannian Gy 4, we can realize the Her-
mite function and the Airy function as the solutions of the confluent hyper-
geometric systems corresponding to the partitions (3, 1) and (4) of number 4,
respectively. However, the problem of defining the ¢g-confluent hypergeometric
systems for this case is still open.
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