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Abstract
For a nonnegative submartingale f and an adapted process ¢, the condition
of g being strongly differentially subordinate to f, is generalized. Under this new

condition we prove a sharp weak-type inequality which extends an inequality by
Burkholder.

1. Introduction

Let (Q2, F, P) be a probability space with a filtration (F,)n>0. Consider two
adapted processes f = (fn)n>0 and g = (gn)n>o. Write f, = do+ --- +d,, and
gn=¢o+---+e, for n > 0. Set ”f“ = SUPp>o Elfnl and g* = SUP,>o lgn‘ This
setting is fixed through Sections 1, 2 and 3.

DEFINITION 1.1. We say that g is differentially subordinate to f if |en| <
ld,,| for all n > 0. Also, g is strongly differentially subordinate to f if ¢ is
differentially subordinate to f and |E(e, | F_1)| < |E(d, | Fo1)| for all n > 1.

Comparing the sizes of f and g under the assumption of differential subordi-
nations has been studied by Burkholder in [1], [2], [3], [4] and [5]. The following
weak-type inequalities are from [2] and [5].

THEOREM 1.2. If f and g are Hilbert space valued martingales and g is
differentially subordinate to f, then

AP(g" > X) <2|if|| forall A>0

and the inequality is sharp.

THEOREM 1.3. If f is a nonnegative submartingale, g is RY-valued, where
v is a positive integer, and g is strongly differentially subordinate to f, then

AP(g* > A) < 3||fll forall X>0
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and the inequality is sharp.

By the sharpness of the inequality, for example, in Theorem 1.2 we mean
that if 0 < @ < 2, then the opposite inequality AP(g* > A) > B||f|| holds for
some A > 0 and some processes f and g, in some probability space, satisfying all
the assumptions of Theorem 1.2.

It is interesting to ask what happens to the sharp constant 3 in Theorem 1.3
if we replace the assumption that g is strongly differentially subordinate to f by
a more general one:

(1.1) len| < aqldy| for all n > 0; and

(1.2) [E(en|Fn-1)] £ aa|E(dn|Frn-1)| forall n>1

where o1, 3 > 0 are constants. Of course, we may assume that a; > 0 and
further, considering a; f in place of f and as/a; in place of a3, that a; = 1.

2. A weak-type inequality

DerINITION 2.1. For & > 0 we say that g is a-subordinate to f if
(2.1) len] < |dp] for all n>0; and

(2.2) |E(en|Fn-1)| € a|E(d;|Fn_1)| forall n>1.

Let H be a Hilbert space over R. For z,y € H we denote by z - y the inner
product of z and y and put |z|? =z - z.

THEOREM 2.2. Let o > 0. If f is a nonnegative submartingale, g is H-
valued and g is a-subordinate to f, then

(2.3) AP(g" > X)) <(a+2)|fIl forall A>0

and the inequality is sharp provided 0 < a < 1.

PROOF OF THE INEQUALITY (2.3). In order to make the main points
of the proof clear we defer some technical details to the next section. Thus, we
assume and use Claim 2.3, Claim 2.4, Lemma 2.5 and Lemma 2.6 which are
proved later.

We may assume ||f|] < oo which guarantees integrability of f, and g, in
view of the assumption (2.1) for all n > 0. It is enough to consider only A = 1
because the inequality (2.3) follows from

(2.4) P(g" 2 1) < (a+ 2)|If]l
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when we substitute f/X and g/ for f and g, respectively.

CLAM 2.3.  We may further assume that
fac1>0 and |go—1 +te,| >0
foralln>1and all t € R.

CLaM 2.4. It suffices to show

(2.5) P(lgn| > 1) <(a+2)Ef, forall n>0.

As a matter of fact we will prove the stronger inequality
(2.6) P(fa+19n121) < (a+2)Ef, forall n>0.
The inequality (2.6) is equivalent to the inequality
(2.7) EV(fn,92) <0 forall n>0

where

(2.8) Vie) = { —(a+2)e if z+|yl <1,

l—(a+2)z if z+|y>1.

Put S = {(z,y) : >0, y € H and |y| > 0}. Define a new function U on S

by
(29) Ulz.y)= (lyl = (@ + Dz)(z + [y)/+D if z4+]y| <1,
' ’ 1—(a+2)z if z+y]>1.

Notice that U is continuous and |U(z,y)| < 1+ (a+2)z. Hence U(f,,gy,), which
is well-defined by Claim 2.3, is integrable for all n > 0.
LEMMA 2.5. (a) V(x,y) <U(z,y). (b) U(z,y) <0 if z> |yl

From the assumption (2.1) with n = 0 we have f; > |go|, which, along with
(b) of Lemma 2.5, gives U(fo, 9o) < 0, hence EU(fo,90) < 0. Also, (a) of Lemma
2.5 implies BV (f,,9,) < EU(f,,9n) for all n > 0. Hence, the inequality (2.7)
follows from

(2.10) EU(fu,9n) < EU(fa1,gn-1) forall n> 1.

To prove the inequality (2.10) we need

LEMMA 2.6. There are Borel functions ¢ : S — R and ¢ : S — H such
that
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(a) —(a+2)<p(z,y) <0 and 0 < JY(z,y)| <2

(b) ¢z, y) + ald(z,y) <0

(¢) o (z,y),(¢+h,y+k)<S |h|> |kl and |[y+tk| > 0 for all t € R,
then

U+ hy+k)—Ulz,y) < (e, y)h+P(z,y) -k,

Let n > 1. The assumption (2.1), Claim 2.3 and (c) of Lemma 2.6 imply

U(fn:gn) - U(fn-—l:gn—l) < So(fn~l,gn—1)dn + "b(fn-l;gn—l) “€n

which, when conditioned on F,_1, yields

(211)  E[U(fn 9n) | Faeil = U(fn=1,9n-1)
< ‘p(fn—lygn—l)E(dn I fn—l) + w(fn—lagn—l) : E(en | }-n—l)

because d,, and ey, are integrable and ¥(fn_1,9n-1) and ¥(fr—1,9n_1) are F,_,
measurable and bounded as in (a) of Lemma 2.6. The Cauchy-Schwarz inequality
and the assumption (2.2) imply

"/}(fn—lagn—l) ! “E(en Ifn—l)l

";b(fn—lygn—l) : ]E(en ‘ }-n—~1) <
< a}/!/)(fn—lagn—l)I]E(dn |]:n—1)

where we also used the assumption that f is a submartingale. Thus, from (b) of
Lemma 2.6 and the assumption that f is a submartingale we get

(212) ]E [U(fn,gn) ’ ]:n-l] - U(fn-layn—l)
< (So(fn—l;gn-l) + Ofl"/)(ffn—lygn—l)l) ]E(dn I fn—l) <0.

Taking expectation of the final inequality in (2.12), we get
]EU(fmgn) =EE [U(fm!]n) ' ]:n—l] < EU(fn—lvgn—l)a

proving the inequality (2.10).

We have proved the inequality (2.3) in Theorem 2.2 under the assumption
of Claim 2.3, Claim 2.4, Lemma 2.5 and Lemma 2.6.

Basic facts about conditional expectations can be found in [7].

Because we proved the inequality (2.6) a stopping time argument as in the
proof of Claim 2.4 in Section 3 shows that a stronger inequality than the one
(2.3) in Theorem 2.2 holds:
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COROLLARY 2.7. Let « > 0. If f is a nonnegative submartingale, g is
H-valued and g is a-subordinate to f, then

AP (sg%(f,, o) > A) <(a+2)fl forall A>o0.

3. Proof of claims and lemmas

ProoF oF CrLalMm 2.3.  Suppose that f and g satisfy the assumptions of
Theorem 2.2. For each ¢ > 0, the new processes f + € and (g, €), where (g, €) has
value in the standard product Hilbert space H x R, satisfy the extra assumption
in Claim 2.3 as well as the assumptions of Theorem 2.2. Assuming the inequality
(2.4) for these new processes, we have

(3.1) P((g,0" 2 1) < (a+2)[If + ]l
Notice that g* < (g,€)* and ||f + ¢|| = ||f]| + ¢ Thus
(3.2) P(g" 2 1) < (a+ 2)||f|| + e(a +2)-

The above inequality (3.2), as € — 0, yields P(¢* > 1) < (a + 2)||f||, namely the
inequality (2.4), proving Claim 2.3.

ProoF oF CLAIM 2.4. Suppose that f and g satisfy the assumptions of
Theorem 2.2. Fix a positive integer N for the moment, set gy = supgc,<n |gn|
and define a stopping time T by

(3.3) T=inf{0<n<N:lgn|>1}

if gy > 1, and T = N otherwise.

Observe that the stopped processes fT = (fTan)n>o0 and g7 with differences
processes d and € respectively, satisfy the assumptions of Theorem 2.2; one only
needs to notice that

(34) Jn = dnl{TZn} and E(Jn | .7'-"_1) = ]E(dn | fn—l)l{Tzn}

and similar facts about €.
Assuming the inequality (2.5) in Claim 2.4 for these new processes with
n = N, we have

(3.5) P(lgran| 2 1) < (@ +2)Efran, or P(lgr|21) < (a+2)Efr

because T' < N. If gy > 1, then |gr| > 1. Also, Doob’s optional sampling
theorem implies E f7 < Efny because f is a submartingale and T' is bounded by
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N. Thus, from the second inequality in (3.5), we have
(3.6) P(gn >1) < P(lgrl 2 1) < (a+ 2Efr < (a+2)Efy < (o +2)i/]]-

Since N was arbitrary and {gy > 1} increases to {g* > 1} the inequality (3.6),
as N — oo, gives

3.7) P(g" > 1) < (a+2)lifll

Finally, for 7 > 1, the above inequality (3.7), applied to the pair vf and vy,
gives

L1
P(s> 1) <@+l
which, as v — 1, yields P(g* > 1) < (a + 2)||f||, namely the inequality (2.4).

This proves Claim 2.4.

ProOOF OF LEMMA 2.5. Proof of (a). We may assume z + |y| < 1. Write
z+ |yl = r**1. Since 0 < r < 1, we have

Vie,y) = U(z,y) = —r*t? — (1 - r)(a+2)z < 0.

Proof of (b). Assume |y| < z. Then |y|—(a+1)z < |y|—2 < 0. Thus U(z,y) <0
ifz+lyl<1. Ifz+ |yl > 1, then U(z,y) =1 —(a+ 2z < z+ |yl —(a+2)z =
lyl = (a+ 1)z < 0.

ProoF OF LEMMA 2.6. Define ¢ and ¢ on S by

_(e+ D(a+2)z + o(a +2)|y|

if yl < 1,
(3:8) ¢(z,y)= (a+ Dz + pha/C+D =t
—(a+2) it x4y >1
and
(e +2)y :
f + <1,
59 wey = | @@t e ot
0 if oy > 1.

Proof of (a) and (b). All are clear from the definitions (3.8) and (3.9).
Proof of (¢). We fix (z,y),(z + h,y+ k) € S so that |h| > |k} and |y +tk| > 0
for all t € R.

To prove the inequality

(3.10) Uz +hy+k)—Ulz,y) < elz,y)h+ ¢z, y) -k
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we may assume that z + Jy| # 1. Indeed, with 2 + |y| = 1, we put z; = z 4+ 1/i
and notice #; + |y| > 1. Then the inequality (3.10) follows from the continuity of
U, ¢ and 9 on the region {(a,b) € S : a+ |b| > 1} and the inequality

U(zi + b,y + k) = Uz, y) < (@, )b + (i, ) - k

as § — oo. We may further assume that |h| > |k|. To see this assume z + |y| # 1.
Put h; = h+ h/i for i > |h|/(x + h) and notice |h;| > |k|. The inequality (3.10)
follows from the continuity of U and the inequality

Uz + hi,y+ k) = U(z,y) < o(z, y)hi + ¢(2,y) - k

as i — 0o.
Put I = {t e R: 2z +th > 0}. Observe that I is an open ray containing the
interval [0,1]. Define a function G on I by

(3.11) G(t) = U(x + th,y + tk).

Since = + |y| # 1, we have, from (2.9), (3.8) and (3.9), that ¢(z,y) = Uy(z,y)
and Y(x,y) = Uy(x,y), the partial derivatives. Hence G is differentiable at 0 and
the chain rule gives

(3.12) G'(0) = p(z, y)h + Y(z,y) - k.
Thus the desired inequality becomes
(3.13) G(1) - G(0) < G'(0)

which holds because, as we shall show, G is concave.

One may refer to [6] for the basic facts of concave functions which we shall
make use of.

In order to show the concavity of G we need a few propositions. On I we
consider following functions:

A(t) =z +th, B(t)=y+tk, R(t)= A(t)+ |B(t)|,
and

{ Gi1(t) = (IB(t)| — (a + 1)A(t)) R(t)/ (1)
Gy(t) =1 - (a+2)A().

If no confusion arises we will omit the argument ¢. Observe that G is continuous,
and that G=Giif R<l,and G= Gy if R> 1.
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PRrROPOSITION 3.1. If R(7) =1, then G = G; AG3 on a neighborhood of 7.
ProoF. Let R(r) = L. From the definitions
G1 -Gy = (|Bl = (e+ DA RV 1 4 (0 +2)A
= RAD/(e+) _ (o 4 2)ARY(*+D) 1 4 (0 + 2)A
= (RY(D —1)C,
where

R(et2)}/(e+1) _ g
= T RUGa+1)

—(ax+2)A.
Ast — 7 we have R — 1, hence, using ’'Hopital’s rule, we get
lim C = (a+2)(1 - A(7)) = (a« +2)|B(7)| > 0.

On a small neighborhood of 7, we have C' > 0; if R < 1, then G; < G4, hence
G = G1 = G1 AG;. The case R > 1 can be treated similarily.

PROPOSITION 3.2. Both Gy and Gy are concave.

PrROOF. (5 is linear, hence it 1s concave. Observe that G, is smooth, thus
it suffices to check Gy < 0. Writing

Gy = RetD/(e+l) _ (o 4 2)ARY/(e+1)

we differentiate Gy to get

a =2t 2R/Rl/m+1) — (@ + 2)RRM(=+1) _ AR/R—a/(a+1)
o+ a+1
and
WGl = R'R+—— ! C(R)’R—-2hR'R— AR'R+ ——A(R’)2
where
1
= 212 petni(aty)

a+2

Rearranging terms and inserting (R')2R — (R')?R, we have

nG! = (R"R—2hR — AR+ (R)*) R ( R+ —iIRJr ilA) (R')?

= ([l — [nl*)

)* <0.
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Here we used the observation that A’ = h, |Bf = R’ — h, |B||Bl' = k- B and
|B|R” = |B||B|" = |k|* — (]B)')?. This proves Proposition 3.2.
We return to the proof that G is concave. Since |k| > |k| and

B
R=h+k —
B

we have |R'| > |h|—|k] > 0, thus R is strictly monotone. Put I; = {t € I : R(t) <
1} and I = {t € I : R(t) > 1}. Notice, for k = 1,2, that I is open and on I},
G = G is concave by Proposition 3.2. Now let R(7) = 1. By Proposition 3.1
there is a neighborhood of 7 where G, being the minimum of concave functions,
is itself concave. Therefore, G 1s locally concave on I, hence it is concave. This
completes the proof of Lemma 2.6.

4. Sharpness of the inequality

Assume 0 < a <1 and let 0 < 8 < a4 2. In the Lebesgue probability space
(Q,F,P) on the interval [0,1) we will construct a filtration (Fy)n>0 and two
adapted processes f and ¢ satisfying all the assumptions of Theorem 2.2, but

P(g* 2 1) > BIIfll-

For this we introduce some conventions. First, notice that a partition of
[0,1) generates a o-field on [0, 1); hence we identify the o-field with its partition.
In the following we write JF,, for the partition which generates the o-field F,,.
Second, for the interval J = [a,b), 0 < s < 1 and u,v € R, we define the left half
subinterval J;, the right half subinterval J, of J and the step function J[s; u, v]

on [0,1) by
a+b a+b
Jl“ [a) 9 )) Jr— [ 9 ab)

and

u if a<t<a+s(b—a),
Js;uv](t) = Qv if a+s(b—a)<t<h,
0 otherwise.
Also, sgnz = 1if ¢ > 0 and sgne = —1 if x < 0. Write (z,y)c for the scalar
multiplication c{x, y).

In order to define processes f and g we need to define processes F and G first.
Write Fy, = Do+ -+ Dy and Gy, = Eg + -+ E,, for n > 0. Put Fy = {[0,1)},
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Fi=F= {[071/2)7[1/2v1)}7 (F(),G()) = (FI)GI) = (070) and

(D, Bs) = (1,1) [o, %)[1; 1,0]+ (1,-1) E 1)[1; 1,0].

Also, put
1
(D3, Es) = ) (1,—sgnG2)J[§;1,—1]
JEF,

and let F3 be the smallest refinement of F, such that D3 and E5 are measurable
with respect to F3. For n > 1, we put

(Dsn—2yE3n—2)
1 1
= > (LnJa [2n_ 1,2—2n,1} +(1,-1)J, [én—_1,2—2n,1

JG-'an-a
G3pn-3=0o0nJ

(D3n—la E3n—1)
2
= Z (1,asgn G35, —2)J [1; 0}

JEFsn—2 a+1
Fyn_2=0onlJ
(DSnaEsn)
1 2 -2
= E y— Gn.. J ;2 had y
(1, —sgn Gan-1) [(a+1)n T a1 a+1]

JE€EF3n-1
Fyn_1=2f/(a+1)on J

1
+ E (1, —sgn Gap-1)J [2—71,—-2n+ 1, 1]
JE€F3n-1
|Gsn—1]l=1on J

where, for k = —2, —1, 0, the partition Fs,1 is the refinement of F3,,1z-; by
(D3n+ky E3n+k)-

The motivation of the above construction comes from Burkholder in [4].
The construction can be best understood by plotting the random points (z,y) =
(Fu, Gn) in the plane with appropriate weights and then observing (D41, Eot1),
the movement of the points. Thus, for n > 1, inductively one checks that the
points (F3,, G3ap) are either at (2n,0), (0,2n), or at (0, —2n) with probabilities,
say, an, b, and ¢y, respectively.

Now let » > 1. The move (D3n_9, E3,_2) is a martingale one, that is,
]E((D3n-2, E3n_s) | .7:3n_3) = 0; this way points of (F3y,_3,G3n—3) at (0,2n — 2)
and (—2n+2) are fixed, and the points of (Fa, 3, Gan-3) at (2n—2,0) are spread
in four directions, along the lines |y| = |& —2n+ 2|, so that the west bound points
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stop on the y-axis and the east bound points stop on the line £ = 2n—1. Observe
Fan—o = Fan—1. Hence, the move (D3n—1, E3,—1), which is a submartingale move
for F, carries all points of (Fan—2,Gan—2) at (0,2n—2) to the position (2/(a+1),
In—2+2a/(a+1)), and points at (0, —2n+2) to (2/(a+1), —2n+2-2a/(a+1));
it leaves points of (Fsp—y,G3,—2) at other places where they are. Here by a
submartingale move we mean that E(Dsp—y | Fan—2) > 0. Finally, (Dsy, E3p) is
a martingale move which splits all the points of (F3n-1,G3sn-1), along the lines
ly| = & — 2n, so that F3, is either 0 or 2n.

Since 0 < @ < 1 we have |E,| < |D,]| for all n > 0. Also, E(D,,, | Fn—1) =
E(Em | Fm1) =0if m # 3n— 1, and from Fzn_1 = Fan_2, we have |E(Es,-, |
f3n_2)| = |E3,,,_1| = Othn._.l = a]E(Dgn_l ‘ fgn_Q); it follows that E(Dn I
Fo-1) > 0 and |[E(E, | Fo-1)| < o|E(Dy, | Fno1)| for all n > 1. Summing up, F
is a nonnegative submartingale, G is adapted, and G is a-subordinate to F'.

About a,, b, and ¢, one has a; = 1/2, b5 = ¢; = 1/4, and inductively one
can check, for n > 1, that a, + b, + ¢, = 1, by = ¢, and

o =" la + (n-1 " R
T n "M (a+ Dn(2n—1) (a+1n -~

Noting by—1 + ¢n—1 = 1 — an_1, we compute

. =a (1_(0t+1)(2n—1)+2(n-—1)) 1
nT el (a+ 1)n(2n — 1) (at)n

With ¢, = a, — 1/(a + 2) one has

_ _(@+D@r-1)+2(n-1) !
fn = T (1 (o + Dn(2n - 1) ) (a+1)(a+2)n(2n - 1)

1 1
<tn—1 (1—_)‘1‘"2'
n n

for n > 1. Also, 0 < t; = o/(2(a+2)) < 1 and t, > 0 for all n > 1. Thus, if
1 < K < N, then iteration gives

N 1 1 Ny 1
0<"N<t1H<1“;)+ﬁ+ o H (I—E)

n=2




120 Changsun CHOI

Now, choosing a large K first and letting N — 0o next, we see, as N tends to oo,
that txy — 0, hence that ay — 1/(a+ 2). Since 1/8 > 1/(a + 2) we may choose
N so that

a
— >ap, or 1> fan.

g
Finally, we define f and g by

1
(fnvgn)—iﬁ(FrayGn) fOI' OSnSBN

and for n > 3N

1 1
(o) = Uomgsn) 3 (L0 [3i1,-1] + @ =0 [5i1-1].
JE€Fan
gsn=0on J

Observe that the final movement of (f,g) is a martingale one which spreads the
points at (1,0), along the lines |y| = |z — 1|, so that |g,| = 1forall n > 3N. Itis
clear that, with the same filtration (F,)n>0, f is a nonnegative submartingale, g
is adapted, and that g is a-subordinate to f. Also,

. a
Plg" 21) = Pllisval =1) =1 and |/l =Efsver =2+ 2 = ay.
Thus,

P(g" > 1) > B f|l

This completes the proof that the inequality (2.3) in Theorem 2.2 is sharp pro-
vided 0 < a < 1.
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