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Abstract 
This paper is concerned with the existence and uniqueness of a strong solution 

to a mixed problem which combine Dirichlet and integral conditions for a third 
order linear parabolic equation. The proof uses a functional analysis method 
presented, for instance, in [3], [4] and [8}. 

1. Formulation of the problem 

In the rectangle Q = (0, 1) x (0, T), with T < oo, we consider the third order 
linear parabolic equation: 

(I.I) au a2 ( au) 
,Cu= at - ax2 a(x, t) ax = f(x, t), 

which can be considered as a generalization on the linearized Kortweg-de-Vries 
equation, see, for instance [23]. 

Condition I. The coefficient a(x, t) is a real-valued function belonging to 
C 2( Q) such that 

In Condition 1 and in the rest of the paper, c;, i = 1, ... , 4, denote strictly 
positive constants. 

We adjoin to ( l. 1) the initial condition 

(1.2) Ru= u(x,0) = <p(x), XE (0,1), 

the Dirichlet. condition 

(1.3) u(O, t) = 0, t E (O,T), 
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and integral conditions 

(1.4) 11 
u(x, t)dx = 0, t E (0, T), 

(1.5) 11 
xu(x, t)dx = 0, t E (0, T), 

where 'P is a known function. 

Condition 2. We shall assume that the function 'P satisfies a compatibility 
conditions with (1.3)-(1.5), i.e., 

'P(0) = 0, 11 
'P(x)dx = 0 and 11 

X'f'(x)dx = 0. 

Problem (1.1)-(1.5) arises, for instance, from the heat transfer theory. In 
this case, u is a temperature of a slab O ~ x ~ 1, and the integrals in the 
conditions (1.4) and (1.5) are considered as the average and the weighted average 
temperature. Mixed problems which combine local and integral conditions for 
second order parabolic equations were considered by Cannon [10], Batten [l], 
lonkin [15], Cannon-Esteva-van der Hoek [11], Canon-van der Hoek [12], [13], 
Benouar-Yurchuk [2], Yurchuk [22], Caldon-Kulkarni-Shi [9], and Shi [21]. 

Recently, problems of this type that have non-linearity in the boundary con­
ditions have been investigated in Jones et al. [16] and J umahron-McKee [17], [18]. 
Mixed problems with only integral conditions for a second order parabolic equa­
tion have been studied by Bouziani-Benouar [7], and for a 2m-parabolic equation 
in Bouziani [5]. 

In this paper, we prove existence and uniqueness of a strong solution of 
problem (1.1 )-( 1.5). For this, we consider the problem ( 1.1)-( 1.5) as a solution 
of the operator equation 

(1.6) Lu=F 

where L = (.C,f), with domain of definition D(L) consisting of functions 'U E 
L2 (Q) h h au au a2u a"u 83u L2(Q) d • fi d" • sue t at at , ax , ax2 , Bx3 , atax2 E an 'U satis es con 1t10ns 
(1.3)-(1.5); the operator L is considered from B to F, where B is the Banach 
space consisting of all functions u( x, t) having a finite norm 

( 
2 1 2 ) 1/2 Ou Ou(x,r 

JJuJJB = / (sx~) dxdt + sup / (1 - x) ( O )) dx 
J.;i. ut O~T~T Jo x 
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and satisfying the conditions (1.3)-(1.5), where '21xg = J: g((., t)d(., and Fis the 
Hilbert space consisting of all elements :F = (f, 'P) for which the norm 

is finite. Then, we establish an energetic inequality: 

(1.7) 

and we show that the operator L has a closure L. 

DEFINITION. A solution of the operator equation 

Lu= :F 

is called a strong solution of the problem (1.1)-(1.5). 

Since points of the graph L are limits of sequences of points of the graph of 
L, we can extend (1.7) to apply to strong solution by taking limits, i.e., 

Vu E D(L). 

From this inequality we obtain the uniqueness of a strong solution if it exists, 
and the equality of sets R(L) and R(L). Thus, to prove the existence of a strong 
solution of the problem (1.1)-(1.5) for any :FE F, it remains to prove that the 
set R(L) is dense in F. 

2. An energetic inequality and its consequences 

THEOREM 1. Let Condition l be fulfilled. Then for any function u E D(L) 
we have the inequality 

(2.1) 

where c is a positive constant independent of u. 

PROOF. Multiplying the equation (1.1) by Mu = -'21x ((1 - x) t~ + '21x t~) 
and integrating over QT, where QT = (0, 1) x (0, r), we get 

{ Cu. Mudxdt = 
}Qr 

(2.2) 
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Integrating by parts each term of (2.2) with the use of conditions (1.2)-(1.5), 
we obtain 

31 ( au) 2 
= - S'x-0 dxdt, 

2 Qr f 

111 (O )2 lt=T = - (1 - x)a(x, t) 0·u dx 
2 0 X t=O 

11 ( )oa(x,t) (ou) 2 d d -- 1-x-~~ - xt 
2 Qr ot ox 

= i 11 (1 - x)a(x, r) ( au~~ r)) 2 dx 

- - (1 - x)a(x, 0) _I.{)__ dx 111 (8 )2 

2 0 ox 

_ ~1 ( _ )oa(x,t) (ou) 2 d d 1 X f} O X f. 2 Qr t X 
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Putting (2.3) and (2.4) int.o (2.2), we have 

(2.5) ; i, ( ~x !; ) 2 
dxdt + ~ 11 

(1.- x)a(x, r) ( O'U~: r)) 
2 

dx 

= - l, f • ~x ((1- x) :: + ~x ~;) dxdt 

1 /1 (8 ) 2 
+ 210 (l-x)a(x,0) 0: dx 

+ ~ { (1 - x)°a(x,t) ( 8'U) 2 dxdt. 
2 }Qr at ax 

The first. integral on t.he right-hand side of (2.5) can be estimat.ed as 

-l, f • ~x ((1 - x) ~; + ~x !: ) dxdt 

171 2 2 1 (°' fJ·u) 
2 

~ - (1 - x) f dxdt + "Sx~ dxdt, 
2 Q• Q• ut 

where t.he second integral will be absorbed in the left-hand side of (2.5). 
According t.o Condition l, we then get 
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Using Lemma 1 in [9], we have 

(2.8) lT ( 21x ~~r dxdt+ fo\1 -x) ( ou~:r)r dx 

~ c3 (l (1 - x) 2 f 2dxdt + fo\1 -x)(<p')2dx), 

where 

max(17,c1) ( T) 
c3 = . ( 1 ) exp c2 • mm ,co 

The right-hand side of (2.8) is independent of r, hence replacing the left-hand 
side by its upper bound with respect to r from O to T, we obtain the desired 
• 1· h i/2 □ mequa 1ty, w ere c = c3 . 

PROPOSITION 1. The operator L from B to F admits a closure. 

PROOF. Suppose that {un} E D(L) is a sequence such that 

(2.9) 'Un ----, 0 in B 

and 

(2.10) Lun----, :F = (f, <p) m F; 

we must show that f = 0 and <p = 0. 
According to (2.9) we get 

'Un ----, 0 m -V'(Q). 

By virtue of the continuity of derivation of V' ( Q) in V'( Q), we deduce that 

(2.11) (1 - x)Cu 11 ----, 0 in -V'(Q). 

Further, according to (2.10), we have 

(1 - x)Cun ----, (1 - x)f 

thus we have 

(2.12) (1 - x)C-u11 ----, (1 - x)f m V'(Q). 

By virtue of the uniqueness of the limit in V'(Q) we see that f = 0. 
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On the other hand, (2.10) implies that 

(2.13) 
~di'u,. ~ , 

V l - x-- ---+ V 1 - Xtp 
dx 

Moreover, since by virtue of (2.9) and the fact that 

11 (dR:un) 2 
2 o (1 - x) ~ dx :'.S lju,.JIB, 

we have 

(2.14) 

Vn, 

Now the uniqueness of the limit in £ 2 (0, 1) implies that tp = 0. D 

Theorem 1 is valid for strong solutions, i.e., we have the inequality 

(2.15) Vu E D(L). 

Hence we obtain 

COROLLARY 1. A strong solution of the problem (1.1)-(1.5) is unique if it 

exists, and depends continuously on :F = (f,tp) E F. 

COROLLARY 2. The range R(L) of the operator L zs closed in F, and 

R(L) = R(L). 

3. Existence of solutions 

To show the existence of solutions, we prove that R( L) is dense in F for all 
u E D(L) and for arbitrary :F = (!, tp) E F. 

THEOREM 2. Suppose the conditions of Theorem l are satisfied. Then the 
problem (1.1)-(1.5) adrnits a unique strong solution ·u = I-1 :F = L- 1:F. 

PROOF. First we prove that R(L) is dense in F for the special case where 
D(L) is reduced to D0 (L), where Do(L) = {u/u E D(L): Cu= 0}. D 

PROPOSITION 2. Let the conditions of Theorem 2 be satisfied. If, for 

(1 - x)w E L2(Q) and for all u E D0 (L), we have 

(3.1) h (1- x) 2Cuwdxdt = 0, 

then w vanishes almost everywhere in Q. 
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PROOF. The equality (3.1) can be written as follows: 

(3.2) 1 2 /Ju 1 2 {J2 ( au) (1-x) ---;:;-·wdxdt= (l-x) £j 2 a(x,t)-;:;- -wdxdt. 
Q vt Q vx vx 

If we put 

• OZ O ( oss,(eC•Tz)) where c4 1s a constant. such that c4co - c2 ~ 0, and z, ax, ax a ax , 

( 1 - x) ;;2 ( a asl',(;;• r z)) E L2( Q), then, ·u satisfies the conditions (1.3)-(1.5). As 

a result of (3.2), we obtain the equality 

(3.3) ec•t(l - x) 2 zwdxdt = (1- x)2 ~ a t wdxdt 1 1 02 ( o':s ( ec• r z)) 
Q Q ax2 OX 

The left-hand side of (3.3) shows that the mapping 

is a continuous linear functional of z. From the right-hand side of (3.3) there 
follows that this is true if the function w has the following properties: 

and 

Wx=O = 0, - -o awl 
ax x=O - ' 

In terms of the given function w, from the equality (3.3) we determine the 
function 

ow lx w((,t) 
z = -4(1- x)- + 12w - 8 ~-d(. 

ox o 1-e 
Integrating by parts with respects to ~, we have 

~xz = -4 r (1 - ()°w~~, t) d( + 12 r w((, t)d( - 8 rd( fe w(ry, t) drJ 
lo lo lo lo 1 - TJ 
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= 8(1 - x) r w(e,? de - 4(1 - x)w(x, t) 
lo 1-., 

= _4(l _ ) r l 8((1 - e)2w(e, t)) d" 
X lo (1-e)2 ae ',• 

Integrating once more by parts with respect. to e, we obtain 

S';z= -4 r(l-e) {{ ( 1 )2 o((l-rfw(r1,t))dr1de 
lo lo l - r1 r, 

- lx ( - )21€ 1 o((I-r1)2w(r,,t)) 
- 2 d l e ( )2 ,:i dr1 

O Q 1 - T/ uTJ 

2 r l 8((1-e) 2w(tt)) 2 = 2(1- x) lo (1 _ e)2 ae de - 2(1 - x) w(x, t). 

Hence it follows that 

(3.4) 

(3.5) z(O, t) = 0, 

(3.6) 

(3.7) 

Replacing (1 - x) 2w in (3.3) by its representation (3.4), we obtain 

Integrating by parts in the right-hand side of (3.8) with respect. to x and t by 
taking into account (3.5)-(3.7) yields 
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By Condition 1, we obtain 

Integrating by parts in the left-hand side of (3.9) with respect to x, we obtain 

and thus z = 0; hence w = 0. This proves Proposition 2. D 

We return to the proof of Theorem 2. We have already noted that it is 
sufficient to prove that the set R(L) is dense in F. 

Suppose that, for some W = (w,w0 ) E F and for all ·u E D(L), it holds 

(3.10) 1 2 11 8/i.·u 8wo (Lu, W)F = (1 - x) Cuwdxdt + (1 - x),:;- · ,:;-dxdt = 0. 
Q o ux ux 

Then we must prove that W = 0. Putting u E D0 (L) in (3.10), we obtain 

l (1- x) 2£uwdxdt = 0, u E D0 (L). 

Hence Proposition 2 implies that w = 0. Thus, (3.10) takes the form 

(3.11) 11 {)fo owo 
(1 - x),:;- • -;;-dxdt = 0, 

O UX uX 
u E D(L). 

Since the range of the trace operator fl. is dense in the Hilbert space with the 

( ·l , 2 ) 1/2 
norm }0 (1 - x) (~£;) dxdt , the equality (3.11) implies that w0 = 0 (we 
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recall that w0 satisfies Condition 2). Hence W = 0. This completes the proof of 
Theorem 2. 

REMARK. We can prove that our results still hold for a mixed problem for a 
certain (2m + 1 )-parabolic equation which combine local and integral conditions, 
I.e., 

(3.12) au a2m ( au) 
£u= at+(-l)"'ax2m a(x,t)ax =f(x,t), 

(3.13) Cu= ·u(x,O) = <p(x), 

(3.14) 
ak-Iu I 
a k-1 =O, 

X x=I 
0 ::; k :S n :S m, 

(3.15) 0 ::; l ::; m - n. 
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