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1. Introduction.

In this paper S will denote a monoid with zero, that is, a semigroup with identity
1 and two-sided zero 0. Each S-system A is assumed to be right unitary (ie. A1 =A4)
and centered (i.e. A has a fixed element 8 such that 20 =0x =0 forall a€ A4
and x €85). A two-sided ideal 7 of § is called a pure ideal of § if, for each x
in I, there is an element y in 7 such that xy =x. A pureideal I is called purely
prime if it is proper and if for any pure ideals 7, and I,: Iy NI, C I implies I; C [
or I, C1I

Analogous to the construction of the pure spectrum of a ring developed in [1],
we will construct the pure spectrum of S. For this purpose in section 2 we will
establish some basic properties of pure and purely prime ideals of S. In section 4 we
introduce the notion of quotient S-systems and investigate the properties of them.
The notions of a presheaf and a sheaf of S-systems are introduced in section 5. We
shall prove in sections 5 and 6 sheaf representation theorems for S.

For the definitions and notions used here we refer to [1] and [2].

2. Pure ideals of a monoid with zero.

A monoid with identity 1 is called a monoid with zero if it has an element 0, called
zero, such that Ox = x0 = 0 for all x &€ §. In particular by (0) we denote the
monoid with zero consisting of only one 0 such that 00 =0.

A mapping f:S—> T of two monoids with zero is called a homomorphism of
monoids with zero, if

(1) fGy)=fx)f(y) foral x,y €S,

(2) f()=1 and f(0)=0.

Now, let 4, B be two subsets of .S. Then we define a subset AB of S by

AB={ab|a€A4 and bERB).

A non-empty subset J of S isa (right)ideal of § if JS CJ. A right ideal J is
proper if J+# §. A non-empty subset. / of § is a two-sided ideal if IS CI and
SICl.

DEFINITION 2.1: Let I be a two-sided ideal. Then [ is called (right) pure
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if for any x €1, there is an element y €[ such that xy =x.

PROPOSITION 2.2. Let I be a two-sided ideal of S. Then I is(right) pure if
and only if

JNI = JI forany (right) ideal J of S.

PrROOF: Suppose I is a pure ideal of S. Since J is a right ideal of S, JICJ.
On the other hand, I is a left ideal, so JI CZ. Hence JICJNI.

Now, let x €J N[ Since I is pure, there exists an element y in I such that
xy =x. Since x €J and y €/, xy €JI. Thisshows x&€JI and JNICJI. Hence
JNI=JIL

Conversely, let us assume that J N/ =JI for any ideal J of S. We show that
I is pure. Let x be any element of /. Since xS is a right ideal of S and 7 isa
two-sided ideal, xS N J=xSI Cx]. Since xE xS and x €7, x €xS NI, It follows
x €xI. Hence there exists y in I such that x =xy.

PROPOSITION 2.3.

(1) (O)and S are pure ideals of S.

(2) Any union of pure ideals is a pure ideal.

(3) Any finite intersection of pure ideals is a pure ideal.

ProOOF: (1): (0)and S are obviously pure ideals of S.

(2): Let (Ix)xex be afamily of pure ideals of S. Then Upcgly is a two-sided
ideal of S.

Suppose x € Ugeg Iy, then there exists k¥ € K such that x €. Since I is
pure, there exists y €, such that x =xy. It follows ¥ € Ugeg I;. Hence Upex !y
is a pure ideal of S.

(3): Let I; and I, betwo pure idealsof S and x €I, N1,. Since x €1, and
I, is pure, there is an element y; € I; such that x = xy,. Similarly, there is an
element y, €1, such that x = xy,. Thus we have x =xy; = (xy1)¥2 =x(¥1¥2).
But y,y, €I, NI, so I; NI, is pure.

PROPOSITION 2.4. Let I beany ideal of S. Then I contains a largest pure ideal.
We call it the pure part of I and it is denoted by P(I).

Proor: Let P(J) be the union of all pure ideals contained in 7. Such ideals
exist, for example, (0). By the above proposition, P(I) is a pure ideal. It is indeed
the largest pure ideal contained in 7,

PrROPOSITION 2.5. Let I, J be two ideals of S and (Ix)irex a family of ideals
of S. Then

(1) PINJT)=P()NPWJ),

(2) P(Urek Ix) 2 Urex P(Ix).
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Proor: (1): Since P(I) CI and P(J) CJ, P(I) NP(J)CINJ. But
P(Iy N P(J) is pure by Proposition 2.3, so P(I) N P(J) C P(I N J). On the other
hand, PUNJYCINJCTI and P(INJ) is pure, so P(INJ)CP(I). Similarly,
P(INJ)C P(J). Hence P(INJ)C P(I) N P(J). Thus P(INJ)=P(I) N P(J).

(2): Since P(I})CIy and P(I) ispure forall Kk €K, Upegx P(Ix) € Urexlx
and Uppeg P(I;) is pure. By the definition of P, we have UpexP(Ir) C
P(Urek Ix)-

DEFINITION 2.6: Let I be a pure ideal of S. Then [ is called purely maximal
if I is maximal in the lattice of proper pure ideals.

DEFINITION 2.7: A proper pure ideal / of S is called purely prime if it satisfies
the property that for any pure ideals /; and I; of S,

I,NI,CT implies I; €T or I, C1.

ProOPOSITION 2.8. Any purely maximal ideal is purely prime.

PrROOF: Suppose / is purely maximal and 7,, 7, are pure ideals such that
I, NI, CI. Now suppose [, € I. Then I,U I is a pure ideal such that /CI,u [l
and 7# I, UICS. Since I is maximal, 7, UI=S, It follows that [, =1, NS =
LNUND=UNINHU I, NIN)CITUI=] Thisshows [ ispurely prime.

PROPOSITION 2.9, The pure part of any maximal ideal is purely prime.

PrROOF: Let M be a maximal ideal of § and P(M) its pure part. Suppose
I, CPM with I,,I, pure. If I; CM, then I, C P(M) and the result
holds. If I, ¢ M, then I, UM =S, Thenwehave L=, NS=LN{,UM)=
LNLHHYVILNM)CMUM=M. Hence I, C P(M), since I, is pure. This shows
P(M) is purely prime.

ProOPOSITION 2.10. Any proper pure ideal is contained in a maximal pure ideal.

PrROOF: Let I be a proper pure ideal of S. Consider the set, ordered by inclu-
sion,

X = {J\J isaproperidealand ] CJ}.

Then X+ O since /€ X. Forany J€X, 1€&J since J is proper.

Let (Jx)kex be any non-empty totally ordered subset of X. By Proposition
2.3 Upeg Iy is a pure ideal such that 1€ Upep Jr and JC Ugeg Ji. Therefore
Urex Jx € X. This shows that X is inductively ordered. Hence by Zorn’s lemma, X
contains a maximal element J suchthat /CJ. Now let J' be any proper ideal such
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that JCJ', Since ICJCJ', J'EX. Since J is maximal in X, J' =J. This shows
J is purely maximal.

ProposITION 2.11. If I isapureideal of S and a & I, then there exists a
purely prime ideal J such that ICJ and o & J.

PrOOF: Let us consider the set X ordered by inclusion:
X={J|J isapureideal, 7CJ and a ¢ J}.

Then X# @ as 7€ X, Let (Jy)rex be any non-empty totally ordered subset of
X. By Proposition 2.3, Upcg Jx is a pure ideal such that 1€ Ugeg Jx, 1€ J and
a ¢ Ugeg Ji. This shows Upegx Ji €X. Hence X is inductively ordered. Then by
Zorn’s lemma, X has a maximal element J such that J is pure, ICJ and a € J.
We claim that J is purely prime. Suppose I; and I, are pure ideals such that I, &J
and I, & J. Since Ip(k=1,2) and J are pure, I3 U J is a pure ideal such that
JC I, VUJ, We then claim that ¢ € I, UJ (k = 1,2). Because,if a & I; UJ, then
by maximality of J, we have [ UJ CJ. This contradicts the assumption I & J.
Hence a€ ([, VNN, V)=, NI;)UJ. Since a & J, it follows that ¢ €1, N1,
and so Iy NI, € J. Hence by contraposition, we conclude that J is purely prime.

ProroSITION 2.12, Let I be a proper pure ideal of S. Then I is the intersec-
tion of the purely prime ideals of S containing I

Proor: By Propositions 2.8 and 2.10, there are purely prime ideals containing
a proper pure ideal J. Let (Jyx)xex be the family consisting of all purely prime ideals
containing 7. Since I CJy forall k €K, I C NigexJi. Toshow I2DNgex i
we show the complement:

C o)
°c u Je.

kEK

Let a ¢ I Then by Proposition 2.11, there exists a purely prime ideal J, for some
kek sgch that 1 CJ, and a ¢ J;. It follows aEJ,fg Ugex /5. Hence 1€ C
Urex Ik -

3. Pure spectrum of a monoid with zero.

In this section S will denote a monoid with zero.

DEFINITION 3.1.: We denote by p(S) the lattice of pure ideals of § and by
pp(S) the set of purely prime ideals of S. For any pure ideal 7 of S, we define

O;={Jepp(S)I1IZJ} and 7(pp(S))={O;IIEP(S)).
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THEOREM 3.2. The set 7(pp(S)) forms a topology on the set pp(S). More-
over the assignment

I+ O

is an isomorphism between the lattice p(S) of pure ideals of S and the lattice of
open subsets of pp(S).

ProoF: First, we show that 7(pp(S)) forms a topology on the set pp(S).
Note that Oy = {J € pp(S)1(0) J} = 0. Thus O, is the empty subset of
pp(S). On the other hand, Og = {J € pp(S) | S E J} = pp(S). This is true since
purely prime ideals are proper. So ®g = pp(S) is an element of 7(pp(S)).

Now let @y, 87, € 7(pp(S)) with I, I, pureideals of S. Then

{(JEPP(S)11, L7 and I, T J )
{(vepp(S)ILNL T JT)

= Orng,-

©;, N &y,

This follows from the equivalence:
LNnngrs<=I1,4J and I, ¢ J.
We prove the above equivalence. Since J is purely prime,
LnnLcs=1,CJorI,CJ

Hence I, ¢ J and I, ¢J implies [, NI, @ J. Conversely if I, CJ or [, CJ then
I, "I, CJ. This shows I, NI, ¢J implies I, @ J and I, ¢ J. Thus we have
©7, N O, =01y,

Next, let us consider any family (Ix)rex of pure ideals. Since

U 6= U (Jemp(5)I1,27)

{J€pp(S)| Ik EK sothat I;; T J}
{Jepp(S)IkgKIkQJ}

= OUrexix

and since, by Proposition 2.3, Ugeg I is pure, it follows that Ugeg ©r, is con-
tained in T(pp(S)). Thus the set 7(pp(S)) of subsets ©; with I pure constitutes
a topology on the set pp(S).

Let ¢ : p(S) = 7(pp(S)) be the mapping defined by the assignment 7 — Oy,
Then it follows from the above that the prescription ¢(I) = @7 preserves finite N
and arbitrary U, Thus ¢ is a homomorphism of lattices.

To conclude the proof we must show that ¢ is bijective, In fact, we need to
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prove the equivalence:
I,= I, <> @, =©j, forany pure ideals I, and 1.

Suppose ©, = @, . If I+ I, then we may assume that there exists an element
x €1, and x & I,. Then, by Proposition 2.11, there exists a purely prime ideal J
such that I, CJ and x ¢J. Hence /; ¢J and so JE€ ®; . By the assumption
91, =0y, we have J € @ . This means that I, € J which contradicts to I; CJ.
Thus we have I, =1,.

DEFINITION 3.3: The pure spectrum of § is the set pp(S) of purely prime
ideals provided with the topology 7(pp(S)) given in the above theorem. We denote
the toplogical space by Spp(S).

PROPOSITION 3.4,
(1) Spp(S) is a compact space.
(2) ©j isopen and closed in Spp(S) if and only if @7 =0 or pp(S).

PrOOF: (1): Let Ugex 7 = pp(S) be any open covering of pp(S). Then
Urerx Iy = 8. Since 1€ 8§ = Ugeg Iy, there exists I containing 1 for some k € K.
This shows I =S and so pp(S) = Oy (finite covering). Hence Spp(S) iscom-
pact.

(2): Let ©;, with I pure, be an element of 7(pp(S)) which is open and
closed. Then there exists ©7, with J pure, such that ©; U @y = pp(S) and
©;,NO;=10. Since l€S=JUJ, it follows that

I=S and J=(0) or I=(0) and J=S.
Thus ©; =0 or O; = pp(S).

4. S-systems.

In this section § will denote a fixed monoid with zero.

DEFINITION 4.1: An S-system A, denoted by Ag, is a set 4 with a function
A x 8~ A such that if ax denotes the image of (2,x) for a€A4 and x €S, then
the following conditions hold:

(1) (ax)y=a(xy) for a€ 4 and x, y €S5.

(2) A contains a fixed element 8, called zero of A4, such that 8x = @ for

all xe 8.

(3) Forall ac A4, a0=0 and al =a.
If there is no confusion, we will denote simply by A.

A sub S-system B of Ag, denoted by Bg C Ag, is a subset of A such that
bx €B forall b€B and x €S. For two S-systems Ag and Bg, a mapping f:
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Ag = Bg is an S-homomorphism if
flax) = f(a)x forall ac€Ag and x ES.

We mean by Homg(Ag, Bg) the set of all S-homomorphisms from Ag to Bg and by
Endg(Ag) the set of all S-endomorphisms of Ag. We shall denote by Mg the cate-
gory of all S-systems and S-homomorphisms.

Now, we note that the given monoid § with zero itself and every right ideal [
of § are also S-systems.

DEFINITION 42: Let S be a given monoid with zero and 7 a monoid with
zero. Then T is called an S-monoid with zero if T has a structure of S-system such
that (xy)s =x(ys) for x,y €T and s E€S. For two such S-monoids T, and T,
with zero, a homomorphism of monoids with zero f: Ty = T, is called a homomor-
phism of S-monoids with zero if f is an S-homomorphism,

Let S be a monoid with zero and T an S-monoid with zero. Then an S-system
A iscalled a T-S-system if A isa T-system such that

(ax)s =a(xs) forall a€A4, xET and sES.

ProrosITION 4.3. Let S be a monoid with zero and A an S-system. Then the
followings hold:

(1) Endg(4) is a monoid with zero.

(2) For eachright ideal I of S, I isan S-system.

(3) For each pure ideal I of S, Endg(l) is an S-monoid with zero and
Homg(I, A) is an Endg(I)-S-system.

(4) Moreover if S is commutative, then Endg(l) is also commutative for a
pure ideal I of S.

PROOF: (1): Let £, g be elements of Endg(A). If we define fog by the
composition: fog(a) = f(g(a)) forall e € A and elements 1,0 in Endg(4) by
1(a)=a,0(a) =0 forall a€ 4, then Endg(A) is a monoid with zero.

(2): Since ISCI and O€], I isan S-system.

(3): Let I be a pure ideal of S. Foreach f& Homg(l, A) and s€ S, since [
is a left ideal, we may define fs by

(fs)(x) =f(sx) foral xe€l.

For the action, the element 0, defined by 0(x) =0 for all x € I, is a zero element
of Homg(I, A). Thus Homg(l, A) is an S-system. In particular, together with
above (1) and (2), Endg(l) is an S-monoid with zero.

The S-system Homg(l, A) can be made into an Endg(/)-S-system with the
action defined by the composition foy for fE€ Homg(l, A) and ¢ € Endg(I).

(4): Let now S be commutative and f, g elements in Endg(l). If x isan
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element of 7 then we can find y €7 such that x = xyp, Since S is commutative,
g(xy) = xg(y). Then (fog)(x) = f(g(x) =r(g(xy)) =f(xg(¥))=f(x)e(y)=
g )f(x) = g(f(x)) = g(f(x)y) = g(f(xy)) = (g2 f)xy) = (g °f)(x). Thus

Endg(I) is commutative if S is commutative.

DEFINITION 4.4: let A bean S-system and B a sub S-system of 4, Now, we
define a relation ~ on A by

a~d <a=d or a,d€B.

Then ~ is an equivalence relation on 4 and it is compatible with the action of S,
that is,

a~da,x€S = ax~a'x.

We denote by [a] the equivalence class of ¢ € 4. Thus A/~ is an S-system if we
define the action of S by

[2]x = [ax] fora€A and xES,

which is denoted by A/B, called the S-quotient of A by B. Inparticular,if I isa

right ideal of S, then I is a sub S-system and so S/ isan S-system. Moreover, if

I is a two-sided ideal of S, then the equivalence relation ~ is a congruence on S.

This is just the Rees congruence on S and S/I is the Rees quotient of S by a two-

sided ideal 1. If we define the multiplication by [x] [y] = [xy] forall x,y €S,

then S/I is a monoid with zero such that ([x] [¥])s=[x]1([¥]s) for x, y, sES.
Thus we have

PROPOSITION 4.5. Let A be an S-system and B a sub S-system of A. Then
the followings hold:
(1) A/B isan S-system.
(2) For every two-sided ideal I of S, the Rees quotient S/I is an S-monoid
with zero.

Let A be an S-system and [/ a right ideal of S. Consider the subset of A:
Al = {ax|a€A and xE1}.

Then A7 is'asub S-system of A4,

PROPOSITION 4.6. Let A bean S-system and I a pure ideal of S. Then
Al={a€A|a=ax forsome x&€I}.
PrRoOOF: Clearly each a € A such that a =ax forsome x €7 isin Al, Con-

versely, suppose @ = a'x’ € AI. Since I is a pure ideal, we can find y’' €1 such that
x'=x'y. Thus a=d'x'=d'xy' =ay'.
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PrOPOSITION 4,7, Let I beapureidealof S. If A and B are two S-systems,
then any S-homomorphism AI— B factors through Bl

PrOOF: Let f: Al - B be an S-homomorphism. If a € AI, then by the
above proposition, there is an x € I such that a = ax. Therefore, f(a) =f(ax)=
fle)x€BI,

PROPOSITION 4.8. Let I be a pure ideal of S and A an S-system. Then, for
a family (Ax)rex of sub S-systems of A and sub S-systems B, C of A, we have

(1) AIN(UgegAdr) = Ukex (41N A4y),

(2) BN AIVC)=(BNANU(BNC(C),

(3) AIUBNCO)=ATVUB)N(ATUC(C),

(4) BUUINC)y=BUADHNBUC(C).

Proor: This follows from the distributive properties of union and intersection
of sets.

DEFINITION 4.9: For a pure ideal 7 of § and an S-system A, we define the
set

CAI={a€Alax=6 forall x&J).
Then CAI is asub S-system of A.

PROPOSITION 4.10. CAI is the largest sub S-system of A whose intersection
with Al is zero.

PrOOF: Consider the sub S-system K = U,jnr=(s)T where all T are sub

S-systems of A. Then by the above proposition,
AINK=AIn (Aml%=(e)T) B AmlzJ'=(a)(AIn D=

Thus X is the largest sub S-system of A whose intersection with A7 is (6).

We show that K = CAI let k€K and x €I Then kx €K N Al = (6);
s0 kx =0 and k€ CAL

Now suppose @ € CAI. We will show that aSN ATl =(0). If xEaS N Al then
by Proposition 4.6, there exists an element y €7 such that xy = x. On the other
hand, since x € aS, there exists an element z €S such that x =2z, Hence x =
xy =azy with zy €. But then x = 6 since a € CAIl, Hence 2S5 C K and this
implies that ¢ €K, Thus K = CAL

ProrosITION 4.11. Let I, J be two pure ideals of S, (Ix)krex @ family of
pure ideals of S and A an S-system, Then
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(1) ACIC CAl

(2) ICJ = CAIDCAJ,

(3) CA (Ugex Ix) = Ngex CAlL,
(4) CA(UINJT)2 CATVU CAJ.

ProoF: (1): Note that CI=CSI={r€S|rx=0 forall x€/7} and ACI=
{arla€A and redr}.
Let ar € ACI. Then (ar)x = a(rx) =a0 = 0 for all x €7. This shows ar €
CAI Hence ACI C CAI
(2): This is obvious,
3
CA (klEJKIk) = {a€A |lax =10 forall xeklélKIk}

=({a€Alax=0 for YkEK and VxEI;}
= N {a€Alax=0 for ¥VxEI}
keK

N CAIL.
kEK
(4): The second relation implies CA(I NJ)} D CAI and CA(INJ) 2D CAJ. This
implies C4 (I NJ) 2> CAI'U CAJ. This completes the proof,
Note that for a pure ideal 7 of S, 7=S7I isan S-systemand CT={r&€S|m =0
forall x&r}.

PROPOSITION 4.12. Let I be a pure ideal of S. Then CI is a two-sided ideal of
S and the left annihilator of I

PROOF: By definition
L—dAnnl={resS|m=0 forall x€I} = CIL

To show that CI is a two-sided ideal of S, let €I and sE€S. Forevery x €1,
we have sx €1, xs€1 and (rs)x =r(sx) =0, (sr)x =s(rx) =50 =0. This shows
¥s, sr €CI. Hence CI is a two-sided ideal of S.

5. First representation theorem.

DEFINITION 5.1.: Let X be atopological space and 7(X) the category of open
sets of X and inclusions.

A presheaf P of S-systems on X is a contravariant functor from the category
7(X) to the category Mg of S-systems, that is, it consists of the data:

(a) for every open subset UC X, an S-system P(U), and

(b) for every inclusion V' C U of open subsets, an S-homomorphism
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poy: P(U)~>P(V)

subjects to the following conditions:
(1) P(D)=(8), where @ is the empty set,

(2) phy: P(U)~>P(U) is the identity map, and
(3) if WC VC U are three open subsets, then

? _ P P
Puw = Pvw © Puv-

If 2 is a presheaf on X, P(U) is called the section of the presheaf 2 on the open set
U and the map p?}V are called restriction maps, and often the notation a«|, isused
instead of pfy (@) if a€P(V).

A presheaf F on a topological space X is called a sheaf if the following addi-
tional conditions are satisfied:

(4) if U isan open set, if (Vi)xex is an open covering of U, andif aly, =

Bly, for a,BEF(U) andall Vi, then a=4.

(5) if U is an open set, if (Vi)rex Is an open covering of U, and if we have
elements o € F(Vy) for each k € K, with properties that for each k,
€K, oglypny; = arlygnyy, then there is an element o €F (U) such that
aly, = oy foreach kEXK.

If a presheaf P satisfies the above condition (4), P is said to be separated.

Let P be a presheaf (resp. sheaf) of S-systems on X. If each P(U) is an S-
monoid with zero and the pf}V are homomorphism of S-monoids with zero, then
P is called a presheaf (resp. sheaf) of S-monoids with zero.

Now, let P be a presheaf (resp. sheaf) of S-monoids with zero on X and suppose
that Q is a presheaf (resp. sheaf) of S-systems on X such that each Q(U) isa
P(U)-S-system and the maps p(Q,V: Q) » Q(V) are system homomorphisms,
thatis, if a € Q(U), fEP(U) then

P, (aB) = p2 (), (B).

Then Q is said to be a presheaf (resp. sheaf) over the presheaf (resp. sheaf) P.

We now describe a sheaf Fg of S-monoids with zero on the pure spectrum
Spp(S) of S in such a way that § is isomorphic to the monoid with zero of global
sections of this sheaf.

THEOREM 5.2. Let S be a monoid with zero. For every pure ideal I of S, the
assignment

Or > Endg(l) = Fs(I)

defines a sheaf Fg of S-monoids with zero on Spp(S) whose monoid with zero
of global sections is isomorphic to 8.
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If S is commutative, then Fg is a sheaf of commutative S-monoids with zero.

ProoF: First we prepare the data for the existence of a presheaf. By Proposi-
tion 4.3, Fg(I) = Endg(I) is an S-monoid with zero for every pure ideal I of §.
We need to define a restriction map p’fJ: Endg(l) > Endg(J) when ©7 C 0, that
is, when J C I. By Proposition 4.7, this is just the usual restriction of an S-endomor-
phism f: 7 -1 tothe sub S-system J: pjf_,(f) = f1;. By definition, prJ is a homo-
morphism of S-monoids with zero and Fg satisfies the conditions for a presheaf,
Thus we have described the presheaf Fg.

In order to show that the presheaf Fg is a sheaf, we need to check the conditions
(4) and (5) for a sheaf.

Let I = Ugcgly in p(S) and let f, g € Fg(I) such that flp =gl forall
k € K. Then for each x €I, we have x €I; for some k€ K. Thus f(x) =f|,k(x)
=gl (x)=g(x). Hence f=g and Fyg is separated.

To check the condition (5), consider [ = Ugex Iy in p(S) and a family
(xdeex Wwith fx € Endg(Iy) such that felpnp = filpng forall k I€K. For
S-endomorphisms f: Iy > Ir and f;: I; > I; which coincide on I N1;, we define
amapf: UL >I, VI by

fe(x) if x€li

T =1 e it xel.

Since fi and f; coincide on Iy N1, f is an S-homomorphism extension of f; and
1.

Now if 1, is any pure ideal in the family, then 1, N ([ WV I})) = (I, NIV
(m N 1;) by Proposition 4.8. Thusif x €L, N[ Y I), then x €, NI}) or
x € (I, NI;). Hence

(56 = fnlx) or
fl(x) = fm(x).

Thus it follows that f(x)=fn(x) for x €I, N (I U I;). This implies that the
family (Ix)rex is stable with respect to finite unions.

Now if x € Upeg Iy, then x €I, for some k£ in K. So we may define, with no
ambiguity, the map f: Ugexly > Ugex Ix by f(x) = fi(x), since two different
f1 agree on x when f;(x) make sense. The map f is clearly an S-homomorphism
extending each f; forall k €KX, This proves that Fg is a sheaf.

Next we show Fg(S) = Endg(S) = S. The isomorphism may be defined as
follows.

Define h: Endg(S) > S by h(a) = a(l), where o € Endg(S). It is easy to
show that 4 is a homomorphism of monoids with zero.

Suppose h(a) = h(B). Then a(l)=f(1). Now forall sES, we have a(s)=
a(ls) =a(1)s = B(1)s = B(1s) = B(s). Hence a =p. Therefore & is injective.

f(x)
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To show that % is surjective, let 1+ €S and define a,: 5S> S by a,(s) =t¢s
for all sE€S. Then a, is clearly an S-homomorphism. Hence a, € Endg(S) and
h(oy) =0a,(1)=1t1=¢. Thus A is also surjective.

Finally, if S is commutative, then Fndg(/) is a commutative S-monoid with
zero by Proposition 4.3. This completes the proof.

We prove an analogous representation theorem for an S-system A.

THEOREM 5.3. Let A bean S-system, For every pure ideal I of S, the assign-
ment

8; > Homgs(l, 4) = F 4 (I)

defines a sheaf F4 of S-systems over the sheaf Fg of S-monoids with zero on
Spp(S) defined by Theorem 5.2.
A is isomorphic to the S-system of global sections of F4.

Proor: First we note that the set F,(J) = Homg(l, A) is an Endg(I)-S-
system for each pure ideal 7 by Proposition 4.3.

Suppose J is a pure sub-ideal of J, then any S-homomorphism f: 7 - A4
restricts to an S-homomorphism fly:J = 4. This produces the necessary restriction
map p%,: Homg(I, A) ~ Homg(J, A): p,(f) = f1;. By construction, 4 (/) and
p‘:’ define a presheaf of S-systems on Spp(S). Moreover, if ¢ € Endg(1) = Fg(I),
then (foy)ly=flyo¢l;y which implies that the restriction map is a system homo-
morphism.

By methods similar to those of the above theorem, we may verify that ¥, isin
fact a sheaf of S-systems on' Spp(S). Thus #, is a sheaf over Fg.

Finally, we show that ¥, (S) = Homg(S, A) is isomorphic to A. Define h:
Homg(S, A) > A by h(a) =a(l); k is an S-homomorphism since h(ar)=ar(l)=
a(r)y=a()r=h(c)r for res.

Suppose h(a) = h(B) for «, p € Homg(S, A). Then a(l)=p(1). For sES,
a(s)=a(ls) = a(1)s = B(1)s = B(s). This implies that a =f.

In order to show that % is surjective, suppose @€ A. Then the map a,: S~ A
given by

az(s)=as for ses§

is an S-homomorphism from § to 4 and h(o,) = o,(1) = al =a. Hence s isa
surjection. Thus the S-system %4 (4) = Homg(S, A) of global sections of F, is
isomorphic to 4.

6. Second respresentation theorem.

Let S be a monoid with zero and I a pure ideal of S. Then by Proposition 4.12
Cl={reS|lrx=0 foral x&rl}
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is a two-sided ideal of S and so S/CI is a monoid with zero. The congruence ~; on
S is defined by

r~ys =r=s5 ortrs€CL

We denote the equivalence class of r €S by {r]; orsimply [r]. Define the action
of § on S/CI by

[r]ls=[rs] for [r] €S/CI and sES.

Then S/CI is aright S-system and so S/CI is an S-monoid with zero.

THEOREM 6.1. Let § be a monoid with zero. For any pure ideal I, the assign-
ment

0, S/CI =Pg(I)

defines a separated presheaf Ps of S-monoids with zero of Spp(S).

Proor: If J isa pure sub-ideal of /, then we may define a mapping pr.: S/CI
- §/CJ since CI C CJ by Proposition 4.11. If [r] € S/CI then we denote the
image o7, ([r]) by [r]1y € S/CJ. Since, by definitions, [rs]; = [r]s[s]s =
[rlss, the map pz. is an S-homomorphism and a homomorphism of monoids with
zero. Thus we have a presheaf Pg of S-monoids with zero on Spp(S).

In order to show that Pg is separated, let /= Ugeg Ix €Ep(S) and [r], [s] €
S/CI such that [r] 1y = [s]l; €S/CI; forall kEK. If r=5 then [r] =[s] €
S/CI and the result holds. If r# s then r, s € CI; foraii Kk €K. Hence r, sE€
Niex CIy = C(Urexly) = CI by Proposition 4.11. This means r ~; s, that is,
[r] = [s] €S/CI. Thus Pg is separated.

In order to construct a sheaf Fg associated to the presheaf Pg, we need some
necessary definitions,

DEFINITION 6.2: Let ({¢)rex be a family of pure ideals I of S. Then (I )rex
is called a pure covering of I if I= Uk Iy.
A family of elements

a = ([re] €5/Chi)kex

is called a compatible family of elements for a pure covering (/3 )x=x of I if for any
k l€K

[re]lpng = [r] g € S/CU N ).

Let (Ix)kex, (Jiier be pure coverings of 7 and a = ([ry] € S/Cli ek, B =
([s1] € S/CI ez, two such compatible families. Then they are equivalent, denoted
byoa~@f, ifforany k€K and /€L,

e gy = [s1) 1, € S/IC U N ).
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ProvposITiION 6.3.  The relation ~ is an equivalence relation on the set of
compatible families for a pure ideal T of S.

ProoOF: (1): a~a and (2): a~ =~ « are trivial from the definition.
To show the transitivity, suppose that

= ([ri] €S/Chi)kex ~B=([s] €S/Cli)er and
B =([s1] €S/Clier ~ Y = ([tm] €S/Cly)men.

Then we show that, for any k€K and mEM, [rx] | ng, = [tm] g ny,. Since
LN, =Ue, NI, NL)Ep(; NI,) and the presheaf Pg on Spp(S) is
separated, it is sufficient to show that for any /€L

([re] g nr ) neng, nn = (Lom] Loz, e n g n e
But this follows from the assumption:

el lgng = [s:) lpeng and  [s:)1png, = [tm ] g0,

DEFINITION 6.4: We denote by Fg(/) the quotient by this equivalence relation
~ on the set of all compatible families for a pure ideal 7 of S.

DEFINITION 6.5: Let (J,,)men and (Ix)rex be pure coverings of I. If for
each J,, (m € M) there exists [, such that J,, C I, we say that (J,,;,);menm is

smaller than (I} )xex and denote (Jp, hmem < Ux)kek.

PROPOSITION 6.6. Let a € Fg(I) be any element and
a=([rx] € 8/Cli)ek
its representative family of elements. If (J,))mem < Uxdkek. then the family
B=(Irelly,, € S/Clm)mem

is equivalent to &, where J,, C I;.

ProoF: First we show that $ is compatible. For each m, n €M, let J,, CI;
and J, C ;. Then we need to show that ([rx]l;, )s,ns, = (Unl s, 0,
Since a is compatible, [rx] I ng = [#1] g Ay Since J,, NI, C I N1, it follows
[red s, Az, = [ 15,,n7,- Hence B is compatible.

To show a« ~ B, let [ry] € S/Cl and [n]l;, € S/CJy with J,, C1;.
From the compatibility of o, [ri]lgng = [1llpng and so [rllgagng, =
(7] lzzn g0y, Since Jy, C 14, it follows

[re) g0, = M) o, = Urd i, ) g,
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Hence a ~ 8.
As corollary we have

ProOPOSITION 6.7. Let Oy, ..., 0, beany finite elements of Fg(I). Then
there exists a pure covering (Iy)rex of I such that each a; (i=1,2,...n) hasa
representative family of elements valued in the same S/CI; forall k€K

;= ([rP] € S/Cl ke

Now we can define a structure of an S-monoid with zero of Fg(I) as follows,

DEFINITION 6.8: Let (fx)rex be a pure covering of 7 and @, B € F5(I) with
representative families o = ([rr] € S/Chi)rex and B = ([sx] € S/Cl)kex. We

define
ehn a+B=({re] + [sk] €S/Cl)rex,
as = ([ry] s €ES/CI)rex for sES,
0=([0] €S8/Clx)kex and 1 =([1] €S/Cl)rek-
Then we may defineas a+f=a+p, as=as and 0,1 €Fg(I).
Next, let J C/7 in p(S) and a€ Fg(I) with representative family o= ([r;] €
S/Ch ) rex. We define a mapping
pr: Fs() > Fs()

by p7 (@) =al; with aly=([re] l5,ns €S/CUx NIrex. Then p; is a homo-
morphism of S-monoids with zero.
Finally we note that there is an injective homomorphism of monoids with zero

Ar: ?S(I) = S/CI g 9'—3([)

which is defined by sending [r] € S/CI to the family ([r] €S8/CI) for a single pure
covering of 7 itself.
Thus we have constructed a presheaf Fg of S-monoids with zero on Spp(S).

THEOREM 6.9. The presheaf Fg associated to the presheaf Py defined by
©; > S/CI = Pg(I) is a sheaf of S-monoids with zero on Spp(S); its monoid with
zero of global sections is isomorphic to S.

ProoF: First we check the condition (4) for a sheaf. Let @, f € Fg(/) and
I=U,,cyJ, and suppose that
aly, = By, €Fs(/y) forall meM.

Let a= ([r;] €ES/CLwex and B = ([s;] € S/ChL),e;, be tepresentative families
of @ and B. Since aly, =rxl s, €S/CUm NIx))kex isequivalent to Bl =
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({s:) s, € S/C(Jm NI))icL, We have
() i N0 Gy = (sl ) 6, np00 g

for each [rg]ly, and [s;]ls,. This means [relly, npong = (8] lr, npng
Since I NI;= UmEM(Ik N1 nJm) and QS is separated, [rk] |[km11 = [SI] l[anl.
Thus e¢~f andso a=4§.

Next we check the condition (5) for a sheaf, Let I = U,,cyJ,, € p(S) and
(0 €E Fg(J i) menm 2 family such that forany m,n€M

@y Ly, 00, = iy, 0,

Let o, = ([rmzx] € S/Clmk)mkEMm be a representative family of a,, fora pure

covering (nx)mrem,, °f Im-
Consider

o = ([rme) € S/CImtImreV,,cprm-

Then we easily observe that « is also compatible and so a € Fg(I). From the com-
patibility of o and the construction, we may see that al;, ~ a,. Thus Fg is
indeed a sheaf.

Finally we need to show that the injection

Ag: S =S8/(0) = S/CS = Fg(S)
is surjective, Let « = ([ry] € S/CIy)xex be arepresentative family of any element

a of Fg(S). Then, by the compatibility of «, for any k, / € K, the following
equality holds:

(el lpeng = ) lgeng

On the other hand, since Ugexly = S 1, there exists /€K such that 1€/;,=3S.
Take r = r; €S, then the above equality shows that Ag(r) = ([r;] € S/CI) is
equivalent to ([rx] €5/CIx)rex. Thus Ag is surjective.

We proceed now to construct an analogous sheaf representation ¥4 for any
S-system A.

PROPOSITION 6.10. Let A be an S-system. For any pure ideal I, the assign-
ment

@; > A/CAI =P, ()
defines a separated presheaf P, of S-systems over Py on Spp(S).
ProOOF: Since for a pure ideal I of S, CAI isasub S-system of A, P,(I)=

A/CAI is an S-system.
We may define an action of S/CI on A/CAI by [a] [s] = [as] for a€ 4
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and s €S. Then P4 () is an S/CI-S-system, since ([a] [s])r= [as]r= [asr] =
[a] [sr] = [a]l([s]r) for rE€S. If JCI in p(S), then CAJ D CAIl and thus
there is a quotient S-homomorphism

pZ: A/CAI > A[CAJ.

Since ([a] [s])ly= [a]ls[s]ly, pf, is a system homomorphism. Thus we have a
presheaf P4 over Pyg.

To show that P, is separated, consider J = Ugex I in p(S), and [a], [b] €
A/CAI such thatforany k, [a]ip =[] € A/CAly. If a=b, then [a] = [b]
and the result holds. If 4 # b, then a, b € CAI;, forall k € K. Then it follows
a, b € Nyeg CAI, = CAI andso {a] = [b] €EA/CAI. This shows P, is separated.

Analogous to Fg associated to Pg, we may construct a presheaf F, associated
to the separated preseheaf P, as follows.

DEeFINITION 6.11: An element in F4 () is represented by a compatible family
([ax] € A/CAL))rex of elements for a pure covering (Ix)xzex of I, two such
families ([ax] € A/CAI)rex and (la;] € A/CAL)e; are equivalent if for any
[a;] € A/CAI, and [a;) €EA/CAL,

lax] o = lail lpng € S/CA I N 1))

We need to define an action of Fg(I) on the S-system %4(I). An element in
Fs(I) is represented by a compatible family ([r;] € S/Cl)),c;, for a pure covering
(II)IEL of I. Define

([axDkex Urier = ((ammDmem

where (I,,;)near is @ smaller pure covering common to (/x)rex and (Ip)ey,.
For JC 17 in p(S), the assignment

([ax] €A/CALYkex = (Lak] jnr € A/CAUTx N N)rek
defines the restriction map
pryt Fall) > Fal))

which is an S-homomorphism and a system homomorphism. Thus we have con-
structed a presheaf ¥, over Fg.

THEOREM 6.12. The presheaf F4 associated to the presheaf Py (I) defined by
the assignment

O ~ A/CAI = P4 (])

is a sheaf of S-systems over the sheaf Fg of Theorem 6.9; its S-system of global
sections is isomorphic to A,
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PROOF: Analogous to the proof of Theorem 6.9, we may prove that the presheaf
F4 isindeed a sheaf,
Consider the S-homomorphism

\r: AJCAI =P, (1) > Fu(l)

which sends [a] € A/CAI on ([a] €EA/CAI € F, (1) for the single pure covering
of 7 itself. Clearly the mapping A; is injective. In particular we have an injection

Ag: A = A/(6) = AJCAS - F,(S).

We shall prove that this is a surjection and thus an isomorphism.

Consider an element &« in F4(S) represented by a family a = ([ax] €
A/CAI)rex where (Ix)xeg is a pure covering of S. Since 1 €S = Ugeg I,
there exists /€ K such that 1 €7, =§. Now take @ = q; € S. Then we need to
prove that Ag(a) = ([a;] € A/CAI) is equivalent to « = ([ax] € A/CAI) ek
But this follows from the compatibility of a. This completes the proof.
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