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1. Introduction. 

In this paper S will denote a monoid with zero, that is, a semigroup with identity 
1 and two-sided zero 0. Each S-system A is assumed to be right unitary (i.e. A 1 =A) 
and centered (i.e. A has a fixed element 0 such that aO = 0x = 0 for all a EA 
and x ES). A two-sided ideal I of S is called a pure ideal of S if, for each x 
in I, there is an element y in I such that x y = x. A pure ideal I is called purely 
prime if it is proper and if for any pure ideals I 1 and I2 : I 1 n fz i;;;; I implies I 1 i;;;; I 
or I2 i;;;; I. 

Analogous to the construction of the pure spectrum of a ring developed in [ 1] , 
we will construct the pure spectrum of S. For this purpose in section 2 we will 
establish some basic properties of pure and purely prime ideals of S. In section 4 we 
introduce the notion of quotient S-systems and investigate the properties of them. 
The notions of a presheaf and a sheaf of S-systems are introduced in section 5. We 
shall prove in sections 5 and 6 sheaf representation theorems for S. 

For the definitions and notions used here we refer to [1] and [2]. 

2. Pure ideals of a monoid with zero. 

A monoid with identity 1 is called a monoid with zero if it has an element 0, called 
zero, such that Ox = xO = 0 for all x E S. In particular by (0) we denote the 
monoid with zero consisting of only one O such that 00 = 0. 

A mapping f : S ➔ T of two monoids with zero is called a homomorphism of 
monoids with zero, if 

(1) f(xy) =f(x)f(y) for all x,y ES, 
(2) f(l) = 1 and f(O) = 0. 

Now, let A, B be two subsets of S. Then we define a subset AB of S by 

AB = { ab I a EA and b E B} . 

A non-empty subset J of S is a (right)ideal of S if JS i;;;; J. A right ideal J is 
proper if J =I= S. A non-empty subset I of S is a two-sided ideal if IS i;;;; I and 
Sii;;;;I. 

DEFINITION 2.1: Let / be a two-sided ideal. Then I is called (right) pure 
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if for any x E /, there is an element y E / such that xy = x. 

PROPOSITION 2.2. Let I be a two-sided ideal of S. Then I is (right) pure if 
and only if 

J n I = JI for any (right) ideal J of S. 

PROOF: Suppose I is a pure ideal of S. Since J is a right ideal of S, JI~ J. 
On the other hand, I is a left ideal, so JI ~ I. Hence JI ~ J n /. 

Now, let x E J n I. Since I is pure, there exists an element y in / such that 
xy = x. Since x E J and y El, xy Ell. This shows x EJJ and J n I~ JI. Hence 
JnJ=JI. 

Conversely, let us assume that J n I= JI for any ideal J of S. We show that 
/ is pure. Let x be any element of I. Since xS is a right ideal of S and I is a 
two-sided ideal, xS n I = xSI ~ xi. Since x E xS and x E /, x E xS n I. It follows 
x E xi. Hence there exists y in I such that x = xy. 

PROPOSITION 2.3. 
(1) (0) and S are pure ideals of S. 
(2) Any union of pure ideals is a pure ideal. 
(3) Any finite intersection of pure ideals is a pure ideal. 

PROOF: (1): (0) and S are obviously pure ideals of S. 
(2): Let (h)kEK be a family of pure ideals of S. Then UkEKik is a two-sided 

ideal of S. 
Suppose x E UkEKh, then there exists k EK such that x Eh. Since h is 

pure, there exists y Elk such that x =xy. It follows y E UkEKh- Hence UkEKh 
is a pure ideal of S. 

(3): Let / 1 and / 2 be two pure ideals of S and x E / 1 n 12 • Since x E / 1 and 
I 1 is pure, there is an element y 1 E / 1 such that x = xy 1 . Similarly, there is an 
element Y2 E / 2 such that x = XY2. Thus we have x = xy2 = (xyi)y2 = x(y 1y 2). 
But y 1J2 E / 1 n / 2 , so / 1 n 12 is pure. 

PROPOSITION 2.4. Let I be any ideal of S. Then I contains a largest pure ideal. 
We call it the pure part of I and it is denoted by P(l). 

PROOF: Let P(I) be the union of all pure ideals contained in /. Such ideals 
exist, for example, (0). By the above proposition, P(J) is a pure ideal. It is indeed 
the largest pure ideal contained in /. 

PROPOSITION 2.5. Let I, J be two ideals of S and (Ik)kEK a family of ideals 
of S. Then 

(I) P(InJ) =P(J) nP(J), 
(2) P(UkEK 1k) ;::;i ukEKP(Ik). 
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PROOF: (1): Since P(l) <::; I and P(J) <::; J, P(I) n P(J) <::;In J. But 
P(I) n P(J) is pure by Proposition 2.3, so P(I) n P(J) <::; P(I n J). On the other 
hand, P(I n J) <::; 1 n J <::; I and P(I n J) is pure, so P(I n J) <::; P(I). Similarly, 
P(l n J) <::; P(J). Hence P(I n J) <::; P(J) n P(J). Thus P(J n J) = P(J) n P(J). 

(2): Since P(h) <::; h and P(h) is pure for all k EK, ukEK P(h) <::; ukEK h 
and UkEKP(h) is pure. By the definition of P, we have UkEKP(Ik) <::; 

P(UkEKh). 

DEFINITION 2.6: Let / be a pure ideal of S. Then / is called purely maximal 
if / is maximal in the lattice of proper pure ideals. 

DEFINITION 2.7: A proper pure ideal / of S is called purely prime if it satisfies 
the property that for any pure ideals 11 and 12 of S, 

/ 1 n 12 <::; I implies / 1 <:::; I or / 2 <:::; I. 

PROPOSITION 2.8. Any purely maximal ideal is purely prime. 

PROOF: Suppose I is purely maximal and / 1 , / 2 are pure ideals such that 
/ 1 n / 2 <:::; /. Now suppose / 1 r;f, I. Then / 1 u / is a pure ideal such that / <:::; / 1 u / 
and / =I= 11 U / <:::; S. Since / is maximal, / 1 U / = S. It follows that / 2 = / 2 n S = 

/2 n (/1 U /) = (/2 fl/1 ) u (/2 n /)<:::;I u / = /. This shows I is purely prime. 

PROPOSITION 2.9. The pure part of any maximal ideal is purely prime. 

PROOF: Let M be a maximal ideal of S and P(M) its pure part. Suppose 
/ 1 n /2 <:::; P(M) with / 1, / 2 pure. If / 1 <:::; M, then / 1 <:::; P(M) and the result 
holds. If /1 q, M, then / 1 UM= S. Then we have / 2 = / 2 n S = / 2 n (/1 u M) = 
(/2 n /i) U (/2 n M) <::;MUM= M. Hence / 2 <:::; P(M), since / 2 is pure. This shows 
P(M) is purely prime. 

PROPOSITION 2.10. Any proper pure ideal is contained in a maximal pure ideal. 

PROOF: Let 1 be a proper pure ideal of S. Consider the set, ordered by inclu­
sion, 

X = ( J I J is a proper ideal and / <:::; J} . 

Then X =I=(/) since IE X. For any JEX, 1 ~ J since J is proper. 
Let (JkkEK be any non-empty totally ordered subset of X. By Proposition 

2.3 ukEKJk is a pure ideal such that 1 $. ukEKJk and /<:::; ukEKh- Therefore 
UkEK h E X. This shows that X is inductively ordered. Hence by Zorn's lemma, X 
contains a maximal element J such that / <:::; J. Now let J' be any proper ideal such 



166 Javed AHSAN and Michihiro TAKAHASHI 

that J r;;, J'. Since Ir;;, Jr;;, J', J' EX. Since J is maximal in X, J' = J. This shows 
J is purely maximal. 

PROPOSITION 2.11. If I is a pure ideal of S and a <if:. I, then there exists a 
purely prime ideal J such that Ir;;, J and a <if:. J. 

PROOF: Let us consider the set X ordered by inclusion: 

X = {J I J is a pure ideal, Ir;;;. J and a <if:. J} . 

Then X =I= (/J as IE X. Let (Jk)kEK be any non-empty totally ordered subset of 
X. By Proposition 2.3, UkEKh is a pure ideal such that 1 <if:. UkEKh, Ir;;;.J and 
a <if:. UkEKh• This shows UkEKh EX. Hence X is inductively ordered. Then by 
Zorn's lemma, X has a maximal element J such that J is pure, Ir;;, J and a <if:. J. 
We claim that J is purely prime. Suppose / 1 and / 2 are pure ideals such that / 1 cJ J 
and / 2 cJ J. Since h (k = 1, 2) and J are pure, h U J is a pure ideal such that 
Jr;;;. Ik U J. We then claim that a E Ik U J (k = 1, 2). Because, if a<if:.h UJ, then 
by maximality of J, we have h U Jr;;, J. This contradicts the assumption Ik cJ J. 
Hence a E (/1 u J) n (/2 u J) = (/1 n / 2 ) u J. Since a iJ, it follows that aE/1 n/2 

and so / 1 n /2 <;/, J. Hence by contraposition, we conclude that J is purely prime. 

PROPOSITION 2.12. Let I be a proper pure ideal of S. Then I is the intersec­
tion of the purely prime ideals of S containing I. 

PROOF: By Propositions 2.8 and 2.10, there are purely prime ideals containing 
a proper pure ideal /. Let (h)kEK be the family consisting of all purely prime ideals 
containing I. Since Ir;;, h for all k EK, Ir;;, nkEKJk. To show I :2 nkEKJk 
we show the complement: 

Let a i I. Then by Proposition 2.11, there exists a purely prime ideal Jk for some 
kEK such that Jr;;,Jk and aiJk, It follows aEJfr;;,UkEKJf. Hence JCr;;, 
LJkEKJf. 

3. Pure spectrum of a monoid with zero. 

In this section S will denote a monoid with zero. 

DEFINITION 3.1.: We denote by p(S) the lattice of pure ideals of S and by 
pp(S) the set of purely prime ideals of S. For any pure ideal J of S, we define 

81 = {JEpp(S) I I<;/, J} and T(pp(S)) = { 01 I /Ep(S)}. 
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THEOREM 3.2. The set r(pp(S)) forms a topology on the set pp(S). More­

over the assignment 

Ii-+ E>J 

is an isomorphism between the lattice p(S) of pure ideals of S and the lattice of 
open subsets of pp(S). 

PROOF: First, we show that r(pp(S)) forms a topology on the set pp(S). 
Note that 0(o) = { J E pp(S) I (0) <1 J} = '/). Thus 0(o) is the empty subset of 
pp(S). On the other hand, 0s = { J E pp(S) I S <1 J} = pp(S). This is true since 
purely prime ideals are proper. So 0s = pp(S) is an element of r(pp(S)). 

Now let 0 1,, 0 12 E r(pp(S)) with / 1 , / 2 pure ideals of S. Then 

01
1 
n 01

2 
= {JEpp(S) l/1 r;J,J and /2 r;J,J} 

= {JEpp(S) l/1 rl/2 <1 J} 

This follows from the equivalence: 

We prove the above equivalence. Since J is purely prime, 

/ 1 11/2 kJ ~ 11 kJ or /2 kl. 

Hence /1 <1 J and / 2 <1 J implies / 1 11 / 2 <1 J. Conversely if / 1 k J or / 2 k J then 
/ 1 n / 2 k J. This shows / 1 11 / 2 <1 J implies / 1 <1 J and / 2 <1 J. Thus we have 
0 11 n 01

2 
= 011n1

2
• 

Next, let us consider any family (h)kEK of pure ideals. Since 

U 01k = U {JEpp(S) lh r;J,J} 
kEK kEK 

= {JEpp(S) I 3kEK so that h<1J} 
= {JEpp(S) I U lk <1 J} 

kEK 

and since, by Proposition 2.3, ukEK h is pure, it follows that ukEK eh is con­
tained in r(pp(S)). Thus the set r(pp(S)) of subsets 0 1 with/ pure constitutes 
a topology on the set pp(S). 

Let '{) : p(S) ➔ r(pp(S)) be the mapping defined by the assignment Ii-+~">]. 
Then it follows from the above that the prescription '{)(/) = 0 1 preserves finite n 
and arbitrary U. Thus '{) is a homomorphism oflattices. 

To conclude the proof we must show that '{) is bijective. In fact, we need to 
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prove the equivalence: 

/ 1 = /2 <=> 01
1 

= 01
2 

for any pure ideals / 1 and / 2 . 

Suppose 0 1 = 0 1 . If / 1 =I= 12, then we may assume that there exists an element 
I 2 

x E / 1 and x $ 12 • Then, by Proposition 2.11, there exists a purely prime ideal J 
such that / 2 c;:;;; J and x $ J. Hence / 1 g J and so J E 0 1,. By the assumption 
0 11 = 0 12 , we have J E 0

12
• This means that / 2 g J which contradicts to / 2 k J. 

Thus we have / 1 = /2. 

DEFINITION 3.3: The pure spectrum of S is the set pp(S) of purely prime 
ideals provided with the topology 7(pp(S)) given in the above theorem. We denote 
the toplogical space by Spp(S). 

PROPOSITION 3.4. 
(1) Spp(S) is a compact space. 
(2) 0 1 is open and closed in Spp(S) if and only if 0 1 = (/) or pp(S). 

PROOF: (1): Let UkEK 0 1k = pp(S) be any open covering of pp(S). Then 
ukEK Ik = s. Since 1 ES= ukEK Ik, there exists Ik containing 1 for some k EK. 
This shows Ik = S and so pp(S) = 0 1k (finite covering). Hence Spp(S) is com­
pact. 

(2): Let 01, with I pure, be an element of r(pp(S)) which is open and 
closed. Then there exists 0J, with J pure, such that 0r u 0J = pp(S) and 
0r n eJ = </). Since 1 ES= I u J, it follows that 

/=Sand J=(O) or /=(O) and J=S. 

Thus 0 1 = </J or 01 = pp(S). 

4. S-systems. 

In this section S will denote a fixed monoid with zero. 

DEFINITION 4.1: An S-system A, denoted by As, is a set A with a function 
A x S ➔ A such that if ax denotes the image of (a, x) for a EA and x ES, then 
the following conditions hold: 

(1) (ax)y=a(xy) for aEA and x,yES. 
(2) A contains a fixed element 0, called zero of A, such that Ox = 0 for 

all x ES. 
(3) For all a EA, a0=0 and al =a. 

If there is no confusion, we will denote simply by A. 
A sub S-system B of As, denoted by Bs c;:;;; As, is a subset of A such that 

bx EB for all b EB and x ES. For two S-systems As and Bs, a mapping f: 
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As ➔ Bs is an S-homomorphism if 

f(a:x) =f(a):x for all aEAs and :x.ES. 

We mean by Homs(As, Bs) the set of all S-homomorphisms from As to Bs and by 
Ends(As) the set of all S-endomorphisms of As. We shall denote by Ms the cate­
gory of all S-systems and S-homomorphisms. 

Now, we note that the given monoid S with zero itself and every right ideal / 
of S are also S-systems. 

DEFINITION 4.2: Let S be a given monoid with zero and T a monoid with 
zero. Then T is called an S-monoid with zero if T has a structure of S-system such 
that (:xy)s=x(ys) for :x,yET and sES. FortwosuchS-monoids T1 and T2 

with zero, a homomorphism of monoids with zero f: T1 ➔ T2 is called a homomor­
phism of S-monoids with zero if f is an S-homomorphism. 

Let S be a monoid with zero and T an S-monoid with zero. Then an S-system 
A is called a T-S-system if A is a T-system such that 

(ax)s=a(:xs) for all aEA, :x.ET and sES. 

PROPOSITION 4.3. Let S be a monoid with zero and A an S-system. Then the 
followings hold: 

(1) Ends(A) isamonoidwithzero. 
(2) For each right ideal I of S, I is an S-system. 
(3) For each pure ideal I of S, Ends(/) is an S-monoid with zero and 

Homs(/, A) is an Ends(I)-S-system. 
(4) Moreover if S is commutative, then Ends(/) is also commutative for a 

pure ideal I of S. 

PROOF: (1 ): Let f, g be elements of Ends (A). If we define fog by the 
composition: fog(a)=f(g(a)) for all a EA andelements 1,0 in Ends(A) by 
l(a)=a, O(a)=O for all a EA, then Ends(A) isamonoidwithzero. 

(2): Since IS<;;,_ I and OE/, / is an S-system. 
(3): Let I be a pure ideal of S. For each fEHoms(I,A) and sES, since I 

is a left ideal, we may define f s by 

(f s )( x) = f (sx) for all :x. E /. 

For the action, the element 0, defined by O(:x.) = 0 for all :x. E /, is a zero element 
of Homs(/, A). Thus Homs(!, A) is an S-system. In particular, together with 
above (1) and (2), Ends(/) is an S-monoid with zero. 

The S-system Homs(!, A) can be made into an Ends(/)-S-system with the 
action defined by tfo: composition f o ,p for f E Homs (I, A) and tp E Ends (I). 

(4): Let now S be commutative and f, g elements in Ends(/). If x is an 
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element of I then we can find y E I such that x = xy. Since S is commutative, 
g(xy) = xg(y). Then (/ o g)(x) = f(g(x)) = f(g(xy)) = f(xg(y)) = f(x)g(y) = 
g(y)f(x) = g(yf(x)) = g(f(x)y) = g(f(xy)) = (g of)(xy) = (g of)(x). Thus 
End8 (I) is commutative if S is commutative. 

DEFINITION 4.4: Let A be an S-system and B a sub S-system of A. Now, we 
define a relation ~ on A by 

a~a1 ~a= a' or a, a' EB. 

Then ~ is an equivalence relation on A and it is compatible with the action of S, 
that is, 

a~a', xES => ax~a'x. 

We denote by [a] the equivalence class of a EA. Thus A/~ is an S-system if we 
define the action of S by 

[a]x = [ax] fora EA and xES, 

which is denoted by A/B, called the S-quotient of A by B. In particular, if I is a 
right ideal of S, then I is a sub S-system and so S/I is an S-system. Moreover, if 
I is a two-sided ideal of S, then the equivalence relation ~ is a congruence on S. 
This is just the Rees congruence on S and S/I is the Rees quotient of S by a two­
sided ideal I. If we define the multiplication by [ x] [y] = [ x y] for all x, y ES, 
then S/I is a monoid with zero such that ( [x] [y] )s = [x] ([y] s) for x, y, s ES. 

Thus we have 

PROPOSITION 4.5. Let A be an S-system and B a sub S-system of A. Then 
the followings hold: 

(1) A/B is an S-system. 
(2) For every two-sided ideal I of S, the Rees quotient S/I is an S-monoid 

with zero. 

Let A be an S-system and I a right ideal of S. Consider the subset of A: 

AI= {ax la EA and xEI}. 

Then AI is a sub S-system of A. 

PROPOSITION 4.6. Let A be an S-system and I a pure ideal of S. Then 

AI = { a EA I a = ax for some x EI} . 

PROOF: Clearly each a E A such that a = ax for some x EI is in AI. Con­
versely, suppose a = a' x' E AI. Since I is a pure ideal, we can find y' EI such that 
x' = x'y'. Thus a= a'x' = a'x'y' = ay'. 
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PROPOSITION 4.7. Let I be a pure ideal of S. If A and B are two S-systems, 
then any S-homomorphism AI➔ B factors through BI. 

PROOF: Let f: AI ➔ B be an S-homomorphism. If a E AI, then by the 
above proposition, there is an x E / such that a= ax. Therefore, f(a) = f(ax) = 

f(a)x EB/. 

PROPOSITION 4.8. Let I be a pure ideal of S and A an S-system. Then, for 
a family (Ak)kEK of sub S-systems of A and sub S-systems B, C of A, we have 

(1) Ain (UkEKAk) = ukEK(AinAk), 
(2) B n (AIU C) = (B n AI) U (B n C), 
(3) AI u (B n C) = (AIU B) n (AI u C), 
(4) BU(AJnC)=(BUAJ)n(BUC). 

PROOF: This follows from the distributive properties of union and intersection 
of sets. 

DEFINITION 4.9: For a pure ideal / of S and an S-system A, we define the 
set 

CAI= { a EA I ax = 0 for all x E /} . 

Then CAI is a sub S-system of A. 

PROPOSITION 4.10. CAI is the largest sub S-system of A whose intersection 
with AI is zero. 

PROOF: Consider the sub S-system K = UAinT=(9)T where all T are sub 
S-systems of A. Then by the above proposition, 

AI n K = AI n ( u T) = u (AI n T) = ( 0 ). 
AJn T=(9) AJn T=(9) 

Thus K is the largest sub S-system of A whose intersection with AI is (0). 
We show that K = CAI. Let k EK and x E /. Then kx EK n AI= (0); 

so kx = 0 and kE CAI. 
Now suppose a E CAI. We will show that aS n AI= ( 8 ). If x E aS n AI then 

by Proposition 4.6, there exists an element y E / such that xy = x. On the other 
hand, since x E aS, there exists an element z ES such that x = az. Hence x = 
xy = azy with zy EI. But then x = 0 since a E CAI. Hence aS k K and this 
implies that a EK. Thus K = CAI. 

PROPOSITION 4.11. Let I, J be two pure ideals of S, (h)kEK a family of 
pure ideals of S and A an S-system. Then 
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(1) AC/~ CAI, 
(2) / c;;, J => CA/"d CAJ, 

(3) cA cukEKik)=nkEKCAh, 
(4) CA (In J) :2 CAI u CAJ. 

PROOF: (1): Note that C/ =CS/= {rE SI rx = 0 for all x EI} and AC/= 
{ a r I a EA and r E C/} . 

Let ar E AC/. Then (ar)x = a(rx) = aO = 0 for all x EI. This shows arE 
CAI. Hence A CI~ CAI. 

(2): This is obvious. 
(3): 

CA ( U h) = { a EA I ax = 0 for all x E U h } 
kEK kEK 

= {aEA lax=0 for VkEK and VxEh} 

= n {aEA lax=0 for VxE/k} 
kEK 

= n CAh. 
kEK 

(4): The second relation implies CA (In J) .:2 CAI and CA (In J) :2 CAJ. This 
implies CA (I n J) ;;;2 CAI U CAJ. This completes the proof. 

Note that for a pure ideal / of S, I= SI is an S-system and C/ = { r ES I rx = 0 
for all X EI}. 

PROPOSITION 4.12. Let I be a pure ideal of S. Then CI is a two-sided ideal of 
S and the left annihilator of I. 

PROOF: By definition 

L - Anni = { r E S I rx = 0 for all x E /} = Cl. 

To show that CI is a two-sided ideal of S, let rE CI and s ES. For every x El, 
we have sxE/, xsE/ and (rs)x=r(sx)=O, (sr)x=s(rx)=sO=O. This shows 
rs, sr E CJ. Hence CI is a two-sided ideal of S. 

5. First representation theorem. 

DEFINITION 5.1.: Let X be a topological space and r(X) the category of open 
sets of X and inclusions. 

A presheaf P of S-systems on X is a contravariant functor from the category 
r(X) to the category !Ms of S-systems, that is, it consists of the data: 

(a) for every open subset U ~ X, an S-system P( U), and 
(b) for every inclusion V ~ U of open subsets, an S-homomorphism 
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P~v: P(U) ➔P(V) 

subjects to the following conditions: 
(1) P((/)) = (0), where (/) is the empty set, 

(2) P[m: P( U) ➔P( U) is the identity map, and 

(3) if W <;;; V <;;; U are three open subsets, then 

p - p p 
Puw - Pvw O Puv· 
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If P is a presheaf on X, P( U) is called the section of the presheaf P on the open set 

U and the map Piv are called restriction maps, and often the notation a Iv is used 

instead of Piv( a) if a EP( U). 

A presheaf :F on a topological space X is called a sheaf if the following addi­
tional conditions are satisfied: 

(4) if U is an open set, if (Vk)kEK is an open covering of U, and if alvk = 
131 vk for a, 13 E :F ( U) and all Vk, then a= {3. 

(5) if U is an open set, if (Vk)kEK is an open covering of U, and ifwe have 
elements ak E :F(Vk) for each k EK, with properties that for each k, 

l EK, aklvkn v, = a1 lvkn vi' then there is an element a E:F ( U) such that 
alvk = ak for each kEK. 

If a presheaf P satisfies the above condition ( 4 ), P is said to be separated. 
Let P be a presheaf (resp. sheaf) of S-systems on X. If each P( U) is an S­

monoid with zero and the Pirv are homomorphism of S-monoids with zero, then 
P is called a pre sheaf (resp. sheaf) of S-monoids with zero. 

Now, let P be a presheaf (resp. sheaf) of S-monoids with zero on X and suppose 
that Q is a presheaf (resp. sheaf) of S-systems on X such that each Q(U) is a 
P(U)-S-system and the maps Pgv: Q(U) ➔ Q(V) are system homomorphisms, 
that is, if a E Q(U), p EP(U) then 

Pgv(O!{j) = Ptv(a)p~v(/3). 

Then Q is said to be a presheaf (resp. sheaf) over the presheaf (resp. sheaf) P. 
We now describe a sheaf fFs of S-monoids with zero on the pure spectrum 

Spp(S) of S in such a way that S is isomorphic to the monoid with zero of global 
sections of this sheaf. 

THEOREM 5 .2. Let S be a mono id with zero. For every pure ideal I of S, the 
assignment 

defines a sheaf fFs of S-monoids with zero on Spp(S) whose monoid with zero 
of global sections is isomorphic to S. 
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If S is commutative, then !F s is a sheaf of commutative S-monoids with zero. 

PROOF: First we prepare the data for the existence of a presheaf. By Proposi­
tion 4.3, !fs(I) = Ends(/) is an S-monoid with zero for every pure ideal I of S. 
We need to define a restriction map P;/ Ends(/) ➔ Ends(J) when 0J i;;; (~h, that 
is, when Ji;;; I. By Proposition 4.7, this is just the usual restriction of an S-endomor­
phism f: I ➔ I to the sub S-system J: pf/!)= f IJ. By definition, PiJ is a homo­
morphism of S-monoids with zero and !fs satisfies the conditions for a presheaf. 
Thus we have described the presheaf !F s-

in order to show that the presheaf !f s is a sheaf, we need to check the conditions 
(4) and (5) for a sheaf. 

Let I= UkEKik in p(S) and let f, g E !fs(I) such that fl 1k = g 11k for all 
kEK. ThenforeachxEI, wehavexEik forsome kEK. Thusf(x)=fl1k(x) 
=gl1k(x)=g(x). Hence f=g and !fs is separated. 

To check the condition (5), consider I = UkEK h in p(S) and a family 
(fk)kEK with ik E Ends(h) such that fk l1kn11 = f1'1kn11 for all k, l EK. For 
S-endomorphisms fk: h ➔ h and f 1 : I1 ➔ I1 which coincide on h n Ii, we define 
amapf: hUiz ➔h Uiz by 

if xEh 

if x EI,. 

Since f k and fz coincide on I kn I1, f is an S-homomorphism extension of f k and 
fz. 

Now if Im is any pure ideal in the family, then Im n (Ik U I1) = (Im n h) U 

(Im n Ii) by Proposition 4.8. Thus if x E Im n (h U I1), then x E (Im n Ik) or 
x E (Im n Iz). Hence 

f(x) = J fk(x) = f m (x) 
l fz(x) = fm (x). 

or 

Thus it follows that f(x) = fm (x) for x E Im n (Ik U I1). This implies that the 
family (Ik)kEK is stable with respect to finite unions. 

Now if x E UkEK h, then x Eh for some k in K. So we may define, with no 
ambiguity, the map/: UkEKh ➔ UkEK h by f(x) = fk(x), since two different 
fz agree on x when f,(x) make sense. The map f is clearly an S-homomorphism 
extending each fk for all k EK. This proves that !fs is a sheaf. 

Next we show !fs(S) = Ends(S) ~ S. The isomorphism may be defined as 
follows. 

Define h: Ends(S) ➔ S by h(a) = a(l), where a E Ends(S). It is easy to 
show that h is a homomorphism of monoids with zero. 

Suppose h(a)=h({j). Then a(l)=(j(l). Nowforall sES, wehave a(s)= 
a:(ls) = a:(l)s = (j(l)s = (j(ls) = (j(s). Hence a:= (3. Therefore h is injective. 
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To show that h is surjective, let t ES and define Ot.t: S ➔ S by 0t.t{s) = ts 
for all s ES. Then Ot.t is clearly an S-homomorphism. Hence Ot.t EEnds(S) and 
h(Ot.t) = Ot.t(l) = tl = t. Thus h is also surjective. 

Finally, if S is commutative, then Ends(/) is a commutative S-monoid with 
zero by Proposition 4.3. This completes the proof. 

We prove an analogous representation theorem for an S-system A. 

THEOREM 5.3. Let A be an S-system. For every pure ideal I of S, the assign­
ment 

defines a sheaf !FA of S-systems over the sheaf !F s of S-monoids with zero on 
Spp(S) defined by Theorem 5.2. 

A is isomorphic to the S-system of global sections of :FA. 

PROOF: First we note that the set !FA (I) = Homs(!, A) is an Ends(I)-S­
system for each pure ideal I by Proposition 4.3. 

Suppose J is a pure sub-ideal of I, then any S-homomorphism f: I ➔ A 
restricts to an S-homomorphism f IJ: J ➔ A. This produces the necessary restriction 
map P1J: Homs([, A) ➔ Homs(J, A): P1if) = flJ. By construction, :FA (I) and 
P1J define a presheaf of S-systems on Spp(S). Moreover, if <.p EEnds(I) = !ls(l), 
then (f o <.p) IJ = f lJ o <.p IJ which implies that the restriction map is a system homo­
morphism. 

By methods similar to those of the above theorem, we may verify that !FA is in 
fact a sheaf of S-systems on Spp ( S ). Thus :FA is a sheaf over !F S · 

Finally, we show that !FA (S) = Homs(S, A) is isomorphic to A. Define h: 
Homs(S,A) ➔ A by h(o:)=0t.(l); h isanS-homomorphismsince h(0t.r)=0t.r(l)= 
0t.(r)=0t.(l)r=h(o:)r for rES. 

Suppose h(o:) =h((3) for o:,(3EHoms(S,A). Then 0t.(1)=(3(1). For sES, 
o:(s) = o:(ls) = o:(l)s = (3(l)s = (3(s). This implies that o: = (3. 

In order to show that h is surjective, suppose a EA. Then the map Ot.0 : S ➔ A 
given by 

o:0 (s) = as for s ES 

is an S-homomorphism from S to A and h(o:0) = o:0 (1) = al = a. Hence h is a 
surjection. Thus the S-system !FA (A)= Homs(S, A) of global sections of !FA is 
isomorphic to A. 

6. Second respresentation theorem. 

Let S be a monoid with zero and I a pure ideal of S. Then by Proposition 4.12 

CI= { r ES I rx = 0 for all x EI} 
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is a two-sided ideal of S and so S/CI is a monoid with zero. The congruence ~1 on 
S is defined by 

r ~1 s <=> r = s or r, s E CI. 

We denote the equivalence class of r ES by [r] 1 or simply [r]. Define the action 
of S on Sf CI by 

[r]s=[rs] for [r]ES/CiandsES. 

Then S/CI is a right S-system and so S/CI is an S-monoid with zero. 

THEOREM 6.1. Let S be a monoid with zero. For any pure ideal I, the assign­
ment 

81 i-+ S/CI =Ps(I) 

defines a separated presheaf P8 of S-monoids with zero of Spp(S). 

PROOF: If J is a pure sub-ideal of I, then we may define a mapping pfJ: Sf CI 
➔ S/CJ since CI ~ CJ by Proposition 4.11. If [r] E Sf CI then we denote the 
image P;i [r]) by [r] IJ E S/CJ. Since, by definitions, [rs] J = [r] J [s] J = 
[r] JS, the map pf, is an S-homomorphism and a homomorphism of monoids with 
zero. Thus we have a presheaf Ps of S-monoids with zero on Spp(S). 

In order to show that P 8 isseparated,let I= UkEKikEp(S) and [r], [s] E 
S/CI such that [r)l1k= [s]l1kES/Ch forall kEK. Ifr=s then [r] =[s]E 
S/CI and the result holds. If r =I= s then r, s E C'l k for an k E K. Hence r, s E 
nkEKCJk = C(UkEKik) = CI by Proposition 4.11. This means r ~1 s, that is, 
(r] = [s] ES/CI. Thus Ps is separated. 

In order to construct a sheaf !Fs associated to the presheaf P8 , we need some 
necessary definitions. 

DEFINITION 6.2: Let (IdkEK be a family of pure ideals h of S. Then (Ik)kEK 
is called a pure covering of I if I= U kEK I k · 

A family of elements 

is called a compatible family of elements for a pure covering (Ik)kEK of I if for any 
k, !EK 

[rd l1knii = [rd l1kn11 E S/C (h n I1). 

Let (IdkEK, (J1)1EL be pure coverings of I and a= ([rk] E S/Ch)kEK, f3 = 
([sr] E S/CJ1)iEL two such compatible families. Then they are equivalent, denoted 
bya~/3, ifforany kEK and /EL, 

[rk )11knJz = [sd 11knJl E S/C(h n J1). 
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PROPOSITION 6.3. The relation ~ is an equivalence relation on the set of 

compatible families for a pure ideal I of S. 

PROOF: (1): a~ a and (2): o: ~ (3 ~ (3 ~ a are trivial from the definition. 
To show the transitivity, suppose that 

a= ([rk] ES/Cik)kEK ~ (3 = ([s,] ES/CI1)1EL and 

(3 = ([szl ES/CI1)1EL ~ 'Y = ([tm] ES/Cim)mEM. 

Then we show that, for any k EK and m EM, [rk] l1knim = [tm] l1knim. Since 
Ik n Im = U1EL (h n Im n I1) E p(h n Im) and the presheaf Ps on Spp(S) is 
separated, it is sufficient to show that for any l EL 

( [rk] l1knlm) lhnim n11 = ( [tm] l1knlm) l1knlm nir 

But this follows from the assumption: 

DEFINITION 6.4: We denote by :f 8(!) the quotient by this equivalence relation 
~ on the set of all compatible families for a pure ideal I of S. 

DEFINITION 6.5: Let (Jm)mEM and (IdkEK be pure coverings of I. If for 
each lm (m EM) there exists Ik such that lm c:;:; h, we say that (Jm)mEM is 
smaller than (Ik)kEK and denote (Jm)mEM :'.S:: (hkEK· 

PROPOSITION 6.6. Let aE !fsU) be any element and 

a = ( [rd E S/Cik)kEK 

its representative family of elements. If (Jm )mEM :'.S:: (h )kEK, then the family 

/3 = ( [rk] IJm E S/CJm )mEM 

is equivalent to o:, where lm C::h. 

PROOF: First we show that (3 is compatible. For each m, n EM, let lm c:;:; h 
and Jn CI,. Then we need to show that ([rk] IJ )IJ nJ = ([rz] IJ )IJ nJ. - mmn nmn 
Since o: is compatible, [rk] l1kn 11 = [rd l1kn1,- Since Jm n Jn c:;:; h n I1, it follows 
[rk] IJ nJ = [r1] IJ nJ . Hence (3 is compatible. m n m n 

To show a~ (3, let [rk] ES/Ch and [rz] IJm E S/CJm with Jm c:;:; I,. 

From the compatibility of o:, [rk] l1kn11 = [rz] l1kn11 and so [rk] l1kn11nJm = 
[rz] l1kn11nJm. Since lm c:;:; Ii, it follows 

[rk] l1knJm = [r1] l1knJm = ( [r1] IJm)l1knJm· 
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Hence a~ (3. 
As corollary we have 

PROPOSITION 6.7. Let a 1, ... , an be any finite elements of !Ts(/). Then 
there exists a pure covering (h)kEK of I such that each ~ (i = 1, 2, ... n) has a 
representative family of elements valued in the same S/CI k for all k EK: 

a;= ([rki)] E S/ChkEK• 

Now we can define a structure of an S-monoid with zero of !Ts (I) as follows. 

DEFINITION 6.8: Let (Ik)kEK be a pure covering of I and a, "iJ E !Ts(/) with 
representative families a = ( [rk] E S/Ch)kEK and (3 = ( [sk] E S/Ch)kEK · We 
define 

a+ (3 = ([rk] + [sk] E S/ChhEK, 

as = ([rk] s E S/ClkhEK for s ES, 

0 = ( [O] E S/ChhEK and 1 = ([l] E S/ClkhEK. 

Then we may define as a+ 7f =a+ (3, as= as and 0, T E!Ts(I). 
Next, let J ~ I in p(S) and a E !Ts(/) with representative family a= ( [rk] E 

S/Clk)kEK· We define a mapping 

PfJ: !Ts(/) ➔ !Ts(J) 

by PiJ(a)=alJ with alJ=([rk]l1kn1ES/C(IknJ)hEK• Then pf., isahomo­
morphism of S-monoids with zero. 

Finally we note that there is an injective homomorphism of monoids with zero 

X1: Ps(/) = S/CI ➔ !Ts(/) 

which is defined by sending [r] E S/C/ to the family ( [r] ES/CI) for a single pure 
covering of / itself. 

Thus we have constructed a presheaf !Ts of S-monoids with zero on Spp(S). 

THEOREM 6.9. The presheaf !Ts associated to the presheaf Ps defined by 
8 1 ➔ S/CI = Ps(/) is a sheaf of S-monoids with zero on Spp(S); its monoid with 
zero of global sections is isomorphic to S. 

PROOF: First we check the condition (4) for a sheaf. Let a, (f E!Ts(I) and 
I= UmEMJm and suppose that 

alJm = 1f1Jm E!Fs(Jm) for all m EM. 

Let a= ([rk] E S/Ch)kEK and /3 = ( [si] E S/CI1)iEL be representative families 
of a and 7f. Since a IJ = ( [rk] IJ E S/C(Jm n h))kEK is equivalent to (3 IJ = m m m 
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( (sz] IJm E S/C (lm n I1))1EL, we have 

([rk] IJm)lvmnik)n(JmnI1) = ([s,11,m)lvmnik)n(JmnI1) 

for each [rk] l1m and [si] IJm· This means [rk] IJmnikn11 = [s,11,mniknir 
Since h n 11 = UmEM(Ik n I, n lm) and Ps is separated, [rk] l1kn11 = [s1] l1kn1,­
Thus ex ~ f3 and so ci = /f. 

Next we check the condition (5) for a sheaf. Let / = UmEMJm E p(S) and 
(exm EFs(Jm))mEM a family such that for any m, n EM 

Let exm = ( [rmk] E S/Clmk)mkEMm be a representative family of am for a pure 
covering (Imk)mkEMm of lm. 

Consider 

a= ([rmk] ES/Cimk)mkEUmEMMm· 

Then we easily observe that a is also compatible and so a E!Fs(I). From the com­
patibility of ex and the construction, we may see that a IJm ~ exm. Thus :Fs is 
indeed a sheaf. 

Finally we need to show that the injection 

As: S = S/(0) = S/CS ➔ !Fs(S) 

is surjective. Let ex = ( [rk] E S/CikhEK be a representative family of any element 
a of :Fs(S). Then, by the compatibility of ex, for any k, l EK, the following 
equality holds: 

[rk] lhnii = [rd l1knJi• 

On the other hand, since U kEK I k = S 3 1, there exists l EK such that 1 E 11 = S. 
Take r = r1 E S, then the above equality shows that As(r) = ( [r1] E S/C/1) is 
equivalent to ( [rd E S/ChhEK • Thus As is surjective. 

We proceed now to construct an analogous sheaf representation !FA for any 
S-system A. 

PROPOSITION 6.10. Let A be an S-system. For any pure ideal /, the assign­
ment 

defines a separated presheaf PA of S-systems over Ps on Spp(S). 

PROOF: Since for a pure ideal / of S, CAI is a sub S-system of A, PA(/) = 
A/CAI is an S-system. 

We may define an action of S/CI on A/CAI by [a] [s] = [as] for a EA 
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and s ES. Then PA (I) is an S/CI-S-system, since ([a] [s ])r = [as] r = [asr] = 
[a] [sr] = [a] ([s] r) for r ES. If Jr;;, I in p(S), then CAJ-;). CAI and thus 
there is a quotient S-homomorphism 

p'f.,: A/CAI ➔ A/CAJ. 

Since ([a] [s]) IJ = [a] IJ [s] IJ, pJJ is a system homomorphism. Thus we have a 
presheaf PA over Ps, 

To show that PA is separated, consider I= UkEKh in p(S), and [a], [b] E 
A/CAI such that for any k, [a] l1k= [b] l1kEA/CAik. If a=b, then [a]= [b] 
and the result holds. If a* b, then a, b E CAh for all k E K. Then it follows 
a, b E nkEKCAh =CAI and so [a]= [b] EA/CAI. This shows PA is separated. 

Analogous to !Ts associated to Ps, we may construct a presheaf :FA associated 
to the separated preseheaf PA as follows. 

DEFINITION 6.11: An element in !TA (I) is represented by a compatible family 
( [ak] E A/CAh)hEK of elements for a pure covering (h)kEK of I; two such 
families ([ak] E A/CAhhEK and ([az] E A/CAI1)1EL are equivalent if for any 
[ak] EA/CAh and [a1] EA/CAh 

[ak] l1kn11 = [az] l1kn11 ES/CA (Ik n Iz). 

We need to define an action of !Ts(/) on the S-system !TA (I). An element in 
!Ts(/) is represented by a compatible family ([r1] E S/CI1)1EL for a pure covering 
(Iz)1EL of I. Define 

where (Im)mEM is a smaller pure covering common to (IkhEK and (lz)1EL· 
For J ~ I in p(S), the assignment 

defines the restriction map 

Pi,; :FA (I) ➔ !J'A (J) 

which is an S-homomorphism and a system homomorphism. Thus we have con­
structed a presheaf !TA over !Ts. 

THEOREM 6.12. The presheaf !TA associated to the presheaf PA (I) defined by 
the assignment 

is a sheaf of S-systems over the sheaf !Ts of Theorem 6.9; its S-system of global 

sections is isomorphic to A. 
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PROOF: Analogous to the proof of Theorem 6.9, we may prove that the presheaf 
!FA is indeed a sheaf. 

Consider the S-homomorphism 

which sends [a] EA/CAI on ([a] EA/CAI) E !FA (I) for the single pure covering 
of I itself. Clearly the mapping X1 is injective. In particular we have an injection 

Xs: A = A/(0) = A/CAS ➔ !FA (S). 

We shall prove that this is a surjection and thus an isomorphism. 
Consider an element a in !FA(S) represented by a family a = ([ak] E 

A/CAikhEK where (hhEK is a pure covering of S. Since 1 ES= UkEK h, 
there exists IE K such that 1 E 11 = S. Now take a = a1 ES. Then we need to 
prove that X8 (a) = ([a1] E A/CAI1) is equivalent to a= ([ak] E A/CAhhEK· 
But this follows from the compatibility of a. This completes the proof. 
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