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Let f= g be a groupoid identity in the variables x,,...,x, such thateach x;
(i=1,...,n) occurs at least in one of f and g. We say that the conditions of this
identity f =g are independent over a set A if for each (ay, ..., a,) EA” there
exists a binary operation * on A such that in the groupoid 4 = <A, *#> we have

fﬁ(aily --~saik) + gA(a]'l" res ail)’

but for any (by, ..., by) €A™ — {(ay, ..., an)}

fﬁ(bil’ sansy bik) = gé(b]lz sees b]'[)'

It is easy to see, that the conditions of the identity above are non-independent
over a set A, if and only if there exists a proper subset B C A" such that in every
groupoid 4 =<4, o>, if forevery (by,...,b,)EB

fi(bil’ ...,b,'k) = gﬁ(bh’ ceey bjl)’

then the identity f=¢ holdsin 4 =<4, o >,

The investigations of identities form independence point of view originated in a
problem of L. Rédei in which he asked whether the associativity conditions are
independent. This original problem was solved by G. Szédsz [5]:

THEOREM. The associativity conditions are independent over a set A, iff card
A 24,

Later R.Wiegandt and J. Wiesenbauer [7], [8] considered the distributivity of
two binary operations from the same point of view.

In [2] and [3] we investigated two other groupoid identities: the mediality
((xy) (zu) = (xz) (yu)) and the self-distributivity (x(yz)=(xy){(xz) and (xy)z
= (xz)(yz)) and proved the following result.

*  Research partially supported by Hungarian National Foundation for Scientific Research grant
no. 1813.
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mediality

. conditions are independent over a set A,
self — distributivity } P

THEOREM. The {
iff card A > 4.

We have to remark, that in the case of mediality we used a weaker form of
independence similarly to that of G. Szasz in the case of the associativity conditions of
commutative groupoids [6]. Later we will call this form of independence weak
independence.

The aim of this paper is to give a generalization of these results for groupoid
identities having the same set of variables on both sides.

1. -Preliminaries. Let F(V) denote the free groupoid with the countable free
generating set ¥V = { X1,%2,...}. Agroupoid identity (briefly identity in the follow-
ing) is an unordered pair of elements of F(V). The length A(f) of the term f€
F(V) is defined as follows

(@) AN =1, if feV;
(i) M) = M) +HN(S), if f=f1fa, where fi,f, €F(V).

The set of variables (the elements of V) occurring in the term f€ F(V) is denoted
by o(f), and we say that the identity f= g is regular [1] (or homotypical [4])
if o(f)=o0(g) and it is an identity in n variables if card (o(f)VU o(g)) =n.

For any f(xi,...,x,) EF(V) and a set A the symbol f(ay,...,a,), where
ay, ...,a, € A, is called an expression over the set A. Thus the expressions over a
set A4 are the elements of the free groupoid F(4) freely generated by the set A,
If A=<A4, o> isagroupoid, f(x,,....,x,)EF(V) isatermand a,,...,a, €A,
then the element f, (ay,...,an) — where f, isthe term function on the groupoid 4
induced by the term f — is called the value of the expression f(a,, ..., a,) in the
groupoid 4 =<4, o>,

To classify the identities we introduce two equivalence relations on F(¥). For
the first relation let ¢ denote the homomorphism F(¥) - F(x,), which is the exten-
sion of the map V- {x,}. If two terms f, g € F(V) satisfy ¢(f)=¢(9), ie.,
(f, 9) €E ker ¢, then these terms have the same structure of parentheses thus they are
of the same length. In this case we will say that these terms f and g are (PA)-
equivalent.

Observe, that if the terms fy, f» € F(V) are (PA)-equivalent, then the fy= f,
can be given by a pair of maps {1, ..., nt >V where n=\(f;) = A(f,). Thus
fi(k) denotes the variable standing on the k-th place of f; (the parentheses and
operation symbols are not counted). These maps can be denoted by f; and f,
without any confusion.

Let 4 be any non-empty set, n a natural number and Eg(n) denote the set



The independence of regular identities 121

of all equivalence relations on the set {1, 2,...,n}. We say that ordered n-tuple
(ay, ..., ay) €A™ is of pattern a € Eq(n), iffforany 1<i j<n(i j)Ea implies
a; = a; and vice versa. Thus, the n-tuples (a,, ..., a,) and (b,, ..., b,) are of the
same pattern, if forany 1<i, j<n a;=a; then b;=b; and conversely.

We can introduce a similar notion to terms. We say that two (PA )-equivalent
terms f, g € F(V) are (SP)-equivalent, if there exists an automorphism ¢ €
Aut F(V) such that ¢(f)=g.

It is easy to see, that the (SP)-equivalent terms differ in naming their variables
only, moreover, this second equivalence relation can be described with the help of the
maps introduced above. Namely, f and g are (SP)-equivalent iff ker f= ker g.

We mention, that the terms appearing in the identities of associativity or self-
distributivity are non (PA)-equivalent, but in the case of mediality they are (SP)-
equivalent.

Since the expressions over a set 4 are elements of the free groupoid F(4), we
can speak about their length, (PA )-equivalence and (SP)-equivalence as in the case of
terms.

We can describe the (SP)-equivalence of terms via permutations.

PrROPOSITION 1. Let the nary terms f, g € F(V) be (PA)-equivalent terms
with o(f) = a(g). These terms are (SP)-equivalent, iff there exists a permutation
7€ S(0(f)) such that

g(xl:"'ﬁxn) = f(xlﬂy'”:xn”),

where S(a(f)) denotes the full symmetric group over the set o(f).

PROOF. First suppose, that f and g are (SP)-equivalent, i.e., ker f =kerg.
If for some k € (A(f)) = {1,2,..., \(f)} we have f(k)=x; and g(k) = Xj,
then put x;m = x;. Since ker f= ker g implies, that for any r, s€E(A(f)) f(r)=
f(s), iff g(r) = g(s), the correspondence = defined above is a permutation of the
set o(f), and g(x1,...,x,)=f(x17m, ..., x,m).

The sufficiency is obvious,

REMARK. It is easy to see, that with the help of the above permutation © €
S(0(f)) we can define a permutation n' €S(m)(=S({1,2,...,m})) — where m =
card o(f) — such that forany 1<i, j<m(i,)E, iff x;n= x;. Without any con-
fusion we can denote both permutations by the same letter in the sequel.

Investigating the associativity conditions G. Szasz in [5] introduced a very useful
notion which has the following form in our general setting. Let f(x; , ..., x;) =
g(x;,, ..., x;;) be a groupoid identity with the set of variables { X1, ..., %, t, and 4
be an arbitrary (non-void) groupoid. We say that the ordered n-tuple over the set 4
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(aq, ..., ay) isisolated in the groupoid 4 with respect to the identity f=g, if
falai,.,ai) F 94(a5, ..., ),

but for each (by, ..., b,) €A" — {(a1, ..., a,)} we have
Fabipso b)) = ga(by, ..., by)

Using the notion of isolatedness we obtain, that the conditions of the identity
in n variables f= ¢ are independent over a set A, if for each (a,,...,a,)EA"
there exists a binary operation o on A4 such that this ordered n-tuple is isolated in
the groupoid < A4, o> with respect to the identity f=g.

The reader can e¢asily prove the following.

PROPOSITION 2. Let =g be aregular groupoid identity in n varigbles, A
any (non-void) set, moreover, (ay, ..., ay) and (bq, ..., b,) ordered n-tuples over
A, which are of the same pattern. Then (a,, ..., an) Is isolated in some groupoid
< A, o> with respect to the identity f=q, iff there exists a binary operation * on
A such that (by, ..., by) is isolated in the groupoid < A, * > with respect to the
identity f=g.

PrROOF. Let (ay, ..., an), (b1, ..., by) €A™ be n-tuples of the same pattern.
We have a permutation 7 € S(A4) such that g7 = b; for i=1,2,...,n. Suppose,
that (a,, ..., @,) is isolated in the groupoid < A4, o> with respect to the identity
f=g. Define the binary operation * on A4 as

1

u*y = (untovnrNn

for any u, v€ A. Then (b, ..., b,) is isolated in the groupoid < 4, * > with
respect to the identity f=g.

In the following we always suppose, that all terms are groupoid terms and the
length of them is at least two, all identities are regular, and the base set A has at least
two elements,

2. The case of non-(PA )-equivalent terms. In this section we will prove that the
conditions of those regular identities, in which the terms are not (PA) equivalent, are
independent over sets having sufficiently. many elements. Qur way to establish this
result is constructive and the following lemma will be fundamental in the sequel.

LEMMA 1. Let h be a term in n varigbles, A a set of at least n + \(h)
elements and (ay, ..., ay) € A". Then there exists a binary operation o on A such
that for any n-ary term h' with o(h') = o(h) and A(h')>\(h), if in the groupoid
A =<A, o> the equality
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h_é(al, ...,an) = hli(bl, .‘.,bn)

holds for some (b, ..., b,) €E A", then the terms h and h' are (PA)-equivalent,
moreover, |ay,...,an} ={by,....,bs}.
PrROOF. We associate the expression h(ay, ..., a,) with a labelled binary tree by

the following procedure (in this construction we drop the assumption A(%) > 2):

(i) if h(a,y, ..., a,) =a;, then it is associated with the tree of one verted

o 4

(ii) while, if A(ay,...,a,) =h(a; , ...,a,-k) * ha(a;, ...,ail), where {il U 5 V)
{71y s dit = 11,2, ..., n}, then itisassociated with the tree derived from the
partial tree

gluing to the left-and right edge the trees associated with expressions

hi(a; ..., a;) and hy(a; , ...,a;), respectively.
After this procedure we have a binary tree. The vertices of degree one (the vertices of
the first level) are labelled by the elements a,, ..., 4,, and all the vertices of degree
more than one (the vertices on the second, third, ... levels) are unlabelled. We will
label all of the vertices using elements from the set 4’ = A - {a,, ..., a,} by the
following procedure. Going on from the left to the right we label the vertices on the
second level by different elements of the set A", but if we have got a labelled sub-
graph

€r
e; €;

yet, and to the right from this there is a subgraph

€; ]

then the unlabelled vertex of this subgraph get the label e, too. On the third,
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fourth, ... levels we proceed on the same way taking into account the subgraphs on
lower levels, too. We can suppose that the top vertex (the root of the tree) has the
label a. It is easy to see, that we have used at most » + A(#) — 1 elements in this
procedure.

We can consider this labelled binary tree as a definition of a partial binary opera-
tion on the set 4. Namely, if we have a subtree

€

€; €;

then the product ¢;0e; should be defined by ej. Extend this partial operation to a
total operation on A such that let each product undefined yet be equal to b € 4,
where this element b has not been used as a label earlier. Ascard 4 >n + \(h)
such element b € A4 exists.

It is clear, that in the groupoid 4 =<A4,0> h 14 (a1, ..., @) = a, moreover, for
any expression over. A A'(by, ..., by), if A'(by, ..., by) #h(ay, ...,a,) and A(h) <
A(H"), then hly(by,..., by) =b #a. Obviously, h' (b, ..., by) =h(ay, ..., a,) just
in the case, when the terms 4’ and h are (SP)-equivalent, i.e., there is a permutation
m € §(n) such that A'(xy, ..., X,) = h(X1g, ..., Xng), moreover, (by, ..., by) =
(@1n, ..., @ny) which implies {ay, ..., @, } = {by, ..., b, | and this proves our
lemma.

THEOREM 1. If f= g isa regular identity in n variables and the terms f, ¢
are non-(PA)-equivalent (A(f), N(g) = 2), then the conditions of this identity are
independent over any set A of at least n+ min { \(f), N(g)} elements.

Proor, Let A be aset, card 4 > n + min { A(f), N(g)}, and suppose that
A(F) € A(g). We will show that any (ay, ..., @,) € A" is isolated in a suitable
groupoid over 4 with respect to the identity f=g.

Consider the expression f(ay, ...,a,) and construct the groupoid 4 =<4, o>
described in Lemma 1. As the terms f and ¢ are non-(PA )-equivalent there is no
n-tuple (b,, ..., b,) € A" such that f(a,,...,a,)=¢g(by, ..., by) holdsin the free
groupoid F(A). By Lemma 1 this fact means, that the ordered n-tuple (a4, ..., a;)
is isolated in the groupoid 4 =< 4, o > with respect to the identity f=g.

3. The case of (PA)-equivalent terms. We can separate the (regular) identities
containing (P4 )-equivalent terms into two classes via (SP)-equivalence. It is easy to
see, that if in the regular identity f=g the terms f and g are (SP)-equivalent, then
the conditions of this identity are non-independent over any set 4. Namely, for any
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a€A wehave f(a,...,a)=g(a,...,a) in the free groupoid F(4).
The following theorem says more about this case,

THEOREM 2. Let f and g be n-ary (PA)-equivalent terms with o(f)= o(g)
and A an arbitrary set. If f and g are (SP)-equivalent, then every n-tuple
(a1, ..., ay) EA" is non-isolated in any groupoid over A with respect to the identity

f=g.

PROOF. By Proposition 2 and the Remark after it we have a permutation 7€
S(n) such that
g(x1, s X)) = [(Xyms o0y Xna).

Let A be an arbitrary groupoid and (ey, ..., 4,) € A”. We will show, that this
n-tuple is non-isolated in 4 with respect to the identity f=g.

If we have the equality f(ai, ..., an) = g(a,, ..., ay) in the free groupoid
F(A), then f4(a1, ..., an) = gq(@1, ..., an), therefore we can suppose that

(al yrery an) :'é (a11r’ cees amr)~
Let the order of the permutation 7 be k(k > 1) in S(n). There exists a
minimal natural number 1 <m £k such that

(aly ---,an) = (alTI'm, -~-3an1rm),

The n-tuple (ay, ..., a,) isisolated in A4 (with respect to the identity f=q)
only if

f_é(al‘n't: v nnt) = ga(@1a?, ..., Opnt)

holds for each 1 <t <m. By our assumption, for every natural number r the
equalities

gl@aypr—1, ..., @upr—1) = flaynr, ..., 8nqr)
hold in F(A4), thus

g4 @, ....8n) = fé @175 s nm) = g4 (@175 ..-r@nn)

= fi(ahr’) veerlpn?) = gé(aln’: cees Apm?)

fA(alwm—ls ey Opgm—1) = g_4(a11rm‘—1, cees Bpgm—1)
=fA(a11fm9"'9an1l'm) =f£(a1""’an)

and this shows us, that

fa(ar,...;8,) = ga(ay, ..., an),



196 Lajos KLUKOVITS

ie., the n-tuple (a,, ..., a,) is non-isolated in the groupoid A with respect to the
identity f=g.

As we mentioned earlier, we used a weaker form of independence in the case of
mediality (the terms in this identity are (SP)-equivalent). In the present general
setting this has the following form.

Let f= g be a regular identity in » variables and 4 be groupoid. The ordered
n-tuple (a1, ..., a,) € A" is weakly isolated in A with respect to the identity f=g,
if there exists a permutation ¢ € §(n) such that

fA (ala --~,an) * ga (ala ---;an);

fal@ig, s @ng) # Ga(@ig, .., ang),

but for any (by,...,0,)EA" — [(ay, ..., a,), (@1g, ..., @ns)] We have

f_A(b1> ...,bn) = gA(bls ...,bn).

It is obvious, that isolated r-tuples are weakly isolated. Moreover, if (a4, ..., a,)
is weakly isolated, but non-isoalted in some 4 with respect to the regular identity
f=g, then the terms f and g are (PA)-equivalent.

The conditions of the regular identity in » variables f = g are weakly in-
dependent over the set A, if for each (ay, ..., a,) € A" there is a groupoid A
such that (ey, ..., a,) is weakly isolated in 4 with respect to f= g, or the equality
f(ay,...;an)=g(a1,...,a,) holds in the free groupoid F(4).

By Theorems 1 and 2 (and their proofs) we have the following.

THEOREM 3. If in the regular identity in n variables =g the terms f, g are
(SP)-equivalent, then the conditions of it are weakly independent over any set of at
least n+ \(f) elements.

Finally, let f and g be (PA)-equivalent, but non (SP)-equivalent terms with
o(f) = a(g) = {x1, ..., X, |. Since ker f # ker g we have ker f € ker g and
ker g ¢ ker f by our assumption on the set of the variables. We will show, that
there exists a natural number ¢ such that for any set 4 of at least g elements and
for any ordered n-tuple (a,, ..., a,) € A" we have the following three possibilities:

() flas,....,a,)=g(@,, ..., a,) holdsin F(A),
(ii) (@1, ..., ap) isisolated in some 4 with respectto f=g¢,
(iii) (a4, ..., a,) is non-isolated, but weakly isolated in some 4 with respect to the
identity f=g.
We separate the above cases via equivalence relations on the set { 1,2,...,n } .

Lemma 2. Let f and g be (PA)equivalent terms with o(f) = o(g) =
{xl, N } There exists a minimal equivalence relation p € Eq{(n) such that, for
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any set A whenever (ay,...,an) S A" isof pattern p, f(ay,...,an)= g@1, ..., ay)
holds in F(A).

Proor. Let (i, j) € p'(1 < i j< n), if there exists an r € (A(f)) =
1,2, ..., M)} such that f(r) =x; and g(r) =x;, or f(ry=x; and g(r)=x;.
After a routine calculation we have that the equivalence closure of this relation is the
required equivalence p.

If is obvious, that if o € Eq(n) and p C a, then we have in the free groupoid
F4)

flar,...,an) = g(ay, ..., a,)

for any (ai,...,a,)EA" of pattern «.

On the other hand there can exist an equivalente relation &€ £q(n) such that if
an n-tuple {ay, ..., a,) € A" is of pattern B, then f(ay,...,a,) and g(ay, ...,a,)
are different elements of F(A4), but they are of the same pattern, i.e., they are (SP)-
equivalent.

LEMMA 3. Let [ and g be termsasin Lemma 2. There exists a minimal
equivalence relation X € Eq(n) such that whenever forany set A, (a,,...,a,) EA"
is of pattern X, the expressions f(ay, ..., a,) and g(a,, ..., ay) are of the same
pattern.

Proor.  First we construct an increasing sequence of relations on the set
{1,2,...,n}. Forany 1<i j<n let (i,j)€EX,, if there exist 7, s € (A(f)) such
that (7, s) € ker f, moreover, x; = g(r) and x; =g(s), or (7, 5) € ker g, moreover,
x; =f(r) and x; =[f(s). Forany k>1, let (i, /)€ X, if (i, 7)€ Xg—1, or there
exist r, s € (A(f)) such that x; = f(r) and x; = f(s), moreover, g(r)=x; and
g(s) =x,,, where (I, m) € Xx_y, or x; =g(r), x; =g(s), moreover, f(r)=x;
and f(s)=x,,, where (/, mYEXx_1.

It is easy to see, that

(i) the relations X; (i =1, 2, ...) are reflexive and symmetric,
i x; SxC...,
(iii) there exists a least natural number m such that X,;, = X, 41

Let X denote the transitive closure of X, defined in (iii). Itis clear from the
above construction that whenever (a,, ..., @,) is an n-tuple of pattern a DX, every
time the expressions f(a,,...,a,) and g(a,,...,a,) are of the same pattern.

The minimality of X can be proved in a routine way, therefore we omit it.

LEMMA 4. If p, XE Eq(n) are the equivalence relations defined in the previous
lemma, then X C p.

Combining Theorem 3 and Lemmas 3 and 4 we have.
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LEMMA 5. Let f and ¢ be n-ary (PA)-equivalent but non-(SP)-equivalent
terms with o(f) = o(g), and (@, ..., a,) € A" anarbitrary n-tuple of pattern a,
where X Ca and pQa. Ifcard A >n+ X(f), then there exists a binary operation
* on A such that (ay, ..., 4,) is weakly isolated in the groupoid < A, *> with
respect to the identity f=g.

LEMMA 6. Let f and g be terms as in the previous lemma and A an arbitrary
set. If (ay, ..., a,) € A" is an n-tuple of pattern o, where X Q a, then there exists
a natural number q such that whenever card A > q, there exists a binary operation
* on A such that this n-tuple is isolated in the groupoid < A, *>> with respect to
the identity f=g.

ProoF, Let a€Eq(n), XL and (a,,...,a,) EA”™ an n-tuple of pattern ¢,
moreover, A, = { dys...,dn } We have the following two possibilities:

(i) The expression f(a,, ..., @;) is different from any expression of the form of
g(bl; ---,bn): where bl) ---’bn EAOL‘

(ii) There are n-tuples (b4, ..., b1n), (B21, ..., b2n), ... (Bg1, ..., bgn) E AL of
patterns «; (i = 1, 2,..., k), where X € o; and we have the following equalities
in the free groupoid F(4)

f(aly '-~’an) = g(bII’ ---,bln)
F®is s bin) = gBier 15 -5 bivr,n), i=1,2,..,k—1,

moreover, there is no (dy, ..., d,) € Ay such that f(bgy, ..., brn) =

gldy, ...,dy,).

It is easy to see, that (@4, ...,a,) & {(B11, eoes Bin), oo, Bkgs vvs bin )} We will
consider only the case %k = 1, because the general one can be treated similarly.
Suppose that for some (b, ..., by), (c1, ..., c,) €A we have the equalities in F(4):

f(ay,...,an) = g(by,...,by)
f(bly--n, bn) = g(cli'”:cn)'

While the terms f and g are non-(SP)-equivalent and the pattern of (g, ..., 4,)
is not less than or equal to X, we can suppose that there are i, j € (A(f)), i #/, such
that f(i) = f(j) = xm, g(i) = x;, g(j)=x; and g¢; #4;. The equality f(ay, ..., a,)
=g(by, ..., by,) implies b; = b; = a,,,. On the i-th and j-th places in the expression
f(by, ..., by)-the parentheses and operation symbols are not counted -the element
by stands. f(by, ..., by) = g(c1, ..., cn) implies ¢; =c; =b,,, and on the i-th and
j-th places in f(cy, ..., ¢,) the elements ¢, stands, but on the same places in
g(@i,...,a,) there are different elements a; and a;. Thereforein F(4) the equality
f(cq,....,cn)=g(ay,...,a,) is impossible,
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It can be easily seen, that if in case (ii) £ = 0, then we have case (i), therefore we
will deal with case (ii) only allowing k£ = 0.

We shall use a generalization of the construction described in the proof of Lemma
1 which will provide us not only the operation but the natural number q.

Construct binary trees as in the proof of Lemma 1 corresponding to the
expressions f(@1, ..., @), f(B11s ooy D1n)s ooes F(Bits -.or bgn) and place them side
by side in one row in the above order. Obviously, in trees of the same form the
vertices of degree one are labelled by the elements of A, and all other vertices are
unlabelled yet.

Suppose that the set 4 has enough elements for our procedure. Using different
elements from the set 4 — A, we label the vertices of degree three on the second level
in each tree getting on from left to right such that if we have got a labelled subtree of
the form of

€; €;

and to the left of it there is a subtree

€; e]-

then this unlabelled vertex will have the label e;, too. Following this instruction we
label every vertex of degree three in each tree taking into account the subtrees on
lower levels, too. The top vertices of the trees — the vertices of degree two — will be
labelled by the same element, say a(€ 4), not used previously for labelling.

It is easy to see, that we need for this labelling procedure at most

g =m+Ek+DA)-D+1

elements, where m = card 4.

Now let ¢ =¢q'+ 1 and suppose that card 4 > q. Observe, that by these k+ 1
labelled binary trees-similarly to our previous construction - we can define a partial
binary operation * on A in the following way. The product d; *d; is defined and
euqal to dy, iff there exists a subtree of one of the trees of the form of

dy
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We can extend this partical operation to a total one by inserting to all empty
places of the multiplication table the same element b € A, which has not been used as
a label. Such element must exist by our assumption on the cardinality of the set A.

It is clear from the construction, that if f4(d,,...,d,)# b forsome dy,...,d,
€ A in the groupoid < A4, *>, then f(d,, ..., d,) =a, moreover, (dy,...,d,)E
{@1s ooer @n), (B11s s Bin)y ooes (Bicys ooy Bin) | and similarly, if galcy, ..., cn) #b,
then g4(c,y,...,c,) =a, moreover, (cy,...,¢,) = (bjy, ..., bjx) forsome 1<j<k.
This means that the n-tuple (ay, ..., a,) is isolated in the groupoid < A4, *> with
respect to the identity f= g, which proves our lemma.

We can summarize our lat results in the following theorem.

THEOREM 4. Let f and g be n-ary (PA)-equivalent but non (SP)-equivalent
terms with o(f) = o(g) and A an arbitrary set. For any (a,, ...,a,) €A" of
pattern o, X € «, let k(ay, ..., an) denote the non-negative integer described in
Lemma 6 and t = max {k(al, ves@n) 1@y, ..., an) EA”, the pattern of it is not less
then or equal to X f The conditions of the identity [ =g are weakly independent
over theset A, if cardA>n+(t+1)(A(f)—2)+2.

References

[1] G. Gritzer, Universal algebra, 2 nd ed., Springer Verlag, New York-Heidelberg-Berlin, 1979.

[2] L. Klukovits, On the independence of the mediality conditions, in: Contribution to General
Algebra 2 (Proc. Conf. Klagentfurt, 1982), Holder-Pichler-Tempsky (Wien) and G.B. Teubner
(Stuttgart), 1983, pp. 209-214.

[3] L. Klukovits, The independence of the distributivity conditions in groupoids, Acta Sci. Math.,
49 (1985), 93-100.

[4] M. Petrich, A construction and a classification of bands, Math. Nachr., 48(1971), 263—-274.

[51 G. Szasz, Die Unabhingigkeit der Associativitdtsbedingungen, Acta Sci. Math., 15 (1953),
20-28.

[6] G. Szidsz, Uber die Unabhingigkeit der Associativititsbedingungen kommutativer multiplika-
tiver Strukturen, Acta Sci. Math., 15 (1953), 130-142.

[7] R. Wiegandt, Axiomatic investigations in semirings (unpublished manuscript in Hungarian)
1954.

[8] R. Wiegandt and J. Wiesenbauer, Unabhingigkeit der Distributivititsbedingungen, Atti, Accad,
Naz. Lincei, 58 (1975), 819—-822.

Bolyai Institute
Aradi vértanik tere 1.
H-6720 Szeged
Hungary



