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Let f = g be a groupoid identity in the variables x 1 , .. . , Xn such that each x; 

(i = I, ... , n) occurs at least in one of f and g. We say that the conditions of this 
identity f = g are independent over a set A if for each (a1, ... , an) E An there 
exists a binary operation * on A such that in the groupoid A = < A, * > we have 

butforany (bi, .. ,,bn)EAn-j(a1, ... ,an)\ 

fA (b;,, ... , b;1) = gA (bi,, ... , biz), 

It is easy to see, that the conditions of the identity above are non-independent 
over a set A, if and only if there exists a proper subset B C An such that in every 
groupoid A =<A, o>, if for every (b 1 , ... ,bn)EB 

/A_(b;,, ... ,b;k) = gA(b;,, ... ,bit), 

then the identity f=g holds in A =<A, o>. 
The investigations of identities form independence point of view originated in a 

problem of L. Redei in which he asked whether the associativity conditions are 
independent. This original problem was solved by G. Szasz [5): 

THEOREM. The associativity conditions are independent over a set A, iff card 
A:2:::4. 

Later R. Wiegandt and J. Wiesenbauer [7), [8] considered the distributivity of 
two binary operations from the same point of view. 

In [2] and [3) we investigated two other groupoid identities: the mediality 
((xy) (zu) = (xz) (yu)) and the self-distributivity (x(yz) = (xy) (xz) and (xy)z 
= (xz) (yz)) and proved the following result. 

* Research partially supported by Hungarian National Foundation for Scientific Research grant 
no. 1813. 
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THEOREM. 

if[ card A ~ 4. 

Lajos KLUKOVITS 

{ 
mediality } 

The conditions are independent over a set A, 
self- distributivity 

We have to remark, that in the case of mediality we used a weaker form of 
independence similarly to that of G. Szasz in the case of the associativity conditions of 
commutative groupoids [6). Later we will call this form of independence weak 
independence. 

The aim of this paper is to give a generalization of these results for groupoid 
identities having the same set of variables on both sides. 

1. Preliminaries. Let F(V) denote the free groupoid with the countable free 
generating set V = j x 1 , x 2 , ... I. A groupoid identity (briefly identity in the follow­
ing) is an unordered pair of elements of F(V). The length A(f) of the term f E 
F(V) is defined as follows 

(i) A(f) = 1, if fE V; 

(ii) X(f) = X(f1 ) + A(f2 ), if f = fd~ , where f 1 .f2 E F( V). 

The set of variables (the elements of V) occurring in the term fE F(V) is denoted 
by a(f), and we say that the identity f = g is regular [1] ( or homo typical [ 41) 
if a(f) = a(g) and it is an identity in n variables if card (a(f) U a(g)) = n. 

For any f(x 1, ... , Xn) E F(V) and a set A the symbol f(a 1, ... , an), where 
a 1 , ... , an E A, is called an expression over the set A. Thus the expressions over a 
set A are the elements of the free groupoid F(A) freely generated by the set A. 
If A= <A, o > is agroupoid, f(x 1 , ... ,xn)EF(V) isa term and a1 , ... ,an EA, 
then the element ~ (a1, ... , an) - where f.=1 is the term function on the groupoid A 
induced by the term / - is called the value of the expression /(a1, ... , an) in the 
groupoid A.= < A, o >. 

To classify the identities we introduce two equivalence relations on F(V). For 
the first relation let f denote the homomorphism F(V) ➔ F(xi), which is the exten­
sion of the map V ➔ j x 1 \. If two terms f, g E F(V) satisfy f(f) = t(g), i.e., 
(f, g) E ker r, then these terms have the same structure of parentheses thus they are 
of the same length. In this case we will say that these terms f and g are (PA)­
equivalent. 

Observe, that if the terms / 1 , / 2 E F(V) are (PA )-equivalent, then the / 1 = [2 

can be given by a pair of maps p, ... , n f ➔ V where n = '>,..(fi) = '>,..(/2). Thus 
fi(k) denotes the variable standing on the k-th place of Ii (the parentheses and 
operation symbols are not counted). These maps can be denoted by [ 1 and / 2 

without any confusion. 
Let A be any non-empty set, n a natural number and Eq ( n) denote the set 
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of all equivalence relations on the set J 1, 2, ... , n ( . We say that ordered n-tuple 
(a 1 , .•• , an) E An is of pattern 0t EEq(n ), iff for any 1 s i, j 5:, n (i, j) E Ot implies 
ai = a; and vice versa. Thus, then-tuples (a1 , ... , an) and (b 1, ... , bn) are of the 
same pattern, if for any 1 s i, j 5:, n ai = a; then bi= b; and conversely. 

We can introduce a similar notion to terms. We say that two (PA )-equivalent 
terms f, g E F(V) are (SP)-equivalent, if there exists an automorphism i.p E 

Aut F(V) such that i.p(f) = g. 
It is easy to see, that the (SP)-equivalent terms differ in naming their variables 

only, moreover, this second equivalence relation can be described with the help of the 
maps introduced above. Namely, f and g are (SP)-equivalent iff ker f = ker g. 

We mention, that the terms appearing in the identities of associativity or self­
distributivity are non (PA )-equivalent, but in the case of mediality they are (SP)­
equivalent. 

Since the expressions over a set A are elements of the free groupoid F(A ), we 
can speak about their length, (PA )-equivalence and (SP)-equivalence as in the case of 
terms. 

We can describe the (SP)-equivalence of terms via permutations. 

PROPOSITION 1. Let the n-ary terms f, g E F(V) be (PA )-equivalent terms 
with a(f) = a(g). These terms are (SP)-equivalent, iff there exists a permutation 
tr ES( a(f)) such that 

g ( X 1 , ... , X n) = f ( X 1 11, ... , X n tr), 

where S( a(t)) denotes the full symmetric group over the set a(f). 

PROOF. First suppose, that f and g are (SP)-equivalent, i.e., ker f = ker g. 
If for some k E (A(f)) = j 1, 2, ... , A(t) I we have f(k) = xi and g(k) = x;, 
then put x 1tr = x;. Since ker f = ker g implies, that for any r, s E (A(f)) f(r) = 
f(s), iff g(r) = g(s), the correspondence tr defined above is a permutation of the 
set a(t), and g(x1, ... ,Xn)=f(x1tr, ... ,Xnrr). 

The sufficiency is obvious. 

REMARK. It is easy to see, that with the help of the above permutation tr E 
S( a(t)) we can define a permutation tr' E S(m) ( = S ( j 1, 2, ... , m f )) - where m = 
card a(t) - such that for any 1 s i, j s m(i, j) E tr', iff xitr = x;. Without any con­
fusion we can denote both permutations by the same letter in the sequel. 

Investigating the associativity conditions G. Szasz in [5) introduced a very useful 
notion which has the following form in our general setting. Let f(xi,, ... , xik) = 
g(x;,, ... , xii) be a groupoid identity with the set of variables 1 x 1, ... , Xn I, and A 
be an arbitrary (non-void) groupoid. We say that the ordered n-tuple over the set A 
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(a1, ... , an) is isolated in the groupoid A with respect to the identity f = g, if 

but for each (b 1, ... , bn) EAn - j (a1, ... , an )f we have 

f~(bi,,···,bi1) = g~(bj,,•··,biJ 

Using the notion of isolatedness we obtain, that the conditions of the identity 
in n variables f = g are independent over a set A, if for each (a1, ... , an) EAn 
there exists a binary operation o on A such that this ordered n-tuple is isolated in 
the groupoid <A, o > with respect to the identity f = g. 

The reader can easily prove the following. 

PROPOSITION 2. Let f = g be a regular groupoid identity in n variables, A 
any (non-void) set, moreover, (a1, ... , an) and (b1, ... , bn) ordered n-tuples over 
A, which are of the same pattern. Then (a 1 , ... , an) is isolated in some groupoid 
< A, o > with respect to the identity f = g, iff there exists a binary operation * on 
A such that (b 1, ... , bn) is isolated in the groupoid < A, * > with respect to the 
identity f= g. 

PROOF. Let ( a1, ... , an), (b 1, ... , bn) E An be n-tuples of the same pattern. 
We have a permutation 1T E S(A) such that a11r = b; for i = 1, 2, ... , n. Suppose, 
that (a1, ... , an) is isolated in the groupoid < A, o > with respect to the identity 
f = g. Define the binary operation * on A as 

for any u, v EA. Then (bi, ... , bn) is isolated in the groupoid < A, * > with 
respect to the identity f = g. 

In the following we always suppose, that all terms are groupoid terms and the 
length of them is at least two, all identities are regular, and the base set A has at least 
two elements. 

2. The case of non-(PA )-equivalent terms. In this section we will prove that the 
conditions of those regular identities, in which the terms are not (PA) equivalent, are 
independent over sets having sufficiently many elements. Our way to establish this 
result is constructive and the following lemma will be fundamental in the sequel. 

LEMMA 1. Let h be a term in n variables, A a set of at least n + 'A.( h) 
elements and (a 1 , •.• , an) E An. Then there exists a binary operation o on A such 
that for any n-ary term h' with a(h') = a(h) and 'A.(h')~ 'A.(h), ifin the groupoid 
A= <A, o > the equality 
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h.4(a1,•••,an) = hA(b1, ... ,bn) 

holds for some (b 1 , ... , bn) E An, then the terms h and h' are (PA )-equivalent, 

moreover, ja1, ... ,an\ =Jb1, ... ,bn\, 

PROOF. We associate the expression h(a1, ... , an) with a labelled binary tree by 
the following procedure (in this construction we drop the assumption A(h) ~ 2): 

(i) if h(a1, ... , an)= ai, then it is associated with the tree of one verted 

(ii) while,if h(a1, ... ,an)=h1(a;
1

, ••• ,a;k)·h2(aj,, ... ,ah), where \i1, ... ,ikf U 

j j 1, ... , h I = j I, 2, ... , n \ , then it is associated with the tree derived from the 
partial tree 

I\ 
gluing to the left-and right edge the trees associated with expressions 
h 1 (a;,, ... , a;k) and h2 (a;,, ... , a;,), respectively. 

After this procedure we have a binary tree. The vertices of degree one (the vertices of 
the first level) are labelled by the elements a 1 , ... , an, and all the vertices of degree 
more than one (the vertices on the second, third, ... levels) are unlabelled. We will 
label all of the vertices using elements from the set A' = A - j a 1 , ... , an f by the 
following procedure. Going on from the left to the right we label the vertices on the 
second level by different elements of the set A', but if we have got a labelled sub­
graph 

yet, and to the right from this there is a subgraph 

then the unlabelled vertex of this subgraph get the label ek> too. On the third, 
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fourth, ... levels we proceed on the same way taking into account the subgraphs on 
lower levels, too. We can suppose that the top vertex (the root of the tree) has the 
label a. It is easy to see, that we have used at most n + 11.( h) - 1 elements in this 
procedure. 

We can consider this labelled binary tree as a definition of a partial binary opera­
tion on the set A. Namely, if we have a subtree 

then the product eio ei should be defined by ek, Extend this partial operation to a 
total operation on A such that let each product undefined yet be equal to b EA, 
where this element b has not been used as a label earlier. As card A ~ n + X(h) 
such element b EA exists. 

It is clear, that in the groupoid A =<A, o > hA (a1 , ... ,an) =a, moreover, for 
any expression over A h'(b 1 , ... ,bn), if h'(b 1, ... ,bn)-:f:-h(a1 , ... ,an) and 11.(h)s. 
A(h'), then h~(b 1 , .. ,,bn)=b-:f:-a. Obviously, h'(b 1 , ... ,bn)=h(a1 , .. ,,an)just 
in the case, wh~n the terms h' and h are (SP)-equivalent, i.e., there is a permutation 
rr E S(n) such that h'(x1 , ... ,xn) = h(x 11r, •• ,,Xn,r), moreover, (b 1, ... , bn) = 

(a11r, ••• , an1r) which implies j a1, ... , an I = J b1, ... , bn f and this proves our 
lemma. 

THEOREM 1. If f = g is a regular identity in n variables and the terms f, g 
are non-(PA )-equivalent (11.(f), 11.(g) ~ 2), then the conditions of this identity are 
independent over any set A of at least n + min J 11.(f), A(g) I elements. 

PROOF. Let A be a set, card A ~ n + min l X(f), 11.(g) f, and suppose that 
11.(f) s. 11.(g). We will show that any (a1, ... , an) E An is isolated in a suitable 
groupoid over A with respect to the identity f = g. 

Consider the expression f(a 1, ... , an) and construct the groupoid A= <A, o.> 
described in Lemma 1. As the terms f and g are non-(PA )-equivalent there is no 
n-tuple (b1, ... , bn) E An such that f(a 1, ... , an)= g(b 1, ... , bn) holds in the free 
groupoid F(A). By Lemma 1 this fact means, that the ordered n-tuple (a 1 , ... ,an) 
is isolated in the groupoid A=< A, o > with respect to the identity f = g. 

3. The case of (PA)-equivalent terms. We can separate the (regular) identities 
containing (PA )-equivalent terms into two classes via (SP)-equivalence. It is easy to 
see, that if in the regular identity f = g the terms f and g are (SP)-equivalent, then 
the conditions of this identity are non-independent over any set A. Namely, for any 
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a EA we have f(a, ... ,a)= g(a, ... ,a) in the free groupoid F(A). 

The following theorem says more about this case. 

THEOREM 2. Let f and g be n-ary (PA)-equivalent terms with a(f) = a(g) 

and A an arbitrary set. If f and g are (SP)-equivalent, then every n-tuple 

(a1, ... , an) EAn is non-isolated in any groupoid over A with respect to the identity 

f=g. 

PROOF. By Proposition 2 and the Remark after it we have a permutation 7T E 

S(n) such that 

g(x1, .. ,,Xn) = f(X11r, ... ,Xnrr), 

Let A be an arbitrary groupoid and (a1, ... , an) E An. We will show, that this 
n-tuple is non-isolated in A with respect to the identity f = g. 

If we have the equality f(a 1, ... , an) = g(a 1, ... , an) in the free groupoid 
F(A), then fA(a 1, ... , an)= g_,4(a1, ... , an), therefore we can suppose that 
(a1, ... ,an)::;t(a11r, ... ,llnrr)-

Let the order of the permutation 7T be k(k > l) in S(n). There exists a 
minimal natural number 1 < m S k such that 

The n-tuple (a1, ... , an) is isolated in A (with respect to the identity f = g) 
only if 

holds for each 1 S t < m. By our assumption, for every natural number r the 
equalities 

hold in F(A ), thus 

g.:4 (a1, ... ,an) = f~ (a11r, ... ,anrr) = gi! (a11r, .. ,,anrr) 

and this shows us, that 

= fA(a11r 2 , •• ,,an1r2 ) = g_,4(a11r 2 , ••• ,anrr2 ) 

= f.,4 (a1 11m -1, ... , an1rm-l) = g_,4 (a1 11m-1, ... , an 11m -1) 

= fA (a11rm, .. . , llnnm) = f.,4 (a1, ... , an) 
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i.e., the n-tuple (a1, ... , an) is non-isolated in the groupoid A with respect to the 
identity f= g. 

As we mentioned earlier, we used a weaker form of independence in the case of 
mediality (the terms in this identity are (SP)-equivalent). In the present general 
setting this has the following form. 

Let f = g be a regular identity in n variables and A be groupoid. The ordered 
n-tuple (a1, ... , an) E An is weakly isolated in A with respect to the identity/= g, 
if there exists a permutation a E S(n) such that 

fA(a1,---,an) * gA(a1,---,an), 

fA (a1a, ... , ana) * gA (a1a, ... , ana), 

but for any (b 1, ... , bn) EAn - [(a1, ... , an), (a1a, ... , ana)] we have 

It is obvious, that isolated n-tuples are weakly isolated. Moreover, if (a1, ... , an) 
is weakly isolated, but non-isoalted in some A with respect to the regular identity 
f = g, then the terms f and g are (PA )-equivalent. 

The conditions of the regular identity in n variables f = g are weakly in­
dependent over the set A, if for each (a 1, ... , an) E An there is a groupoid A 
such that (a1, ... ,an) isweaklyisolatedin A with respect to f=g, or the equality 
f(a 1, ... , an)= g(a1, ... , an) holds in the free groupoid F(A). 

By Theorems 1 and 2 ( and their proofs) we have the following. 

THEOREM 3. If in the regular identity in n variables f = g the terms f, g are 
(pP)-equivalent, then the conditions of it are weakly independent over any set of at 
least n + '11.(f) elements. 

Finally, let f and g be (PA)-equivalent, but non (SP)-equivalent terms with 
a(f) = a(g) = jx1, ... , Xn f. Since ker ft= ker g we have ker fr;/, ker g and 
ker g rJ, ker f by our assumption on the set of the variables. We will show, that 
there exists a natural number q such that for any set A of at least q elements and 
for any ordered n-tuple (a 1, ... , an) E An we have the following three possibilities: 
(i) f(a 1 , .. . , an)= g(a 1 , ... , an) holds in F(A), 

(ii) (a 1, ... ,an) is isolated in some A with respect to f= g, 
(iii) (a 1, ... , an) is non-isolated, but weakly isolated in some A with respect to the 

identity f = g. 
We separate the above cases via equivalence relations on the set j l, 2, ... , n f. 

LEMMA 2. Let f and g be (PA)-equivalent terms with a(f) = a(g) = 

j x 1, ... , xn f. There exists a minimal equivalence relation p EEq(n) such that, for 
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any set A whenever (a1, ... ,an)EAn isofpattern p, f(a 1 , ... ,an)= g(a 1 , ... ,an) 
holds in F(A). 

PROOF. Let (i, j) E p'(l Si, j Sn), if there exists an r E (11.(f)) = 
11, 2, ... , 11.(f) l such that f(r) =xi and g(r) = Xj, or f(r) = xi and g(r) = X;. 

After a routine calculation we have that the equivalence closure of this relation is the 
required equivalence p. 

If is obvious, that if O'. E Eq(n) and p <;:;: a, then we have in the free groupoid 
F(A) 

for any (a1, ... ,an)EAn ofpattern O'.. 

On the other hand there can exist an equivalente relation {3 E Eq(n) such that if 
an n-tuple (a1, ... , an) EAn is of pattern {3, then f(a 1 , ... ,an) and g(a 1 , ..• ,an) 
are different elements of F(A ), but they are of the same pattern, i.e., they are (SP)­
equivalent. 

LEMMA 3. Let f and g be terms as in Lemma 2. There exists a minimal 
equivalence relation X E Eq ( n) such that whenever for any set A, (a 1 , ... , an) EA n 
isofpattern X, theexpressions f(a 1 , ... ,an) and g(a 1 , ... ,an) areofthesame 
pattern. 

PROOF. First we construct an increasing sequence of relations on the set 
jl, 2, ... , n l- For any 1 Si, j Sn let (i, j) E X1 , if there exist r, s E (11.(f)) such 
that (r, s) E ker f, moreover, X; = g(r) and Xj = g(s), or (r, s) E ker g, moreover, 
X; = f (r) and Xj = f (s ). For any k > l, let (i, j) E Xk, if (i, j) E Xk-l, or there 
exist r, s E (11.(f)) such that X; = f(r) and Xj = f(s), moreover, g(r) = x 1 and 
g(s) = Xm, where (l, m) E Xk-l, or X; = g(r), Xj = g(s), moreover, f(r) =x1 

and f(s) = Xm, where (/, m) E Xk-l · 

It is easy to see, that 
(i) the relations Xi ( i = 1, 2, ... ) are reflexive and symmetric, 

(ii) X1 ~ X2 ~ ... , 

(iii) there exists a least natural number m such that Xm = Xm +1. 

Let X denote the transitive closure of Xm defined in (iii). It is clear from the 
above construction that whenever (a1, ... , an) is an n-tuple of pattern a :2X, every 
time the expressions f(a 1 , .• ,,an) and g(a 1 , .•. , an) are of the same pattern. 

The minimality of X can be proved in a routine way, therefore we omit it. 

LEMMA 4. If p, XE Eq ( n) are the equivalence relations defined in the previous 
lemma, then X <;:;: p. 

Combining Theorem 3 and Lemmas 3 and 4 we have. 
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LEMMA 5. Let f and g be n-ary (PA)-equivalent but non-(SP)-equivalent 
terms with a(f) = a(g), and (a 1, ... , an) EAn an arbitrary n-tuple of pattern a, 
where X ~ a and p cJ. a. If card A 2 n + 'JI.(!), then there exists a binary operation 
* on A such that (a 1, ... , an) is weakly isolated in the groupoid <A,*> with 
respect to the identity f = g. 

LEMMA 6. Let f and g be terms as in the previous lemma and A an arbitrary 
set. If (a1, ... , an) E An is an n-tuple of pattern a, where X g,_ a, then there exists 
a natural number q such that whenever card A 2 q, there exists a binary operation 
* on A such that this n-tuple is isolated in the groupoid <A,*> with respect to 
the identity f = g. 

PROOF. Let aEEq(n), xcJ.a and (a 1, ... ,an)EAn ann-tupleofpattern a, 
moreover, Aa = j a1, ... , an f. We have the following two possibilities: 

(i) The expression f(a 1 , •.• , a;,,) is different from any expression of the form of 
g(b 1, ... , bn), where b1, ... , bn EAa. 

(ii) There are n-tuples (bu, ... , b1n), (b2 1, ... , b2 n), ... (bk 1, ... , bkn) EA~ of 
patterns ai (i = 1, 2, ... , k), where X cJ. ai and we have the following equalities 
in the free groupoid F(A) 

f(a1, . .. , an) = g(bu, ... , bin) 

f(bil, ... , bin) = g(bi+i,1, ... , bi+1,n), i = 1, 2, ... , k-1, 

moreover, there is no (d1, ... , dn) E A~ such that f(bk1, ... , bkn) = 
g(di, ... , dn). 

It is easy to see, that (a1, ... , an) f$. j(b 11 , ... , bin), ... , (bkl, ... , bkn) f. We will 
consider only the case k = 1, because the general one can be treated similarly. 
Suppose that for some (b1, ... , bn), (c1, ... , Cn) EA~ we have the equalities in F(A): 

f(a1, ... , On) = g(bi, ... , bn) 

f(bi, ... ,bn) = g(ci, ... ,cn). 

While the terms f and g are non-(SP)-equivalent and the pattern of (a1, ... , an) 
is not less than or equal to X, we can suppose that there are i, j E ('JI.(!)), i =I= j, such 
that f(i) = f(j) = Xm, g(i) = xi, g(j) = xi and a; =I= ai· The equality f(ai, .. . , an) 
= g(b 1, ... , bm) implies bi = bi = am. On the i-th and j-th places in the expression 
f(b 1, ... , bn)-the parentheses and operation symbols are not counted -the element 
bm stands. f (b 1, ... , bn) = g(c1, ... , c11 ) implies Ci = Cj = bm, and on the i-th and 
j-th places in f(c 1, ... , c11 ) the elements Cm stands, but on the same places in 
g(a 1, ... ,an) there are different elements ai and ai. Therefore in F(A) the equality 
f(ci, ... , en)= g(a 1, ... ,a11 ) is impossible. 
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It can be easily seen, that if in case (ii) k = 0, then we have case ( i ), therefore we 
will deal with case (ii) only allowing k = 0. 

We shall use a generalization of the construction described in the proof of Lemma 
1 which will provide us not only the operation but the natural number q. 

Construct binary trees as in the proof of Lemma 1 corresponding to the 
expressions f (a1, ... , an), f (b 11 , ... , b 1n), ... , f (bki, ... , bkn) and place them side 
by side in one row in the above order. Obviously, in trees of the same form the 
vertices of degree one are labelled by the elements of Aa and all other vertices are 
unlabelled yet. 

Suppose that the set A has enough elements for our procedure. Using different 
elements from the set A - Aa we label the vertices of degree three on the second level 
in each tree getting on from left to right such that if we have got a labelled subtree of 
the form of 

and to the left of it there is a subtree 

then this unlabelled vertex will have the label ek, too. Following this instruction we 
label every vertex of degree three in each tree taking into account the subtrees on 
lower levels, too. The top vertices of the trees - the vertices of degree two - will be 
labelled by the same element, say a(EA), not used previously for labelling. 

It is easy to see, that we need for this labelling procedure at most 

q' = m + (k + l)(A(f) - 2) + 1 

elements, where m = cardAa, 
Now let q = q' + 1 and suppose that card A :2:: q. Observe, that by these k + 1 

labelled binary trees-similarly to our previous construction - we can define a partial 
binary operation * on A in the following way. The product di* d; is defined and 
euqal to dk, iff there exists a subtree of one of the trees of the form of 
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We can extend this partical operation to a total one by inserting to all empty 
places of the multiplication table the same element b EA, which has not been used as 
a label. Such element must exist by our assumption on the cardinality of the set A. 

It is clear from the construction, that if f.A. (d 1, ... , dn) -=I= b for some d 1, ... , dn 
EA in the groupoid <A,•>, then f(d1, ... , dn) =a, moreover, (d1, ... ,dn)E 
1 (a1, ... , an), (b 11 , ... , b1n), ... , (bki, ... , bkn) I and similarly, if YA (c1, ... , Cn)-=1= b, 
then g.A.(c1 , ... ,cn)=a, moreover, (c 1 , .. ,,cn)=(b;1 , ... ,b;k) forsome ls.j~k. 
This means that the n-tuple (a1, ... , an) is isolated in thegroupoid <A,•> with 
respect to the identity f = g, which proves our lemma. 

We can summarize our lat results in the following theorem. 

THEOREM 4. Let f and g be n-ary (PA)-equivalent but non (SP)-equivalent 
terms with a(f) = a(g) and A an arbitrary set. For any (a1, ... ,an) EA" of 
pattern a, X rJ a, let k(a 1, ... , an) denote the non-negative integer described in 
Lemma 6 and t = max 1 k{a1, ... , an) I (a1, ... , an) EA", the pattern of it is not less 
then or equal to X I. The conditions of the identity f = g are weakly independent 
over the set A, if card A -:C. n + (t + 1 )(:\(f) - 2) + 2. 
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