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Abstract

In this article, we prove that if T' and S are quasisimilar operators, then
each nonempty closed-and-open subset of o,..(T') intersects on(T)Non(S). Asa
simple corollary we give an affirmative answer to a question of Fialkow.

Let L(X) denote the algebra of all operators acting on the complex, infinite
dimensional Banach space X. Recall that T' € L(X) and S € L(Y") are quasisim-
ilar if there exist injective operators A : X — Y and B : Y — X with dense
range such that AT = SA and TB = BS.

For T € L(X), we write nul(T") = dimker(T), nul(T*) = dimker(7*) and
ind(T") = nul(T") — nul(T™*) if at least one of nul(7T") and nul(T™) is finite.

Recall that A € L(X) is a Semi-Fredholm operator if ran(A) is closed and
at least one of nul(4) and nul(A*) is finite, and that A € L(X) is Fredholm
operator if ran(A) is closed and both nul(A) and nul(A*) are finite. For T € L(X),
the essential spectrum ¢.(T) = {A € C : T — X is not Fredholm}, the right
essential spectrum o,..(T) = {\A € C : either T — X is not Semi-Fredholm or
ind(T — A) = —oo} and left essential spectrum o7.(T") = {\ € C : either T — X is
not Semi-Fredholm or ind(T — A) = oo}. Let

0re(T) = {A € C: T — X is not Semi-Fredholm},
Yo(T) = {A € C: ran(T — ) is closed and ind(T — A) = n}
(n=0,%1,...,+0)
H,(T)={AeC: ind(T - X) =n} (n=0,%1,...,+00),
Hpn(T)={A € C: nul(T — A) = m and nul(T — \)* = n}
(m,n=0,1,...,00)
Let D° denote the interior of subset D of C and 8D denote boundary of D.
Let on(T) = 01{(T)\Hoooo(T)°.
IfT € L(X) and § € L(Y') are quasisimilar, then for each complex A nul(T —

A) = nul(S — A) and nul(T — A)* = nul(S — A)*. It follows that H,(T) = H,(S)
and Hpn(T) = Hon(S).
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LemMma 1[1]. IfT € L(X) and S € L(Y) are quasisimilar, then each com-
ponent of a.(T') intersects g.(S), and viceversa.

THEOREM 2. If T € L(X) and S € L(Y) are quasisimilar, then each
nonempty closed-and-open subset of or.(T) intersects on(T) N on(S).

Proor. Let 7 be any nonempty closed-and-open subset of o,.¢(T).

Case 1. 7 is not open subset of 0.(T'). There exist £ € 7 and a sequence
{ta} C 0e(T)\7 such that Limt,, = t. Since 7 is an open subset of 7,.(T"), we may
assume that {t,} C 0e(T)\0re(T). Now that t € 7 C 0,(T), t ¢ 0(T)\0re(T),
because t € 8(0e(T)\are(T)). Since on(T) N on(S) is closed and

Te(T\0re(T) = Yoo (T) C Hoo(T) = Hoo(S) C on(T) N on(S5),
we deduce that ¢ € 8(ce(T)\ore(T)) C on(T) N on(S). Therefore

TrNon(T)Non(S) # ¢.

CASE 2. 7 is an open subset of ¢.(T'). Since 7 is a closed subset of the closed
set ore(T), it is also a closed subset of o.(T’) and hence T is a closed-and-open
subset of 0.(T"). A component say 71, of 7 is also a component of o.(T"). Lemma
1 implies that 71 N 0(S) # ¢. It follows that 7N oe(S) # .

Now suppose that 7 Non(T) Non(S) = ¢. Then

TN 0e(S) C (0re(T)Noe(s))\(on(T) Non(S))
C (are(TN\ow(T)) U (0e(S)\on(5))
c D,

where D = [H_o(S) U Hoooo(5)]° = [H-0o(T) U Hoooo(T')]°, and 7N D # ¢. We
are now going to show that 7 N D is closed-and-open in C. D is an open set and
T is a closed-and-open subset of ¢,..(T'), hence VA € 7N D there exists r > 0 such
that O(\,r) C D and O(A,7) N 04(T) C 7. Thus

o\ r)=0A\r)ND CcO\r)Na.(T)C,

and we conclude that O(A,7) C 7N D. Therefore 7N D is open in C. D C o.(S)
and D is open, hence
8D C 0.(S)\D C on(S).

Similarly 8D C on(T). It follows that 8D C on(T) N on(S).
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Suppose that {t,} C 7N D, lim¢, = t. Since 7 is closed.
We have

ternN(DUdD)=(rnND)U(rNaD)
Cc(rnD)U(rnon(T)Non(S))
=7ND.

Hence 7N D is closed in C. We have now shown that 7N D is closed-and-open in
C, which contradicts 7N D # ¢, 7N D # C. Therefore N on(T) Non(S) # ¢.

THEOREM 3. IfT € L{X) and S € L(Y') are quasisimilar and Q is a subset
of C such that
Gre(T)NQ#£ @, but one(T)NOQ = ¢,

then
Qnaon(T)Non(S) # ¢.

ProoF. Let A be any point of 0,..(T) N §, and let 7 be the component of
ore(T) containing X\. We have 7 C  since 0,..(T) N 0 = ¢.

Since 0,.(T) is a compact set of C, every component of 0,..(T) is the in-
tersection of all the closed-and-open subsets of o,..(T") containing it. Let 7 =
Naer Ta (7o is closed-and-open in ore(T) and contains 7). Theorem 2 implies
that {ra Non(T)Nan(S) : a € I'} is a family of closed subsets of ox(T)Non(S)
have the finite intersection property. By compactness of on(T) N on(S), it is
clear that

rNon(T)Non(S) = ﬂ (ta Non(T) N on(S)) # ¢.
a€l

Therefore @ Non(T)Non(S) # ¢.

THEOREM 4. IfT € L(X) and S € L(Y') are quasisimilar and Q is a subset
of C such that
o (T)NQ# P, but 0. (T)NIN =g,

then QN op(T)Nop(S) # ¢.
(where o7 (-) = 01re(I\F(), F(-) = [Hoo(*) U Hooo(*) U Hoooo(")]°)

Proor. Since o.(T) N Q # ¢, but o.(T) N IN = ¢, deduce that do.(T) N
Q # ¢. Let a be any point of do(T) N Q. Clearly, a € 01,.(T) and F(T) =
[Hoo(T) U H_oo(T') U Hoooo(T')]° C 0e(T')°, hence a € 01, (T)\F(T) = or(T).
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Case 1. a € g.(S). Suppose that a ¢ op(T) Nor(S), then
a € 0.(S)\or(S)=F(S)=F(T) C 0.(T)°,
which contradicts a € 8o.(T'). It follows that QN op(T) Nor(S) # ¢.

Case 2. a ¢ o.(S). Let 7 be the component of o.(T) containing a. By
lemma 1, 7 N o(S) # ¢. Let 8 be any point of 7N o.(S). Since that a ¢ 7.(S)
and 8 € 0.(S), we deduce that 7N dc(S) # ¢. Let A be any point of 7N do.(S),
then A € or(S). Suppose that A ¢ or(T) N or(S), we have

A € 0o(T)\or(T) = F(T) = F(S) C 04(5)°

which contradicts A € dg.(S). Therefore A € ox(T) N or(S).
Suppose that A ¢ . Since @ € 7N and X &€ 7, we have 7 N 98 # ¢, which
contradicts g.(T)N AN = ¢. Therefore A € Q. It follows that QNop(T)Nor(S) #

0.

CorOLLARY 5. IfT € L(X) and S € L(Y) are quasisimilar and Q is a
subset of C such that

0 (T)NQ#E ¢, but o (T)NOQ = ¢,
then QN 8(ar(T)Nor(S)) # ¢.

ProoF. By theorem 4, QN op(T) N or(S) # ¢. Let X be any point of
QNop(T)Nor(S), and let 7 be the component of Q containing A. Clear, a7 C 912.
Suppose that 7 C or(T") N or(S). Since op(T) N or(S) is a closed set, 07 C
ocr(T)Nop(S) C 0.(T). Thus, o.(T)NT # ¢, which contradicts the o.(T)NIQ =
¢. Therefore 7 ¢ or(T)Nor(S). It follows that 7N (or(T)Nop(S)) # ¢. Hence
QN J(or(T)Nop(S)) # ¢.

REMARKS.

(1) Let A and B be quasisimilar operators. In {2] Fialkow asked whether
each nonempty closed-and-open subset of o,..(A) intersects o;.(B)? Our theorem
2 has answered this question, affirmatively.

(2) Theorem 4 and corollary 5 strengthen the result of [1, theorem 5].
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