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1. Introduction

In this paper, first we study the dependence of the solutions of evolution
inclusions on the data determining them. Under mild hypotheses, we are able
to show that the solution sets of the approximating problems converge in the
Kuratowski and Hausdorff modes to the solution set of the limit problem. An
analogous result is also presented for the attainable (reachable) sets. Then we
use this general result about evolution inclusions, to study the variational sta-
bility of optimal control problems with semilinear dynamics. Such a sensitivity
analysis is important from both the theoretical and applied viewpoints. It pro-
duces useful continuous dependence results, it suggests ways to solve parametric
problems, it helps us determine the best mathematical model by telling us what
tolerances are permitted in the specification of the data and finally it gives us
robust computational procedures to solve numerically complicated problems.

Previous work in this direction was done by Chugunov [3], Lim (5],
Stassinopoulos—Vinter [15] and Vasiliev [17], for differential inclusions in R",
Papageorgiou (7] for differential inclusions in Banach spaces and by Pieri [11],
Stassinopoulos [14] and Zolezzi [20] for finite dimensional optimal control prob-
lems. Here we consider evolution inclusions, which model parabolic partial dif-
ferential equations with multivalued terms. So our work goes beyond those men-
tioned above. In the last section we work in detail an example of a sequence of
semilinear parabolic optimal control problems to which our results apply.

2. Preliminaries

Let (,%, 1) be a o-finite measure space and X a separable Banach space.
By Py()(X) we will denote the family of nonempty, closed, (convex) subsets of
X. A multifunction F : Q — P¢(X) is said to be measurable, if forallz € X,w —
d(z, F(w)) = sup{lz — 2|| : z € F(w)} is measurable. It turns out (see Wagner
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108 Nikolaos S. PAPAGEORGIOU

[18]), that this definition of measurability is equivalent to saying that there exist
fn: @ — X,n > 1 measurable functions s.t. F(w) =cl{fn(w)}n>1.

On P¢(X) we can define a generalized metric, known in the literature as the
Hausdorff metric, by setting

h(A, B) = max[sup d(a, B),sup d(b, A)].
a€A beB

Recall that (Pg(X),k) is a complete metric space. We say that a sequence
{An}n>1 C P¢(X) converges in the Hausdorff metric to A € Ps(X), if h(An, A)
— 0 as n — oo.

Another mode of convergence that we will need in the sequel, is the so-
called Kuratowski convergence of sets. So let {A,,}.>1 be a sequence of nonempty
subsets of X. We define

limA, ={z € X : 2 =s—limz,,z, € 4,,n > 1}
and limd, ={z € X :2=5—limzn,,Tn, € An,,M1 <Nz <-+- <N <--}.

(here s-indicates the strong topology on X). It is clear from the above def-
initions that we always have limA, C limA,. We say that the A,’s converge to
A in the Kuratowski sense (denoted by A, N A) if and only if limA4, = limA,.

If instead of imA,, we define w —limA, = {z € X : 2 = w ~ limz,, ,z,, €
Ap,, ny < ng < -+ < np < ---} (here w— denotes the weak topology on
X), then we say that the A,’s converge to A in the Kuratowski-Mosco sense
(denoted by A, “=3" A) if and only if lim4, = A = w ~ ImA,. Using this
mode of set convergence, we can define a convergence for R-valued functions, in
general different from the pointwise convergence. So if {f», f}a>1 C R* we say
that f, — f if and only if epi f, “=% epif. From Mosco [6] we know that this
definition is equivalent to saying that if z,, — =, then f(z) < limf,, (z,,) and
for every z € X, there exists , — z s.t. fn(2,) — f(z) as n — oco.

Now let H be a separable Hilbert space and X a subspace of H carrying the
structure of a separable, reflexive Banach space which embeds continuously and
densely in H. Identifying H with its dual (pivot space), we have X — H «— X*
with all embeddings being continuous and dense. We will also assume that they
are compact. In order to have a concrete example in mind, consider the case in
which H = L*(Z), X = H{*(Z) and X* = H-™(Z), where m € N, and Z is
a bounded domain in R™ with smooth boundary. From the well-known Sobolev-
Kondrachov embedding theorem, we know that H{*(Z) — L?*(Z) — H~™(2),
with all embeddings being continuous, dense and compact. Such a triple of space,
is usually called “Gelfand triple”. By {-,-) we will denote the duality brackets for
the pair (X, X*) and by (-,-) the inner product in H. The two are compatible in
the sense that (-, -)[XXH = (+,*). By ||-|| (resp. ||, ||-ll+), we will denote the norm of
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the space X (resp. of H, X*). Let W(T') = {2(-) € L*(X) : #(-) € L?*(X*)} where
the derivative is understood in the distributional (generalized) sense. This is a
separable reflexive Banach space with norm ||z(|w () = [”“’”%2(10 +”fc“§:’(x~)]l/2'
It is well known (see Zhikov-Kozlov-Oleinik [19]), that W(T) — C(T, H) con-
tinuously i.e. every element of W (T'), after possible modification on a Lebesgue
null subset of T', is equal to a continuous function from T into H. In fact if X
is a Hilbert space, then W(T') — C(T, H) compactly. Following Zhikov-Kozlov-
Oleinik {19], we make the following definition:

DeriniTION 2.1. A sequence of operators A, : X — X*,n > 1 G-converges
to an operator A: X — X* asn — oo, if the operators A7, A~ : X* - X are
defined and for any z* € X*, A le* =5 A~12* in X (strongly in H) asn — co.

Finally by Ay we will denote the operator defined by

Agz= Az for te D(Ay)={zc X : Az € H}.

3. Evolution inclusions

Let T=[0,b] and (X, H, X*) a Gelfant triple of spaces with X being a sepa-
rable Hilbert space. We consider the following sequence of evolution inclusions:

En(t) + Ann(t) € Fp(t,za(t)) ace.
| .
2,(0) = z§
and the limit multivalued Cauchy problem:
&(t) + Az(t) € F(t,z(t)) a.e.
z(0) = 2

We will need the following hypotheses on the data of the above problems:

H(A): A,,A:X — X*,n > 1 are linear continuous operators s.t.
(1) (A4n,2z,2), (Az,z) > c||z|®c > 0 (i.e. they are strongly monotone),
(2) A, S Aasn - .

H(F): Fo,F:T x H — Ps,(H) n > 1 are multifunctions s.t.
(1) t— Fu.(t,z),n > 1 are measurable,
(2) h(Fu(t,z), Fu(t,y)) < ka(t)|z — y] ae. and sup »>1kn(") € LY,
(3) Fa(t,z) 2 F(t,z) ae. as n — oo,

(4) |Fu(t,z)| = sup{|z| : z € Fu(t, )} < a(t) + b(t)|z| a.e. with a(-), b(-) €
Li(T).
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Hy:zp 2y in H.

By a solution of (x) we understand a function z(-) € W(T) s.t. &(¢)+ Az(t) =
f(t) a.e. with f(-) € S},(‘,z(_)) = {h(-) € LY(H) : h(t) € F(t,z(t)) a.e. } and
z(0) = . Similarly for the multivalued Cauchy problems (*),,. We will denote
the solution set of (*), by P, and that of (x) by P. From [9] we know that
P,, P#0.

TuEorREM 3.1. If hypotheses H(A), H(F) and Hy hold,
thenP,.LP andP,.——h—»P as n — 00

Proor. Let z(-) € P. By definition we have:
2(t) + Az(t) = f(t) a.e., 2(0) = 2o, f € Sp(.o())-

Let m,(t) = proj (f(t), Fu(t,z(t))) and fo(t,2z) = proj (ma(t), Fa(t,z)).
Clearly for all n > 1 f,(¢,2(t)) = m,(t). Combining hypothesis H(F)(2) and
theorem 3.33 of Attouch [1], we see that z — f,(¢,z) is continuous. Also by
definition f,(¢,2) = inf[[[mn(t) — yll : y € Fu(t,2)] = infiz1 [[ma(t) - y2(t)Il,
where g% : T — H k > 1 are measurable maps s.t. Fi.(t,2) = {y2(¢)},>,- Such a
dense sequence of selectors exists since by hypothesis H(F)(1), Fn(-,z) n > 11is
measurable. So ¢ — f,(t, z) is measurable.

Now consider the following evolution equation:

{ (t) + AnZa(t) = fa(t, 2a(t)) ace. }

zn(0) = zg

(*)n

We know (see [9]) that (x)!, has a solution z,(-) € W(T') — C(T, H). Clearly
Za() € Pn. We claim that z,(-) — z(-) in C(T, H). Note that A, x with do-
main D(A, r) = {x € X : A,z € H}, being continuous, monotone, coercive,
is maximal monotone (in fact it will be cyclically maximal monotone hence a
subdifferential if A, x is self-adjoint, see Barbu [2], proposition 2.7, p.60). So it
generates a linear semigroup of contractions {S,(t)}ser € L(H), with respect to
which the solution z,(-) can be written as

Zalt) = Salt)eh + /0 St — 8)fa(s, za(s)) ds

(see Tanabe [16], proposition 5.5.1, p. 153).
Similarly if {S(¢)}:er is the semigroup generated by Ag, we have that

z(t) = S(t)zo + /O't S(t—s)f(s)ds,teT
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Since A, S, A, from theorem 3.62, p. 365 of Attouch [1] and theorem 4.2,
p. 85 of Pazy [10], we have that S,(t)z — S(t)z for all z € H, uniformly on
bounded t-intervals. Then because of hypothesis Hy, from Kato {4], p. 151, we
have that S,(t)zd ~> S(t)zo in H. We have:

Izn(t)—m(t)lSlSn(t)xa‘—S(t)onI/OSn(t—S)fn(s,zn(S))ds—fo 5(t—3)f(s)ds|

Working on the second term of the right hand side of the above inequality,
we have:

|‘/0 ,S',,(t—.s')fn(s,:I:,,(s))d.s—/0 S(t — 3)f(s)ds|
<| /0 St — 8)fa(s, ©n(s))ds — /0 Sult — 8) ful3, 2(8))ds]
1 [ Sult= ) fulo,a(e))as

= [ sutt=)p@)sl | [ st - )r(e)s— [ (€= )p(e)asl
Observe that:
[falts2(2)) = Falt, 2n(®)] = d(ma(t), Fult, za(t)))
< (Falt,2(0)), Falts 2a(1))) < Fa()za(t) — 2(t)lace.

Also we have:
|fn(t,2(8)) — F(O)] < R(Falt,2(t)), F(t,z(t))) — 0 as n— o0,

(see hypothesis H(F)(3)). Finally recall that |[Sn(t)|lc(z) <1 n > 1. Hence
we have that:

[ Sute =) tute,uteas - [ 5 a)s(a)as
< /0 on(5)a(s) — 2(s)[ds + /0 B(Fa(s, 2(5)), F(s, 2(s)))ds

+ /0 Salt — 8)f(s)ds — /0 S(t — 5)(s)ds|

Therefore given ¢ > 0, we can find ng(e) s.t. for n > ng(e) we have

|Xa(t) — 2(t)] < € + / Fa(8)|2a(s) — 2(s)|ds
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Invoking Gronwall’s inequality, we get that
sup |z, (t) — z(t)| < e(exp M)
teT

where M = ||supp>1kn(-)|l1-
Since € > 0 was arbitrary, we deduce that z, — z in C(T, H) and so we have
that
P ClimP, (1)

Next let 2, — z in C(T, H),Zn(-) € Pn,n > 1. We know that

t
z,(t) = Sa(t)zg +‘/0. Sa(t —8)fna(s)ds, n>1,t €T, fu(-) € S},,n(.,z“(_)) (2)

Through a straightforward application of the Lusin—Yankov—Aumann selec-
tion theorem, we can find f(-) € S},,(.,x(,)) st || f(8)— F(Ol = d(fa(t), F(t,2(t))).
Observe that d(fn(t), F(t,z(t))) < h(Fa(t, za(t)), F(t,2(t))) < R(Fu(t, za(t)),
Fot,2(t))) + R(Fn(t,2(t), F(t,2(t))) < Ms(t)|ea(t) — 2(t)] + h(Falt,(t)),
F(t,z(t))) a.e. where Ms(t) = sup,»;ka(t)- So [[falt) — F(O) = d(fa(t),
F(t,z(t))) — 0 a.e. Then S, (t — s)fa(s) — S(t — s)f(s) a.e. in H and by
passing to the limit as n — oo in (2) we get that

2(2) = S(t)z0 + /0 S(t— s)f(s)ds, t €T, £() € Shr.ar)-

Then theorem 5.5.1, p. 153 of Tanabe [16], tells us that z(-) solves the evo-
lution equation £(t) + Az(t) = f(t) a.e., 2(0) = 2o, f € Sp(. 5(y) = z() € P and
so we have

limP, C P (3)

From (1) and (3) above, we deduce that P, X, P. Also, since Up>1 Pn is
compact in C(T, H) (see [9]; in fact some a priori estimates tell us that |J,5; Pn
is bounded in W(T') and W(T) — C(T, H) compactly) and so P, L, P oas
n — oo. Q.ED.

This leads us to the following convergence result concerning the attainable
(reachable) sets of systems (*),, and (*). The proof, which is based on theorem 3.1,
is straightforward and so is omitted. So let R,(t) = {zn(t) : 4(*) € Pa},n > 1
and R(t) ={z(t): z(-) € PL,t e T.

THEOREM 3.2. If the hypotheses of theorem 3.1 hold,
then R,,(t)%R(t) asn — oo forallteT.
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4. Optimal control problems

In this section we see how theorem 3.1 can be used to study the variational
stability of a class of semilinear optimal control problems.
So consider the following sequence of optimal control problems:

Mm(z) — inf =m,
S.t. £n(t) + Anzn(t) = Bo(t, za(t))ua(t) ae. (%%)p
z,(0) = 25, un(t) € Un(t) a.e.
and the limit optimal control problem
n(z) — inf =m
s.t 2(t) + Az(t) = B(t, z(t))u(t) ae. (*%)
z(0) = zo, u(t) € U(t)
We will need the following hypotheses on the data of these problems. Here

Y is a separable Banach space modelling the control space.

H(B): B,,B:T x H— L(Y,H) are maps s.t.
(1) ¢ — Bu(t,z)u,n > 1 is measurable,
(2)  Balt,2)lcqv,my < alt) + b(t)|z] a.e. with a(-),b(-) € L},
(3) Ba(t,z)* = B(t,z)* as n — oo for all (¢,z) € T x H (here on denotes
the operator norm)
(4) |Ba(t,z)*h — B(t,z)*h| < k(t)|z —y| for all n > 1 and all h € H s.t.
|h| < M.
H(U): U, :T — Ps(Y) are measurable multifunctions s.t.
(1) Ua(t) 2 U) ae.
(2) [Un(t) =sup{||zlly : 2 € Un(t)} < M a.e. foralln >1
H(n): 7n,n : C(T,H) — R are continuous, convex functions s.t. 7, — 7
and sup,s; |7.(z)] < oo for all z € C(T, H) s.t. ||zllcc < My where
|Up>1 Pa| < My with P, being the set of trajectories of (#x).

THEOREM 4.1. If hypotheses H(A), H(B), H(U), H(n) and Hy hold,
then m, — m.

Proor. Let F,(t,z) = B,(t,2)U,(t) and F(t,z) = B(t,z)U(t). Then note
that for every h € H we have

sup (h,2) = UF,.(e,z)(h) =0y, (1) (Bn(t,z)*h)
zEF, (t,2)
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Note that the function (t,v) — oy, (1) (v) defined on T'x Y™ is a Caratheodory
function (i.e. measurable in ¢, continuous in v), hence it is jointly measurable.
Thus ¢ — oy, (¢)(Bn(t,z)*h) is measurable and so t — o, (¢)(h) is measurable,
which in turn implies that t — F,(¢,z) is measurable for all n > 1 and allz € H
(see Wagner [18]). Also we have:

h(Fn(t,z), F(t,2)) = h{(B.(t,2)Un(t), B(t,)U(t))
< h(Bn(t,z)Un(t), Bn(t, 2)U(t)) + h(Ba.(t, 2)U(t), B(t,z)U(t))
< |IBn(ts @)l oy, mh(Ua(E), U(E)) + |U(E)] - || Ba(t, 2)*
- B(t,z)"||cay-) #0 as n— o0
Also for all z,y € H we have:

h(Fn(ta z)’Fn(t’ y)) = |i]|1£1 laUn(t)(Bn(trz)*h) - U'U,.(t)(Bn(t’ (I))*h)|

< M.||Bn(t,2)" — Bu(t,9)"ll oy
< Mk(t)|z — y| a.e.
Finally note that for all n > 1 we have
|Fo(t, z)| < a(t) + Mb(t)|z] a.e.

So we have satisfied hypothesis H(F) of section 3. Applying theorem 3.1 we
get that P, %P, where P, is the set of trajectories of (*),,n > 1 and P is the
set of trajectories of (x).

Let z € P s.t. n{z) = m. Such an trajectory exists since P is compact and
7n(-) is continuous. Then from the properties of T-convergence (see Mosco[6]), we
know that we can find y,.(-) € C(T, H) s.t. y, — zin C(T, H) and n,(y,.) — n(z).
Also since Pn%P, we can find z,, € P, s.t. z, — z in C(T, H). Because of the
pointwise boundedness hypothesis H(n) on 103(M4(0)) ={ye C(T,H) : |jyllo <
M,}, from Rockafellar {12], theorem 10.6, p. 88 we know that {n,(-)}n>1 is
equi-Lipschitz on the set {Zn,yn, Z}n>1. So there exists k > 0 s.t.

[72(2n) — Nn(ya)l < 75”"3n ~¥Unlloo, B >1

wZn) — =) = 0asn—
7 (27) — 1(yn)] 00 0

M(ze) = n(z) =masn - o

I

l—ir—n—mnSm



Sensitivity analysis 115

Next for each n > 1, let z,(-) € Pp(2¢) s.t. 7u(zn) = m,. Recalling that
{zn(-)},,>; is compact in C(T, H) and by passing to a subsequence if necessary,
we may assume that z, — z € P in C(T,H). Then from the properties of
T-convergence, we have

m < n(z) < limp(z,) = limm, (2)

Combining (1) and (2) above, we conclude that m,, — m. Q.E.D.

Let Q. = {set of optimal trajectories of (%*),} and Q = {set of optimal
trajectories of (**)}. We have the following theorem relating them:

TrHEOREM 4.2. If the hypotheses of theorem 4.1 hold,
then limQ,, C Q in C(T, H).

Proor. Letz, € Q,n >1landz, — zin C(T, H). Then n,(z,) = m, =
n(z) < limn,(z,) = limm, = m (theorem 4.1). Since z € P (theorem 3.1), we
have p{z) =m =z € Q. Q.E.D.

5. An example

In this section we present an example of a sequence of parabolic distributed
parameter optimal control problems on which the results of the previous sections
can be applied.

So let T = [0,b] and Z a bounded domain in R with smooth boundary
0Z =T. The approximating terminal cost control problems are the following:

Mm(z) = /Z¢n(z, zn(b,2))dz — inf =m,

0zn(t,2) w= 8 [ ., 0zalt,2)
st. ot h Z_ 32,’ (aij(z) az,-
Hi=1 b (#xx)

= b (t, 2, 20(t, 2))un(t,z) on TzZ
zn(t,2) =0 on Tzl

z,(0,2z) = z5(z) on {0} x Z,/ Un(t, 2)?dz < 72
z

/

and the limit problem is
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() = /;d)(z, z(b,z))dz — inf = m,

oz(t, z) Y8 3 0x(t, 2)
s.t. o z_: a7, (a”(z) 52,
Hi=1 (k)
= ba(t, z,2(¢, 2))ult,z) on T'x Z

z{t,z)=0 on T xT

z(0,2) = zo(z) on {0} x Z,Lu(t,zfdz <r?

\ 7/

‘We will need the following hypotheses on the data
H(a): {al;,aij} € L*(Z) af; = aj; and Xold)?

N N
< Z al;(2)0:0;, Z a;;(2)0:8;, aj; = aly(21), aij = ai;(21)

1,7=1 3,5=1
2 N R ]. w* 1

< A|f)* forall # € R™ and with Ag,A; >0. Also — — —
aqq a1

a"’ - al ana"’ = ala . X

it w, S gp o L aij — —= in L*(Z), Z, = proj, Z.

n ¥ n

a1 a11 a11 a11

H(b): b,,b:T x Z xR — R are maps s.t.
(1) (t,2) = ba(t, z,2), b(¢,2,2), n > 1 are measurable,
(2) |balt, 2,2)| > alt,2) a.e. with a(-,-) € L}(T,L>(Z)),
(3) |bnlt,2,2) — balt,2,9)] < k(t,2)|z — y| ae. n > 1 with k(-,-) €
LT, I=(2)),
(4) for every z(-) € L*(Z), ba(t,-,z(-)) — b(t,-,z(-)) in L>(Z)).
H(¢): &n, ¢:Z xR — R are integrands s.t.
(1)  ¢n(-,z),8(-,z) n > 1 are measurable,
(2) ¢n(2,:),¢(2,-) n > 1 are continuous, convex,
(3) for every wn, — w in L*(Z), {¢n(-, wn(-))}n>1 is uniformly integrable,
(4)  éa(z,") = @(2,) a.e., where c- denotes the continuous convergence.
H(r): rp—r.
Hyp:  zf -z in L}(2).
In this case the Gelfand triple consists of the spaces X = H}(Z), H = L*(Z)

and X* = H~1(Z). Clearly all embeddings are continuous, dense and compact
(Sobolev-Kondrachov theorem). Also Y = L%(Z). Consider the Dirichlet forms



Sensitivity analysis 117

a, : H(Z) x H}(Z) - R n > 1 defined by

n(27) = / 3" an(z )3” Y g

1]1

From hypothesis H(a), we have |a,(z,y)| < fl]lz”H&(Z)Hy”H&(Z) n > 1. So
we can define a continuous linear operator 4, : X — X* by setting (Ana: y) =
an(z,y). Similarly using the Dirichlet form a(z,y) = [, 3; 1_1 a;j(z) 2z B az, L dz,
we can define A : X — X* by setting (Az,y) = a(z,y). Also from hypothesis
H(a), we have (A,z,z) > A||Vz| 12(z) and invoking Poincarés inequality, we get
(Anz,z) 2 |z g2(z) ¢ > 0. Similarly (Az,z) > c||z| 41(z). Also from lemma 3,
p. 289 of Sokolowski [13], we have 4, £, A. Hence we have verified hypothesis
H(A).

Next let B, : T x L*(Z) — L(L*(Z)) be defined by (Ba.(t,z)v)(z) =

bu(t, z, z(2))v(2). If B(:) € L*(Z), we have (B,(t,z)v,0)12(z) = [, ba(t, 2, 2(2))

v(2)B(z)dz = t — (Bn(t,2)v,8)12(z) = [, ba(t, 2,2(2))0(2)B(2)dz = t —
(Bn(t,z)v,0) is measurable (Fubini’s theorem). So ¢t — B,(t,z)v is weakly
measurable and since L?(Z) is separable, Pettis’ theorem tells us that ¢ —
Bn(t,z)v n > 1 is measurable. Also note that |[Ba(t,z)|lcz2(z)) < @(t) +
b(t)|z|L2(z) a-e., where @(t) = |la(t,-)|[z1(z) and b(t) = ||b(t,-)||z=(z). Observe
that B,(¢t,z) = B(t,z)* and B(t,z) = B(t,z)*. Furthermore for v € Y s.t.
flvlly < ro = sup,>; r» we have

”Bn(t’ 23)’0 - Bn(ta 3/)””2

- /Z [ba(t, 7, 2(2))0(2) = b(t, 2, 2(2))o(2)[? dz
<1k Wi [ lole) — v a2

= K(t) |z = yll3cz)(R() = 1k(t, )| 2o (z)T0)

Also || Bn(t, z)v— B(t, z)v]IL,(Z) = [, 1bn(t, 2, 2(2))v(2) - b(t, 2, 2(2))v(2)|*dz
< bn(ts - 2()) = bt > 2(Wlieo 2 032 2) = Balt, ) = B(t, ) in L(L*(Z)).
So we have verified hypothesis H gB).

Next let U, = {u € L*Z) : ||lu|lz23z) < ra} and U = {u € L*(2) :
lu|[z2(zy < r}. Since by hypothesis H(r), r, — r, we get U, 2, U. Thus
hypothesis H(U) has been verified.

Finally note that because of hypothesis H(¢), 7,07 : C(T,H) > Rn > 1

are continuous, convex functions and 7, — 7, thus 7, — 7. So hypothesis
H(7n) has been verified.
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Therefore we see that we have verified all hypotheses of theorem 4.1. Applying

that theorem, we get:

THEOREM 5.1.  If hypotheses H(a), H(b), H(¢), H(r) and Hy hold,
then m,, — m.
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