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Introduction

In this article, we study relationships between denominator ideals and ex-
tensions of Noetherian domains. Let A D R be an extensions of Noetherian
domains, and let K and L are quotient fields of R and A respectively. Assume
that A = R[ay,...,a,] for some elements a;(1 < i < n) of A and that L/K is
an algebraic extension.

For a non-zero element a € A, let ¢o(X) = X4+ ;X% + --- + 1, be the
minimal polynomial of o over K.

Then we denote by I, the ideal ﬂ‘le(R : p7;) where (R: gmy) = {r €
R|rn; € R}. Then one can see that for a prime ideal p of R, I, is not contained
in p if and only if 9; € R, for all ¢, namely ¢,(X) € Rp[X]. Note that if ¢,(X) €
R,[X], then A, is a free Ry;-module of rank d. If R and A are birational, and
A = Rla], then ¢.(X) = X — &, and hence we see that I, = {r € R|ra €
R}, which is usually called the denominator ideal of o. Thus our definition is a
generalization of the birational case. We are interested in characterization of the
flatness and the integrality of the extensions of Noetherian domains in terms of
the set {I,, |1 <i<n}.

First, we treat the birational case. Indeed we obtain a resulf that A is flat
over R if and only if I,, A = A for all 7. Further, under certain condition, we can
show that A is integral over R if and only if al, C I,.

Then, we consider the non-birational case. In fact, under certain condition,
similar results as birational case are proved, and we determine the non-flat locus
for a simple extension. Throughout this article, R denotes a commutative integral
domain with quotient field K, unless otherwise specified. As for our notation, we
refer to [3] and [4].

§1. Birational Case

Now recall the definition of a “denominator ideal”. For a non-zero element
a € K, the denominator ideal I, of a is {r € R|ra € R}.
First, we have the following proposition.
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ProrosiTION 1. Let {a;|1 < i < n} be a finite subset of K. Then A =
Rlay,...,a,] is flat over R if and only if Iy, - 1o, ---Io A = A or, equivalently
I, A=A for alli.

Proor. (=): [6, Theorem 1] shows that A is flat over R if and only if
I,A = A for every a € A. This is applied to o = a; for each .
(«): Consider each p € Spec(R). If I, - I, ---Io, C p, then pA = A by
assumption. If I, - I, - - - I, is not contained in p, then I,, is not contained in
p for all ¢, and hence a; € R, for all i. Therefore it follows A, = R, in this case.
Thus, by [6, Theorem 1], we see that A is flat over R. Q.E.D.

For an ideal I of R, we write V(I) = {p € Spec(R)|p D I}. Then we have;

CoroLLARY 2. Let {a;|1 < i < n} be a finite subset of K, and assume that
A = Rlay,...,a,) is flat over R. Then we have Spec(A) = Spec(R)\ U, V(Is,)-

COROLLARY 3. For o € K, A = R[o,a™!] is flat over R if and only if
I.A= A

Proor. If A is flat over R, then I, - I,-1 A = A by Proposition 1. Note
that I,-1» = al,. Hence we have a(I,)?A = A. Since o is a unit in A, it holds
(I.)’A= A, and I,A = A.

Conversely, we assume that I,A = A. Then, since a is a unit in 4, we have
I, 1A=al,A= A. Thus A is flat over R by Proposition 1. Q.E.D.

Now, we introduce the following definition.

DeFINITION 4. We say that a € K is a flat element over R if R|a] is flat
over R.

Flat elements have the following property.

ProrosiTiON 5. Let {a;|1 < i < n} be a finite subset of K. If o;(1 < i < n)
are flat elements over R, then R[a,...,ay] is flat over R.

Proor. Since ;{1 < i < n) are flat elements over R, by definition, we
have R[o;] are flat over R, and hence I,, Rla;] = R[a;] by Proosition 1. Thus
Iy, Rlag, ... a5] = Rlay,...,ap] for all i(1 < i < n). Therefore Iy, < Iy, -~ I,
Rlay,...,as] = Rlay,...,a,]. This shows that Rla;,...,a,] is flat over R by
Proposition 1. Q.E.D.

Next we consider integral extensions. Let R be a Noetherian domain with
quotient field K. Assume that the integral cosure R of R in K is a finite R-module.
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We recall the following definition introduced by J. Lipman ([2]).

DEeFINITION 6. (cf. [2]) Let A be an overring of R and * R be the subring
of A given by

WR={acAla®l=1Qac AQr A}.
We say that R is strictly closed in A if 3R = R.

An intermidiate ring A between R and R will be called a birational-integral
extension of R. For the strictly closedness of a birational-integral extension of R,
the following proposition is important.

ProposiTiON 7. (cf. [1, Proposition 2]) Let A be a birational-integral ez-
tension of R. If R is strictly closed in A, then we have Io(\Ig C I.g for any
elements o, 3 € A.

Now, we have the following proposition, which is a characterization of
birational-integral extensions in terms of denominator ideals.

ProrosiTiON 8. Consider A = R[a| with a € K. Suppose that R is strictly
closed in A. Then « is integral if and only if I,-2» = al, C I,.

PRrROOF. (=): By the determinant trick, this is clear.
(«): Let c be the conductor ideal of A over R. Then it is easy to see that ¢ =
=1 L, for some n. Since, by assumption, R is strictly closedin A, I (VIp C Iap
for any elements by Proposition 7. Hence it holds that I, C I, for all ¢, and
I, C c. Thus ¢ = I,. Therefore I, is an ideal in A4, and al, C I,,. Q.E.D.

§2. General Case

Hereafter we treat the non-birational case. Let R be a Noetherian domain
with quotient field K, and let L be an algebraic extension of finite degree over
K. Consider the polynomial ring R[X] of one variable over R. For a subset I
of R[X], we denote by c(I) the ideal of R generated by the coefficients of the
elements of I. For any 8 € L, let 7 : R[X] — R[@] be the natural R-algebra
homomorphism sending X to 8 and let ¢g(X) = X¢ + X4 +--- + 54 be
the minimal polynomial of 8 over K. Recall that I := (o,(R : r7:) where
(R:grn)={r € R|ry; € R}. For any 8 € L, we denote c(Igda(X)) by Jp.

DeriniTION 9. Under the circumstances, we say that o« € L is an
anti-integral element of degree d over R if Ker (7) = In¢o(X)R[X]. Whena € L
is an anti-integrol element, we say that R[a] is an anti-integral extension of R.
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For the flatness of anti-integral extension, denominator ideals play an impor-
tant role. In fact we have the following proposition.

ProrosiTioN 10. Let o € L be an anti-integral element of degree d over R.
Consider A = Rlo]. If I,A = A, then A is flat over R.

Proor. Since I, A = A, there exists elements a; € I,(0 < ¢ < n) such that
1 =Y} ,a;a*. Take p € Spec(R). Replacing R and 4 by R, and A,, we may
assume that R is a local ring with maximal ideal m. H I, is not contained in
m, then I, = R, and hence ¢,(X) € R[X]. Thus A is a free R-module in this
case. If I, C m, then we put f(X) =1 — Y7, a;X*. Then f(a) = 0. Since a
is anti-integral element over R, there exist elements g;(X), h;(X) € R[X] (0 <
i < n) such that f(X) = Y1, 9:(X)hi(X) and ¢;(X) € Io¢a(X) for all i.
If e(Ia¢a(X)) C m, then it follows that g;(X) € m[X] for all . Hence we have
F(X) € m[X). However, considering a constant term of f(X), we see that 1—aq €
m. Since ag € I, C m, this is a contradiction. Therefore we see c(I,$.(X)) = R.
Hence, by [5, 2.6. Proposition], A is flat over R. Q.E.D.

Next we determine the non-flat locus for an integral extension. For this pur-
pose, we prove the following lemma.

Lemma 11. Let R C A be an eztension of Noetherian rings. Assume that
A = Rla] for some element a € A and that A is a free R-module of rank d. Then
we have A= R+ Ra +--- + Ra®.

Proor. Let B = R+Ra+---+Ra% ! C A. Then we have only to show that
A, = B, for all p € Spec(R). Hence we may assume that R is a local ring with
maximal ideal m. Since A is a free R-module of rank d, A/mA is a free R/m-
module of rank d, and hence A/mA is a d-dimensional vector space over R/m.
Note that A/mA = (R/m)[a], @ € A/mA. Now suppose that 1,@,...,a* (s < d)
are linearly dependent over R/m and 1,4, ... ,a*~1 are linearly independent over
R/m. Then we have A/mA = R/m + R/m@+ --- + R/ma*~1. This contradicts
the fact that dim(A/mA) = d. Hence 1, @, ... , 91 are linearly independent over
R/m and we see that 1,a,... , a4 are linearly dependent over R/m. Therefore we
see that A = R+ Ra + - -+ 4+ Ra?"! by Nakayama’s lemma, as desired. Q.E.D.

Hence we have the following;
ProprosiTION 12. Let L be an algebraic extension of finite degree over K.

Consider A = R[a] for an integral element L over R. Then V(I,) = {p €
Spec(R) | A, is not flat over R}.
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Proor. Let [K[a] : K] = d and consider p € Spec(R) such that I, is
not contained in p. Then ¢,(X) is monic polynomial of degree d over R,. Since
[K[a] : K] = d, we see that A, = R,[a] is a free R,-module of rank d, and A, is
a flat R,-module, then A, = R, + Rpa+---+ Rpa®! by Lemma 11. Thus there
exists a monic relation of a of degree d over R,. Therefore ¢,(X) € R,[X], and
I, is not contained in p. This complete the proof. Q.E.D.

ProrositioN 13. Let L be an algebraic extension of a finite degree over
K. Consider A = Rla] for an element a € L. Assume that I,A = A. Then
V(I + I-1) 2 {p € Spec(R) | A, is not flat over Rp}.

ProoF. Let [K[q] : K] = d and assume that p does not contain I, + I,-:
for p € Spec(R). Then p does not contain I, or I,-:. First assume that p does not
contain I,. Then ¢,(X) € R,[X]. Hence A4, is a free R,-module. Next, assume
that p does not contain I,-1 and p 2 I,,. Since p does not contain I,,_1, by the
definition of I,-1, we have that R,[a~!] is a free R,-module of rank d. Since
I,A = A by the assumption, it holds that a~! is integral over R,. Thus we have
the integral relation (a~1)® + (a7 !)*1--- +a, =0, ¢; € R, (1 < i < n), and

hence ™! = —(a; + a2a + -+ + apa™ 1) € Ryla]. Therefore 4, = Ryla] =
Ry[a,a7!]. Since A, is flat over R,[a~!], we conclude that A, is flat over R,.
Q.ED.

ReMARK 14. Under the circumstances, we can see easily that if I, + I, =
R and I A = A, then A is flat over R.

As another application of denominator ideals, we see the following proposi-
tion.

ProrosiTioN 15. Let L be an algebraic extension of a finite degree over K.
Assume that a,B1,...,0. € L, [K|a] : K| = d, L = K[a] and that R[a] is flat
over R. Consider A = Rla,B1,...,B,]. Then we can write ; = 9i0 + nija +
+‘r],~,d_1ad‘1 withn;; € K(1 <i<n, 1< j<d-1). Now, we define
Jg, = ﬂ?;é I, ; for alli. If Jg, -+~ Jg, A = A, then A is flat over R.

ProoF. Since R[a] is flat over R, we have only to show that A is flat over
Rla]. Let P € Spec(R[a]) and let PN R =p.If p D Ja, - Jp,, then pA = A.
This contradicts the fact that P D pA. Hence p does not contain Jg, ---Jg,, so
that p does not contain Jg, for all <. Thus, by the definition of Jp,, it holds p does
not contain I, ; for all 4,j. Hence we see that §; € Ry[a]. Therefore it follows
that Ap = Rp[a]. This implies that A, is flat over R,, and hence A is flat over
R. Q.E.D.
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CoROLLARY 16. Under the circumstances, if Jg,Rla,B;] = R|e, B;] for all
i, then we have Rla,(1,...,Bx] is flat over R.

Proor. Since Jg, ---Jg, Rla, fB1,...,0n] = Rla, Bi,...,0x], the assertion is
easily seen by Proposition 15. Q.ED.

Finally the following example shows that Propositions 5 does not holds in
general for non-birational extensions.

ExampLE 17. Let R C A be a non-birational extension of Noetherian do-
mains, and let K and L be the quotient fields of R and A, respectively. Assume
that there are elements a € L\K and n € K such that L = K|a], a®> =a € R
both 7 and n~! ¢ R, for some p € Spec(R) and that an? € R. Then we have
L = K[B] O K with 8 = na and 8? = n?a® = an® € R. Hence we see that
R[a] and R[g] are free R-modules. Furthermore we can show that A = Rla, §]
is not a flat R-module. Indeed, let us assume that Rla,] is a flat R-module.
By localizing at p, we may assume that R is a local ring with maximal ideal
m. Note that A = R + Ra + R3 + Raf3. Since A is a free R-module of rank
2, A/mA = R/m + (R/m)a + (R/m)B + (R/m)aB, & € A/mA is a 2-
dimensional vector space over R/m. Since 1 € A/mA is linearly independent
over R/m, we have the following possibilities:

(1) A/mA=R/m+ (R/m)a,

(2) A/mA=R/m+(R/m)]B,

(3) A/mA=R/m+ (R/m)aB.

Therefore, by Nakayama’s lemma, we have A = R+ Ra or A = R+ RS or
A =R+ Raf. If « € R+ Rafl, then we have a = = + yaf for some elements
z,y € R. Since 7 and 5! ¢ R by assumption, we notice that z,y are non-zero
elements of R. Now, it holds that R > y?a?8? = (a — z)? = o® — 2za + 22, and
a = (a+z? —y2a?B?)/2z € K. This is a contradiction. Therefore a ¢ R+ Raf.
In the same way, we see that 8 ¢ R+ Raf. Thus it follows that « € R+ Raf or
B € R+ Ra. Suppose that 8 € R+ Ra. Then 8 = z +ya for some elements z,y €
R. Note that x,y are non-zero elements of R. Since 8% = 2* + 2zya+ o® +a, we
have 2zya = 8% —a—2? € R. Since zy # 0, it holds that a € K, a contradiction.
Therefore A is not a flat R-module. Finally, we construct the example satisfying
these conditions. Let k be a field and let X,Y, Z be the indeterminates over k. Let
R =k[X,Y]/(Y? - XY + X?) = k[z, y], where 2,y denote the residue classes of
X,Y in R. Let A = R|Z]/(Z% - (y—1)) = R[z], where z denotes the residue class
of Z in A. Now, put a = 2z, n = y/z and p = (x,y) € Spec(R). Then we see that
a ¢ K. Now assume that 77 € R,. Then we have y € pR,, and hence pR, = zR,.
Thus R, is a discrete valuation ring. This is a contraciction. Therefore we have
n ¢ R,. Similarly, we see ! ¢ R,,. Further, we have n = y?/2’ =y—1=a € R
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and an? = (y—1)? € R. Therefore it follows that R[z, yz/z] is not a flat R-module
but R[2] and R[yz/z] are flat R-modules by the preceeding argument.
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