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Abstract
Necessary conditions and sufficient conditions are found here for a local ver-
sion of the fractional integral operator to be bounded on weighted Lebesgue
spaces. Actually a characterization of this boundedness is obtained for certain
classes of weights.

1. Introduction

Throughout this paper B(zg, Ry) = {z € R™; |zg — 2| < Ry} denotes the
ball centered at zg € R™, n > 1, and with the radius Ry > 0. Define the local
fractional integral operator of order a, 0 < a < m, by

(fasptaon ) @) = [ [z — 41" ().
y€B(zo,Ro0)

Our purpose in this paper is to derive conditions on the weights u(.) and v(.)
for which I, p(z,,R,) is bounded from the weighted Lebesgue space LP(B(xzo, Ry),
v(y)dy) to LY(B(zg, Ry),u(z)dz) when 1 < p < ¢ < co. It means that for some
constant C > 0

ay ([ (IO’RO)(Ia,Bm,Ro)f)"(z)u(w)dx)% se(f f”(y)v(y)dy)%

for all functions f(.) > 0 whose supports are B(zg, Rp).

Local weighted inequalities like (1.1) arise naturally in studies of Sobolev
and Poincaré inequalities [Fr-Pe-Wh] which are involved in some partial ellip-
tic differential equations in divergence form. These inequalities (1.1) play also
crucial role in solving multidimensional Riccati’s equations [Ve-Wh] and some
superlinear integral equations [Ve].

The literature concerning (1.1) when B(zo, Rg) = R™ (e.g. for Ry = o0)
is vast and references should be found over [Ge-Go-Ko], [Ge-Go-Ko-Kr], [Pe],
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[Ra2], [Sa-Wh)], [Sa-Wh-Zh] and [Ve-Wh]. A. Cianchi and D. Edmunds [Ci-Ed]
were able to characterize inequality (1.1) even B(zo, R) is replaced by an open
subset of R™. Their characterizing conditions are unfortunately given in terms
of nonincreasing rearrangements of u(.) and v(.), and consequently it is not so
clear in general to decide whether (1.1) holds for given weights. This situation
leads us to raise the problem of deriving new criteria for (1.1) and which can be
computed at least for some classes of usual weights. To answer this question is
among of our motivations in this work.

E. Sawyer and R. Wheeden [Sa-Wh] have pointed out and explained in the
proof of their Theorem 5 (p. 839) that, for 1 < p = ¢ < o0 and p’ = ;ﬁ—l,
inequality (1.1) holds for some constant C' which is.a product of

(1.2) Co(t) =

1 1
t ; tp
sup {r“ <7'_"/ ut(z)dz> ’ (r""/ p-p )t(z)dz) }
B(z,r)CB(z0,8Rp) B(z,r) B(z,r)

by another constant ¢ > 0 only depending on «, p, ¢ and n. Here t is some real
strictly bigger than 1. This result seems to be the only one available concerning
(1.1) and not expressed in terms of nonincreasing rearrangements of weights.
However (1.2) leads to make three observations. Indeed first it is implicitely
assumed that a knowledge of values of the functions u(.) and v(.) outside the ball
B(zg, Ro) is required to apply the result. Next the constant Cy(¢) could become
infinite (for all ¢ > 1) for some weights u(.) and v(.) for which the inequality
(1.1) holds. Such a fact, for Ry = oo, was pointed out by the author in [Ral]
and had motivated him in [Ra2] for an investigation on new sufficient conditions
for (1.1), with p = ¢ and Ry = oo. This possible infiniteness of Cy(t) is due
to the high integrability required on the weights u(.) and ¥'~?'(.) rather than
to the supremum over balls. The third difficult with (1.2) is that an explicit
computation of the constant Cy(t) is not so easy to handle in general though the
expressions in question do not involve the fractional integral operator itself. All
of these observations will be taken into consideration in writing this paper.
Therefore we will provide here some results for the local weighted inequality
(1.1) which would be an alternative to those found in [Ci-Ed]. Our conditions
related to (1.1) require only the knowledge of values of u(.) and v(.) inside the ball
B(zo, Rp). An interesting point here is that, results for the global boundedness
(e.g. for (1.1) with Ry = oo and zo = 0) can be deduced directly just by taking
zg = 0 and Ry = oo in each of our conditions. For 1 < p = q < oo the
conditions, which will be introduced here, allow more weights u(.) and v(.) than
those permitted by (1.2). So even for Ry = oo our results are new and would
complete the criteria described in (1.2) and [Ra2]. The computability aspect of
our conditions related to (1.1) will be illustrated over examples 2.5 to 2.12. The
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case p = 1 or ¢ = 1 will also deserve our attention since these range limits can
be meaningful in applications mainly when Ry < oo.

Our main results will be stated in §2. They will be deduced from basic results
displayed in §3. Their proofs will be performed in §4. And these basic results
will be proved in §4.

2. Main Results

Throughout this paper it is assumed that
1
p

-=-<

1<p<g< o with

Q|-
SR

This last inequality can be seen as a necessary condition for (1.1) to hold after
using the Lebesgue differentiation theorem. As usual let us set

/

p =pfl if p>1, and $=0 if p=1.
Hereafter u(.) and v(.) are weights on B(zo, Rp) e.g. nonnegative and locally
integrable functions on B(zo, Ro) and such that 0 < [p., v (y)dy < oo for
all nonnegative r < Ro if p > 1 and 0 < supyep(z,,r) D(Ly) <ocoifp=1.

For convenience the boundedness in (1.1) is denoted by

I B, : LP(v) — Li(u)

where By = B(zo,Ro). We will also write that “I, g, : LP(v) — L%(u) holds
with the bound C” to qualify (1.1).
Here are some conditions which will be needed in our resultats when p = 1:

1

a 1
(2.1) (/ |z — x0|(°"")qu(:c)dx> esssup — | <A
2R<|z—z0|<Ro [yGB(a:o,R) v(y)]

for all R >0 with 2R < Ry;

: 1
(2.1%) (/ u(z)dm) [ esssup |y — g;0|(a-")_] <A
B(zo,R)

2R<|y—zo|<Ro v(y)
forall R>0 with 2R < Ry

1

(22) R (/ u(w)dw) ! [ ess sup -—1—} <A
2-1R<|z—zo|<R 2~-1R<|y—zo|<R 'U(y)

for all R with 0 < R < Ry.
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For p > 1 we will make use of the following conditions:

1
q , ra
(2.3) (/ |z — mol("_")qu(x)dx) (/ P (y)dy) ’ <A
2R<|z~z0|<Ro B(zo,R)
for all R >0 with 2R < Ry;

i 1
?

es) ([ wow) ([ = aol o' )ay)” < 4
B(Io,R) 2R<|y—zo|<Ro
for all R >0 with 2R < Ry

1

1
rl v
(2.4) R*™™ (/ u(a:)dm) ! (/ T (y)dy) <4
2-1R<|z~zo|<R 2-1R<|y—zo|<R
for all R with 0 < R < Rp.

REMARK 1. Since (2.2) can be written as

1
(2.5) |z — zol*™™ (/ u(x)da:)
2= z—xo|<|z—20|<|2—T0 |

1
X [ €ss sup —] <A,
2 z—zo[<|y—z0|<|z—=0| v(y)

for all z with |z—x¢| < Ry, then it appears that (2.2) is implied by the (stronger)
condition

1

(2.6) (/ |z - a:|(°"")qu(a:)da:) ’
B(mo,Ro)nC(zo,lz—Zol)
X [ ess sup L] <A
Y€ B(0,Ro)NC(z0,|2—o) V(Y)

for all z with |z—zg| < Ry. Here C(zo, R), R > 0, denotes the annuli {y; 27!R <
ly — zo| < 2R}. An analogue form of (2.5) for p > 1 leads to see that condition
(2.4) can be strengthened as

'z _ J:l(a_n)t

en [
.’Z}GB(mo,Ro)nC(tL’o,]z-—mo[)
_q'.

8 U |z — y| = P ()dy | u(z)dz < A7
yEB(x0,Ro)NC(x0,|z—z0|)
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for all z with |z —zo| < Rp and 1 = %+ 1—},—. Proofs of implications (2.6) = (2.2)
and (2.7) = (2.4) are given in §5. Note that B(xo, Ro) N C(o, |2 — zo|) is just
an annuli but not any arbitrary subset of the ball B(zg, Rg). This particular
geometry is of great importance in concrete computations.

We are now in position to state our main results.

THEOREM 2.1.

Part A. If the boundedness Io p, : L'(v) — L%(u) holds with the bound C then
both the Hardy conditions (2.1), (2.1*) and the Muckenhoupt (2.2) are satisfied
with the constant A = 2"~*C. Conversely if conditions (2.1), (2.1*) and (2.6)
are satisfied with some constant A > 0 then I, g, : L*(v) — Li(u) holds with the
bound C = cA where ¢ > 0 depends only on o, q and n.

Part B. For q < -2, the reinforced Muckenhoupt condition (2.6) in Part A
1is implied by

o =

(2.8) R"Hzl“"( sup u(x)) [ ess sup -—1—] <A
z€B(x0,Ro)NC(z0,R) y€B(xo,Ro)NC(x0,R) v(y)

forall R>0 with R < Ry.

THEOREM 2.2. Let p > 1.

Part A. If the boundedness I, g, : LP(v) — L9(u) holds with the bound C then
both the Hardy conditions (2.3), (2.3*) and the Muckenhoupt (2.4) are satisfied
with the constant A = 2"~*C. Conversely if conditions (2.3), (2.3*) and (2.7)
are satisfied for some constant A > 0 then I, p, : L*(v) — L%(u) holds with the
bound C = cA where ¢ > 0 depends only on a, q and n.

Part B. If2<p<qorp<?Zwithp<gq<p*and  =1-2 then the
reinforced Muckenhoupt condition (2.7) is implied by

(2.9)

RoTT% ( sup u(m))
z€B(xo,Ro)NC(z0,2R)

Q-

1

»’

( sup T (y)) <A

yEB(mo ,Ro)nc(.'to ,2R)

forall R>0 with R< R,y.

Part C. Better if p< 2 and p < g < p* then condition (2.7) in Part A can be
replaced by

1

»

(2.10) |z —zo|*taF (u(m)) : ( sup vl‘pl(y)) <A

YyEB(z0,Ro0)NC(z0,2|x~0])

forall z with |z — x| < Ro.
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or

i 1
n_n e — o
(210')  ly—zol** ( sup u(w)) (') <4
2€B(zo,Ro)NC(z0,2ly—x0l)

for all y with |y~ zo| < Ro.

REMARKS 2. 1) Results for the global boundedness I, : LP(v) — LI(u),
e.g.

ew (/[ n(Iaf)"(x)U(w)dw)%SC( / nf”(y)v(y)dy)% for all f() >0

with (Iof)(z) = fye]R" |z — y|*~™ f(y)dy, can be deduced from the above The-
orems by taking z¢ = 0 and Ry = oo in all of our conditions since the bound
involved in I, g, : LP(v) — L%(u) is of the form C' = cA, where ¢ > 0 depends
just on a, n, p and g but not on Ry. However for Ry < oo and certain weights
u(.) and v(.), the constant A > 0 may depend on the radius Ry, as will seen in the
below examples. The boundedness I, : L?(v) — LP(u), with p > 1, was treated
in [Ra2]| and the present work takes its inspiration from this previous paper.

2) The introduction of conditions (2.9), (2.10) and (2.10) in replacement
of (2.7) deserves some explanations. To simplify let us consider the particular
case of p > 1, g = 0, Ry = oo and for which (2.7) becomes

(2.12) / |z — |
2-1z|<|z|<2] 2]
.‘1’

x [ / |z — y|Cemmtyt =7 (y)dy] " u(z)dz < A
27zl < |y|<2]x|

for all z # 0 and with § = } + ;. A direct computation of a term as

Wa(z) = / & — 2@ (z)dz,
2-1z|< | 2| <2|2]

for a general weight w(.), is not so easy to do. However if w(.) = 1 then it is
clear, by using polar coordinates, that

clz]
/ |z — z|™tdg ~ / ploa—n)ttn—1g,
271 z|< x| <2| 2| 0

for some ¢ > 0 independent of z. From now an expression as Q;(r) = Qa(r)
means that for some (fixed) ¢, ¢z > 0 then ¢;Q;(r) < Qa(r) < ¢2Q1(r) for all
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variables 7. Thus for w(.) = 1 then W,(2) ~ |2|(>~™**" whenever (a—n)t+n > 0
or % - % < 2. This last inequality leads to understand why (2.12) can be useless
if % —1 =2 The case of general weights w(.) remains in somewhat to the above

q
model since

Wa(z) < ( sup w(y)) / |z — 2=t
2712l y|<2l2| 2-1z|<|z]<2|2|

Therefore (2.9) is introduced for computational reasons. On the other hand
(2.10) is useful to include the limit case ¢ = p* which cannot be reached by
(2.12). Finally (2.10") is a sort of dual form of (2.10). By the way, remind that
boundedness (1.1) is meaningful only whenever 2 — 1 < 2,

3) The pointwise conditions (2.8), (2.9), (2.10) and (2.10’) are very often
easy to handle and manage in explicit computations. Some of them are already
introduced in [Ra2]. At present, our emphasize on the use of conditions involving
integral expressions like (2.6) and (2.7) lies on the fact that there are weights u(.)
and v(.) for which (1.1) holds but (2.9) or (2.10) is not satisfied since one of the
supremums becomes infinite. An illustration will be given in example 2.12 below.

4) For ¢ = p* and p < %, the question of finding a condition not involving
supremum of the weights on annuli, as in (2.9) or (2.10) and which replaces (2.7),
remains unsolved.

5) The philosophy of our above results can be roughly summarized as
follows:

Necessary conditions for I g, : LP(v) — L%(u) are the fulfillement of two Hardy
conditions and a Muckenhoupt condition type. And conversely the boundedness
holds if the former Muckenhoupt condition is strengthened.

Consequently a characterizing result should be available if the reinforced con-
dition coincides with the necessary Muckenhoupt condition type. This situation
will happen if the weights satisfy an additional suitable property. To be clear let
us introduce

the class RI, p q(B(xo, Ro))

which consists of weights w(.) such that for some constants ¢;, ¢ > 0
(2.13)

Iz — y| @ (y)dy < ¢ RO / w(y)dy

LGB(xo ,Ru)ﬂC(lo,R) B(:L‘o,Ro)ﬂB(ZQ,62R)

for all nonnegative R = |z — zo| < Rp and where as above 1 = % + 5.
Of course the set B(zg, Ro)NB(zo, c2R) is also a ball centered at zq and contained
in B(zo, Rp). This fact is useful for explicit computations as we will illustrate
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in the below examples. Assumption (2.13) seems to be a very natural condition
since it is a sort of converse of the inequality

R w(y)dy < e [ oyl (y)dy
B(z0,Ro)NB(z0,c2 R) Yy€B(wo,Ro)NB(wo,c2R)

(where R = |z — zo|) which is always true for all weights w(.). Readers who are
well-familiarized with weights theory may interpret (2.13) as a consequence of
reverse doubling condition of order 8, 8 > 2>2¢, for the weight w(.) in the sense
that

/ w(y)dy < ;275 / w(y)dy
B(z,27*|z2—x0]) B(zo,c2{2—xo|)NB(z0,Ro)

for all 2 € B(zo, Ro) and all integers k > 1. Observe that for % - % < £ then
(2.13) is implied by the

assumption w(.) € H(B(ze, Ro))

which means

(2.14) ( sup w(y)) <aR™ w(y)dy
yE€B(zo,Ro)NC(z0,2R) B(x0,Ro)NB(20,c2R)

Here (2.14) is a local version of the weight class H = H(R") already introduced
in [Ra2]. It is seen, for example, in this former paper that w(.) € H whenever
w(.) is given by a radial and monotone weight function. But the assumption H
can be also satisfied though w(.) is not necessarily monotone.

Proof of first part of Theorem 2.1 enables us to see that a necessary condition
for I g, : L'(v) — L9(u), stronger than (2.2), is that for some constant A > 0

1
(2.15) R°™™ (/ u(:l:)dx) ! [ ess sup -——1——] <A
B(zo,R) y€B(zo,R) V Y)

for all R with 0 < R < Ry.

Similarly for p > 1 then I, p, : LP(v) — L9(u) implies

2 S
(2.16) Ro™ ( / u(m)dx>q ( / v! P (y)dy)p <A
B(Io,R) B(mo,R)
for all R with 0 < R < Ry.

The expected characterization for boundedness (1.1), announced in the ab-
stract, can be now stated.
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PROPOSITION 2.3. The boundedness I, g, : L'(v) — L%(u) is characterized
by both the Hardy condition (2.1) and the Muckenhoupt condition (2.15) whenever
one of the following is satisfied:

i) u(.) € Rla,4(B(z0, Ro));

il) ¢ < =2 and u(.) € H(B(zo, Ro))-

n—a

PROPOSITION 2.4. Let p > 1. The boundedness I p, : LP(v) — L%(u)
is characterized by both the Hardy conditions (2.3), (2.3*) and the Muckenhoupt
condition (2.16) whenever one of the following is satisfied:

i) vl—pl(-) € Rlq p,q(B(x0, Ro)) and u(~),€ Rl p,q(B(20, Ro));

ii) p<q<p withp <2 and v'"P(.) € H(B(xo,Ro)) and u(.) €

REMARKS 3. 1) We have no result concerning I, g, : L'(v) — L' (u)
where ll,, = 1— 2. In this direction it can be noted that the boundedness
I, : L'(1) = L' (1) is well-known to be false. However examples of weights u(.)
and v(.) for which I, g, : L*(v) — L9(u), with 1 < ¢ < 1*, do exist as is seen in
below examples 2.5 to 2.7.

2) For p = 1 the dual Hardy condition (2.1*) is not involved in Proposi-
tion 2.3. This fact appears since (2.15) is strong enough in order that it implies
(2.1*). But for p > 1 the implication (2.16) = (2.3*) is false in general. Indeed
taking zo = 0, Ro = 00, u(z) = (1 + |z|)~#*+™ and v(y) = |y|*P~" with 3 > 0
then the Muckenhoupt condition (2.16) is satisfied since flzl <pu(@)dz < ¢, for
some fixed constant ¢ > 0, and flyl <R v"P (y)dy ~ RP” (™=, And the dual

Hardy condition (2.3*) cannot be held because [, , <yl |y|(@=m7 y1=7' (y)dy = oco.
3) Observe that (2.3), (2.3*) and (2.16) together can be summarized by

1 1
a v
(2.17) ( / (|2 — o] + R)("“")"u(x)dx> ‘ ( / vi-P (y)dy) T <A
B(zo,Ro) B(zo,R)

and

1

1
1
(2.17%) (/ u(:v)dw) ! (/ (ly — zo| + R)(@~™P y1-P (y)dy) T <a
B(zo,R) B(zo,Ro)

for all nonnegative R < Ry. One part of the result by E. Sawyer and R. Wheeden
[Sa-Wh] quoted in the introduction (see at the level of (1.2)) asserts that for p < ¢
a boundedness characterization is given by analogue conditions of (2.17), (2.17*)
and where B(zo, Ry), B(zo, R), zo and R are replaced respectively by B(zo, 8Ry),
B(z1,R1), 1 and Ry with B(z1, Ry) C B(xo,8Rp). These authors left open the
question of a similar characterization for ¢ = p and they gave in replacement a
sufficient condition given by the expression in (1.2).
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4) In [Ra2] we have stated that, for 1 < p = q, o = 0 and Ry = oo, both
(2.17) and (2.17*) characterize I, : LP(v) — LP(u) whenever 017 () € H(R™)
and u(.) € H(R™). At present, Proposition 2.4 asserts that the characterization
holds under v'~7'(.) € RI, , »(R™) and u(.) € Rl p »(R™). The new point here is
that w(.) € H(R") => w(.) € Rl p(R™) and, as shown in example 2.12 below,
weights u(.) and v(.) can be found such that v1=?'(.) ¢ H(R") or u(.) ¢ H(R")
but for which I, : LP(v) — LP(u).

5) A characterization result as Proposition 2.4 is theorically important
since it tells that the sufficient conditions under consideration are the exact ones
required to obtain the boundedness. However for practical computations, when
the weights are complicated, it should be better to check directly (2.3), (2.3*)
and (2.7) rather than to verify (2.3), (2.3*), (2.16) and that both v!=#'())
and u(.) satisfy Rl,.pq(B(20,Ro)). The difficult with these last assumptions
is that a knowledge of lower bounds of [ B(z0,Ro)NB(w0,c2 R) u(z)dz and
/] B(zo, o) B(z0,c2R) v1~? (y)dy are implicitely involved in computations.

To illustrate the computability of conditions in our results, we will state eight
examples.

EXAMPLE 2.5. Let 1 < g < -~ and -y chosen such that o < v < n. Define
the weights u(.) and v(.) by

u(z) = 2|07 and w(y) =y

Then I, : L*(v) — L%(u) holds.

This first example can be considered as describing the good power weights
convenient for the boundedness when Ry = oo. The case Ry < oo is contained
in the following result.

EXAMPLE 2.6. Let Ry < oo and 1 < ¢ < ;2~. Choose v and § > 0 such
that @ < v < n and (y—a)g < < (n—a)q. Define the weights u(.) and v(.) by

u(@) = |z —ol”™" and v(y) = ly — 2|

By
Then I B(zo,Ro) : L*(v) = LI(w) holds with the bound C = cR§ Y77 where the
nonnegative constant ¢ depends only on «, n, ¢ and the parameters 3 and ~.

This second example leads to see, by taking xg = 0, that there are more
suitable weights when Ry < oo. However the bound C (see (1.1)) depends this
time in general on the radius Ry.

In weighted Sobolev spaces theory, it is custom to use weights w(z) which
are powers of the distance of z from the boundary of B(zg, Rp). Theorem 2.1
above can be also used to treat such a situation, as is illustrated by the following.
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EXAMPLE 2.7. Let Ry < oo and 1 < ¢ < ;2. Choose v and 8 > 0 such
that v < n < (8. Define the weights u(.) and v(.) by

u(z) = [dist(z, 0B(zo, Ro)]’ ™™ = (Ro — | — zo[)®~"
and
v(y) = [dist(y, 0B(xo, Ro)]|"™ " = (Ro — |y — o|)"™™.

B iao
Then Iy B(zo,Ro) : L'(v) — LI(u) holds with the constant C' = cR{ oY Where
the nonnegative constant ¢ depends only on «, n, ¢ and the parameters 3 and ~.

Now we will focus on the case of p > 1 by starting to recall a more and less
known result for power weights.

EXAMPLE 2.8. Let p>1land 22 <p<gqorp< 2 withp < ¢ < p* and

= 1—1) — £, Choose v such that ap < v < np. Define the weights u(.) and v(.)

1
p*
by

u(z) = 57" and v(y) = [y

Then I, : LP(v) — L% (u).

This boundedness does not hold whenever the weight u(.) is replaced by
u(z) = |z|?~™ with (3 —a)g < B < (n— a)q. However more weights u(.) are
permitted when Ry < co.

EXAMPLE 2.9. Suppose that Rgp < coandp>1. Let 2 <p<qorp< 2

with p < ¢ < p* and x% = % — 2. Choose y and {3 satisfying one of the following
assumptions:

(i) ap <y<np and (%—a>qsﬂ<(n—a)q,

(ii) ap<vy<np and (n-a)g<p,

(iii) O<vy<ap and 0<fB<(n—ag,

(iv) 0<y<ap and (n-—a)g<p.

Define the weights u(.) and v(.) by

u(@) = o — 2o/’ and v(y) =y —zo|""
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. 2 ta—y
Then I, p(zo,ro) : LP(v) — L9(u) holds with the constant C = cR{ where
the nonnegative constant ¢ depends only on «a, n, p and gq.

Example 2.8 is just about power weights. To go beyond this simple and
well-known case let us introduce the assumption ¢(.) € A,, o > 0, by which we
mean that ¢(.) is a nonnegative and increasing function on ]0, oo[ such that for
some constant ¢ > 0

P(As) <ecA(s) forall s>0 and A > 1.
For instance if ¢(s) = s® In®(e+s), with a, b > 0, then ¢(.) € A, where o = a+b.
EXAN{PLE 2.10. Let 1 < p < 2. Choose ¢(.) € A, such that 0 < 0 <
(n — ap)Z.. Define the weights u(.) and v(.) by
u(z) = |o|™Pp”# (|z[) and v(y) = ' P(ly]).
Then I, : LP(v) — L?(u) holds.

Weights u(.) and v(.) for which I, : LP(v) — L%(u) holds, in the same spirit
of this last example can be also given. However we have restricted our study to
p = q for shortness reason and since (2.11) is renowned to be hard to obtain for
the range p = q.

We will end with two examples illustrating the strength of criteria introduced
in this paper in comparison with past results [Sa-Wh], [Ra2] about weighted
inequalities for the fractional integral operator I,.

EXAMPLE 2.11. Let p > 1. Choose §, 3 > 0 and « such that
ap<y<mnp, B<(n—a)p<d and ap+B<1.
Define the weights u(.) and v(.) by
b—n -1
wo={n ¥ b
and

o(y) = ly"®=D1nP(jy|~Y) if |yl <27t
= ity > 2.

Then I, : LP(v) — LP(u) holds.

First it can be noted that weights u(.) and v(.) as described in this example
do exist. For instance it is sufficient totaken =2, p=3,a=1,8=1,y=5and
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d = 4. Next what is remarkable in example 2.13 is that fI JI<R =P (y)dy = oo
for all > 1 and R < 27!. Therefore the boundedness I, : LP(v) — LP(u)
cannot be decided from a criterion like in (1.2). Example 2.11 is not explicited
in our previous paper [Ra2] however the spirit is found in [Ral].

EXAMPLE 2.12. Let p > 1. Choose 1, B2 and v such that
0<pBi<ni;, 0<fBz<ng, np and ny areintegers with n =n; 4+ ng
ap < 7y < np, n—a<pBi+G=v—ap<(n—-ap

Define the weights u(.) and v(.) by

u(z) = |z1 )P ™ zo)?2 72 for z = (21,22) € R™ with z; € R™, 25 € R™
and

v(y) = ly["".

Then I, : LP(v) — LP(u) holds.

Weights »(.) and v(.), as described in this example, do exist since it is suffi-
cient totaken =2, n =ny=1,p=3,a=1,4 =3, 8 =3 andy=3+3.
The relevant point in example 2.14 is that supg-1|;|<|zj<2js ¥(2) = 0. And the
boundedness I, : LP(v) — LP(u) cannot be decided from a criterion using the
pointwise inequality (2.9) or (2.10"). Therefore this last example yields the im-
portance of introduction of integral conditions like (2.12) and (2.7) instead of
pointwise conditions as (2.9) and (2.10).

3. Basic Results
We first state the main key for all of our results.

PropoSITION 3.1. If I, B(o,r,) : LP(v) — Li(u) holds with the bound C
then the following three inequalities are satisfied:

(3.1) (/meB(o,Ro) [/lyld_l[mlg(y)dy]qlxl(a—ﬂ)qu(x)da:>

< A( / gp(y)v(y)dy) ’
B(0,2-Ro)
for all g(.) >0 with suppg C B(0,271Ry)

=

q
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(3.1%) (/zeB(o,z—lRo) [/ZIml<ly|<Ro |y|a—"f(y)dy] qu(;y)d:c>

) B
< A( / o (y)v(y)dy)
forall f(.) >0 with supp f C B(0, Rp)

-

q

and

(3.2)

(/B(O,Ro)(TQ’B(O’RO)f)q(x)U(x)dm)% < A(/B(QRO ,

) f”(y)v(y)dy) ’
for all f(.) 20 with supp f C B(0, Ry)

where

(fa,B(o,Ro)f ) (z) = / lz —y|*7" f(y)dy
YEB(0,Ro)NC(0,|2])

and A=2""*C,
Conversely if inequalities (3.1), (3.1*) and (3.2) are both satisfied with the
bound A then I, p(o,r,) : LP(v) — L%(u) holds with the bound C = [3x2971(1+

20-1)(1 + 2(n=)9)] 7 A,

This Proposition reflects the principle of “three parts proof” we will use to
tackle (1.1). In an other word it appears here that, I, p(o,r,) : L”(v) — L(u)
is equivalent both to Hardy inequalities (3.1) and (3.1*) and boundedness (3.2)
for the restricted operator fa, B(0,Ry)- The notation (3.1*) is used to indicate
that it is a dual form of inequality (3.1). Therefore the problem remains to give
sufficient conditions (and also necessary, if possible) for each of (3.1), (3.1*) and
(3.2).

Characterizations of the Hardy inequalities are available as stated in the
following.

PROPOSITION 3.2. For p = 1, if the (resp. dual) Hardy ineguality (3.1)
(resp. (3.1*)) holds with the bound A > 0 then

. 1
q
(3.3) (/ 2|~y (z dw) esssup — | < A
2R<|e|<Ro (=) [yEB(O,R) U(y)]

forall R>0 with 2R < Ry.
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(resp.
63y ([, o)

where A = A. Conversely for 1 = p < g, condition (3.3) (resp. (3.3*)) implies
inequality (3.1) (resp. (3.1%)) with the bound A = 4A.

Similarly for p > 1, if the (resp. dual) Hardy inequality (3.1) (resp. (3.1%))
holds with the bound A > 0 then

<

1
[ ess sup |y|(°‘_"')——-] <A
2R<|y|<Ro v(y)

for all R>0 with 2R < Ry)

1 1

3
(3.4) ( / |:c|(a‘”)qu(a:)d:c) ’ ( / vl-P’(y)dy) <A
2R<|z|<Rp B(0,R)
forall R>0 with 2R< Ry

(resp.
(3.4%) (/}3(0,13) u(x)dx) !

where A = A. Conversely for 1 < p < q, then condition (3.4) (resp. (3.4%))
implies inequality (3.1) (resp. (3.1*)) with the bound A = 4A.

=

1
r
(/ |y|<“-">”’v1—"’<y)dy) =4
2R<|y|<Ro

for all R>0 with 2R < Ry)

Unable to derive a characterization result for the boundedness (3.2), we will
be content to state some sufficient conditions close (in certain sense) to natural
necessary conditions.

PRrOPOSITION 3.3. For p = 1, if the restricted boundedness (3.2) holds with
the bound A then

a 1
(8.6) |z|*7™ (f u(a:)d:c) esssup —| <A
2-12|<z|<|z| [2'1|z1<|y|<|z| v(y)]

for all 2 with |z| < Ry

where A =2""*A. Similarly for p > 1, a necessary condition for (3.2) is

1

1
q , ry
(3.6) |z|“-"( / u(z)dx) ( / ol (y)dy) <4
2-1)zj< x| < | 2| 2-1z|< |yl< |2}
for all z with |z| < Ro.
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Conversely for 1 = p < q boundedness (3.2) holds, with the bound A = A,
whenever

@ 1
q
(3.7 (/ |z = x|(°“")qu(w)dz) [ €ss sup ——] <A
=€ B(0,R0)NC(0,}2]) YEB(0,Ro)NC(0,]2]) V(¥)

for all z with |z| < Ryp.

1
P’

(3.8) / |z — ()t
2€B(0,Ro)NC(0, )
_g,.

<[ o =yl ()] u(e)o < 4
y€B(0,Ro)NC(0,2|)

Similarly for 1 <p<gqand 1 = -(1; + 2, then a sufficient condition for (3.2) is

for all z with |z| < Ryp.
Condition (3.7) (resp. (3.8)) is stronger than (3.5) (resp. (3.6)) since (3.7) =
(3.5) and (3.8) = (3.6).

For practical computations, (3.7) and (3.8) seem more difficult to check in
comparison with Muckenhoupt conditions (3.5) and (3.6). Therefore for certain
situations, it would be preferable to use conditions stronger than (3.7) and (3.8)
but easily verifiable. For this purpose let us introduce

(3.9) |z|°‘+%'"( sup u(x)) ! [ ess sup L] <A
2€B(0,Ro)NC(0,2]) YEB(0,R)NC(0, ) V(Y)
for all z with |z| < Rp

(3.10)
|z]*ta "% ( sup u(x)) ! ( sup T (y)) T <4

z€B(0,Ro)NC(0,2|2]) y€B(0,Ro)NC(0,2]2])

=

for all z with |2] < Ro.

'GJ..

e @) ep o P )T <4

y€B(0,Ro)NC(0,2|z})

for all z with |z| < Ro,

1

(v 7'w)" <4

for all y with |y| < Ro.

Qe

311y Wt sup u(z))
z€B(0,Ro)NC(0,2[y])
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PROPOSITION 3.4. If 1< g < ;% then (3.9) = (3.7). And the implica-
tion (3.10) = (3.8) is true under one of the following: 1) 2 <p< g i) p< %
and p< qg<p* wz'thz%=%—%.

For1<p< 2 and p < q < p*, then the boundedness (3.2) holds if one of
(3.11) and (3.11) is satisfied.

4. Proofs of Main Results

The main key of our main results lies on the fact that
Io,B(zo,Ro) : LP(v) — L%(u) with the bound C >0
is equivalent to
Io.B(0,Ro) : LP(Vz,) = L(ug,) for the same bound C
where
Ugo() =v(. +2o) and wug(.) = u(. + zo).

The point for this second boundedness is that C does not depend on the individual
real zo as the weights v,,(.) and ug,(.) do.

Also observe that, by translation and change of variables, conditions (2.1),
(2.1%), (2.2), (2.3), (2.3%), (2.4), (2.6), (2.7), (2.8), (2.9), (2.10) and (2.10') for
the pair of weights (u,v) are respectively the same as (3.3), (3.3*), (3.5), (3.4),
(3.4%), (3.6), (3.7), (3.8), (3.9), (3.10), (3.11) and (3.11') for the pair of weights
(ugy,Vz,) and whose the constants do not depend on o and are the same as in
the former conditions.

PROOFS OF THEOREMS 2.1 AND 2.2. We just have to justify Theorem 2.2
since the proof of Theorem 2.1 is quite close.
Part A. Suppose that I, p(,,r,) : LP(v) — L%(u) with the bound C. Then
I B(0,R) : LP(vz,) — L(ug,) with the same bound C. By Propositions 3.1 to
3.3, conditions (3.4), (3.4*) and (3.6) (related to the pair of weights (uz,,vz,))
are satisfied with the constant A = 2"~*C. It means, following the above ob-
servation, that conditions (2.3), (2.3*) and (2.4) (related to the pair of weights
(u,v)) are also satisfied with the same constant A.

Conversely to get Iy B(zo,r,) : LF(v) — LI(u) it is sufficient to derive
I, B(0,R,) : LP(vz,) — L9(ug,) with some bound C' > 0 which does not de-
pend on the individual real zo. The problem remains, by Proposition 3.1, to
check the Hardy inequalities (3.1), (3.1*) and the restricted boundedness (3.2)
related to the pair of weights (uz,, Uz, )-
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Inequality (3.1) (with the bound 4A) appears because of Proposition 3.2 and
condition (3.4) (for the pair (us,,Vs,)) Which is the same as the Hardy condi-
tion (2.3). Similarly inequality (3.1*) (with the bound 4A) follows from the dual
Hardy condition (2.3*). The restricted boundedness (3.2) (related to (s, Vg)
and with the bound A) arises from the corresponding condition (3.8) as is seen in
Proposition 3.3. And (3.8) (related to (g, vs,)) is nothing else than condition
(2.7). Therefore the boundedness I, p(go,ry) ¢ LP(v) — L%(u) holds with the

bound C = [3 x 207 1(1 + 2071)(1 + 2(+=)a)] 4 (44).

Part B. Under 2 < p < gorp < Z and p < g < p*, the implication
(2.9) = (2.7) holds since it is the same as (3.10) = (3.8) (related to the
pair of weights (ug,,vs,)). And this last implication is true because of Proposi-
tion 3.4.

Part C. The fact that both conditions (2.3), (2.3*) and (2.10) [or (2.10%)]
lead to the boundedness I, p(zo,r,) : LP(v) — L%(u) is equivalent to say that
In.B(0,Ry) : LP(Vzy) — LI(ug,) is implied by (3.4), (3.4*) and (3.11) [or (3.11')]
(related to the pair of weights (ug,,Vs,)). This last implication is true because
of the second part of Propositions 3.4 and Propositions 3.1 to 3.3.

PROOF OF PROPOSITION 2.3.
Necessary Part. Suppose that I g, : L*(v) — L(u). Then the Hardy condi-
tion (2.1) appears by Theorem 2.1. The fact that (2.15) is a necessary condition
can be seen as (2.2).
Sufficient Part. Conversely to derive I, g, : L!(v) — L%(u), by Theorem 2.1,
the task remains to check conditions (2.1*) and (2.6) since (2.1) is already as-
sumed by hypothesis.

Observe that the dual Hardy condition (2.1*) is implied by the Muckenhoupt
condition (2.15). Indeed for 0 < 2R < Ry then

1
v_y)]I{2R<|y—-xo|<Ro}

‘y — xola—n

oo o 1
="y — ol n@11{2"R<|y—xo|<2"+1R}r‘|B(zo,Ro)(y)
k=1

o0
. 1
<c3) (2*R)" ";(7)ﬂ{sz<;y—mo|<2k+1R}nB(zo,R0)(y)
k=1

1

oo
1
< C4R°‘_“( ess sup —) ok(a—n) < C5R°"”( ess sup ——)
2€B(wo, Ro) V(%) ,; 2€B(z0,Ro) V(%)

Next let us prove that (2.6) is implied by the Muckenhoupt condition (2.15)
under the additionnal assumption on u(.). Indeed if u(.) € Rl,,1,4(B(z0, Ro))



Local weighted inequalities for I 171

then

a 1

( / |z — x[("“")qu(a:)dx) ) [ ess sup —]
B(xo,R0)NC(z0,|2—x0|) y€B(z0,R0)NC(x0,|2—o]) v(y)

q
< 5|z — zo| (@™ (/ u(a;)dm)
B(zo,Ro)NC(x0,c212—20l)

1
ess sup —-—]
[yes(zo,Ro>nC(zo,|z—mo;) v(y)

1
7 1
< cgR@™ (/ u(z d:z:) ess sup —| < cgA.
0 B(x0,R) @) [yeB(mo,R) v(y)]

In this last inequality the real R is such that R = Ry if Ry < 2max(1,c2)}z — zo|
else R = 2max(1, cp)|z — zo|- Similarly condition (2.6) is also satisfied whenever
q < ;7% and u(.) € H(B(zo, Ro)). Indeed these last assumptions imply u(.) €
Rl 1,4(B(xo, Ry)) because

/ |z — z|“y(z)dz
B(xo,Ro)NC(T0,|2—xo})

< ( sup u(x)) / |z — w94y,
€ B(xq,Ro)NC(x0,|2—zo|) |z—w|<4|z—x0]|

<erlz - $o|(a—”)q+"( sup U(w))
€ B(x9,R0)NC(z0,|z—20])

note that (e —n)g+n >0

< cglz — xol("‘””)q/ u(z)dz.
B(z0,Ro)NC(xo,c2|2—70])

PROOF OF PROPOSITION 2.4.
Necessary Part. Suppose that I, g, : L?(v) — L%(u). Then the Hardy condi-
tions (2.3) and (2.3*) are satisfied in view of Theorem 2.2. The fact that (2.16)
is a necessary condition can be seen as (2.4).
Sufficient Part. Conversely to derive Iy g, : LP(v) — L(u), by Theorem 2.2,
the task remains to check the reinforced Muckenhoupt condition (2.7) or the
pointwise inequality (2.10) (if p < £ and p < ¢ < p*) since (2.3) and (2.3*) are
already assumed by hypothesis.

Condition (2.7) follows readily from v'™?'(.) € Rlap4(B(o, Ro)), u(.) €
Rl p q(B(xo, Ro)) and the Muckenhoupt condition (2.16) since
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/ |z _ ml(a—n)t
z€B(z0,R0)NC(@0,|2—x0])

s
[ / & — gl (y)dy] u(e)da
y€B(z0,R0)NC(z0,|z—0|)

, i
<c3 (lz - $0|(°‘_")t/ v (y)dy)
B(zg,Ro)NB(xg,2¢c2|z—2x0|)

X (|z - :1;0|(°‘_”)t/ u(x)da:)
z€B(zo,R0)NB(zo,c2|2—x0])

.!,
< ¢yR(@—™)9 (/ u(a:)dx) (/ 7P (y)dy) ’ < ¢4 AT
B(z‘o,Ro) B(zo,R)

In this last inequality the real R is such that R = Rp if Ry < 2cp|z — zo| else
R= 262'2 - .’170].

For p < 2 and p < g < p* the point is that V7P () € H(B(zo, Ro)) =
vI7P'() € Rl,pq(B(zo,Ro)) and u() € H(B(zo,Ro)) = u(.) €
RI, p.q(B(o, Ro)). Arguments to get these implications are essentially the same
as those used for u(.) € H(B(zo, Ro)) = u(.) € Rly,1,¢(B(x0, Ro)) above.

Forp < % and p < ¢ = p* (eg. % = % — 2) the key is now to prove that
the pointwise condition (2.10) is implied by the Muckenhoupt condition (2.16)
under the assumptions v'~P'(.) € H(B(xo, Ro)) and u(.) € H(B(zo, Ro)). This
is indeed the case because for |z — zo| < Ro:

n_n H / %‘
|z — zo|*ta ™% (u(z)) ¢ ( sup 1P (y)) ?
yE€B(w0,Ro)NC(w0,2|z—z0|)
<cslz— -’170|_n(%+;1’)

: N
(/ ) v )y
B(xo,R0)NC(xo,c2|2—~x0l) B(z0,R0)NC(z0,c2|2—20])

1 3
< cgR*™" (/ u(w)dx) ! (/ v P (y)dy> " <ceh
B(zo,R) B(xo,R)

where R = Ry if Ry < 3|z — o] else R = ¢z|z — zo.

PROOF OF EXAMPLE 2.7. To derive I, : L'(v) — L9(u), by Proposition 2.3,
the task remains to check conditions (2.1) and (2.15) (with z¢g = 0 and Ry = 00)
since ¢ < -2~ and u(.) € H (because u(.) is a monotone function, see [Ra2]).
Let R > 0. Then

(4.1) / |z|(*~u(z)de = / |z|(e-mat(r=e)a=n gy » RIb—]
2R<|z| 2R<|z|
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since v — n < 0, and

(4.2) / uw(z)dz = / |ml('7—a)‘I—ndx ~ Ralv—al
|z|<R |zj<R
because (7 — a) > 0. On the other hand

(4.3) ess sup(v(ly)) ~ R

lyl<R

since n — vy > 0.
The Hardy condition (2.1) appears from (4.1) and (4.3). And the Mucken-
houpt condition (2.15) is a direct consequence of (4.2) and (4.3).

PROOF OF EXAMPLE 2.8. To get I, p(so,Ro) : L' (v) — L9(u), by Part B of
Theorem 2.1, it remains to check conditions (2.1), (2.1*) and (2.8) since ¢ < 2.
Let R > 0 with 2R < Ry. Then

Ro
(4.4) / |z —zo| (@M u(z)dx ~ / ple=ne+B-1g. < cqu[a—n+§]
R<i:t—wo|<Ro 2R

since (a — n)g+ B < 0, and

R
(4.5) / u(z)dz ~ / r8=1dr ~ RI(D)
lz—xo|<R 0
because 8 > 0. On the other hand

4.6 ess sup ~ R
( ) y—-zo|<R( (y))

since n —y > 0 and

1
4.7 €ss sup (ly - m0|°“”—) ~ R*™7
2R<|y—zo|<Ro 'u(y)

because oo — v < 0.

The Hardy condition (2.1) (resp. dual Hardy condition (2.1*)) appears from
(4.4) and (4.6) (resp. (4.5) and (4.7)). Indeed if H(R) (resp. H*(R)) denotes the
first member of (2.1) (resp. (2.1*)) then for 2R < Ry:

B_
(4.8) H(R),H*(R) < czR“+§_" < c2R3+" " because o+ § —v2>0.
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Finally condition (2.8) follows from a + % —7 > 0 since, if A(R) denotes the first
member of (2.8) then

B
(4.9) A(R) < c3R*Y57Y < RS,

Estimates (4.8) and (4.9) show that the boundedness I, (z,,r0) : L' (v) — L9(u)

B_
holds with the bound C = ch; N where ¢ depends only on a, n, ¢ and on the
parameters 3 and 7.

PROOF OF EXAMPLE 2.7. To derive Iy p(zo,R,) : L'(v) — L9(u), as above,
we have to check conditions (2.1), (2.1*) and (2.8).
Let R > 0 with 2R < Ry. Then

(4.10) / |z — zo|(@™u(z)dz
2R<|z—zo|<Ro

Ro B 4(a—
~ / ,',,(a—n)q+n—-1 (RO _ r)ﬁ—nd,’_ < cle[q +(a—n)]
2R

since (&« —n)g+n > 0 and 8 —n > 0. Moreover
R
(4.11) / w(@)de ~ / r1(Ry — r)P~"dr < c RET R
|z—zo|<R 0
because 8 — n > 0. On the other hand

L — _ n— n—7y
(4.12) 58 sup (v(y)) effzgp((Ro lyl) “’)SRo

since n — v > 0, and consequently

1
4.13 ess sup y—zo|¥ " ——
( ) 2R<|y—zo|<Ro (I Ol 'U(y))

= esssup (Iy*~"(Ro - [y)""") < R*Rp .
2R<|y|<Ro

The Hardy condition (2.1) (resp. dual Hardy condition (2.1*)) appears from
(4.10) and (4.12) (resp. (4.11) and (4.13)). Indeed if H(R) (resp. H*(R)) denotes
the first member of (2.1) (resp. (2.1*)) then for 2R < Ry: H(R) < C3Rg+“—7

B8 _
And similarly H*(R) < 03R3+" 7 since @ + 2 —n > 0. Condition (2.8) also
results from this last assumption since, if A(R) denotes the first member of (2.8)

ot B
then A(R) < Ry .
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ProOF OF EXAMPLE 2.8. To get I, : LP(v) — L%(u), by Proposition 2.4,
the task is reduced to check conditions (2.3), (2.3*) and (2.16) since u(.) € H
and v'~?'(.) € H. The Hardy condition (2.3) [resp. dual Hardy condition (2.3*)]
holds because ap < v and so (@ —n)g+ (% — @) < 0 [resp. @ — J < 0 and so
q(% — a) > 0]. The details of computations are not given since their are quite
similar to those for Example 2.5.

PROOF OF EXAMPLE 2.9. To derive I, p(s,,Rro) : LP(v) — LI(u), by Theo-
rem 2.2, the task remains to check conditions (2.3), (2.3*) and (2.9) (if 2 <p <gq
orp<Zandp<g<p*)or(2.10) (ifp< 2 and p < ¢ =p*).

Let R > 0 with 2R < Ry. Observe that

(4.14)

Ro
/ |z — zo| "™ u(z)dz ~ / pla—me+B-1g,
2R<|z—zo|<Ro 2R

RG] i (a—n)g+B<0
Sy ga-nm+l]
R, if (a—n)g+B8>0

and

R
(4.15) / u(z)dz = / rB=1dr ~ RUS)
|z—zo|<R 0

since § > 0. On the other hand

(4.16)
/ ’ RO / 2
f ly — 2ol @™ o' P (y)dy ~ / r? =3 1gr
2R<|y—=zo|<Ro 2R
RFe=3) if o— % <0
< .
R a-25g
p
and
’ R ; ¥ , ~
(4.17) / v 7P (y)dy z/ P (=) =1gp » RP'(=3)
|ly—zol|<R 0

since n — % > 0.
The Hardy condition (2.3) (resp. dual Hardy condition (2.3*)) appears from
(4.14) and (4.17) (resp. (4.15) and (4.16)). To justify such a claim observe that
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a+ g — 1 >0and n— 2 > 0 under one of the assumptions i), ii), iii) and iv).
And denote by H(R) (resp. H*(R)) the first member of (2.3) (resp. (2.3*)). Then

8_
for some fixed constant ¢z > 0 and for 2R < Rg: H(R) < 02R3+“ 7 This last
inequality holds in cases of i) and iii) since o + ‘g- - lp > 0. For ii) and iv) just

the fact that n — % > 0 is used. Similarly for 2R < Ry then H*(R) < CQR(O; +§_7.
This inequality is satisfied in cases of i) and ii) since a+ g —2 > 0. For iii) and iv)
the conclusion follows from 3 > 0. Finally condition (2.9) (if ; <p<gorp< 2
and p < ¢ < p*) or (2.10) (if p < £ and p < ¢ = p* is satisfied. Indeed if A(R)
denotes the first member of (2.9) or (2.10) [and this case R = |z — zo|(< Rp)]

B _
then A(R) < Rg *%77 Such a conclusion is a consequence of a + 'g - % > 0.

Proor or ExaMPLE 2.10. To get I, : LP(v) — LP(u), by Proposition 2.4,
the task is reduced to check conditions (2.3), (2.3*) and (2.16) because u(.) and
v'=7'(.) are radial and monotone weights and consequently u(.) € H, v}~ () €
H.

Let R > 0. Observe that

(4.18)

o0
n 1P
/ mwm%@@z/"Mmm4¢ﬁmmsqpﬁﬂmgv]
2R< || 2R

since ¢(.) is an increasing function. And for the similar reason then

/!

R 1 n
(4.19) / VP (y)dy ~ / " lo(r)dr < ¢ [907 (R)RF’]p .
lyl<R 0

On the other hand since ¢(.) € &, with (n — ap) —o B > 0 then

R
(4.20) / u(z)dr ~ / r(n=eP)=1,737 (r)dr < ¢3 [cp_?l’ (R)R%“"]xD
|lz|<R 0
and

@m [ e gy s [ et
2R<|y| 2R

quﬁmm*ﬂf

The Hardy condition (2.3) (resp. dual Hardy condition (2.3*)) follows imme-
diately from (4.18) and (4.19) (resp. (4.20) and (4.21)). And the Muckenhoupt
condition (2.16) arises from (4.20) and (4.19).
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PRrROOF OF EXAMPLE 2.11. To derive I, : LP(v) — L?(u), by Theorem 2.2,
the task remains to check conditions (2.3), (2.3*) and (2.9).
Let R > 0. Then

(4.22) / (2)de < R for R< 2!
. u(z)dz < ¢
z|<R "M\ Rr® for R>21

since 3, 6 > 0. And

1 for R< 27!
4.23 z|(@=™Py(2)dz < ¢
(4.23) /R<|x; = (=) 2 {R”[("“")“L‘g] for R>2"!
because (a —n)p+ 6 > 0 and (o — n)p + B < 0. Moreover
, m~%(RY) for R<2
4.24 / V7P (y)dy < ¢ ,
(424 lyl<R © : {R" =3 for R>271

because n — % > 0. On the other hand,

s RP(e—m)  for R <27}
4.25 / (a=n)p"y1=P (y)dy < ¢ ,
( ) R<l| !yl (y) Y 4 Rp (a_%) for R > 2_1

since a — 1 <0.

The Hardy condition (2.3) (resp. dual Hardy condition (2.3*)) follows imme-
diately from (4.23) and (4.24) (resp. (4.22) and (4.25)). To justify such a claim
let us denote by H(R) (resp. H*(R)) the first member of (2.3) (resp. (2.3*)).
Then for some fixed constant ¢5 > 0: H(R) < ¢5. This estimate is trivially true
for R < 271, and for R > 27! the reason is that o + g = 2 < 0. Similarly
H*(R) < cg for some fixed constant cg > 0. This estimate is true for R < 271
since (o — n) + % > 0 and also for R > 27! because o + g -1<o.

Finally the pointwise condition (2.9) is also satisfied. Indeed if A(R) denotes
the first member of (2.7) then A(R) < c7 for some fixed constant c; > 0. This
last inequality is true for 27! < 47! R because a + 'g —2<0. And for4R < 27!
the point is that (o — n) + % > 0. And the conclusion arises immediately when
4" 1R <271 <4R.

PRrROOF OF EXAMPLE 2.12. To get I, : LP(v) — LP(u), by Theorem 2.2, the
task is reduced to check conditions (2.3), (2.3*) and (2.7).
Let R > 0. Then

(4.26) f V1P (y)dy ~ RP ("~ %)
ly|<R
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since n — 1 >0 and
(4.27) [ @ 17 () dy = B @)
R<|y|
because a — 1 < 0. Clearly for z # 0 and 27%|2| < |z] < 2]z]:
(4.28) / |z — y|* ™0 7 (y)dy < cy|2| (PN OmmFe,
2-Hz|<|yl<2]z|

We claim that

(4.29) / w(z)dz < ey RIE P+
|z|<R
(4.30) / |z|(~™Py(z)dz < c3 RP[(a—n)+%(ﬂ1+ﬂz)]’
2R<|z|
and for z # 0
(4.31) / |z — z|* "u(z)dz < c4|z|(a—n)+(ﬁ1+ﬁz).
271 zl<|zl<2]2|

The proofs of these last inequalities will be postponed below.

The Hardy condition (2.3) (resp. dual Hardy condition (2.3*)) follows im-
mediately from (4.30) and (4.26) (resp. (4.29) and (4.27)). To justify such a
statement let us denote by H(R) (resp. H*(R)) the first member of (2.3) (resp.
(2.3*)). Then for some fixed constant ¢5 > 0: H(R) < ¢5 and H*(R) < ¢5 since
o+ ;l,(ﬁl + B2) — % = 0. And condition (2.7) is also satisfied. Indeed if B(z|)
denotes the first member of (2.7) then for some fixed constant cg > 0: B(|z|) < ¢
because —y + ap + (61 + B2) = 0.

To end with the proof of Example 2.12 it is now time to prove claims (4.29),
(4.30) and (4.31). Inequality (4.29) is satisfied since for 8y, B2 > 0 then

/ u(z)dz < (/ |x1|ﬁ‘_"’dx1) (/ Ileﬂz'"zdfvz) < cpRPHRR),
|z|<R lz1|<R |z2|<R

And (4.30) arises since (o —n)p + (61 + 82) < 0 and consequently

/ |z|(@=™Py(z)dz
2R<|z|

o0
<ecs 2(2’“3)(&—71)1’ / 'xllﬂl_"l 'x2|ﬂ2—n2 dz
k=1 2k R<|z|<2k+1R
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oo
< ¢ Z(2k3)(a_")p (/ |x1|ﬁ‘_nldw1> (/ |$2|ﬁ’_n’d$2)
perd |z | <2+ R lea|<2*+1R

(o <]
<cq Z(gk R)(e—mp(9k R)(B1+52)
k=1

oo
= ¢y R(@—mP+(Br+52) Z2k[(a-n)p+(ﬁ1+ﬁz)] = cgR(@—™MP+(B1+82)
k=1

To prove (4.31), it is sufficient to get
(432) / ]Z —_ xla_"'u(z)dx S clllzl(a_n)+(ﬂ1+ﬁ2)
|z—z|<273||

since by (4.29)

/ |z — z|* "u(z)dz
2-1z|<|z|<2] 2}
< 09|z|°""/ u(z)dz +/ |z — z|* "u(z)dz
|z|< 4|z lz—z|<28|z|

< clo|z|(a—n)+(ﬂ1+ﬂz) + / |z — z|* "u(x)de.
|z—z|<2-3]2|

The point for (4.32) is that
(4.33)  S(m)= / w(@)dz < c1p(2™[2])Fr+8)
2= (m+D)|z|<|z—z| <2~ ™|z2|

for all integers m > 3, since (o — n) + (81 + B2) > 0 and consequently

/ |z — z|* "u(z)dz
|z—x|<2-3|z|

o0
<cs Y @2 / u(z)dz
m=3 2

—(mAD|z|<[z—z|<27™ 2|

o]
<cu Z(g—m|zl)(a—n)+(ﬂ1+ﬁz)

m=3

)
< cl4lz|(a—n)+(ﬁ1+ﬁ2) Z 9—ml(a—n)+(B1+82)] — clslzl(a—n)+(ﬂ1+ﬁ2)‘

m=3

Finally to get (4.33) the following four cases should be considered:

(1) 27™|2] <271z and 27™|z| < 27}z,
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(ii) 272z < 27™z| and 27 zp| < 27™ 2|,
(iii) 27™z| < 27z and 27Yzo] < 27™|2|,
(iv) 27Nz <2 ™|z] and 27™|z] < 27 2.

For the case i) the key is that 271|2;| < |z1| < 2|21| and 27 25] < |z2| < 2|22|
whenever |z — z| < 27™|z| since

S(m) < crs|z |1 |zg] / dz

|z—z|<2~™|z|
< ciglz [P ™z 2 (272"
< 17(27™2))" P2 recall that n = n; + no.
This last inequality is satisfied since 227™|z| < |21], |22| and f1—n1 < 0, Ba—n2 <
0.

For the case ii), observe that |z1] < 427™|2| and |z2| < 427™|z| whenever
|z — z| < 27™|z|. And consequently

S(m) < / |22 ]2 | P22 g
Jz1|<42=7 |21 |;|22| <42~ ™ 2]

c1s(2 " |21))? 2™ |22l)® since B and Bz >0
c18(27™ =) P,

IAIA

For the case iii), the point is that 271z1| < |z1] < 2|21| and |z2| < 427™|z]
whenever |z — z| < 27™|z| since

S(m) < crglen | / loa|P—™ dz
je—z|<2—™|z|

crglz [Prm™ (/ dﬂ?l) (/ |$2|ﬁ2_n2d2?2)
|z1—z1|<2=™|2| |z2|<42—™|z|

< cgolz1 |27 2))™ (27 2))  because Bz >0
< cm(2"'"]z|)ﬁ‘+ﬂz since 227™|z| < |z1| and B —ny <O.

INA

For the case iv), the key is that 271|z2| < |z2| < 2|22] and |z;| < 427™|z|
whenever |z — 2| < 27™|z|. And the estimates become similar to those of iii).
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5. Proofs of Basic Results

PROOF OF PROPOSITION 3.1.
Necessary Part. Suppose that I, p(o,ry) : LP(v) — L9(u) for some constant
C > 0. The inequality (3.2) is obviously satisfied since (fa, Bo,Re)f)(-) <
(Ia, B(0,Ro) f)(.). And the Hardy inequality (3.1) appears since by considering
a nonnegative function g(.) whose support is the ball B(0,27'Rp) then

q
[ ] el u(e)e
lz]<Ro “/|y|<2~1|=|

q
< 2n—aq / [ / |z — yl"‘"g(y)dy] u(z)dz
lzl<Ro Wlyl<2-1 2|

g

<@mop(f | summ)

Similarly the dual Hardy inequality (3.1*) is satisfied since for each nonnegative
function f(.) supported by the ball B(0, Ry)

/Ix|<2—1Ro [»/2|:1:|<|y|<R0 |y|a_"f(?l)dy] “u(z)dz

<grean [ [ 2~ 41" f)dy]"u(z)do
|z}]<2~1Ro "/ 2|z|<|y|<Ro

g

< =0y /.y.m, f"(y)v(y)dy) ’.

Sufficient Part. Now assume that inequalities (3.1), (3.1*) and (3.2) are satis-
fied. Since for |z| < Rg

(I a,B(0,R0)f ) (z)

- (/ty|<2-11m| * / {2lw|< 1l ) [z = ul* "Wy + (To.50.70f) 2)

lyl< Ry

< gr-ejg|en / f(y)dy
lyl<2—|z|

2 / {2|$|< oy T W)y + (Ia’B(O”“)f ) @)

lyl<  Ro

then the boundedness I, p(o,ro) : LP(v) — L9(u) holds because
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/WRO (Ia.B(O.Ro)f) q(x)u(x)dm

< c{/|z|<Ro [-/Iyl<2-llrcl f(y)dy] Jelte=mu(@)de
* -/|1:|<2‘1Ro [/2|""|<Iyl<Ro |y|(a—")f(y)dy] qu(m)dx

= q
+ [ (Tanwnod) @iz
jz|<Ro
where ¢ = 2971(1 4+ 2971)(1 4 2(»~2)9)

<3x Al ( /WRO f”(y)v(y)dyf-

PROOF OF PROPOSITION 3.2.
Necessary Part. Suppose the Hardy inequality (3.1) is satisfied for some con-
stant A > 0 and first assume that p = 1 and let 0 < R < 27! Ry. For all functions
9(.), supported by the ball B(0, R) and with flyl <r9Wv(y)dy = 1, it appears
from (3.1) that

foasm[(L |xl(a—n)qu(x)dx)%v—(1&-)-J WA

Condition (3.3) appears from this last inequality after using a well-known prop-
erty of functionals on L? (see for instance [To], Proposition 2.3 p. 222). Next
consider that p > 1 and let 0 < R < 271Ry. Then, because of (3.1), for all
functions f(.) supported by the ball B(0, R)

|z|( >~ u(z)de % flydy) <A FP(y)v(y)dy ;‘r-
2R<|z|<Rp lyI<R lyl<R

Condition (3.4) follows from this last inequality by taking f(y) = v!~" (y) on
its support B(0, R) and by using (1 — p’)p+ 1 =1 — p’ and the assumption 0 <
f! Vi< R'vl""(y)dy < o0. Conditions (3.3*) and (3.4*) can be similarly obtained
by using close arguments.

Sufficient Part. Assume that condition (3.3) or (3.4) is satisfied for some con-
stant A > 0. To get the Hardy inequality (3.1) consider a bounded and non-
negative function g(.) supported by the ball B(0,27!Ry). The result for general
functions can be obtained by applying the monotone convergence since the es-
timates which will be used do not depend on the bound of the function under
consideration. Then 2™ < flyl <2-1R, I(W)dy < 2mot1 for some integer mp € Z.
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Since the function r €]0, Ro[— flyl <2-1,9(y)dy is continuous and increasing,
there is a sequence (Tm)me}—co,...,mo+1} Such that

0< <7y <Tmg1 < " < Tig < Tmo+1 = Ro

and

(65.1) 2™ = f g9(y)dy =2 / 9(v)dy
lyl<2=tryn 2-irp, i <|yl<2- ey,

for all integers m < my.
Setting
Ep={z|rm < |z| < rm41} for all integers m < myg

the E,;’s are pairwise disjoint sets and

mo
(52) B(O’ RO) = U E,,
and
(5.3) / g(y)dy < 2™ for all z € Ep,.
lyl<2-!|=|

The conclusion follows now immediately from (5.1)—(5.3) and condition (3.3) or
(3.4) since

~/l=¢|<Ro [/|u|<z—1|z| g(y)dy] |zl (z)dz

N i /-""eE'm [/lul<2-'!zl g(y)dy]q|z|(a—n)qu(m)dx by (5.2)

m=—00
mo

q
<2 ) ( f g(y)dy) ( / Izl(a"")qu(x)dx)
me=—oo \W2 lrm 1 <|yl<2 iry Tm<|z|<rmia

by using (5.3) and (5.1)

mo 9

<awr X ([ eeuew)

m=-—co

by condition (3.3) if p = 1, and by the Hélder inequality and (3.4) if p > 1

< taay( > :

/ g”(y)v(y)dy) ’ since 1 >1
m=—oo¥ 2 trm-_15y|<2 " ry, P
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([ | rwmew) g

The dual inequality (3.1*) can be obtained by a similar way. The details are left
to the readers.

PROOF OF PROPOSITION 3.3.
Necessary Part. Assume the restricted boundedness (3.2) is satisfied for some
constant .4 > 0. Then for all nonnegative functions f(.) supported by {y; 271|2| <
ly| < |2|} and for z with |2] < Ry

1

(5'4) |Zia—n (/2—1|z|<|y|<|z| f(y)dy) (L—1|z|<|x|<|z| U(m)dx) q

s (/2-‘|z|<|ml<|z| (TQ’B(O’RO)f)q(x)U(z)dx) %

< 2"“"A< / f"(y)v(y)dy) g
2= z|<|yl<] 2]

Considering (5.4) for p =1 and functions f(.) such that
f2‘1|z|<|y|<|z| F()v(y)dy = 1, then

/2—1|z|<|m<|z| T ['z'a—" ( /2—1|z|<|m|< . U(w)dw) % ;(%] dy <2V A,

Condition (3.5) is implied by this last inequality. And for p > 1 condition (3.6)
arises from inequality (5.4) by taking the function f(.) such that f(y) = v!~?'(y)
on its support {y; 271|z| < |y| < |z|}.

Before we handle with the sufficient part, let us first prove that (3.7) = (3.5)
and (3.8) = (3.6). The first implication is true since for |2| < Ry

|z](@—m)a / u(z)dz
271 z|<zl<(2|

< 2("—“)‘1/ |z — z| (@™ (z)dx.
271 z|<|zl<2|z[;]z{<Ro

It is also the case for the second implication because if |2| < Ry then

_‘l’.
Jo|(=a ( / u(m)dx) ( / ot (y)dy) g
2-1z|<z|< 2| 2-1z|<yl<| 2]

_‘1,
-/ ot [ / oty i=r (y)dy} " u(z)ds
2 z|< |z]< 2] 2-1z|< |yl <]z|
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a

< 2(n—a)q/ lz _ xl(a—n)t
- 2-1z|<|z|<|z|
<[ o= ol ()| ulo)da
27z|<yl<]2|
< 2(n—a)q/ Iz — x|(a—")t
2-1)z|< | z|<2| 2];]z| < Ro
4

X [/ |z — yl("“")tvl_p’ (y)dy] " u(z)dz.
2-1z|<jyl<2|z|;|ly|<Ro

Sufficient Part. First assume that p = 1 < ¢ < oo and the condition (3.7) is
satisfied. Then the restricted boundedness (3.2) appears as follows

(/xeB(o,Ro) (TQ’B(O'RO)f) q (:I:)u(x)da:) %
1

q
= (/ [/ |z — z|°""f(z)dz] u(x)dx) )
mGB(O,Ro) zGB(O,Ro)nC(O,lwl)

1

< / f(2) [(/ |z — x|(“_")qu(a:)da:) q] dz
z€B(0,Ro) z€B(0,Ro)NC(0,]2])

by the Minkowski inequality if ¢ > 1

<[ i@
z€B(0,Ro)
1
0 1
X [(/ |z — :v|(°’_")qu(a:)dm) ) ( €ss sup —)] dz
2€B(0,Ro)NC(0,]2]) YyEB(0,Ro)NC(0,120) V(Y)
<A f(2)v(z)dz by condition (3.7).
'yGB(O,Ro)

Next consider the case 1 < p < ¢ < oo and assume the condition (3.8) is
satisfied. Observe that for = € B(0, Ry)

(Ta,B(O,Ro)f> (x) = / |z — zl(a_")t[;1r+%]f(z)dz
zeB(O,Ro)ﬁC(O,lwl)

<or@( [ fo = P (aJuta)a: )
2€B(0,R0)NC(0,|z|)

.

r

where

0@ - [ o = 314017 (1)
y€B(0,Ro)NC(0,|z])
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Therefore condition (3.8) can be written as

/ |z — xl("‘")teig’ (x)u(z)dz < A? for all z € B(0, Ry).
B(0,Ro)NC(0,]2)

And the restricted boundedness (3.2) now follows immediately since

g
= ( / [ / |z — 2|t fp(z)v(z)dz] ’ eﬁr(z)u(x)dx)"
z€B(0,Ro) LJ2€B(0,Ro)NC(0, |x])

4

< P00 ( 2= a0 utoi) [
2€B(0,Ro) z€B(0,Ro)NC(0,|2|)

by the Minkowski inequality since = >1

SRS

< AP / fP(2)v(z)dz by condition (3.8).
y€B(0,Ro)

PROOF OF PROPOSITION 3.4. The implication (3.9) = (3.7) is true since
for ¢ < -2~ then (a — n)g 4+ n > 0 and consequently

/ |z — 2|~y (z)dz
z€B(0,Ro)NC(0,2])

< ( sup u(:c)) / lw — z|@~™ady
z€ B(0,Ro)NC(0,|2|) |Jw—z|<3|2|

Salemn(C sup w(@) e =e(ng)
z€B(0,Ro)NC(0,|2|)

The implication (3.10) = (3.8) is also true since by hypothesis (a~n)t+n >
0 and consequently for z € C(0, |z|)

/ [y = 2l (y)dy
y€B(0,Ro)NC(0,]z])

<( s W) [ el
y€B(0,Ro)NC(0,2|2]) |w—z|<6]|2|

< 02]Z|(a_")t+n( sup ”1_p’(y)) c2 = c1(n,t)
y€B(0,Ro)NC(0,2]2])

and
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/ x — 2|ty (z)de
z€B(0,Ro)NC(0,}z()

< cllzl(“"")q"""( sup u(m)) c1 = e1(n,t).
€ B(0,Ro)NC(0,|z|)

To derive the boundedness (3.2) e.g. fa, B(0,Ro) : LP(v) = LA(u), from (3.11)
(or (3.11")) when 1 < p < 2 with p < ¢ < p*, some preliminaries are first given.
Remind that the Hardy-Littlewood Sobolev inequality asserts that

(i) I : LP(1) — LP" (1).
For convenience let us introduce

={z; 27**VRy < |z| < 27*Ro}, Ui = SuP (u(:c))

zEEy,
and
Fy = {y € B(0, Ro); 2~**) Ry < [y| < 27*~V Ry}
where k is a integer with k£ > 0. Observe that
(i) [(z—kRo)"(%—p—‘f)u,f ],, < APu(y) for each y € Fy.
This inequality can be deduced from (3.11') since for y € F
(2—’°RO)"‘<%‘#)L1,§

el FHI( s ul@)
x€B(0,Ro)NC(0,2]yl)

Q=

(v w) : (vw) g
< clA('v(y)) »
Similarly inequality (ii) can be deduced from (3.11) since for y € Fy,
(27 Ro)" 4~

= 012 (k+l)Ro<h‘:|<2 kRo{lxl " +q % (U(IL‘))%(vl_p/(y));l’(v(y))%}

< {24573 (u(o)
2- U°+1)Ro<|w]<2 kR

( sup v (z))

z€B(0,Ro)NC(0,2|z|)

Qe

'34...

()"}
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<A (v(y)) %.

The boundedness (3.2) can be derived now by using i) and ii) as follows

/1;(0,30) (Ta’B(O’RO)f) ! (z)u(z)dz

< i:j [ (Lo fTn ) u(a)iz

) >
<Y (27FRe)" U ( / (Inf1F, )" (:c)dx)
]Rn

k=0

by the Hélder inequality if I-;—]; >1

<ec 2(2—kR0)n(1~7’%)Hk ( /F k f”(y)dyf by i)
e g( [ rw [(2-'*Ro)"<%';‘*>u$]”dy)%
(s’ ;( / fp(y)v(y)dyf by i)

< (c3A)? (; /F ) bid (y)v(y)dy) " since % >1

IA

g

<t [ rPwrei)’

References

[Ci-Ed] A. Cianchi and D. Edmunds: On fractional integration in weighted Lorentz spaces,
Quart. J. Math. Oxford, 48 (1997), 439-451.

[Fr-Pe-Wh] B. Franchi, C. Pérez and R. Wheeden: Sharp geometric Poincaré inequalities
for vectors fileds and non-doubling measures, Proc. London Math. Soc., 80 (2000),
665—689.

[Ge-Go-Ko] 1. Genebashvili, A. Gogatishvili and V. Kokilashvili: Solution of two-weight prob-
lems for integral transforms with positive kernels, Georgian Math. J., 8 (1996), 319-342.

[Ge-Go-Ko-Kr] 1. Genebashvili, A. Gogatishvili, V. Kokilashvili and M. Krbec: Weight the-
ory for integral transforms on spaces of homogeneous type. Addison Wesley Longman
limited, Pitman Monograph, 92 (1998).

[Pe] C. Pérez: Two weighted norm inequalities for potential and fractional type maximal
operators, Indiana Univ. Math. J., 43 (1994), 31-45.

[Ral] Y. Rakotondratsimba: Weighted inequalities of weak-type for the fractional integral
operator, Zeit. Anal. Anw., 17 (1998), 115-134.

[Ra2] Y. Rakotondratsimba: Two-weight norm inequality for the fractional maximal operator
and the fractional integral operator, Publ. Mat., 42 (1998), 81-101.



Local weighted inequalities for I 189

[Sa-Wh] E. Sawyer and R. Wheeden: Weighted inequalities for fractional integrals on Eu-
clidean and homogeneous spaces, Amer. J. Math., 114 (1992), 813-874.

[Sa-Wh-Zh] E. Sawyer, R. Wheeden and S. Zhao: Weighted norm inequalities for operators of
potential type and fractional maximal functions, Potential Analysis, 5 (1996), 523-580.

[To] A. Torchinsky: Real Variables, Addison-Wesley Publishing Company, Inc., 1986.

[Ve] I. Verbitski: Superlinear equations, potential theory and weighted inequalities, Proc.
Nonlinear analysis, functions spaces and applications (Prague, May 31-June 6), Math.
Institute Czech Academy of Sciences, 6 (1998), 223-269.

[Ve-Wh] 1. Verbitski and R. Wheeden: Weighted trace inequalities for fractional integrals and
applications to semilinear equations, J. Funct. Anal., 129 (1995), 221-241.





