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Abstract 
In this paper we study the Intuitionistic Logic with a weak negative modal 

operator. We introduce the variety ofHeyting algebras with a negation operator. 
We determine the simple and subdirectly irreducible algebras, and we develop a 
duality between these algebras and certain relational structures. We also prove 
that some extensions of this logic are canonical and frame complete. Finally, we 
study the interpolation property for some canonical logics. 

1. Introduction 

In [4] Kosta Dosen introduces extensions of the intuitionistic logic with nega­
tive modal operators. Motivated by his studies in intuitionistic modal logics with 
modal operators D and/or◊, he observed that it is possible to define operators 
□' = -,□ and ◊' = -,◊ by means of the intuitionistic negation -, . In classical 
modal logic if any of the above operators is taken, the others can be defined. In 
the context of the intuitionistic logic, the operator ◊1 is interesting because it is a 
type of weak negation that is dual to the intuitionistic negation -, . On the other 
hand, in [8] H. P. Sankkappanavar introduces the variety of Heyting algebras 
with a dual pseudocomplementation, i.e., Heyting algebras with a new unary 
operation + that verifies the dual properties of the negation -, . This variety of 
algebras defines in the usual way an intuitionistic logic with an operator that is 
an extension of the intuitionistic logic H ◊' with the operator ◊' introduced by 
Dosen. 

In this paper we shall study the logic H ◊1 and some extensions. We shall 
adapt known methods of intuitionistic logic and classical modal logics to study 
the H ◊' logic. 

In the following section we shall introduce the necessary definitions and no­
tions for the development of this work. We will define the logic I+ ( or H ◊' in 
the notation of [4]) and we shall recall its semantics. The basic results on the 
duality between Heyting algebras and descriptive intuitionistic frames are given 
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(see [3]). In Section 3 we shall define the variety of Ji+-algebras and we shall give 
some important examples of these algebras. We shall also prove that there exists 
a bijective correspondence between congruences of Ji+ -algebras and a particu­
lar type of filter, and we will determinate the simple and subdirectly irreducible 
algebras. In Section 4 we shall give a duality between Ji+ -algebras and cer­
tain relational structures. In Section 5 we shall characterize some subvarieties of 
Ji+ -algebras by means of first-order conditions defined in the associated frames. 
These varieties correspond to canonical extensions of the basic I+. We shall also 
prove that these extensions are frame-complete. We will finish this work proving 
that all canonical extension of the logic I+, such that the class of all its frames 
is closed under bisimulation-products has the interpolation property. We shall 
follow the lines of the analogous results for classical modal logic proved in [7]. 

2. Preliminaries 

The language .C of propositional logic that we assume in the paper has the 
connectives { /\, V,-+} and has in addition one propositional constant J_ . The set 
of propositional variables is denoted by Var. The negation -, and the constant 
T are defined by -,p = p -+ J_ and T = -,J_, respectively. Fm will denote the set 
of formulas. Let .c+ be the language .C with a new unary connective +. 

The intuitionistic logic is denoted by Int. The intuitionistic modal logic I+ 
is the logic in the language .c+ with the following sets of axioms and the following 
rules: 

1. Any axiomatization for Int (see [3]). 

2. ('PA'I/J)+-'P+v'lj;+. 

3. (-, T)+. 

'P - 'ljJ 4. ---. 
'ljJ+ - rp+ 

An I+ -logic is any logic I such that I+ ~ I. 
An intuitionistic frame, or frame for short, is a relational structure (X, S) 

such that S is an partial order defined on X. 

DEFINITION 1. An I+ -frame is a relational structure :F = (X, $, R) where 
(X, $) is a frame, and Risa binary relation on X such that ::::;- 1 oR ~ R. 

Let :F = (X, $, R) be an I+ -frame. For Y ~ X, we put [Y) = {x EX: y S 
x, for some y E Y} and (Y] = {x EX: x Sy, for some y E Y}. A subset Y of 
X is increasing if Y = [Y) and is decreasing if Y = (Y]. The set of all increasing 
sets of X will be denoted by Pi (X). 

A valuation on an I+ -frame :Fis a function V : Var-+ Pi (X). Any valuation 
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V can be extended recursively to Fm by means of the following clauses: 

I. V (1-) = 0, 
2. V (<p V v,) = V (<p) UV ('lj!), 

3. V(<pA'lj!)=V(<p)nV('lj!), 

4. V (<p-+ 'lj!) = {x EX: [x) n V (<p) ~ V ('lj!)}. 

5. V(<p+) = {x EX: R(x) <;; V(<p)}. 

An x+ -model is a pair M = (F, V) where F is an x+ -frame and V is a 
valuation defined on F. 

We define the semantic notions of truth and validity in an x+ -model and 
validity in an -r+ -frame for formulas. Given an x+ -model (F, V) and a point 
x EX, we say that a formula <pis true at x in (F, V), in symbols (F, V) l=x <p, if 
x E V( <p). A formula <pis valid in an I+-model (F, V), in symbols (F, V) p <p, if 
it is true at every point in X. A formula <pis valid in an -r+-frame F, in symbols 
F p cp, if for any valuation V on F, <p is valid in the x+ -model (F, V). 

Let I be any logic that is an extension of x+. We shall write 1--x cp for <p E I. 
We will denote by Fr('I) the class of all x+ -frames where every formula of I is 
valid. Now let F be a class of -r+-frames. Th(F) denotes the class of all formulas 
that are valid in every x+ -frame in F. A logic I is characterized by a class F 
of -r+-frames, or it is complete relative to a class F of -r+-frames, F-complete for 
short, if Th (F) = I. In [4] it was proved that the logic x+ is characterized by the 
class F+ of all -r+-frames, i.e., -r+ = Th (F+). Let us recall that the intuitionistic 
logic Int is characterized by the class F of all frames. 

A Heyting algebra is an algebra (A,V,A,-+,0,1) where (A,V,A,0,1) is a 
bounded distributive lattice such that for any x, y, z E A : xAy ::; z {=} x ::; y-+ z. 

If F = (X, :S) is a frame, then it is known that (Pi (X), U, n, =}, 0, X) is 
a Heyting algebra where the operation =} is defined by U =} V = { x E X : 
[x)nU~V}. 

If A is a Heyting algebra and Fp (A) is the set of all prime filters of A, then 
F (A) = (Fp (A),~) is the associated frame of A. The algebra 

A (F (A)) = (Pi(Fp (A)), u, n, =}, 0, Fp (A)) 

is called the canonical extension of A. 
A general frame is a structure F 9 = (F, D) where F = (X, :S) is a frame and 

D is a Heyting subalgebra of Pi (X), i.e., D is a bounded sublattice of Pi (X) 
such that for every U, V E D, U =} V E D. The algebra D associated to the 
general frame F9 will be denoted by A ( F9 ). 

By means of the Stone representation theorem for the Heyting algebras we 



4 Sergio Arturo CELANI 

shall define the general frame of a Heyting algebra A. Let us consider the map 

1PA : A-+ Pi (Fp (A)) 

given by 

i.pA (a)= {PE Fp(A): a E P}. 

The map <.p A is an injective homomorphism of Heyting algebras. Thus, A ~ 
<.pA (A) = {<.pA (a): a EA}. The general frame associated to A is :F9 (A) = 
(:F (A), <.pA (A)). 

Let :F91 = (Fi, D1) and :F92 = (F2, D2) be two general frames. A map 
f: :F91 -+ :F92 is a p-morphism if and only if 

1. If x ::;1 y then f (x) ::;2 f (y). 

2. If f (x) ::;2 y, then there exists z E X1 such that x ::;1 z and f (z) = y. 

3. For every U E D2, 1-1 (U) E D 1 . 

An isomorphism between general frames is a bijective p-morphism. 
Let f: :F91 -+ :F92 be a p-morphism. Then the map 

is an homomorphism of Heyting algebras. If h: A1 -+ A2 is a homomorphism of 
Heyting algebras, then the map 

is a p-morphism. 
Let :F9 = (:F, D) general frame. Let us consider the map 

Fx: X-+ Fp(D) 

given by 

Fx (x) = {U ED: x ED}. 

The general frame :F9 = (:F, D) is descriptive if and only if 

1. The map Fx is an order-isomorphism, i.e., x::; y {:} Fx (x) ~ Fx (y), and 

2. Fx is surjective. 
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THEOREM 2 [3]. Let A be a Heyting algebra and let F9 be a general frame. 
Then 

1. The general frame F9 (A) is descriptive and A'.::::'. A (F9 (A)). 

2. F9 is descriptive if and only if the map Fx : X --. Fp (D) defines an iso­
morphism between the general frames F9 and F9 (D). 

Let F9 = (F, D) be a general frame. Let us consider the set De = { X - U : 
U E D}. We can consider a topology Tv having as a subbasis the set D uDc, 
obtaining an ordered topological space (X, s, Tv). It is easy to show that F9 is 
a descriptive frame if and only if 

1. Dis a Heyting subalgebra of Pi (X). 

2. Fx is an order-isomorphism, and 

3. (X, s, Tv) is a compact ordered topological space. 

In topological terms, it is easy to see that for all x E X, [x) is a closed subset 
of (X, s, Tv). 

We denote by Oi (X) the set of all increasing open subsets of (X, ::;, Tv), and 
we denote by Ci (X) the set of all increasing closed subsets of (X, s, Tv). 

3. rt+ -algebras 

DEFINITION 3. An rt+-algebra is an algebra (A,V,/\,--.,+,0,1) where 
(A, V, A,--., 0, 1) is a Heyting algebra and + is a unary operation that verifies 
the conditions: 

Hl (x /\ y)+ = x+ Vy+. 
H2 1+=0. 

It is clear that the class of rt+ -algebras is a variety. We shall denote by rt+ 
this variety. 

Now, we shall give some important examples of rt+ -algebras. 

1. Let F = (X, s, R) be an I+-frame, or frame for short. Let us consider the 
operation * defined by 

U* = {x EX: R(x) <;; U}. 

This operation is well defined, i.e., for all U E Pi (X), U* E Pi (X). Indeed, 
let x, y E X such that x s y and x E U*. Then, since R ( x) <;; U, there exists 
z E X such that (x, y) E R and z ft. U. So, (y, z) E::;- 1 oR <;;;; R. Thus, 
R (y) <;; U. Consequently, 

A(F) = (Pi (X) ,u,n, ⇒ ,* ,0,X) E rt+. 
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2. A Heyting algebra with dual pseudocomplementation is an algebra (A, V, /\, 
-+,+, 0, 1) such that (A, V, /\, -+, 0, 1) is a Heyting algebra and + verifies the 

axioms: 
(a) xV(xVy)+=xvy+. 
(b) x V 1+ = x. 
(c) 1 ++ = 1. 
These algebras were introduced and studied by H.P. Sankappanavar in [8]. 

3. A Symmetrical Heyting algebra is an algebra (A, V, /\, -+, ~, 0, 1) such 
(A, V, A,-+, 0, 1) is a Heyting algebra and (A, V, /\, ~, 0, 1) is a De Morgan 
algebra. It is easy to see that the operation a+ =~ -, ( ~ a) is the dual 
pseudocomplement of ,a = a -+ 0. Thus, (A, V, A,-+,~, 0, 1) is also an 
7-i+ -algebra. 

4. Let Y be a set of variables and let Fm (Y) be the set of all formulas in the 
language ,e,+ on the set Y. Let I be an I+-logic on Y. Let us consider on 
the set Fm (Y) the equivalence relation = defined by 

Let l<pl = { 'l/; E Fm : <p = 'l/;} be the equivalence class of <p and Fm (Y) / = 
be the quotient set. Then the algebra 

£A(Y) = (Fm (Y) / =, V,A,-+,+, T), 

where 

l<pl A l'l/JI = l<p A 'l/JI l<pl V l'l/JI = l<p V 'l/JI 

is the Lindenbaum-Tarski algebra of I. It is clear that £A (Y) is an 7-i+ -
algebra. 

Usually, we write £A by £A (Y). For a set E ~ Fm, we denote by I (E) the 
I+-logic generated by E, i.e., the least extension of y+ by means of the set E. 
In this case the Lindenbaum-Tarski algebra we will denoted by £AE. 

Let A E 7-i+. A valuation on A is a homomorphism V : Fm -+ A. A formula 
<p is true in A under a valuation V if V ( <p) = 1, and <p is valid in A, in symbols 
AF <p, if it is true under any valuation. A logic I;;;:, y+ is characterized by a class 
K of 7-i+ -algebras if I = { <p : \f A E K A F <p}. It is clear that I+ = { <p : £A F <p}. 

Let A E 7-i+. We denote by Fi (A) and Id (A) the lattice of filters and ideals 
of A, respectively. Let Y ~ A. The filter (ideal) generated by Y is denoted by 
F (Y) (I (Y)). 
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3.1. Congruences 

Recall that the congruences of a Heyting algebra are determined by filters, 
i.e., there exists a bijective correspondence between filters and congruences on 
a Heyting algebra. Now, we shall see that the congruences of H,+-algebras are 
determined by filters closed under the operation Dx = , (x+). 

Let A E H,+. We shall define auxiliary operations. Let us consider the 
operator D : A-. A given by Da = , (a+) = a+ -. 0. By recursion define Dna 

and tn (a), by D0 a = a, Dn+1a = DDna, and tn (a)= a I\ Da I\ ... I\ Dna. 

LEMMA 4. Let A EH,+. Then 

1. D (a I\ b) = Da I\ Db. 

2. Dl = 1. 

3. D(a-.b)/\Da~Db. 

4. tn (a I\ b) = tn (a) I\ tn (b). 

5. tn (a-. b) I\ tn (a) ~ tn (b). 

6. tn (a)~ a. 

7. tn (1) = 1. 

PROOF. 
that ,0 = 1. 

The proof is easy taking into account that , ( a V b) = ,a I\ ,b and 
■ 

DEFINITION 5. Let A EH,+ and let F ~Abe a filter. We say that Fis a 
normal filter if for each a E F, we get Da E F. 

The lattice of all normal filters of A E H,+ we shall denoted by Fn (A), and 
the lattice of congruences of A we will denoted by Con (A). 

THEOREM 6. Let A EH,+. Then Con (A)~ Fn (A). 

PROOF. Let FE Fn (A). Then, 

0 (F) = { (a, b) E A2 
: ":Jf E F, a I\ f = b I\ f}, 

is a congruence of Heyting algebras. We prove that e (F) preserves the operation 
+ Let a, b EA such that a I\ f = b I\ f for some f E F. So, 

(a/\f)+=(b/\f)+ => (a+vJ+)/\DJ=(b+vJ+)/\Df 
=> (a+ I\ DJ) V (J+ I\ DJ)= (b+ I\ DJ) V (J+ I\ DJ) 
=> a+ I\ DJ= b+ I\ DJ. 

Since DJ E F, then (a+, b+) E 0 (F). 
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Let 8 E Con (A). Then 

F (8) = {a EA: (a, 1) E 8}, 

is a filter. Let (a, 1) E 8. Then 

(a+,1+) = (a+,o) E 8 =} (-.a+,-.o) = (□a,l) E 8. 

Thus, F (8) is a normal filter. It is easy to see that 8 = 8 (F (8)) and F = 
F (8 (F)), for 8 E Con (A) and FE Fn (A). Thus, Con (A)~ Fn (A). ■ 

Next, we shall determine the simple and subdirectly irreducible algebras in 
the variety Ji+. For this purpose, we shall first characterized the normal filter 
generated by a subset. 

LEMMA 7. Let A E Ji+ and let H ~ A. Then the normal filter generated 
by H is the filter 

PROOF. The proof is easy and left to the reader. ■ 

Let us recall that an algebra A is simple if it has only two congruences, and A 
is subdirectly irreducible if there exists a 8 E Con (A) non trivial such that 8 = 
ne,ECon(A) 8i, with 8i non trivial. If A E Ji+' since Con (A) ~ Fn (A), then A 
is simple if and only if Fn (A) = { {1 }, A}, and A is subdirectly irreducible if and 
only if there exists FE Fn (A) such that F-=/- {1} and F = nF,EFn(A)-{l} Fi. 

THEOREM 8. Let A E Ji+. Then 

l. A is simple if and only if for every x E A - {l} there exists n 2='.: 0 such that 

tn (x) = 0. 

2. A is subdirectly irreducible if and only if there exists a E A - {l} such that 

for every x EA- {1} there exists n 2='.: 0 such that tn (x) :s; a. 

PROOF. 1. *) Let x E A - { 1}. Let us consider the normal filter Fn ( x). 
Since x-=/- land x E Fn(x), then Fn(x)-=/- {1}. Thus, Fn(x) =A.This implies 
that OE Fn (x), i.e., there exists n 2='.: 0 such that tn (x) = 0. 

~). Suppose that A is not simple. Then there exists F E Fn (A) such that 
F -=/- { 1} and F -=/- A. It follows that there exists x E F such that x -=/- l. As 
0 (/. F and Fn (x) ~ F, then for every n 2='.: n, we get tn (x)-=/- 0. 

2. ⇒) As A is subdirectly irreducible then, nF,EFn(A)-{l} Fi -=/- {1 }. So, 
there exists a-=/- l such that a E nF,EFn(A)-{l} Fi. Let x EA - {1} and let us 
consider the normal filter Fn (x). Then a E Fn (x), i.e., there exits n 2='.: 0 such 
that tn (x) :s; a. 

~) It is left to the reader. ■ 
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4. Duality Theory 

In this section we shall develop a duality between 1t+ -algebras and relational 
structures. First, we shall give a representation theorem for the 1t+-algebras. 

Let A E 1t+. For each PE Fp (A) let us consider the following subsets of A: 

(P+)-1 = {a EA: a+ E P}, 

g (P) = A- (P+)- 1 
= {a EA: a+ rf. P}. 

On Fp (A) define the binary relation RA by 

This relation was defined by K. Dosen in [4) on the canonical frame for I+. 
With the operator D we define an auxiliary relation Ro on Fp (A) by: 

(P,Q) E Ro# □- 1 (P) ~ Q, 

where □- 1 (P) = {a EA: □a E P}. 

LEMMA 9. Let A E 1t+. Then 

1. For each PE Fp(A), g(P) E Fi (A). 

2. (P,Q) ERA# g(P) ~ Q. 

3. a+ E P # there exists Q E Fp (A) such that g (P) ~ Q and a rf. Q. 

4. □- 1 (P) ~ Q # there exists D E Fp (A) such that P ~ D and g (D) ~ Q, 
i.e., Ro=~ oR. 

5. □a E P # for every Q E Ro (P), a E Q. 

PROOF. 1. Let a, b E g (P). Then a+ and b+ rf. P. So a+vb+ = (a I\ bt rf. 
P, i.e., a/\b E g (P). Let us suppose that a :Sb and a E g (P). Since the operation 
+ is anti-monotonic, b+ :S a+. Then, b E g ( P). Since 1 + = 0, 1 E g ( P). Thus, 
g (P) is a filter. 

2. It is immediate. We prove 3. Let a+ E P. We show that g (P)nI (a)= 0. 
Assume the contrary. Then there exists b E g (P) such that b :S a. So, a+ :S b+, 
and as b+ rf. P, a+ rf. P, which is a contradiction. Thus, there exists Q E Fp (A) 
such that g (P) ~ Q and a (J. Q. 

4. Suppose that □- 1 (P) ~ Q. Let us consider the filter g (Q). We prove 
that the filter F (PU g (Q)) is proper. Suppose the contrary. Then there exists 
p E P and there exists a E g (Q) such that p I\ a+ = 0. Thus, p :S, (a+) = □a E 
P. It follows that, a E Q, which is absurd. As F (PU g (Q)) is proper then we 
can assert that there exists D E Fp (A) such that P ~ D and g ( Q) ~ D. 
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Let us suppose that there exists DE Fp (A) such that P ~ D and g (D) ~ Q. 
If □a E P, then □a E D =-, (a+) E D. So, a+ rt D, i.e., a E g (D). Thus, a E Q. 

5. Let □a rt P. By properties of the operation -, we can asserts that there 
exists D E Fp (A) such that P ~ D and a+ E D. By Assertion 3, it follows 
that there exists Q E Fp (A) such that g (D) ~ Q and a rt Q. Thus, there exists 
Q E Fp (A) such that □- 1 (P) ~ Q and a rt Q. The other direction is easy and 
left to the reader. ■ 

DEFINITION 10. Let A be an Ji+-algebra. The structure .F(A) = (Fp(A), 
~, RA) is called the r+ -frame of A, and the algebra A(.F(A)) = (Pi(Fp(A)), 
U, n, =},*, Fp(A)) is called the canonical extension of A. 

THEOREM 11. Every Ji+ -algebra A is isomorphic to a subalgebra of 
A(.F(A)). 

PROOF. Let A E Ji+. Let us consider the frame .F (A) = (Fp (A) , ~,RA). 
By Example 1, A (.F(A)) = (Pi (Fp(A)), U, n, =},+, 0, Fp (A)) is an Ji+ -algebra. 
Let us consider the map 

<p A : A ---+ Pi (Fp (A)) 

defined by 

'PA(a) ={PE Fp(A): a E P}. 

The map <p A is an injective homomorphism of Heyting algebras. Then we only 
need to prove that <p A (a+) = ( <p A (a))*. But this equality follows by the Asser-
tion 3 of Lemma 9. ■ 

DEFINITION 12. Let A E Ji+. The structure .r9 (A) = (Fp(A), ~, RA, 
cp A (A)) is called the general r+ -frame of A. The algebra <p A (A) is called the 
associated algebra of .F9 (A) and we will be denoted by A (.F9 (A)). 

Now, we shall extended the duality between Heyting algebras and general 
descriptive frames to a duality between Ji+ -algebras and r+ -descriptive frames. 

DEFINITION 13. A general r+-frame Fg = (X, ::;, R, D) is descriptive if 

1. (X, :=:;, D) is a descriptive frame, 

2. For all x, y EX, if (Fx (x), Fx (y)) E RD, then (x, y) ER. 

THEOREM 14. Let A E Ji+ and let .F9 be a general r+-frame. Then: 

l. A~ A (.F9 (A)). 

2 . .F9 is descriptive if and only if .F9 ~ .F9 (A (.F9)). 
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PROOF. The proof is standard. ■ 

DEFINITION 15. Let :F91 = (X1, $1, R1, D1) and :F92 = (X2, $2, R2, D2) 
be two general I+ -frames. A map f : :F91 - :F92 is an I+ -morphism if is a 
p-morphism and 

Pl If (x,y) E R1, then (f (x) ,f (y)) E R2. 
P2 If (f (x), z) E R2, then there exists y E X1 such that (x, y) E R1 and 

f(y) $2 z. 
P3 For every U E D2, J-1 (U) E D1. 

An I+-morphism between two I+-frames :F91 = (X1,$1,R1) and :F92 = 
(X2, $2, R2) is a map f : X1 - X2 that verifies Pl and P2 of the definition 
above. 

THEOREM 16. Let :F9 be a general I+-Jrame. Then, :F9 is descriptive if 
and only if :F9 ~ :F9 (A (:F9 )). 

PROOF. The proof is straight forward. ■ 

THEOREM 17. Let f : :F91 - :F92 be an I+-morphism. Then the map 
A(!) : A (F92 ) - A (:F91 ) defined by A(!) (U) = 1-1 (U), for every U E D2, is 
a homomorphism of 1t+-algebras. 

PROOF. It is clear that A(!) is a homomorphism of Heyting algebras. It 
remains to show that 1-1 (U*) = (f-1 (U) )*, for every U E D2 . Suppose that 
x E 1-1 (U*), i.e., there exist z E X2 such that (f (x), z) E R2 and z ft. U. By 
the condition P2, there exist y E X 1 such that (x, y) E R 1 and/ (y) $ 2 z. Since 
U E Pi (X2), y ft. J-1 (U), i.e., R1 (x) ~ J-1 (U). Thus, x E (f-1 (U))*. 

The converse inclusion follows by the condition Pl. ■ 

THEOREM 18. Let h : A1 - A2 be a homomorphism of 1t+ -algebras. Then 
the map F (h) : :F9 (A2) - :F9 (A1) given by :F(h) (P) = h-1 (P), for every 
P E Fp (A2) , is an I+ -p-morphism. 

PROOF. It is known that F(h) is a p-morphism. We show that :F (h) verifies 
the condition P2. Let PE Fp (A1), Q E Fp (A2) such that (h- 1 (P), Q) E RA

2
• 

Let us consider the ideal J (h (Qc)). We prove that 

(1) 

Suppose that (1) does not hold. Then there exists p E g (P) and q f/_ Q such that 

Since p+ ft. P, we get h (q+) ft. P, i.e., q E g (h- 1 (P)) ~ Q, which is absurd. 
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Thus, (1) holds. Then there exists D E Fp (A1 ) such that g (P) ~ D and 

h (Qc) n D = 0. This implies that (P, D) E RA 1 and h-1 (D) ~ Q. ■ 

The following result gives an alternative characterization of Condition 2 of 
Definition 13 in topological terms. 

PROPOSITION 19. Let :F9 = (X, :S, R, D) be a general I+ -frame such that 

(X, :S, D) is descriptive. Then the following conditions are equivalent: 

1. For all x, y EX, if (Fx (x), Fx (y)) E Rv, then (x, y) ER. 

2. For all x EX, R (x) E Ci (X). 

PROOF. 1 ::::} 2. Let y :S z and (x, y) E R. Then, Fx (y) ~ Fx (z) and 

(Fx (x), Fx (y)) E Rv. It is easy to see that (Fx (x), Fx (y)) E Rv. Thus, 
(x,y) ER, i.e., R(x) is an increasing subset of X. 

Let y E R(x), where R(x) is the closure of R(x). Let us suppose that 

y r:t R (x). Then (Fx (x), Fx (y)) r:t Rv. So, there exists O E D such that 
R (x) ~ 0 and y r:t 0. Then, R (x)noc = 0 and y E oc, which is a contradiction, 
because y E R ( x). Therefore, R ( x) is a closed subset of X. 

2::::} 1. It is easy and left to the reader. ■ 

5. Some subvarieties of Ji+ 

Now, we shall characterized some subvarieties of Ji+ by means of the first­

order conditions defined on the frame associated to the algebras. 
Let :F = (X, :S, R) be a frame. Define Rn inductively as follows: R0 is the 

identity =, and Rn+I = Ro Rn. For the relation Ro =:S oR define Rg =:S 
oR0 =:S, and Rg+1 = Ro o Rr!i. 

LEMMA 20. Let A E Ji+. Then for all n ~ 1 

(2) 

PROOF. The proof is by induction on n. The case n = 1 is Assertion 5 of 

Lemma 9. Suppose that (2) is valid for all k :S n. We prove that (2) is valid for 

n + 1. Let us assume that on+Ia = □□na r:t P. Then there exists a prime filter 

D such that (P, D) E Ro and □na r:t D. By inductive hypothesis, there exists 

a prime filter Q such that (D, Q) E Rr!i and a r:t Q. Thus, (P, Q) E Rg+1 and 

a r:t Q. The other direction is easy and left to the reader. ■ 

We shall say that a relation R on a set X is a weakly n-transitive relation if 
and only if for any x, y E X, if (x, y) E Rn+l then there exists j :S n such that 
(x, y) E RJ. 
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THEOREM 21. Let A E 1-(,+. Then 

1. A I= ,r.p-+ r.p+ # RA (P) n [P) =/- 0, for every PE Fp (A). 

2. A I= r.p++ -+ r.p # RA is symmetrical. 

3. A I=-, (r.p+ I\ r.p++) ~ 0 # RA is euclidean. 

4. A I= r.p V r.p+ ~ 1 # RA is reflexive. 

5. A I= tn ( r.p) -+ on+l ( r.p) # Ro is weakly n-transitive. 

PROOF. 1. ::::}) Let PE Fp(A). We prove that the filter F(PUg(P)) is 
proper. If we suppose the contrary, then there exists p E P and q E g (P) such 
that p I\ q = 0. This implies that p S ,q S q+ E P, i.e., q ¢ g (P), which is 
absurd. 

{=) Suppose that ,a i a+ for some a E A. Then there exists P E Fp (A) 
such that ,a E P and a E g (P). Since RA (P) n [P) =I- 0 then there exists 
Q E Fp (A) such that g (P) f Q and P f Q. So, ,a E Q and a E Q, which 
implies that ,a I\ a = 0 E Q, which is a contradiction. 

2. ::::}) Let P,Q E Fp(A) such that g(P) f Q and g(Q) ~ P. Then, there 
exists q+ ¢ Q and q E P. So, q++ ¢ P. But this implies that q+ E g (P) f Q, 
which is a contradiction. 

{=) It is easy. 
3. ::::}) LetP,Q,D E Fp(A) such thatg(P) f Q, g(P) f Dandg(Q) ~ D. 

Then, there exists q E A such that q+ ¢ Q and q ¢ D. Then, q++ E P and 
q+ E P. So, q++ I\ q+ E P, which is a contradiction. 

{=) It is easy. 
5. ::::} ) Let P, Q E Fp (A) such that (P, Q) E R~!'/1

. Suppose that for all 
j S n, ( P, Q) ¢ Rb. Then, there exist Po, P1, ... , Pn E A such that Po E P 
and Po¢ Q, Dp1 E P and Pl¢ Q, ... , □npn E P and Pn ¢ Q. Since Dis a 
modal operator it is easy to check that for all j S n, Po I\ □pi I\ ... I\ □nPn S 
□j (Po V Pl V ... V Pn)- Since A I= tn (r.p)-+ on+l (r.p), thenpo/\Dp1/\ .. . /\ □nPn S 
□n+l (Po V P1 V ... V Pn) E P. Since, (P, Q) E R~+1, Po Vp1 V ... Vpn E Q, which 
is absurd. The other direction is easy. 

The assertion 4. is easy and left to the reader. ■ 

5.1. Correspondence results 

Now we give some correspondence results, i.e., results on the correspondence 
between valid formulas in frames and properties of the frames; Also, we shall 
deduce that the extension of the logic I+ by means of these formulas are d­
persistent, and thus are canonical. 

Let (F, V) = (X, S, R, V) be a model. Let us consider the relations R+ = 

Ro S and R~ =S oRo $. 
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Let A E 1t+-algebra. It is easy to see that s;;; oRAo s;;;=s;;; oRA and that 
RA= RAo s;;;. 

LEMMA 22. Let (:F, V) be a model. 

l. For each x EX, R+ (x), Rf:i (x) E Pi (X). 

2. For each <p E Fm, 
(a) V (<p+) = {x EX: R+ (x) £; V (<p)}. 
(b) V (□ip) = {x EX: Rf:i (x) s;;; V (<p)}. 

PROOF. 1. Let y::; z and y ER+ (x). Then there exists w EX such that 
(x, w) ER and w::; y. Since w::; y::; z, then z ER+ (x). 

The proof of that Rf:i (x) E Pi (X) is similar. 
2. a) Let x E V (ip+). Then R (x) ~ V (ip). Since R (x) s;;; R+ (x), then 

R+ (x) ~ V (ip). 
Suppose that R+ (x) ~ V (<p). Then there exist y, z EX such that (x, y) ER, 

y::; z, and z <t. V (<p). Since V (<p) is increasing, y <t. V (<p), i.e., x EV (<p+). 
b) Let x EV ( □<p) and (x, z) E Rf:i. Then [x) n V (ip+) = 0 and there exists 

y EX such that x S y and (y, z) E R+. Then y <t. V (ip+), and by a) it follows 
that z EV (<p), i.e., Rf:i (x) s;;; V (ip). 

Suppose that Rf:i (x) s;;; V (<p) and suppose that x ¢ V (□<p). Then, [x) n 
V (<p+) =f. 0. So, there exist y, z EX such that x Sy, (y, z) ER+ and z ¢ V (<p). 
Then, ( x, z) E Rf:i, and by assumption y E V ( <p), which is a contradiction. Thus, 
x E V(□<p). ■ 

THEOREM 23. Let :F be an I+-frame. Then 

l. :FI= -i<p-+ ip+ <=> R+ (x) n [x) =f. 0. 
2. :F I= <p V <p+ <=> R is reflexive. 

3. :F I= <p++ -+ <p <=> R+ is symmetrical. 

4. :F I= -, ( <p+ I\ ip++) <=> R+ is euclidean. 

5. :FI= tn (ip)-+ □n+i<p <=> Rf:i is weakly n-tmnsitive. 

PROOF. 1. Assume that :F I= -i<p -+ ip+. Let x E X and let V be the 
valuation defined by V(p) = R+ (x). Suppose that R+ (x) n [x) = 0. Then 
[x) n V(p) = 0, i.e., x EV (-ip) s;;; V (p+). It follows that R+ (x) ~ V(p), which 
is a contradiction. 

Suppose that R+ (x) n [x) =f. 0 for all x E X. Let x E V (-ip). Then, 
[x) n V(p) = 0. By hypothesis, there exists y EX such that y ER (x) and x Sy. 
This implies that y ¢ V(p), i.e., x E V (p+). 

4. Assume that :FI=-, (<p+ I\ <p++). Let x, y, z EX such that (x, y) ER+, 
( x, z) E R+. Let us suppose that (y, z) ¢ R+. Let us consider the valuation 
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V defined by V(p) = R+ (y). Then, z ~ V(p), and since (x,z) E R+, we 
get x E V (p+). Since y ~ V (p+) and (x, y) E R+, then x E V (p++). So, 
x E V(p+ /\p++). Since::; is reflexive, [x) n V(p+ /\p++) =fa 0, which is a 
contradiction. 

Reciprocally. Suppose that [x) n V (p+ /\ p++) =fa 0. Then there exists y E X 
such that x ::;; y, y E V (p+), and y E V (p++). This implies that there exists 
z, k EX such that (y, z) ER+, (y, k) ER+, z ~ V(p), and k ~ V (p+). So, since 
(k, z) ER+ and R+ (k) ~ V(p), z E V(p), which is a contradiction. 

5. Assume that :FI= tncp-+ on+lcp and let a, b EX such that (a, b) E RB+l. 
Let us consider the function V (p) = { x E X : there exists j ::; n such that 
(a, x) E (Rb)i}, with p E Var. By Lemma 22, V(p) E Pi (X) and consequently 
Vis a valuation. Since a EV (tn(P)), then a EV (□n+ip). It follows b E V(p), 

i.e., there exists j ::; n such that (a, b) E (Rb/. The other direction is easy. 
■ 

An I+ -logic I is said to be d-persistent if when (:F, D) is a general descriptive 
I+-frame such that (:F, D) I= I then :FI= I. It is clear that any cl-persistent logic 
is canonical. 

Let I be any extension of I+ by means of any subsets of the following sets 
of formulas 

{ ,cp-+ cp+' cp V cp+' cp++-+ cp,-, (cp+ /\ cp++) 'tn (cp)-+ on+lc,o}. 

THEOREM 24. The logic I is d-persistent and frame-complete. 

PROOF. It follows by Theorems 23 and 21. ■ 

6. Interpolation Property 

The Interpolation Property (IP) is a known property of numerous logics. For 
example, the classical logic and the intuitionistic logic has this property. Now 
we shall prove that this property also holds for some canonical extensions of I+. 
For this purpose, we shall introduce an adequate notion of bisimulation for the 
language c+. We shall adapt the techniques given in [7], where it is proved by 
means of bisimulations, that any canonical extension of the modal logic K such 
that its class of all frames is closed under bisimulation-product has the IP. 

We shall say that an I+ -logic I has the Interpolation Property if for any 
cp, '¢ E Fm whenever r-I c,o -+ '¢ there exists a E Fm such that r-x c,o -+ a, 
r-I a-+'¢, and Var(a) ~ Var (c,o) n Var('¢). 

The following definition is a modification of the definition given in [6]. 

DEFINITION 25. Let :F1 = (X1, ::;1, R1) and :F2 = (X2 , $ 2 , R2 ) be two I+ -
frames. A bisimulation between :F1 and :F2 is a pair of subsets B1, B2 of X 1 x X2 , 
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in symbols B = (Bo, B1 ), such that the following conditions are verified: 

Bl If (a, b) E Bo and b :S2 y, then there exists x E X1 such that a :S1 x and 
(x, y) E Bon B1. 

B2 If (a, b) E B1 and a :S1 x, then there exists y E X2 such that b :S2 y and 
(x,y) E BonB1. 

B3 If (a, b) E Bo and (a, x) E R1, then there exists y E X2 such that (b, y) E R 2 

and (x, y) E Bon B1. 

B4 If (a, b) E B1 and (b, y) E R2, then there exists x E X1 such that (a, x) E R1 
and (x, y) E Bon B1. 

Let B = (Bo, B1) be a bisimulation between the frames F 1 = (X 1, :S 1, R 1) 
and F2 = (X2, :S2, R2)- We shall say that B= (Bo, B1) is total if dom (Bon B1) = 
X1 and rang (Bon B1) = X2. 

We note that an r+-morphism is a bisimulation. 

DEFINITION 26. Let M1 = (F1, Vi) and M2 = (F2, ½) be two r+-models. 
A bisimulation between the r+-models M 1 and M 2 is a bisimulation B = 
(Bo, B1 ) between the r+-frames F1 and F2 such that: 

Vl If (a, b) E Bo and a E Vi(p), then b E ½(p), for any p E Var. 
V2 If (a,b) E B1 and b E V2(P), then a E Vi(p), for any p E Var. 

LEMMA 27. Let B = (Bo, B1) be a bisimulation between the models M 1 
and M2. For all a E X1, b E X2, and for all r.p E Fm: 

1. If (a, b) E Bo and a E Vi (r.p), then b E ½ (r.p). 

2. If (a, b) E B1 and b E ½ (r.p), then a E V1 (r.p). 

PROOF. The proof is by induction on the complexity of the formulas. We 
treat only the case r.p =a+. For the intuitionistic connectives see [6]. 

1. Suppose that (a, b) E Bo and a E Vi (a+). Then there exists x E X 1 

such that (a,x) E R1 and x ff. Vi(a). By the condition B3, there exists y E X 2 

such that (b, y) E R2 and (x, y) E Bon B1. As x ff. Vi (a), we get y ff. ½ (a). 
Thus, b E ½ (a+). 

The proof of 2, is similar and left to the reader. ■ 

DEFINITION 28. Let F1 = (X1, :S1, R1) and F2 = (X2, :S2, R2) be two r+­
frames and let B = (Bo, B1 ) be a total bisimulation between them. The structure 
FB = (XB, :SB, RB), where 

(x,y) :SB (x',y') ~ x :S1 x' and y :S2 y', 
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and 

is called the bisimulation-product of :F1 and :F2. 

It is clear that every bisimulation-product of I+-frames is an I+-frame. 

LEMMA 29. Let B be a total bisimulation between the I+-Jrames :F1 and 
:F2. Then the bisimulation-product :FB = (XB, 5'B, RB) is a subdirected-product 
and the projections are I+ -morphisms. 

PROOF. By definition B = (Bo, B1) is total, so the projections 'Tri are sur­
jective. We prove that the projection 1r1 is an I+ -morphism. The condition Pl 
is immediate. Let x1,Y1 E X1 and x2 E X2 such that (x1,x2) E XB =Bon B1 
and 'Tri (x1,Y1) = x1RY1- Since (x1,x2) E Bon B1, (x1,Y1) ER, and Bis a 
bisimulation, there exists Y2 E X2 such that (x2, Y2) E S and (Y1, Y2) E Bo n B1. 
So, (xi, Yi) RB (x2, Y2) and 1r1 (Y1, Y2) = Yt• ■ 

DEFINITION 30. Let K be a class of frames. We shall say K is closed under 
bisimulation-products if for every :F1, :F2 E K and for every total bisimulation 
B = (Bo, B1) between :F1 and :F2, :FB = (XB, 5'B, RB) EK. 

LEMMA 31. The class F+ of all I+ -frames is closed under bisimulation­
products. 

PROOF. Let :F1, :F2 E F+. Given a bisimulation between :F1 and :F2, the 
relational structure :FB = (XB, ~B, RB) is also an I+-frame. Then, :FB E F+ . 

• 
Let cp, 'ljJ E Fm. We denote by Fm (cp) and Fm (cp, 'ljJ) the set of all formulas 

generated by Var (cp) and Var (cp) n Var ('ljJ), respectively. We denote by Acp the 
Lindenbaum-Tarski algebra of Fm (cp). Let :Fcp = (Fp (Acp), 5,cp, Rep) be the I+ -
frame associated to the algebra Acp. Let us consider the I+ -model Mcp = (:Fcp, Vcp) 
on :Fcp where the valuation Vcp is defined by 

Vcp (a)= {PE Fp(Acp): a E P}. 

This model we will be called the canonical model over Acp. 

THEOREM 32. Let cp, 'ljJ E Fm and let A1, A 2 and Ao be the Lindenbaum­
Tarski algebras on the sets Var ( cp) , Var ( 'ljJ) and Var ( <.p) n Var ( 'ljJ) , respectively. 
Let us consider the subsets Bo, B1 ~ Fp (A1) x Fp (A2) defined by 

Bo= {(P,Q) E Fp(A1) x Fp(A2): PnA0 ~ Q}, 
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and 

respectively. Then B = (Bo, B1 ) is a total bisimulation between the I+ -frames 
F(A1) and F(A2). 

PROOF. We prove that Bis total. Let Q E Fp (A2) and let us consider the 
filter in A1, F (Q n A0 ), and the ideal I (Qc n A0 ). As, F (Q n A0 )nJ (Qc n A0 ) = 
0, then there exists a prime filter PE Fp (A1) such that 

Q n Ao ~ P and Ao n P ~ Q. 

This implies that (P, Q) E B0 nB1. A similar argument shows that if PE Fp (A1) 
then there exists Q E Fp (A2) such that (P, Q) E Bon B1. Thus B = (Bo, B1) is 
total. 

We prove that B verifies the condition Bl of Definition 25. Let P E Fp (A1) 
and Q, D E Fp (A2) such that P n Ao ~ Q and Q ~ D. Let T be the filter 
generated by PU {D n A0 } in A1, and let I be the ideal generated by the set 
D. = nc n Ao in A1. Then 

TnI = 0, 

because in the contrary case there exists p E P, d E D n Ao, and q E D. such that 
p I\ d ~ q. So, we have p ~ d--+ q E P n Ao~ Q ~ D. Then, q ED, which is a 
contradiction. Thus, T n J = 0. Then, by the Prime Filter theorem, there exists 
Z E Fp (A1) such that 

P ~ Z and DnAo = ZnA0 , 

i.e., P ~Zand (Z, D) E Bon B1. 
We prove B4. Let PE Fp (A1), Q, Z E Fp (A2) such that Q n Ao ~ P and 

g(Q) ~ Z. Let us consider in A1 the filter F(g(P)U(ZnA0 )) and the ideal 
I (zc n A 0 ). We prove that 

F (g (P) U (Zn Ao)) n I(zc n Ao)= 0. 

Suppose the contrary. Then, there exists p E g (P), z E Zn Ao, and a E zc n Ao 
such that pl\z ~ a. Thus, p ~ z--, a. So, (z--+ a)+ ~ p+ r/. P. Since z--, a E Ao, 
(z--, a)+ ¢Aon Q, i.e., z--, a E g (Q) ~ z. Thus, z I\ (z--, a) ~ a E Z, which 
is a contradiction. Therefore, there exists D E Fp (A1) such that 

g (P) ~ D and D n Ao = Zn A0 . 
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The condition B2 is similar to Bl and B3 is similar to B4. ■ 

The following result is known (see for example [3]), but we give a short proof 
for the sake of completeness. 

LEMMA 33. Let Ao, A1 and A2 be Heyting algebras such that Ao is a sub­
algebra of Ai and A2. Suppose that for all a E A1 and for all b E A2 there 
exists no c E Ao such that a ~ 1 c or c '.S2 b. Then there exists P E Fp (Ai), 
Q E Fp (A2) such that 

a E P, b ¢. Q and P n Ao = Q n A0 . 

PROOF. Let F (a) be the filter generated by a in A1, I (b) the ideal gener­
ated by b in A2, and let F ( F (a) n Ao) be the filter generated by F (a) n Ao in 
A2 . By the hypothesis, we have that 

F(F(a)nA0 )nI(b) =0. 

Thus, there exists Q E Fp (A2) such that b ¢. Q and F (a) n Ao ~ Q. Let us 
consider in A1 the filter F = F ( {a} U Q n Ao) and the ideal J = I (Qc n A0). 
We prove that F n J = 0. Suppose the contrary. Then there exists q E Q n Ao 
and c E Qc n Ao such that a ~ 1 q-+ c. So, q -+1 c E F (a) n Ao ~ Q. It follows 
that c E Q, which is absurd. Thus, there exists P E Fp (A1 ) such that a E P 
and PnAo = QnAo. ■ 

THEOREM 34 (of Interpolation). Let I= Th (K) be a canonical I+ -logic. 
If K is closed under bisimulation-products, then I has the interpolation property. 

PROOF. Suppose that there exists <p, 'ljJ E Fm such that for every a E Fm 
with Var (a) ~ Var (<p) n Var (1.p), ~K <p-+ a or ~Ka-+ 'ljJ. Let us consider the 
Lindenbaum-Tarski algebras A1 , A2, and Ao generated by Var (<p), Var (1.p) and 
Var (<p) n Var (1.p), respectively. It is clear that Ao is a subalgebra of A1 and A2, 
and that l'PI i.1 lal or lal i.2 17PI for any lal E Ao. By the above Lemma, there 
exists PE Fp (A1) and Q E Fp (A2) such that 

l'PI E P, 17PI ¢. Q and P n Ao = Q n Ao. (3) 

Let us consider the total bisimulation B = (B0 ,B1) between .F(A1) and 
F (A2) defined in Theorem 32. Let us consider the frame FB = (XB, ~B, RB), 
where we recall that 

XB = {(P, Q) E Fp (Ai) X Fp (A2): p n Ao= Q n Ao}. 

Note that by (3) XB-/=- 0. Define on FB = (XB, ~B, RB) the map 

VB : Var (<p) U Var (1.p)-+ Pi (XB) 
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by 

VB(P) = {(P, Q) E XB : PE V,,,(p) or Q E V,t,(P)}, 

where V.,,(p) ={PE Fp(A1): IPI E P} and V,t,(P) ={PE Fp(A2): IPI E P}. It 
is clear that VB is well defined because if (P, Q) E VB(P) andp E Fm (1.p)nFm ('I/J), 
then 

PE V,,,(p) if and only if Q E V,t,(P)-

This condition is extended to the set of all formulas because B = (Bo, B1) by 
(32) it is a total bisimulation between F (A1) and F (A2)- Thus, VB is really a 
valuation defined on F B. 

Since Th (K) is canonical, then F.,,, F,t, E K, and as K is closed under 
bisimulations-products, FB = (XB, ~B, RB) E K. But, by (3), there exists 
(P, Q) E XB such that 

(FB, VB) l==(P,Q) <p and (FB, VB) ¥(P,Q) 'I/J, 

i.e., (FB, VB) ¥(P,Q) <p-+ 'I/J. Thus, ¥K <p-+ 'I/J. ■ 

We note that as the logic I+ is canonical and by the Lemma 31 the class 
F+ of all frames of I+ is closed under bisimulation-products, then I+ has the 
interpolation property. We also note that by the Theorem 23 the class F;!- of all 
frames of the logic I: =I++ { <p V 1.p+} is the class of all frames F = (X, ~, R) 
where the relation R is reflexive. It is easy to see that the class F;!- is closed 
under bisimulation-products, and since I: is canonical, then has the interpolation 
property. It remains to study if the class of frames of the other canonical logics 
presented in this paper are closed under bisimulation-products. 
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